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From Symbolic Logic 
p/\q | Conjunction (p and q) 
PVq Disjunction (p or q) 
<p Negation (not p) 
pSeq The statements p and q are 
equivalent; that is, they have 
identical truth tables. 
Pq Conditional (If p then q) 
peq Biconditional (p if and only if q) 
q-p Converse of p > q 
~p- ~@ Inverse of p > q 
~q-> ~p Contrapositive of p> q 
Modus ponens pq 
Pa 
cg 
Modus tollens p> 4q 
Sati’ 
=p 
Hypothetical pa 
syllogism g= 7. 
par 
Disjunctive PV@ 
syllogism ~p 
From Algebra 
If.a = 0, then: 
|x|<a is equivalent to -a<x<a 


|x|>a 
Quadratic formula, 
_ ~b+ Vb* — 4ac 
ae 2a 
Linear equation 


is equivalent to x > a orx < —a 


Gives the solution(s) 
of a quadratic equation 
ax? + bx+c=0. 


An equation that can 
be written in the form 


; ax + by=c. 
Distance formula, The distance between 
as Vo — 4)? + 0) — 1 two points (x,, y,) and 

(X55 Yo). 
Slope of a line - m= i 
Point-slope equation ¥— yy = mo — x) 
Slope-intercept equation y = mx +b 
General equation of a line Ax + By=C 


From Geometry 





S = (n — 2)- 180° 


Circumference, 
C = md = 2anr 
A= bh 

1 
A= > bh 
A = mr? 
Pythagorean theorem, 
=a +b? 
V=e 
S = 6a? 
V =Ilwh 
S= 


S = 2arh + 2ar2 


V= darr?h 
S = mr? + ors 


V = ¢ar3 
S = 4nr2 


Sum of the measures of the 
angles of a polygon of n sides. 


The perimeter of a circle of 
diameter d (radius r). 


The area of a rectangle (or, more 
generally, a parallelogram) of base 
b and height h. 


The area of a triangle of 
base b and height h. 


The area of a circle of radius r. 


The square of the hypotenuse c of 
a right triangle equals the sum of 
the squares of the other two sides, 
a and b. 


The volume V and surface area S 
of a cube of edge a. 


Volume V and surface area S of a 
rectangular box of length /, width 
w, and height h. 


Volume V and surface area S of a 
circular cylinder of radius r and 
height h. 


Volume V and surface area S of a 
circular cone of radius r, height h, 
and slant height s. 


Volume V and surface area S of a 
sphere of radius r. 


From Consumer Mathematics 


I= Prt 
A= P(i + i)" 


rr 4) 


ney 


Simple interest J when P is the principal 
and r the annual rate for time t. 


Compound interest A when P is the 
principal, i is the rate per period, and n is 
the number of periods. 

The unearned interest on a loan of n 


periods with r remaining periods when 
F is the finance charge. 


From Counting and Probability 


Sequential Counting Principle 
(SCP) 


P(r) = rainy) 


n! 


Ci, r) = Aas pi 


PW") =1 — P(r) 


P(A U B)= 
P(A) + P(B) — P(A-/ B) 
PANB 
Pa |B) = "40" 


P(A NM B) = P(A) - P(B) 


Odds f : u in favor of an event 


E=a,p,+ 4p, +°°'+4,p, 


If one event can occur 
in m ways, a second 
event can occur in n 
ways, a third event can 
occur in p ways, and so 
on, then the sequence 
of events can occur in 
mxXnxXp... ways. 


The number of 
permutations of n 
objects taken r at 
a time. 


The number of 
combinations of n 
objects taken r at 
a time. 


The probability of 
the complement of 
an event. 


The probability of 
event A or event B. 
The probability of 
event A given event B. 
The probability of 
event A and event B 


where A and B are 
independent. 


Where f and u, 
respectively, represent 


the number of favorable 


and unfavorable ways 
that an event can occur. 


The expected value E 
for an event where a), 
d,,.. ., a, are the 
values that occur 
with probability p,, 
Pa--->Ph 


From Statistics 


The sum of a set of data values divided by 
the number of values. 


Meanx 


Median The middle value when data values are 
ranked in order of magnitude. If there are 
an even number of values, it is the mean of 


the two middle values. 


Mode The value(s) that occur most often in a set 


of data. 


Range The difference between the greatest and 


least values in a set of data. 
Gira SG 3) iG a 





feo 
The standard deviation of a set of data 
values X,, Xy, -. > X° 


The z-score associated with the raw data 
value x where pw is the mean and a is the 
standard deviation. 
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Preface 


The type of work in these exercises varies from 
problem solving, to modeling, to reasoning and 
connecting with other disciplines. For this reason, 
the problems can be used in a variety of ways— 
from extra credit to extra curriculum. Whenever 
possible, we included classic mathematical prob- 
lems that can be easily overlooked such as 
Prisoner’s Dilemma (section 8.5) and the Monty 
Hall Problem (section 10.4). 


ist ra “Skill Checker,” a new feature added to rel- 

evant sections, helps students check their 

mastery of skills they will need in working through 

the following section. In section 5.3, for example, 

we included problems calculating expressions of 

the form Vb2 — 4ac to prepare students for the 
next section, quadratic equations. 


m Real-life applications from many areas are 
included throughout the book to show students 
how they can use the material being studied. These 
applications usually conclude the examples in a 
section and appear before the exercise set. For 
example, see Example 7 in section 1.3 and 
Exercises 74-80, or Example 9 in 10.2 and 
Exercises 36—40. In addition, we give students the 
opportunity of working some of these applications 
on their own by including many of them in the 
exercise sets. 


m The “Practice Test” is now followed immediately 
by “Answers to Practice Test.” The answers to 
each question are keyed to the specific section, 
example, and page that students should reference if 
they miss the problem. This not only provides stu- 
dents with a means of diagnosing skills and con- 
cepts they have mastered and identifying those that 
require further work but assists them in taking 
responsibility for their learning. 


Key Continuing Features 


Important pedagogical features retained in this new 
edition are the following: 


® The seventh edition continues to incorporate the 
“Standards for Introductory College Mathematics” 
set forth by AMATYC. Accordingly, we included 
numeracy (Chapters 3 and 4), symbolism and alge- 
bra (Chapter 5), geometry and measurement 
(Chapter 7), functions (Chapter 6), probability and 
statistics (Chapters 10 and 11), and deductive 
proof (Chapters 1 and 2) among the topics covered 
in the book. 
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We made many significant efforts to address the 
NCTM curriculum recommendations regarding 
communication (In Other Words), reasoning 
(Chapter 2), connections (Discovery features and 
Mathematical Systems), algebra (Chapters 5 and 
6), geometry (Chapter 7), statistics (Chapter 11), 
probability (Chapters 9 and 10), mathemati- 
cal structures (Chapter 8), and Problem Solving 
(throughout the book). 


Each chapter begins with a “Preview” feature 
detailing the material to be covered in the chapter 
and the ways in which the topics are related to the 
others. 


Each section begins with “Getting Started.” The 
applications in this feature offer a motivating intro- 
duction for the techniques and ideas to be covered 
and are drawn from a vast array of fields. 


We retained our successful feature “In Other 
Words” to give students the opportunity to use 
writing to clarify and express ideas, concepts, and 
procedures. Students will think, talk, and write 
mathematics when they work these problems, 
which are included in every exercise set. 


A set of “Research Questions” is included at the 
end of each chapter and at the end of selected exer- 
cise sets. Many of these are correlated to specific 
Web sites to help students master research and 
library techniques as well as to explore how the 
topics under discussion were developed. These 
questions can be assigned to individual students or 
as group projects. An expanded Research 
Bibliography detailing sources for researching 
these questions is provided at the end of the book. 


“Using Your Knowledge” exercises, identi- 

fied by icon, are included throughout the 
exercise sets to help students generalize material 
they have learned and apply it immediately to similar 
real-life situations. 


“Discovery” exercises are more challeng- 

ing problems provided to further develop 
critical thinking and problem-solving skills. These 
are brief excursions into related topics, extensions, 
and generalizations. 


“Calculator Corner” exercises provide es- 
sential background on how to solve prob- 
lems using a calculator. 


The “Chapter Summary” provides brief defini- 
tions and examples for key topics within a given 


xi 
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chapter. It also contains section references to 
encourage students to reread sections, rather than 
memorize a definition out of context. 


Suggested Courses Using This Book 


The book is quite flexible, with a large selection of top- 
ics available to suit various courses. The entire book 
can be covered easily in a full year’s course, while 
many alternative choices can be made for a two-quar- 


ter or a one-semester course. Here are some of the - 


courses for which the book is suggested: 


m= General education or liberal arts mathematics [the 
text follows most of the CUPM (Committee on the 
Undergraduate Program in Mathematics) and 
AMATYC recommendations for liberal arts math- 
ematics]. 


m= Topics in contemporary mathematics 
m= College mathematics or survey of mathematics 


m= Introduction to mathematics or applications of 
mathematics 


A few more-advanced topics may be included or omit- 
ted at the instructor’s discretion. These choices will not 
affect the continuity of any chapter presentation or syl- 
labus as a whole. The topics include the following sec- 
tions: 1.6 Infinite Sets; 2.7 Switching Networks; 6.8 
Linear Programming; 7.6 Networks, Non-Euclidean 
Geometry, and Topology; 7.7 Chaos and Fractals; and 
8.5 Game Theory. 


Supporting Material and Supplements 


An extensive support package for this text includes the 
following: 


m An Instructor’s Guide contains commentary and 
teaching suggestions for each chapter, suggested 
course syllabi, answers to even-numbered prob- 
lems in the exercises, a variety of four test forms— 
two multiple-choice, two free response—per chap- 
ter, and answers to all test questions in the guide. 


wm A Student's Solutions and Study Guide contains 
study tips, complete solutions to all odd-numbered 
problems in the exercises and to all the problems in 
the chapter Practice Tests, and two additional 
Practice Tests, with answers for each chapter. 


= Test Item File includes 600 test items. 


= Computerized Test Bank features algorithmically 
generated questions allowing users to create a vari- 
ety of tests for each chapter (Windows and Mac). 
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m Preparing for the CLAST—Mathematics is a 
competency-based study guide that reviews and 
offers preparatory’ material for the CLAST 
(College Level Academic Skills Test) objectives 
required by the State of Florida for mathematics. 


m CLAST software, featuring algorithmically gener- 
ated questions, for preparing practice test forms 
covering every CLAST mathematics objective 


=m A set of five videotapes (prepared by Fran Hopf) 
covers key topics in the CLAST text and correlates 
with definitions, explanations, and examples in 
Preparing for the CLAST Mathematics Guide. 


m A set of twelve videotapes by Professor Ignacio 
Bello providing definitions, tables, examples, and 
solutions to selected exercises from the Practice 
Test in each of the chapters. The first video in the 
series provides study tips to be used with the video 
and the text. 


m The Bello, Topics in Contemporary Mathematics, 
Web site is a student-friendly site that supports the 
new edition, helping students connect the mathe- 
matics under discussion to their daily lives. A 
comprehensive set of annotated links for the sec- 
tions and topics in each chapter provides students 
with access to additional information, practice 
problems, tutorials, or downloadable software. 
Material supported on the Web site is identified 
by icon throughout the text. Visit the Bello, Topics 
in Contemporary Mathematics, Web site at 
http://college.hmco.com/mathematics 


A Word About Problem Solving 


Problem Solving has become a fixture in mathematics 
textbooks. Led by the teachings of George Polya, and 
following the recommendations of the NCTM and the 
MAA, most mathematics books at this level cover the 
topic. Many texts, however, front-load much of their 
presentation in the first chapter; all of the techniques, 
procedures, and pedagogy are paraded in Chapter 1 
and then promptly forgotten. We have chosen to 
integrate problem solving where it is needed and, con- 
sequently, where it can be taught and learned most 
effectively. 

For example, a few of the strategies suggested by 
Polya himself call for making a table, writing an equa- 
tion, making a diagram, and accounting for all possi- 
bilities. Why not wait to present these techniques in the 
chapters dealing with truth tables, algebra, geometry, 


and counting, respectively, where the pertinent 
methods can be effectively displayed, rather than labo- 
riously creating artificial solutions only to demonstrate 
strategies by solving artificial problems? 

The artificial approach, after all, is not problem 
solving; it is problem making. This approach will only 
cause confusion for the instructor, for the student, and 
(one might argue) for society at large. As Professor 
Beberman put it, “I think in some cases we have tried 
to answer questions that students never raise and to 
resolve doubts they never had... .” In this book, 
therefore, we have worked very hard to dispel the 
unfortunate notion gained by many students that math- 
ematics is an artificial subject riddled with uninterest- 
ing and contrived problems. As an ongoing theme of 
this text, problem solving is presented purposefully in 
meaningful and appropriate contexts where students 
can best understand and appreciate its methods. Above 
all, we hope that this integrated approach will help stu- 
dents learn how to apply problem-solving techniques 
in the real world once the course is over. 
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A User's Guide to Features 


The Seventh Edition of Topics in Contemporary Mathematics contains a wide 
variety of features designed to build the reader’s understanding of mathematics 
by placing the work to be done in context. This edition builds on the successful 
pedagogy of previous editions and includes several new features intended to 
connect the material to the lives of today’s students. 

Students who utilize these features will gain a better understanding of the 
history behind each topic, how the topic relates to everyday life, how different 
topics in the course interrelate, and—most important—how to approach 
problem solving in the real world once the course is over. 


Putting Material in Context 
and Making Connections 


Chapter Preview 


Each chapter begins with a list of topics 
for quick reference. The introduction 
that follows provides an overview of the 
material being studied and explains the 
ways in which topics are related. 


Mathematical Systems 
The Human Side of Mathematics and Matrices 


Brief biographies of those who devised 
or contributed to the development of the 


: 3 Webel arity In this chapter we will study different mathematical systems. 

mathematics to be studied appear at the Mea Cael First, we consider rectangular arrays of numbers called matri- 

2 s 2 % é : ces and the operations that can be performed with these matri- 

beginning of each chapter. Looking ua CL ces, as well as their applications. As it turns out, matrices can 

; é ; WELT e ny be used to solve systems of linear equations by using elemen- 

Ahead links the biographies to the up- y aR ERE ere tary row operations. They can also be used to code and decode 

z 5 $ a Per ere messages, a method employed by intelligence services around 
coming material. This feature communi- pithmtetie the world. 

5 2 7 \ Abstract Mathematical We then start the study of mathematical systems by con- 

cates that mathematics is a growing body SC ueker Sent sidering clock arithmetic in a 12- or 5-hr clock and generalize 

hs ‘ the idea to modular arithmetic. We continue with a discussion 

of knowledge, a human endeavor, and aC of abstract mathematical systems, including two mathematical 

. 4 us Game Theory structures called groups and fields, and end the chapter with a 

that every topic studied began as part of study of game theory, a subject with numerous applications to 


business, games of chance, and military science. 


a problem-solving process. 


Internet Connection 


a A student-friendly Web site 


The Human Side of Mathematics 


ophie Germain was born in Paris in 1776. As a child she spent many hours in her 





ee father’s library. There, she came across the legend of Archimedes, who was so 
SUBD orts the new editi on A engrossed in the study of a geometric figure he had drawn that he failed to respond to a 
comprehensive set of annotated links for Roman soldier. “The soldier flew into a passion, unsheathed his glorious sword, and 
i : ; dispatched the unarmed veteran geometer of seventy-five.” How fascinating the problem 
the sections and topics in each chapter must have been, Germain reasoned, to command such intense concentration! From that 
2 A Point she was determined to learn all she could about mathematics, 
provides students with access to addi- In 1794 the Ecole Polytechnic was founded, but women were not admitted as regular 
: A : ; students. Germain obtained Joseph-Louis Lagrange’s lectures from her friends and, at Sophie Germai 
tional information, practice problems, the end of the course, handed her observations to the professor under the pen name io : 
- M. Leblanc. So i d was Li ith the originali 
tutori als or downloa dab le so ftw are. impressed was Lagrange with the originality of the notes that he wanted to 


Material supported on the Web site iS 2a For links to various Internet sites related to topics and sections in Chapter 8, 


ap ieme Pe re in Contemporary Mathematics, Web site at 
. “co . wwe z e.hmco.com/mathematics 
identified by icon throughout the text. 





XIV 





Real Applications, Practical Tools 
Getting Started 





Every section begins with a 
Getting Started application 
that demonstrates how the material 
relates to the real world. Where appropri- 
ate, this application is revisited as a 
Collaborative Learning exercise in the 
exercise set for the section. 












GETTING STARTED 


pri 















Graph It 





New to this edition, Graph It 
examples appear in the margin 
or directly following suitable examples. 
The Graph Its detail how the material 
can be done using a graphing calculator, 
showing students the power and utility of 
this tool. 





ma Graph It 


To do Example 1, make sure 

you are in the function mode. 
Solve each equation for y and 
enter them as Y, = 2x — 4 


and Y, = S — x, Press 

[6]. To find the 
intersection, press 

[5] ana 

ree times. The intersection 
is x = 3 and y = 2 as shown. 


















TaD 


Weil etereer tt 


(a) How fast is the hurricane moving? 






Two Linear Equations in Two Variables 
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6.6 Two Linear Equations in Two Variables 





Women and Men in the Work Force 


Figure 6.51 shows the percentage of women (W) and men (M) in the work force 
since 1955. Can you tell from the graph in which year the percentage will be the 
same? It will happen after 2005! If ris the number of years after 1955, W the per- 
centage of women in the work force, and M the percentage of men, the graphs 
will intersect at a point (a, b). The coordinates of the point of intersection (if 
there is one) are the common solution of both equations. If the percents W and 
M are approximated by 







W = 0.0551 + 34.4 (percent) 
M = —0.201 + 83.9 (percent) 


you can find the year after 1955 when the same percentage of women and men 
were in the work force by graphing M and W and locating the point of intersec- 
tion. We will do that later! 


FIGURE 6.51 
Women and men in the work force 





So Saes 


civilian labor force 


S 
S 


Percent of population in the 


Ny 
So 


1960 1970 1980 2005 


Source: U.S. Bureau of Labor Statistics. 


There are many applications of algebra that require the solution of a system of 
linear equations. We shall consider only the simple case of two equations in two 
variables. (Applications that require the solution of such systems appear in 
Section 6.8.) 

As we have seen, a linear equation Ax + By = C has a straight line for its 
graph. Hence, two such equations will graph into two straight lines in the plane. 
Two distinct lines in the plane can either intersect at a point or else be parallel 
(have no intersection). If the lines intersect, then the coordinates of the point of 
intersection are called the solution of the system of equations. If the lines are 
parallel, then, of course, the system has no solution, 


Web It 
















& 

www 
If you do not have a graphing 
calculator and want to use one, 
access link 6.2.1 at the Bello 
Web site. To further explore 
points and lines, or the distance 
formula, access links 6.2.2 and 
6.2.3 at the Bello Web site. 


1. In the table, the entries in the two columns have a 
common, simple linear relationship, y = ax. Find 


the missing entry. 





(b) How far is the hurricane from Tampa at 8 P.M.? 
(c) Will Tampa feel hurricane force winds at 8 P.M.? 
Solution 


(a) The hurricane moved from (2, —1) to (1, —1), a distance of 100 mi (see the 
grid in the figure) in 5 hr. Thus, the hurricane is moving at 20 mph. 


(b) At 8 p.m. the center of the hurricane is at (1, —1), so we have to find the dis- 
tance from (1, 1) to (0, 0). Let (v3, y) = (0, 0) and (x), y)) = C1, = 1). Sub- 
stituting in the distance formula, d = V@— 1)? + [0 — (-Nf? = V2. 


Since each unit represents 100 mi, the actual distance from Tampa is 


1002 ~ 141 mi. 
(c) Yes. Theoretically at least, hurricane force winds extend 150 mi from the 
center and the hurricane center is 141 mi from Tampa. a 


2. In the table, the entries in the two columns have a 
common, simple quadratic relationship, y = ax”. 
Find the missing entry. 





eg 
1 2 
2 8 


(Remember to bookmark the Bello book-specific Web site.) | hittp://college.hmco.com/mathematics If Seah | 





a This new feature directs stu- 
dents to the Web site link they 
need to access for further exploration, 
tools, or practice. Students use the 
Internet to help them connect the mathe- 
matics under discussion to their daily 
lives. In later chapters, selected exercise 
sets conclude with optional Web It 
Exercises that require use of the Internet 
as part of the problem-solving process. 


www 


Problem Solving, Examples, and 
Applications 


Problem-Solving Skills 


As in previous editions, Problem Solving 
is introduced in Chapter 1 and presented 
as an ongoing theme. Specific Problem 
Solving examples are formatted using 
the RSTUV method (Read, Select, 
Think, Use, and Verify) to guide the 
reader through the problem. The solution 
is carefully developed to the right. 
Similar standard examples follow and 
provide additional insight. 










system. 


C. Solving an Application 


$24.95 $19.95 


(see Figure 6.54). 





The price for CS is 


hours used. 


Xvi 





which is exactly the second equation. 
sent the same line, and every solutio 
other. If we put x = a in the first equati 
we can write the general solution of ¢ 
real number. For example, (0, —5), ( 


FIGURE 6.54 Most of the problems that we’ ve discussed use x and y values ranging from —10 
to 10. This is not the case when working real-life applications! For example, the 
price for connecting to the Internet using America Online (AOL) or CompuServe 
(CS) is identical: $9.95 per month plus $2.95 for every hour over 5 hr. If you are 
planning on using more than 5S hr, however, both companies have a special plan 


AOL: $19.95 for 20 hr plus $2.95 per hour after 20 hr* 
CS: $24.95 for 20 hr plus $1.95 per hour after 20 hr 


For convenience, let’s round the numbers as follows: 


AOL: $20 for 20 hr plus $3 per hour after 20 hr 
CS: $25 for 20 hr plus $2 per hour after 20 hr 


EXAMPLE 7 Make a graph of both prices to see which is a better deal. 


Solution Let’s start by making a table, where A represents the number of hours 
used and p the monthly price. Keep in mind that when the number of hours is 20 
or less the price is fixed: $20 for AOL and $25 for CS. 












35 20 + (25 — 20)3 = 35 
30 50 20 + (30 — 20)3 = 50 
65 20 + (35 — 20)3 = 65 


To graph these two functions, we let h run from 0 to 50 and p run from 0 to 100 


in increments of 5. After 20 hr, the price p for h hr for AOL is 
Pp = 20 + (h — 20)-3 = 20 + 3h — 60 = 3h — 40 


p= 25 + (h — 20)-2 = 25 + 2h — 40 = 2h — 15 


*As of this writing AOL has a new plan costing $21.95 per month with no limit on the number of 
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Graphs of Linear Functions and Equations 


We will now examine the general procedure that can be used to draw the graph 
of a linear function in the form f = {(, y) | = ax + b), or equivalently, 
f(x) = ax + b. ’ 


Problem Solving 






tPA} _ Graphing Linear Functions 














1. Readthe problem. Graph the function defined by f(x) = 3x — 6. 
2. Select the unknown, bis Tae ae 
What are we looking for? We want to draw the graph of f(x) = 3x — 6. To do this, we need to find ordered 


pairs (x, y) that satisfy the relation f = {(x, y) ly = 3x — 6}. 





3. Think of a plan. 
Is the graph a straight line? Ifitise The function is of the form y = ax + b, so its graph is a straight line. To graph 
we know that two points will this function, we find two points on the line and draw the line through them. The 
determine the line. result will be the graph of the function. 









4, Use the preceding idea to carry out For ease of computation, we let x = (), to obtain y = 3-0 — 6, or y = —6. Thus, 
the plan. Find two points andthen (0, —6) is one of the points. For y = 0, we have 0 = 3x — 6, or 6 = 3x; that is, 
join them with a line. (Try to use x = 2. This makes (2, 0) another point on the line. Now we graph (0, —6) and 
points that are easy to graph) (2, 0) as in Figure 6.11 and draw a line through them. The result is the graph of 

aie ‘ . F(x) = 3x- 6. 


5. Verify / the answer. , 
How can we do this? ; Select a point on the line, say (3, 3), and verify that it satisfies the equation 
z y = 3x — 6. Ifx =3 and y =3,3 =3-3 — 6 isa true statement. 














The x coordinate of the point where the line crosses the x xis is called the x inter- 
cept of the line. Similarly, the y coordinate of the point where the line crosses the 
y axis is called the y intercept. For f(x) = 3x — 6, the x intercept is 2 and the y 
intercept is —6. Note that, in general, we may say either “graph the function f, 
where f(x) = ax + b,” or “graph the equation y = ax + b.” 


FIGURE 6.11 






TRY EXAMPLE2NOW, Cover the solution, write your own, and then check your work, 




























Examples and Applications 


Real-life applications are included 
throughout the book to show students 
how they can use the material being stud- 
ied. The applications usually conclude 
the examples in a section and appear 
before the exercise set. The examples 
represent a wide range of computational, 
drill, and applied problems selected to 
build confidence, competency, skill, and 
understanding. 












25 + (25 — 20)2 = 35 | 
30 25 + (30 — 20)2 = 45 
25 + (35 — 20)2 = 55 





Exercise Sets—Making Connections 
and Problem Solving 


Exercises Keyed to Subsection 


The end-of-section exercise sets are 
keyed to the corresponding subsections 
(A, B, C) within each section to help stu- 
dents draw connections between subsec- 
tion presentations and problems. 


Using Your Knowledge 


Interesting application problems 

help students generalize material 
they have learned and apply it immedi- 
ately to similar real-life situations. 





69. To attract more students, the campus theater 
decides to reduce ticket prices by x dollars from 
the current $5.50 price. 


a. What is the new price after the x dollar 75. 


reduction? 

b. If the number of tickets sold is 100 + 100x and 
the revenue is the number of tickets sold times 
the price of each ticket, what is the revenue? 

c. If the theater wishes to have $750 in revenue, 
how much is the price reduction? 

d. If the reduction must be less than $1, what is 


76. 





a In problems 1-14, factor each expression. 


1. x2 + 6x +8 2: 
3. x27 -x~ 12 4. 
5. x2 + Tx — 18 6. 
7. x2 — 10x + 25 8. 
9. x2 + 10x + 25 10. 
Wl. 2x2 +x -3 12. 
13. 6x2 — 5x +1 14, 


B In problems 15-38, solve each equation. 
15. (x — 2)(x— 4) =0 16. 
17. (x + 2)(~- 3) =0 18. 


19. x(x — 1)(x+1)=0 

20. (x + 1)(x + 2)(x — 3) = 0 
21. (2x — I(x + 2) =0 

22. (x + 5)(4x +7) =0 


23. x2 16=0 24. 
Desa — 125; 26. 
5.4 Quadratic Equations 309 


The distance traveled by the ball is given by 


D(t) = —5t? + 1151 — 110 (in feet) 


How far will the ball travel before it hits the 
ground? 


How far will the ball travel in 6 sec, the time it 
takes a high fly ball to hit the ground? 


—_© Discovery 


5.4 Quadratic Equations 307 


t—60=0 or 
t= 60 or 


t+5=0 
t=-5 


By the zero-factor property 
Solve each equation 


Since ¢ represents the number of years after 1960, production will be zero 
(stopped) 60 years after 1960 or in 2020 (not in the year 2000 as promised!). The 
answer f = —S has to be discarded since it represents 5 years before 1960, but 
the equation applies only to years after 1960. a 


If you know how to write a quadratic equation in standard form as we did in Examples 
6-8, you can explore finding solutions as decimals, solving by factoring, or using the 
quadratic equation by accessing links 5.4.1, 5.4.2, and 5.4.3 at the Bello Web site. 


33. x? — 8x = 20 34, x? — 9x = 36 


x2 + Tx +10 35. 10x2+7x+1=0 36. 6x? + 17x+5=0 
x7 — 3x — 10 37. 3x? + 2x =5 38. 2x? -x=6 

x? 12x +11 

2 

x — 8x + 16 {@_ in problems 39-54, solve each equation by using 
x2 + 16x + 64 the quadratic formula. 

3x2 + 10x +3 39, 2x? +3x= 5 =0 40. 3x2 -—7x+2=0 

Gi tes 41. 2x2 +5x-7=0 42. 4x2 -7x- 15=0 


43. x2 + 5x+3=0 44. 2x2 + 7x-4=0 


45. 5x2—-8r+2=0 46. 32+5x+1=0 
(x + 2)(x + 3) =0 


(x + S)@ — 6) = 0 


47. Tx? = 6x = -1 48. 7x? — 12e= —5 
49. 9x? — 6x -2=0 50. 2x2 - 8x + 5=0 
51. 2x2 + 2x=1 52. 2x? — 6x =5 
53. 4x2 = —8x + 5 54, 2x? =2x+5 


55. The following procedure can be used to obtain the 
quadratic formula. Suppose that the quadratic 


3x2 -—27=0 equation is given in standard form. 
4x2 + 1=65 ax? + bx+c=0,a#0 
Then 
ax? + bx = —c Why? 
241=50 Now we multiply both sides by 4a to get 
—6x+8=0 4a?x? + 4abx = —4ac 


er to bookmark the Bello book-pecic Web ste) Fito 3 Ea) 





the reduction? 


70. An apartment owner wants to increase the monthly 
rent from the current $250 in n increases of $10. 

a. What is the new price after the n increases of 
$10? 

b. If the number of apartments rented is 70 — 2 
and the revenue is the number of apartments 
rented times the rent, what is the revenue? 

c. Ifthe owner wants to receive $17,980 per month, 
how many $10 increases can the owner make? 

d. What will be the monthly rent? 


@®™ in Other Words 


The solutions of the quadratic equation 
ax? + bx +c =0(a # 0) are 


_ —b + Vb? — 4ac 


x 2a 


71. Which type of solution do you get if b? — 4ac = 0? 
72. Which type of solution do you get if b? — 4ac > 0? 
73. Which type of solution do you get if b? — 4ac < 0? 


@ Using Your Knowledge 


Have you been to a baseball game lately? Did anybody 
hit a home run? The trajectory of a baseball is usually 
very complicated, but we can get help from The 
Physics of Baseball, by Robert Adair. According to Mr. 
Adair, after f sec, starting | sec after the ball leaves the 
bat, the height of a ball hit at a 35° angle, rotating with 
an initial backspin of 2000 revolutions per minute 
(rpm), and hit at about 110 mph is given by 


H(t) = —801? + 3401 — 260 (in feet) 


74. How many seconds will it be before the ball hits 
the ground? 


Charlie Brown received a chain letter. Several days 
later, after receiving more letters, he found that the 
number he had received was a perfect square. (The 
numbers 12, 22, 32, and so on, are perfect squares.) 
Charlie decided to throw away some of the letters, and 
being very superstitious, he threw away 13? of them. 
To his surprise, he found that the number he had left 
was still a perfect square. 


77. What is the maximum number of letters Charlie 
could have received before throwing any away? 
(Hint: Let x? be the initial number of letters 
and let y? be the number he had left. Then 

2 = y? + 137. Remember that x and y are inte- 
gers, and you will want to make y as large as pos- 
sible relative to x because you want x to be as large 
as possible.) 


“ COPY THIS LETTER SIX 
TIMES AND SEND IT TO. 
SIX OF YOUR FRIENDS " 





Peanuts. Reprinted by permission of UFS, Inc. 


a Calculator Corner 


Your calculator can be extremely helpful in finding the 
roots of a quadratic equation by using the quadratic 





Discovery 


These brief excursions into 
related topics, extensions, and 
generalizations are more challenging and 
provide additional opportunities to 
develop critical thinking and problem- 
solving skills. 





Calculator Corner 


Understanding how and when to 
utilize technology is an important 
problem-solving skill. These fea- 
tures provide additional background on 
how to solve problems using a calcu- 
lator. 








Exercise Sets—Communicating, 
Connecting, and Collaborative 
Problem Solving 


Collaborative Learning 


New to this edition, these 

exercises appear at the end of 
the exercise sets. They are designed to 
give students the opportunity to com- 
municate their thoughts, develop confi- 
dence, and work effectively as part of a 
team. 


In Other Words 


These brief questions provide 

the opportunity to think about 
and clarify ideas, concepts, and proce- 
dures. By expressing their thoughts, stu- 
dents gain a better understanding of the 
concepts and develop communication 
skills that extend beyond the classroom. 








47. Can you discover what changes have to be made in 
the flowchart if the inequality is ax + by <c,c #0? 


48. Can you discover what changes have to be made 
in the flowchart if c = 0? 


ae Collaborative Learning 


As you can see in the chart, many fatal accidents 
involving drivers and pedestrians were alcohol related. 
The two graphs show the effect of alcohol on males 
and females over a 2-hr period. Form three teams. 
Here are the assignments. 


Team I For the graph on the left (males), use the 
points (6, 0.1) and (2, 0.01) to find the slope of the line. 
Then use (6, 0.1) to find the equation of the line relat- 
ing B the blood alcohol level and D the number of 
drinks. Finally, write the inequality corresponding to 
the shaded region on the graph. 


Team 2 For the graph on the right (females), let the 
slope be rise/run. What is this value? Use the point 
(4, 0.1) and the slope to find the equation of the line 
relating B the blood alcohol level and D the number of 
drinks. Finally, write the inequality corresponding to 
the shaded region on the graph. 


Team 3 The two graphs shown apply to 170-lb males 
and 137-lb females. A more general formula relating 
the number of drinks D and the weight W that will pro- 





GETTING STARTED 





| 68 | 
Linear Programming 


“You Want a Coke with That?” 
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6.8 Linear Programming 


Blood alcohol levels 


Nearly hi 
strians ir 
























duce a blood alcohol level of 0.10 in 2 hr is 
0.00125W — 0.01875D = 0.1. Using W as the vertical 
axis and D as the horizontal axis, graph the equation 
and then write an inequality indicating that the blood 


alcohol level exceeds 0.1. 
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e Using Your Knowledge 


In this section you learned that for continuous com- 
pounding, the compound amount is given by A = Pe”. 
For ordinary compound interest, the compound 
amount is given by A = P(1 + r/n)”, where r is the 
annual interest rate and n is the number of periods per 
year. Suppose you have $1000 to put into an account 
where the interest rate is 6%. How much more would 
you have at the end of 2 years for continuous com- 
pounding than for monthly compounding? 

For continuous compounding, the amount is given 
by 


A = 1000e9X2) = 1900¢9-12 
= (1000)(1.1275) Use a calculator. 
= 1127.50 


Thus the amount is $1127.50. For monthly compound- 
ing, 

r _ 0.06 

Rio. = 0.005 and nt = 24 
Thus the amount is given by A = 1000(1 + 0.005)?4 = 
1000(1.005)?4. Compound interest tables or your cal- 
culator gives the value 


(1.005)*4 = 1.1271598 


so that A = 1127.16 (to the nearest hundredth). Thus 
the amount is $1127.16. Continuous compounding 
earns you only $.34 more! But, see what happens 
when the period f is extended in problems 51 and 52! 


51. Make the same comparison where the time is 10 
years. 


52. Make the same comparison where the time is 20 
years. 


Research Questions 


® 10 other Words 


53. The definition of the exponential function 
J (x) = b* does not allow b = 1. 
a. What type of graph will f(x) have when b = 1? 
b. Is f(x) = b* a function when b = 1? Explain. 


54, List some reasons to justify the condition b > 0 


in the definition of the exponential function “ 


SF) = b*. 


55. Discuss the relationship between the graphs of 
J(x) = b* and g(x) = b™*. 


56. In Example 5, we predicted the U.S. population 
for the year 2000 to be 266,003,290. The 
Statistical Abstract of the United States predicts 
271,237,000. Can you give some reasons for this 
discrepancy? 


fa Skill Checker 


In the next section you will solve a system of simulta- 
neous equations by graphing. To graph equations 
simultaneously, you better practice graphing just one 
equation at a time. Here are some practice problems 
for you. Graph them! 


lx+y=4 
2. 2x-y=4 
3. 2x-—y=5 
4.x-—2y=4 


If you are unsure of how to graph these problems, 
review Sections 6.1 and 6.2. 


1. Who was the first person to publish a book describing the rules of logarithms, 
what was the name of the book, and what does logarithm mean? 


2. Describe how Jobst Burgi used “red” and “black” numbers in his logarithmic 


table. 


3. The symbol e¢ was first used in 1731. Name the circumstances under which the 


symbol e was first used. 





Are you on a steady diet of hamburgers and fries? Are you also watching your 
at and protein intake? A regular hamburger contains about 11 g of fat and 12 g 
f protein. Your daily consumption of fat and protein should be about 56 and 51 
b, respectively. (You can check this out in the Fast Food Guide by Michael 
acobson and Sarah Fritschner.) Suppose that a regular hamburger costs 39¢ and 
h regular order of fries is 79¢. How many of each could you eat so that you met 
lhe recommended fat and protein intake and, at the same time, minimized the 
ost? The given information is shown in Table 6.10, where h and f represent the 
umber of hamburgers and orders of fries, respectively. 

















Research Questions 


These questions combine with In Other 
Words to provide a strong writing com- 
ponent to the course and are an excellent 
opportunity for group learning. The 
questions now appear at the end of 
selected section exercise sets as well as 
at the end of the chapters. Some ques- 
tions, identified by icon, require students 
to utilize the Internet as a research tool. 


Study Aids—Taking Responsibility 
for Learning 


Skill Checker 


This new feature helps students 

assess their mastery of skills 
needed in the following section. It 
appears in sections preceding material 
with relevant prerequisites. Planning and 
preparing for new material are important 
aspects of independent and team prob- 


lem solving. 
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Chapter 4 SUMMARY 


Section 
4.1 


4.1A 
4.1A 
4.1A 
4.1B 


4.1B 


4.1C 
4.1E 
4.1E 


4.2A 


4.2A 
4.2A 
4.2B 
4.2B 


4.2B 
4.2B 
4.2B 


4.2B 


4.2B 


4.2B 


4.2B 


Item 


N= tions} 


n(A) 
Ist, 2nd, 3rd, .. . 
123-45-6789 


Prime number 


Composite number 


12 = 22-3 
GCF 

LCM 
a-l=l-a=a 


W= {0,1,2,...} 
O+a=at0=a 


Mees fe serge Op Uy reese 


tt te 
Dis me al) ed) 


n+(—n)=0 
a-—b=a+t(-b) 


Closed set 


at+b=bt+a 
a'b=b-a 
a+(bt+c)= 


(a+b)+e 
a-(b-c)=(a-b)-e¢ 


4 Number Theory and the Real Numbers 


Meaning 


The natural numbers 


The cardinal number of A 
Ordinal numbers 
Number used for identification 


A number with exactly two 
divisors, | and itself 


A number with more than 
two divisors 


Prime factorization of 12 
Greatest common factor 


Least common multiple 


Identity property for 
multiplication 


The set of whole numbers 
Identity property for addition 
The set of integers 


The number line 


Additive inverse property 
Definition of subtraction 


A set with an operation defined 
on it such that when the 
operation is performed on 
elements of the set, the result 
is also an element of the set 


Commutative property of 
addition 


Commutative property of 
multiplication 
Associative property of 
addition 


Associative property of 
multiplication 


536 8 Mathematical Systems and Matrices 


48. Consider another special matrix 


«a 


What happens to the triangle in problem 47 if you 
form the product K X T? Try this for k = 2. 


©) Discovery 


We want to discover in what ways the set S of 2 x 2 
matrices behaves like the set of integers under addition 
and multiplication. To do this, we consider the follow- 
ing questions: 


49. 


50. 
Si. 


52. 


53, 


54, 


Example 


Is S closed with respect to addition? (Hint: Is the 
sum of two 2 X 2 matrices a2 * 2 matrix?) 


Is S associative with respect to addition? 


Can you find an additive identity for the set S? 
Hint: If 


a= [45 


find a matrix B such that 


lesaliee |= La: ol 


Does every matrix in S have an additive inverse? 
For example, if 


a7 


try to find a matrix B such that 


[alee lols I 


Does A + B = B + A for any two 2 X 2 matrices 
in S? 


Consider the set S of 2 X 2 matrices. 
a. Is S closed with respect to multiplication? 
b. Is S associative with respect to multiplication? 


ec. Can you find a multiplicative identity for the 
? 


fined to be a 
here J is the 
ow that the 


56. Can you discover whether the matrix given below 


has an inverse? 


of 


ae Collaborative Learning 


Example 5 gives the average expenditures for enter- 
tainment, food, and housing for persons under 25 and 
25-34. Form three groups. 


1. 


Have each of the groups construct a matrix similar 
to the one in Example 5 showing the expenses for a 
particular month. To construct each of the entries in 
the matrix, take the average expenses for the mem- 
bers in the group, Are the results close to the 
national averages given in Example 5? Discuss 
why or why not. 


. To find the average monthly expenses in each cate- 


gory for all three groups, which operation would 
you have to use? 


. Find the matrix representing the average monthly 


expenses for entertainment, food, and housing for 
all three groups. 


. How would you estimate the annual expenses for 


entertainment, food, and housing for persons in 
your group? 


fa Skill Checker 


In the next section we are going to discuss a method of 
solving systems of equations using matrices. To be 
successful, you have to remember how to solve a sys- 
tem of two equations in two unknowns. Here are some 
practice problems. If you do not remember how to do 
these problems, review the material studied in Section 
6.4. Solve the following systems: 


1. 


3. 


3x+y=4 2. 2x- y=3 
2k yi 4x—3y=7 
—2x + 3y'= —10 4. 4x-3y=-2 
5x — 2y = 14 —3x + 2y=0 
ys For more practice, go to link 8.1.3 at the Bello 
~ Web site. 
www 


(Remember to bookmark the Bello book-specific Web site.) 


All counting numbers such as 
10, 27, 38, and so on 


If A = {a, b}, then n(A) = 2. 
This is the first one. 
A Social Security number 


DZ, Sy; Upp lagers 


4, 33, 50,... 


18 is the GCF of 216 and 234. 


252 is the LCM of i8, 21, 
and 28. 


1-97 = 97 and 83: 1 = 83 


0 + 13 = 13 and 84 + 0 = 84 


3 + (-3)=0 
3-7=3+(-7) 


The natural numbers are closed 
under multiplication. The 
integers are closed under 
subtraction, but the natural 
numbers are not. (3 — 5 = —2 
is not a natural number.) 


34+5=543 


—4+(2+5)=(-4+2)+5 


=2-(4-7) =(-2-4)-7 


Summary 


The Chapter Summary provides brief 
definitions and examples for key topics 
within a given chapter. It also contains 
section references to encourage students 
to review sections, rather than memoriz- 
ing a definition out of context. 


xix 





Practice Test 


A Practice Test appears at the end of 
each chapter. The tests are designed to 
help students check their comprehension 
and can help to further develop problem- 
solving and test-taking skills. 
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Answers to Practice Test 














~ 


co 


BS 


a 





a 


x 





Review 


432 


6 Functions and Graphs 





. In 1888, the “princess” won the Prix Bordin offered by the French Academy of 
Sciences. Write a report about the contents of her prize-winning essay and the 
motto that accompanied it. 


7. Write a report on the simplex algorithm and its developer. < 


Chapter 6 PRACTICE TEST 


1. Find the domain and range of the relation 


R= {(5, 3), 3, —), (2, 2), (0, 4 
Find the domain and range of the re 


R= ((@,y)|y = —32} 


Which of the following relations are functions? 


a. {(x, y)|y? =x} b. {(3, 1), 


. A function is defined by f(x) + x? — x. Find the following: 


a. f(0) b. f(1) e. f(—2) 


For a car renting for $15 per day plus $.10 per mile, the cost for 1 day is 


C(m) = 15 + 0.10m (dollars) 


Graph the relation 


R= {(x, y) | y = 3x, xis an integer between —1 and 3, inclusive} 
. Graph the relation 
Q = {(x, y) |x + y <3, xand y are nonnegative integers} 


. Graph the function defined by g(x) 


—2=%=2. 


. Graph the function defined by f(x) = 
. Graph the equation 3x — 2y = 5. 


. Find the distance between the two given points. 


a. (4, 7) and (7, 3) b. (—3, 8) 





. Find the slope of the line that goes through the two points (—1, —3) and (9, —2). 


Ethe equation of the line that goes through the 


Question Section Example(s) Page(s). 


Answer If You Missed 
1. Domain, {0, 2, 3, 5}; range, {—1, 2, 3, 4) 1 
2, Domain, the set of all real numbers; range, the 2 
set of all real numbers 
3. (b) and (c) 3 
4. (a) 0 (b) 0 (c) 6 4 
5. 203 mi 5 
6. 6 
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where m is the number of miles driven. If a person paid $35.30 for 1 day’s 
rental, how far did the person drive? 













)} 


lation 







(4, 1), (6, 1)} c. {@, y)|y = x?} 













= 2x? — 1, where x is an integer and 





ZX =O; 







and (—3, —2) 
















e equation 2y = 4 — 8x. What is the slope 
ine? 









going through the points (—1, —3) and 







les are parallel. If they are not parallel, find 
bction, 
» y = 2x — 5, 4x — 2y =7 















Answers to Practice Test 


Each Practice Test is now immediately 
followed by the Answers to Practice 
Test. The answers to each question are 
keyed to the specific section, example, 
and page that students should reference 
if their answer is incorrect. This provides 
students with a means of diagnosing the 
skills and concepts they have mastered 
and identifying those that require further 
work. In addition, the Answers to 
Practice Test helps students to further 
develop their study skills and assess their 
progress. 


Topics in 
Contemporary Mathematics 
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Sets and 
Problem Solving 


YN The modern mathematical theory of sets is one of 
sce Wot Ce the most remarkable creations of the human mind. 
Because of the unusual boldness of some of the ideas 
found in its study, and because of some of the singular 
same yiy methods of proof to which it has given rise, the theory 
of sets is indescribably fascinating. But above this, the 
theory has assumed tremendous importance for almost 
The Number of the whole of mathematics. 


Elements in a Set: A 
Problem-Solving Tool According to David M. Burton’s History of Mathematics, “the 
birth of set theory can be marked by Cantor’s paper ‘On a 
Property of the System of all the Real Algebraic Numbers.’ ” 
A number of mathematicians had studied finite sets, but Georg 
Ferdinand Ludwig Philip Cantor was one of the first to solve 
some of the problems in the theory of infinite sets. You can 
read about Cantor in The Human Side of Mathematics as you 
study sets yourself. We shall start by discussing finite sets and 
see how they can be described and written. Then we discuss 
subsets and the operations that can be performed with them, 
and see how to visualize such operations by using Venn 
diagrams as shown in Section 1.4. We examine how to count 
the number of elements in a set and use this idea to analyze sta- 
tistical surveys. We end the chapter with an optional section 
dealing with cardinal numbers and the “indescribably fasci- 
nating” infinite sets. 


Solving Tool 


Er clii ky 


HOWARD EVES 


Infinite Sets 





eorg F. L. P. Cantor made the first successful attempts to answer questions concerning 
Cie sets. Born in Russia in 1845, Cantor moved to Germany at the age of 11. At 15 
he entered the Wiesbaden Gymnasium (a preparatory school), where he developed an 
abiding interest in mathematics. Cantor continued his studies in mathematics, received his 
Ph.D. from the University of Berlin in 1867, and made important contributions to some of 
the most abstract areas of mathematics. 


j i. For links to various Internet sites related to topics and sections throughout Chapter 1, 
please access the Bello, Jopics in Contemporary Mathematics, Web site at 
Wi’ http://college.hmco.com/mathematics 
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His most important contributions appeared in the papers published between 1874 and 
1884. These papers attacked the basic questions of infinite sets—questions that concern the 
very heart of mathematical analysis. The entirely new methods he employed marked him 
as a creative mathematician of most unusual originality. 

Unfortunately, Cantor received almost no recognition during this period of his life. He 
never attained his goal of a professorship at Berlin. Instead, he spent his entire professional 
career at the University of Halle, not becoming a full professor until 1879. 

As often happens with original ideas, Cantor's work was rewarded by ridicule from 
many of his most famous contemporaries. Among these was the prominent mathematician 
Leopold Kronecker, who had been one of Cantor's instructors at the University of Berlin. As 
a result of the lack of recognition and acceptance of his work, Cantor suffered a series of 
breakdowns and eventually died in a mental institution in 1918. 

It was only in the later years of his life that Cantor's ideas gained a measure of 
recognition from his colleagues. The importance of his contribution lies in his perception of 
the significance of the one-to-one correspondence principle and its logical consequences. 
Today, we know that much of the foundation of set theory rests directly on Cantor’s work. 





Georg F. L. P. Cantor 
(1845-1918) 


Intuition (male, female, 
or mathematical) has 


Looking Ahead: In this chapter we will look at the ideas of sets and infinite sets, 





GETTING STARTED 


oS 


En 
Problem Solving 


been greatly overrated. 


d i‘ 2 : : ie Intuition is the root of 
ideas that were the main focus of Cantor’s research and writings. all superstition. 


—E. T. Bell 





Knowledge of mathematics is power. As a student, mathematics gives you the 
power to enter many careers. As a citizen, it gives you the power to reach 
informed decisions. As a nation, it gives us the power to compete in a techno- 
logical world. Many students today are not prepared for the jobs of tomorrow or 
even for the jobs of today! In fact, three out of four Americans stop studying 
mathematics before completing career or job prerequisites. The mathematics you 
learn today may have an impact on the job you get tomorrow. Over 75% of all 
jobs require proficiency in simple algebra and geometry, either as a prerequisite 
to enter a training program or as part of an examination required to be licensed 
in a specific field. In addition, to earn a college degree requires at least a mini- 
mal amount of mathematics. Unfortunately, many students are burdened by 
unpleasant experiences in mathematics. They convince themselves that they 
can’t do mathematics, so they won’t. They believe that they never liked mathe- 
matics, so they don’t. Now it is time to change all that. This time try mathemat- 
ics with an attitude—a positive one. The way to start is by learning how to solve 


problems. ey : 


Problem-Solving Procedure 


One of the first problem-solving models was developed by George Polya, a 
Hungarian-born mathematician and researcher. A problem-solving strategy is 


a 


www: 


Many Web sites discuss problem 
solving. Go to the Bello Web 
site, access link 1.1.1, and read 
the information intended for 
students by clicking on the word 
Students. Then click on “All 
About Problem Solving” to learn 
more about it. Bookmark the site 
now for your convenience! 


Problem Solving 


1. Read the problem. 





(Remember to bookmark the Bello book-specific Web site.) 
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your plan for action. By choosing your strategy, you are identifying the 
method of solution you intend to use. What strategies did Polya recommend? 
Here are a few. 


Look for a pattern, Make a table. 

Draw a picture or diagram. Use logical reasoning. 

Make a model. Work a simpler problem first. 
Use a formula. Make a list. 


Polya’s original procedure as it appeared in How to Solve It (Princeton, N.J.: 
Princeton University Press, 1973) consisted of four parts. 


1. Understand the problem. 2. Devise a plan. 
3. Carry out the plan. 4. Look back. 


We expand this procedure so that you can use it as a model to solve any problem. 
Here are the five steps we shall use. 





Look at the first letter in each sentence. To help you remember the steps, we call 
them the RSTUV procedure. 

Problem solving will be presented in a two-column format. Cover the 
answers in the right column (a 3-by-5 index card will do) and write your own 
answers as you practice. After that, uncover the answers and check whether you 
are right. You will then be given a similar example problem and its solution. 


Hints and Tips 


Our problem-solving procedure (RSTUV) contains five steps. The steps are 
given in the left column, and hints and tips in the right. 


Mathematics is a language. As such, you have to learn how to read it. You may 
not understand or even get through reading the problem the first time. Read it 
again and, as you do, pay attention to key words or instructions such as compute, 
draw, write, construct, make, show, identify, state, simplify, solve, and graph. 
(Can you think of others?) 

continued 
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2. Select the unknown. 


3. Think of a plan. 


4, Use the techniques you are 
studying to carry out the plan. 


5. Verify the answer. 





B. 
FIGURE 1.1 
FIGURE 1.2 
1+44+9+4+16+25+36=91 
EXAMPLE 1 


How can you answer a question if you do not know what the question is? One 
good way to look for the unknown is to look for the question mark “?” and care- 
fully read the material preceding it. Try to determine what information is given 
and what is missing. 


Problem solving requires many skills and strategies. Some of them are look for 
a pattern; examine a related problem; make tables, pictures, and diagrams; 
write an equation; work backward; and make a guess. 


* 


If you are studying a mathematical technique, it is almost certain that you will 
have to use it in solving the given problem. Look for procedures that can be used 
to solve each problem. Then carry out the plan. Check each step. 


Look back and check the result of the original problem. Is the answer reason- 
able? Can you find it some other way? 





Inductive Reasoning 


As we mentioned, one of the strategies used in problem solving is to find a pat- 
tern. Reasoning based on examining a variety of cases, discovering patterns, and 
forming conclusions is called inductive reasoning. 





Look at panels A, B, and C of Figure 1.1. Panel A consists of 1 square. Panel B con- 
sists of | large square and 4 smaller squares. Panel C consists of 1 large square, 4 
medium squares, and 9 smaller squares. How many squares are there in panels D 
and E? Draw the next figure in the pattern and write an expression for the total 
number of squares. 


A B 





ee) 1+4+9 
Panel D consists of 1 + 4 + 9 + 16 = 30 squares, and panel E consists of 1 + 
4 +9 + 16 + 25 = 55 squares. The next square in the pattern (see Figure 1.2) 
consists of 1 + 4 + 9 + 16 + 25 + 36 = 91 squares. An arrangement of num- 
bers according to a pattern is called a sequence and each number in the sequence 
is called a term. Thus, the sequence of the number of squares is 1, 5, 14, 30, 55, 
91. Here, the first term is 1, the second term is 5, and so on. 


Identify the pattern in each sequence and find the next three terms. 


(a) 4, 710, oe oe an tea aaa 


EXAMPLE 2 
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Solution The strategy is to examine the difference between successive terms to 
discover the pattern. 


(a) The difference between adjacent numbers is 3. Thus, the pattern is add 3. 
The next three terms are 10 + 3 = 13, 13 + 3 = 16; and 16 + 3 = 19. 


(b) Each number after the first is 2 times the preceding number. The pattern is 
multiply by 2, and the next three terms are 2 x 8 = 16,2 x 16 = 32, and 
2 X 32 = 64. 3 


Identify the pattern in each sequence and find the next term. 
(a) 54. OS Sele Bel ease ott 5 
Solution 


(a) Examine the differences between successive terms. 


4 ) 3 8 Zz 
a5) == 6 a e5 256 
The pattern is add 5, subtract 6. 


Add 5:2+5 =7 
Subtract 6:7 — 6 = 1 
Thus, the term after 2 is @ and the term after 7 is ce 


Another way of looking at this pattern is to concentrate on the alternate 
terms, 4, 3, 2, ? and 9, 8, ?, as shown. The answer is the same! 


| ail al 
Se ee a Be 


-1 =] 


Moral: There may be more than one way to identify patterns! 


(b) Examine the differences between successive terms. 


lst differences 


(no pattern!) 
2nd differences 


(no pattern!) 
3rd differences 





Now, follow the red arrows to get 3+11=/4, 14+25=39, and 
39 + 47 = _86_. Do you see that there is a quicker way of doing this? 
Simply add 3 + 11 + 25 +47 and you get the_86_. The technique here is 
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EXAMPLE 3 


FIGURE 1.3 


to get the first differences, second differences, third differences, and so on, 

until you get a constant, and then add up the diagonal as shown. Bi 
A Word of Warning: Some sequences follow more than one pattern. Thus, the 
next three terms in the sequence 


oe 


are 7, 11, and 16 if the pattern is add 1, add 2, add 3, and so on. On the other 
hand, if you view the sequence 1, 2, 4 as doubling the preceding number, the next 
three terms in the sequence are 8, 16, and 32! Sometimes it is necessary to exam- 
ine a large number of cases before realizing that the conjectured pattern does not 
continue, as the next example shows. 


Choose points on a circle and connect them to form distinct, non-overlapping 
regions as shown in Figure 1.3. Two points determine 2 = 2! regions, three 
points determine 4 = 2 X 2 = 2? regions, and four points determine a total of 
8 = 2 X 2 X 2 = 23 regions. These results are entered in the table. How many 
regions would you predict for 





(a) five points? (b) six points? 
2 
i> 
2 regions 4 regions 8 regions 16 regions 
Solution 


(a) 16=2X 2X2 X 2 = 24 regions, as shown in Figure 1.3. 


(b) The formula predicts 2° = 32. However, if you choose six unequally spaced 
points on the circle and count the regions correctly, you get only 31 regions. 
How many regions do you get if the points are equally spaced? Try it! 





Applications 


Did you know that sequences, patterns, and induction were used to find some of 
the planets of our solar system (see Figure 1.4)? In 1772, the German astronomer 
Johann Bode discovered a pattern in the distances of the planets from the sun. 
His sequence is shown in the next example. 


FIGURE 1.4 





EXAMPLE 4 


Problem Solving 


1. Read the problem. 


2. Select the unknown. 


3. Think of a plan. Is there a pattern? 
Can you find it? 


4. Use induction to find the pattern. 


5. Verify the solution. 
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Uranus | 


Pl PZ | P4 PS P6 7 P8 
Mercury Venus Earth Mars = ‘Jupiter “Satur 
J L J L 1 1 1 L 
0+4 SAS DOr 12 th iF e eee 4 AR OG a a wee 


Use the RSTUV procedure to find which number corresponds to 


(a) the fifth missing planet. (b) the eighth planet. 


Discovering Planets Using Induction 


You are asked to find the numbers corresponding to the fifth and eighth missing 
planets. 


The unknowns are the missing numbers in the pattern. 


If you can find a pattern, you can find the missing numbers. All the numbers are 
of the form + 4. The numbers in front of the 4 for the first four planets 
are 0, 3, 6, and 12. The numbers in this sequence after the 3 are obtained by 
doubling. 


(a) The number for the fifth planet should be 2 X 12 + 4 = 28. (This “planet” 
is really Ceres, a planetoid or asteroid.) 


(b) The number for the eighth planet is 2 X 96 + 4 = 196. (This corresponds to 
Uranus, discovered by William Herchel in 1781.) 


The differences between successive terms in the sequence follow the doubling 
pattern shown below. 


4 7 10 16 28 D2 100 196 


Rae oe Mey oh Ne foXe. A 
Gets 6. 1 0 amabadennd Bom c0G 
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By the way, the numbers in this sequence—4, 7, 10, 12, and so on—correspond 
to 10 times the distance of the planets from the sun measured in astronom- 
ical units, where | astronomical unit is the average*distance of the earth from 


the sun. 





Want to learn more about inductive and deductive reasoning? Use one of the search 
engines on the Internet, and look under “Inductive and Deductive Reasoning.” Or, 
access links 1.1.2 and 1.1.3 at the Bello Web site. Look for “Introduction to Inductive 


and Deductive Reasoning” and try some practice problems (with answers)! 


1. What are the four steps in Polya’s problem- 
solving procedure? 


2. What do the letters in the RSTUV procedure 
stand for? 


e 


3. When solving a problem, what is the first thing 
you should try to determine? 


The first step in the RSTUV procedure is to Read the 
problem: Read the following information and answer 
questions 4-10. 


Many search engines or “web crawlers” on the Internet or the World Wide Web (WWW) 
can help you find information. One such service is illustrated here. 





4. What is WebQuery? How many membership 
plans does it have? 


5. If you are in the Occasional Plan and make 15 
transactions in a given month, what is your total 
cost for the month? 


6. If you are in the Light Use Plan and make 15 trans- 
actions in a given month, what is your total cost 
for the month? 
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7. On the basis of your answers to questions 5 and 6, 
if you are planning to make about 15 transactions 
per month, which plan should you select? 


8. What is the maximum number of calls you can 
make in the Occasional Plan and come out spend- 
ing less than in the Light Use Plan? 


9. After how many calls would it save you money to 
change froma Light Use Plan to a Standard Use Plan? 


(Remember to bookmark the Bello book-specific Web site.) 


10. If you expect to have 50 transactions in a month, 
which plan should you select? 


Ci In problems 11-20 identify the pattern and find 
the next three terms. 


Bele 2 aie eee | teh e 

Be POO el hh ee ea 5 

Boe RASS ENDORSED oe LUE rn 2 
$332,353", 


1b) 
MY) MM NM 
VANGVANGVANEVAN 


” BK BRAK A 


17. 1,4, 





ale 
co|— 


18. i 5, a i ae ————— 
PA, 6.5, 
ZU Od SO 





21. The figures represent the triangular numbers. 


@ 
e ee 
® ee eee 
eee eee eeee 
1 3 6 10 


a. Draw the next triangular number. 

b. Describe the pattern and list the next three tri- 
angular numbers. 

c. What is the tenth triangular number? 


22. The figures represent the square numbers. 


® 
8 
8 
coee 
ee 
eeee 
~e@ eee 
eee @ 
eoeee 


a. Draw the next square number. 

b. Describe the pattern and list the next three 
square numbers. 

c. What is the twelfth square number? 


23. The numbers in problems 21 and 22 are examples 
of figurate numbers. Another type of figurate 
number is the pentagonal number, shown at the 
top right. 
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co &? 


a. Draw the next pentagonal number. 
b. Describe the pattern. 
c. What is the sixth pentagonal number? 


-@ 


22 


24. The figures below show the number of line seg- 
ments that can be drawn between two points and 
between three, four, and five non-collinear points. 
How many line segments can be drawn between 
a. six non-collinear points? 

b. nine non-collinear points? 


LA Sak 


25. The figures below show all the diagonals that can 
be drawn from one vertex of a quadrilateral (four 
sides), pentagon (five sides), hexagon (six sides), 
and heptagon (seven sides). How many diagonals 
can be drawn from one vertex of a decagon (ten 
sides)? 


Sess 


26. Pick a number and follow this pattern. 
1. If the number is even, divide by 2. 
2. If the number is odd, multiply by 3, then add 1. 
Whatever answer you get, follow rules 1 and 2 
again and proceed until you get a 1. For example, 
start with 13 for good luck. Here is the pattern. 


1340-20 10555 1638 54521 


a. What is the pattern if you start with 22? 

b. What is the pattern if you start with 15? 

c. What do you notice about the last three num- 
bers in each pattern? 

d. Can you find any number so that the last three 
numbers in the pattern are different from the last 
three numbers you obtained in parts (a) and (b)? 
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27. Pick a number and write it in words; then do the 
following: 
1. Write the number of letters in the words. 
2. Write the number obtained in step 1 in words. 
3. Repeat steps | and 2. 
For example, if you pick the number 24, the pat- 
tern is 


twenty-four, 10, ten, 3, three, 5, five, 4, four, 4 


a. Pick a different number and follow the pattern. 
What is the last number in the pattern? 
b. Can you explain why this works? 


28. Consider the pattern 


1=1? 
1+3=2? 
1+3+5=3? 


Ws ch a ae 


a. What would the next three lines in this pattern 
be? 

b. The pattern suggests that if yon add the first 
two odd numbers, you get 27; if you add the 
first three odd numbers, you a 3°; and so on. 
What would the answer be if you added the 
first ten odd numbers? 


29. Consider the pattern 
12 — 13 
(lso2 peed 2? 
(Le 23)? lee 2? = 3° 


a. What would the next three lines in this pattern be? 
b. What does this pattern suggest? 


30. Consider the pattern 


3? + 42 = : 
3+6+453= ; 


a. What do you think is the next line in this 
pattern? 
b. Is the result you get in part (a) a true statement? 


A- Applications 


31. At the age of 19, Galileo Galilei, an Italian 
astronomer, mathematician, and physicist, made 
discoveries that led to the invention of the pendu- 
lum clock. The following table lists the lengths of 
a series of pendulums having different swing 
times. Find the pattern that relates the length of the 
pendulum to the time of the swing. 


‘unit — 
4 units 
units 

16 units” 





32. There is a pattern relating length of foot and shoe 
size. For men, the pattern is 


Foot Length | 9 in. 10in., Hin, ‘12in. 13in, 14in 





pehee. Size Ph A iS = 


a. Fill in the blanks in the table with the appropri- 
ate numbers. 

b. Matthew McGrory has an 18-in.-long foot. (He 
is in the Guinness Book of Records.) Follow the 
pattern and find his shoe size. 


33. The pattern relating foot length and shoe size for 
women is 


Foot Length 8in. 9 in. 


OG te ateeT Sa 
Shoe Size 3 GysHee 9 





‘a. Fill in the blanks in the table with the appropri- 
ate numbers. 
b. Suppose a woman wears size 8 shoes. What is 
the length of her foot? 


34. According to the Health Insurance Association of 
America, the average daily room charge by U.S. 
hospitals is as shown in the following table: 


Year 1980 1985 1990 (1995 2000, 2005 


Daily Cost $127 $212 oa 





a. Fill in the blanks in the table with the appropri- 
ate numbers. 
b. What is the pattern? 


&®™” in Other Words 


35. Use a dictionary to find the definition of deduction 
and then explain in your own words the difference 
between inductive and deductive reasoning. 


36. Explain in your own words the definition of the 
word problem. 


37. Briefly describe an instance in which you used 
induction as a problem-solving strategy to solve a 
problem. 


) Using Your Knowledge 


Leonardo Fibonacci, an Italian mathematician, wrote a 
book dealing with arithmetic and algebra in which he 
proposed the following problem: A pair of rabbits 1 
month old is too young to produce more rabbits, but sup- 
pose that each month from its second month on, it pro- 
duces a new pair of rabbits. If each pair produces a pair 
of rabbits and none of the rabbits die, how many pairs 
of rabbits will there be at the beginning of each month? 

















Beginning month 1 (1 pair) 1 
End month 1 (1 pair) 1 
End month 2 (2 pairs) 1+1=2 
End month 3 (3 pairs) 1+2=3 
End month 4 (5 pairs) 2+3=5 
Ss as = 1) 
Gy GY Gy GY 
Se ee 
Gn Cy Ge” Gi GBY 
ee So By 
Gy BE GY Ba Bat’ 











For another drawing, access link 1.1.4 at the 
Bello Web site. 





The resulting sequence 1, 1, 2, 3, 5, and so on, in 
which the first two terms are 1s and each succeeding 
term is the sum of the previous two terms, is called the 
Fibonacci sequence. Use your knowledge of patterns 
to do the following problems: 


38. Write the first 12 terms of the Fibonacci sequence. 


39. Find the sum of the first 5 terms of the sequence. 
How does this sum compare with the seventh term 
of the sequence? 


40. Find the sum of the first 8 terms of the sequence. 
How does this sum compare with the tenth term of 
the sequence? 


(Remember to bookmark the Bello book-specific Web site.) 
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41. Use induction to predict the sum of the first 12 
terms. 


ae Collaborative Learning 


The Fibonacci numbers are related to the number of 
petals in certain flowers, the leaf arrangements in cer- 
tain plants, the number of spirals in pine cones, and the 
arrangement of seeds on flower heads. 


1. Have each student select one of the examples 
listed, examine it, and report to the rest of the class 
on his or her findings. 


A bee colony consists of the queen 9, worker bees 
(females who produce no eggs), and drone bees ©’ 
(males, who do no work). Male bees are produced by 
the queen’s unfertilized eggs, so male bees have a 
mother but no father! All the females are produced 
when the queen mates with a male, so females have 
two parents. The family tree of a female bee and that 
of a male drone bee are shown in the figures. 





Males have 
sv, One parent. 13: 










oe Grandparents © 


. Mother 











Family tree of a male (drone) bee 





http://college.hmco.com/mathematics jf gest 
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. Have one of the students in the class draw the next 


generation for a male bee, starting with the family 
tree of a male bee shown in the diagram. Then 
have another student draw the next generation, 
and so on. 


. Count the number of bees in the first generation 


(1), the second generation (1), the third generation 
(2), and so on. Compare the numbers you get 
with the Fibonacci numbers. What is your con- 
clusion? 


. Here are the first 15 Fibonacci numbers. 


Ed 273: -ds 8) Asn ese 35 


o%. 144. 233.5377) ~ 610 


Research Questions 


1. 


Note: Every third Fibonacci number (2, 8, 34, 144, 

610) is a multiple of 2. 

a. Have a member of the class examine all the 
multiples of 3 in the list. Is there a similar con- 
clusion regarding multiples of 3? 

b. Have another member of the class examine all 
the multiples of 5 in the list. What conclusion 
can be reached regarding multiples of 5? 

c. Have another member of the class examine all 
the multiples of S in the list. What conclusion 
can be reached regarding multiples of 8? 

On the basis of the observations made by the 
members of the class, what could be a general rule 
regarding the numbers in the Fibonacci sequence 
and their multiplicity? 


Cantor’s professor and one of his most acerbic critics was described as “a tiny 
man, who was increasingly self-conscious of his size with age.” Who was this 


professor and what were his objections to Cantor’s work? 


links 1.1.5 and 1.1.6. 


. In 1872 Cantor traveled to Switzerland, where he met Richard Dedekind. What 
were Dedekind’s influences on Cantor’s work? 


For more information on these topics, go to the Bello Web site and access 








ttp://college.hmco.com/mathematics 


GETTING STARTED 


we 


Packaging, Recycling, and Sets 


When the clerk at the supermarket asks “Paper or plastic?” most people assume 
that the correct answer is paper. That is not necessarily correct. (If you want to 


see why, read The Green Pages, published by Random House.) Table 1.1 lists 
some kitchen product packaging. 


TABLE 1.1 Kitchen Product Packaging 


Cellophane 
Glass bottles 
Plastic 








(Remember to bookmark the Bello book-specific Web site.) 


DEFINITION 1.1 


EXAMPLE 1 
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Which set of products is recycled? Which set of products is recyclable? Which 
set of products is neither recycled nor recyclable? Can you think of a product that 
is recycled but not recyclable? Is the set of recycled products the same as the set 
of recyclable products? You will answer more questions like these later in this 
section in Exercise 1.2, problems 7, 8, 25, and 26. on 


The idea of a set is familiar in everyday life. Do you have a set of dishes, a set 
of tools, or a set of books? Each of these sets is regarded as a unit. 

Sets, however, need not consist of physical objects; they can consist of 
abstract ideas. For instance, the Ten Commandments is a set of moral laws. The 
Constitution is the basic set of laws of the United States. 


Well-Defined Sets and Notation 


We study sets in this book not only because much of elementary mathematics can 
be stated and developed by using this concept but also because many mathemat- 
ical ideas can be stated most simply in the language of sets. 


bjects, called elements or members 





The main property of a set in mathematics is that it is well defined. This 
means that given any object, it must be clear whether that object is a member of 
the set. Thus, if we consider the set of even whole numbers, we know that every 
even whole number, such as 0, 2, 4, 6, and so on, is an element of this set but 
nothing else is. Thus, the set of even whole numbers is well defined. On the other 
hand, the set of funny comic strips in the daily newspaper is not well defined, 
because what one person thinks is funny may not be the same as what another 
person thinks is funny. 


Which of the following descriptions define sets? 

(a) Interesting numbers 

(b) Multiples of 2 

(c) Good writers 

(d) Current directors of General Motors 

(e) Numbers that can be substituted for x so that x + 4 = 5 


Solution Descriptions (b), (d), and (e) are well defined and therefore define sets. 
Descriptions (a) and (c) are not well defined, because people do not agree on 
what is “interesting” or what is “good.” Descriptions (a) and (c) therefore do not 
define sets. 

We use capital letters, such as A, B, C, X, Y, and Z, to denote sets and lower- 
case letters, such as a, b, c, x, y, and z, to denote elements of sets. It is 
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EXAMPLE 2 


customary, when practical, to list the elements of a set in braces and to separate 
these elements with commas. Thus, A = {1, 2, 3, 4} means that “‘A is the set 
consisting of the elements 1, 2, 3, and 4.” To indicate the fact that “4 is an ele- 
ment of the set A,” or “4 is in A,” we write 4 € A. To indicate that “6 is not an 


element of A,” we write 6 €& A. a 


Let X = {Eva, Mida, Jack, Janice}. Which of the following are correct 
statements? 


(a) Mida € X (b) Jack € X (c) Janice € {Eva, Mida, Jack, Janice} 
(d) EEX (ec) XEX. 


Solution Statements (a) and (c) are the only correct ones. a 


Describing Sets 


Sets can be defined in three ways. 





Here are some sets defined in words and by lists. 


Description List 

The set of counting numbers less than 5 (1, 253,44 
The set of natural Earth satellites {Moon} 

The set of counting numbers Jilkede Seon 


The three dots, called an 
ellipsis, mean that the list 
goes on in the same pattern 


without end. 
The set of odd counting numbers less (Boats 
than 15 The three dots mean the odd 


numbers after 5 and before 
13 are in the set but are not 
listed. 
The set of whole numbers less than or (0; 152; 3} 
equal to 3 


In set-builder notation, we use a defining property to describe the set. A ver- 
tical bar (| ) is used to mean “such that.” Thus, the preceding sets can be written 
as follows: 


EXAMPLE 3 


EXAMPLE 4 
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Set-Builder Notation Read 
{x|xisa counting number less than 5} The set of all elements x, such 
that x is a counting number 
less than 5 
{x | x is a natural Earth satellite } The set of all elements x, such 
that x is a natural Earth 
satellite 
{x | x is a counting number} The set of all elements x, such 
that x is a counting number 
{x | x is an odd counting number less The set of all elements x, such 
than 15} that x is an odd counting 
number less than 15 
{x | x is a whole number less than or The set of all elements x, 
equal to 3} such that x is a whole 
number less than or 
equal to 3 


Write descriptions for the following sets: 

(ayaa Osee nz UD)ye (ENS orn) wee} CH iH aCe a9 
Solution 

(a) The set of letters in the English alphabet 

(b) The set of odd counting numbers 


(c) The set of counting numbers that are multiples of 3 and less than or equal 
to 27 # 


Describe the following sets using the listing (roster) method and using set- 
builder notation: 


(a) The set of digits in the number 1896 
(b) The set of odd counting numbers greater than 6 
(c) The set of counting numbers greater than 0 and less than 1 


(d) The set of counting numbers that are multiples of 4 


Solution 

List (Roster) Set-Builder Notation 

(a) {1, 8, 9, 6} {x | x is a digit in the number 1896} 

(6) (EO 50. aah {x | x is an odd counting number and x > 6} 
The symbol > means “greater than.” 

(c) {} {x | x is a counting number and 0 < x < 1} 


The symbol < means “less than,” and 0 < x < 1 can be 
read as “x is between 0 and 1.” 


(A) i428. 4255, lane} {x | x is a counting number that is a multiple of 4} & 
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DEFINITION 1.2 


EXAMPLE 5 


DEFINITION 1.3 


A set with no elements, as in part (c) of Example 4, can be denoted by the 
symbol {} or ©. Note: The notation © is preferred. 





"The symbol {} 0 


Write the following sets using the listing (roster) method: 

(a) {x|xisa counting number less than 10 and x is divisible by 4} 

(b) {x |x is a counting number between 8 and 13 and x is divisible by 7} 
Solution 


(a) The counting numbers less than 10 that are divisible by 4 are 4 and 8. Hence, 
the required set is {4, 8}. 


(b) None of the numbers between 8 and 13 are divisible by 7. Thus, the required 
set is empty and the answer can be written as {} or ©. 


Note: It would not be correct to write {©} for the answer to part (b), because the 
set {O}is not empty; it contains the element @. wo 


Equality of Sets 


Clearly, the order in which the elements of a set are listed does not affect mem- 
bership in the set. Thus, if we are asked to write the set of digits in the year in 
which Columbus discovered America, we may write the set as {1, 4, 9, 2}. 
Someone else may write the set as {1, 2, 4, 9}. Both are correct! Thus, we see 
that {1, 4, 9, 2} = {1, 2, 4, 9}. Similarly, {a, b, ¢, d, e} = {e, d, c, b, a}. 





For example, {1, 3,2} = {1, 2,3} and {20, 3} = {4, 20}. 

Notice also that repeated listings do not affect membership. For example, 
the set of digits in the year in which the Declaration of Independence was signed 
is {1, 7, 7, 6}. This set can also be written as {1, 6, 7}. Therefore, the set 
{1, 7,7, 6} = {1, 6, 7}. In the same way, {a, a, b, b,c, c} = {a, b, c}, because 
the two sets have the same elements. By convention, we do not list an element 
of a set more than once. 


Subsets and Problem Solving 


Sometimes, all the elements of a set A are also elements of another set B. For 
example, if A is the set of all students in your class, and B is the set of all students 
in your school, every element of A is also in B (because every student in your 
class is a student in your school). In such cases, we say that the set A is a subset 
of the set B. We denote this by writing A C B. 


DEFINITION 1.4 


DEFINITION 1.5 


DEFINITION 1.6 


EXAMPLE 6 
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Thus, if A = {a, b}, B = {a, b, c}, and C = {b}, then A C B, C CA, and 
CCR: 

It is a consequence of the definition of a subset that A = B when both 
A C Band B CA. Furthermore, for any set A, since every element of A is an ele- 
ment of A, according to the definition of a subset, A CA. 

The definition of a subset may be restated in the following form: 





From this it follows that @ C A, because there is no element of @ that is not 
in A. This reasoning holds for every set, so the empty set is a subset of every set. 

A set A is said to be a proper subset of B, denoted by A C B, if A is a subset 
of B but A # B (A is not equal to B). In other words, A C B means that all ele- 
ments of A are also in B, but B contains at least one element that is not in A. For 
example, if B = {1, 2}, the proper subsets of B are @, {1}, and {2}, but the set 
{1, 2} itself is not a proper subset of B. 

In everyday discussion, we are usually aware of the “universe of discourse,” 
that is, the set of all things we are talking about. In dealing with sets, the universe 
of discourse is called the universal set. 





Thus, if we agree to discuss all the letters in the English alphabet, then the set 
% = {a,b,c,. . . , z} is our universal set. On the other hand, if we are to dis- 
cuss the counting numbers, our universal set is U = {1, 2,3,... }. 


Find all the subsets of the set U = {a, b, c}. 


Solution Form subsets of the set U by assigning some, none, or all of the ele- 
ments of U to these subsets. Organize the work as follows: 


Form all the subsets with no elements. © 

Form all the subsets with | element. {a}, {b}, {c} 

Form all the subsets with 2 elements. {a,b}, {a; cf? {b, eF 

Form all the subsets with 3 elements. {a,b,c} Bi 


The set in this example has 3 elements and 2? = 2 X 2 X 2 = 8 subsets. 
Similarly, a set such as {a, b}, containing 2 elements, has 2? = 2 * 2 = 4 sub- 
sets, namely, W, {a}, {b}, and {a, b}. The Discovery section of Exercise 1.5 
shows another way of constructing all the subsets of a given set. It also shows 
the following: 
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EXAMPLE 7 


EXAMPLE 8 


Problem Solving 


. Read the problem. 
. Select the unknown. 


. Think of a plan. 
What is given? 
What do you do? 


. Use your knowledge to carry out 
the plan. Find the 

subset of 0 elements 

subsets of 1 element 

subsets of 2 elements 

subsets of 3 elements 


. Verify the answer. 


TRY EXAMPLE 9 NOW 
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HAS = 1a nea ee ag}, how many subsets does A have? 


Solution Because the set A has 8 elements, A has 28 = 256 subsets. gE 


List all the proper subsets of the set U = {1, 2, 3}. 


Solution The proper subsets are ©, {1}, {2}, {3}, {1, 2}, {1, 3}, and {2, 3}. By 
the definition of proper subsets, the set {1, 2, 3} is not a proper subset of U. 
Thus, a set with n elements has 2” — 1| proper subsets. a 


The ideas in the preceding examples can be applied to many practical prob- 
lems. You have heard the slogans “Have it your way” and “We do it all for you.” 
Now, suppose that you have a small hamburger place and you want to advertise 
that you have a great variety of burgers. If you have three condiments (catsup, 
mustard, and onions), how many different types of hamburgers can you prepare? 
(By the way, Wendy’s did something similar some time ago. See problem 71 of 
Exercise 1.2.) To solve this problem, use the RSTUV procedure. The strategy 
here is to make a list of the subsets, as shown next. 


Finding Subsets 


List the different types of hamburgers that can be prepared if catsup (c), mustard 
(m), and onions (0) are available as condiments. 


Some problems must be read two or three times. Make sure you understand the 
problem before you attempt a solution. 


Look for the different types of hamburgers that can be prepared if catsup, mus- 
tard, and onions are available. 


Given the universal set 

WU = {c, m, o}, 
find all the subsets of WU. The strategy here is to make a list of the elements in 
each subset. Organize the work! Start with subsets of 0 elements, then 1 element, 
and so on. 


©. There is 1 hamburger with no condiments. 

{c}, {m}, {o}. There are 3 hamburgers with only | condiment. 

{c, m}, {c, o}, {m, o}. There are 3 hamburgers with 2 condiments. 
{c, m, o}. There is | hamburger with everything. 


The set U = {c, m, o} has 3 elements and 23 = 8 different subsets, and you have 
found them all! 


Cover the solution, write your own, and then check your work. 





EXAMPLE 9 


EXAMPLE 10 


Ly In problems 1-8, which of the descriptions define 
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A police dispatcher has 4 patrol cars a, b, c, and d available. List all the options 
for handling a particular call. 


Solution 
Send no cars. O 
Send | car. (apy (eh da} 
Send 2 cars. {a,b}, {a,c}, (a, d}.{B,.e}5 {bad}; fed} 
Send 3 cars. (a, b,c) ac.d}, (a, b, d}, {b, cd) 
Send 4 cars. {a, b, c, d} 
The total number of choices is 24 = 16, and you included all of them. a 





If you have to select at least one coin from the set of coins shown, how many dif- 
ferent sums of money could you make? What is the biggest sum you could make 
if you decide to use three coins? 


Solution Since a set of n elements has 2” — | proper subsets and we have n = 5 
coins, you can have 2 — | = 32 — 1 = 31 different sums of money. The biggest 
sum you could make with three coins would include the half-dollar, the quarter, 
and the dime, a total of 85 cents. = 


9. Let A = {Desi, Gidget, Jane, Dora}. Which of the 


a set? following are correct statements? 
a. DEA b. Desi EG A 

me or by people c. A & Jane d. DEA 

2. Good tennis players in the United States e. Jane GA 

3. Retired baseball players with lifetime batting 

averages of .400 or better In problems 10-14, let X = {a, b, x, y}. Fill in the 
: : blank with € or ¢ to make each statement correct. 
4. Students taking mathematics courses at Yale 


oN A wm 


University at the present moment 


{x | x is an odd counting number} 


. {x |x is an even counting number} 
. {x |x is a good college course } 


. {x| xis a bad instructor} 








10. a Xx 
11. x Xx 
£2. 0X eee 3X 
BS, Ah 
14. {bay} Xx 
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ti In problems 15-24, write a verbal description. 
15... {a;z} 

16. {m, a, n} 

17. {Adam, Eve} 

18. {Christopher Columbus } 

19S (72,0, 0359045 24 

20.12, 6; 12,207 30} 


Disa Wana fee ST) 
DOS 6 OAD ve 30) 
VSG Arg, TOP Ras 
24, SG aie Bn 


The following table, which lists toxic substances 
found in the fat tissue of humans, was compiled by the 
National Adipose Tissue Survey of the Public Health 
Service and will be used in problems 25 and 26. 


Chloroform 
Dioxin 


Drinking water 716% 
Wood treatment, 100% | 
herbicides, 
auto exhaust ae 
Termite control 67% 
Gasoline 91% 
Gasoline, paints 100% 


Heptachlor 
Toluene 
Xylene 


25. Which set of compounds was found in every- 
body’s tissue? 


26. Which set of compounds was found in less than 
90% of the people? 


In problems 27-36, write the sets using the listing 
(roster) method. 


27 
28 


x | x is a counting number less than 8} 


x | x is a counting number less than 2} 


30 
| 


-{ 
-{ 

29. {n| nis a whole number less than 75} 
. {n| nis a whole number less than 8;} 
-{ 


x | x is a counting number between 3 and 8} 





32. {x |x is a counting number between 2 and 7} 
33. {n|nis a counting number between 6 and 7} 
34. {n|nis a counting number between 8 and 10} 
35. {x | xis a counting number greater than 3} 


36. {x |x is a counting number greater than 0} 


Problems 37-43 refer to the following stock table. 
This table gives the sales volumes; high, low, and clos- 
ing prices; and net changes in one week of ten stocks 
traded on the American Stock Exchange (AMEX) for 
more than $1. 

















Name Volume High Low Last Chg. 
WangB 1,593,900 1158 102 1M... | 
Gull 1,493,800 ule 12 15. 40 | 
/WhrEnf 1,254,200 1334 13 1358 +2In | 
HomeSh. 1,152,200 6g 54 SI 38 
EchBgs 928,300 2 22M2 233/44 41/4 
FAusPr 904,000 82 In 58 lg 
THorlel! 896,500) (98/4) 83/81) Ola asia 
ENSCO: 78,8008.) Bai.) QUah SMe aaa 
WDigitl 776,100 174 15% 1644 +1 

TexAir 767,100 = 1238 — 11m 13/4 








Use the information in this table of stocks and list the 
elements in the following sets: 


37. Stocks with sales volumes greater than 1,300,000 
38. Stocks with sales volumes greater than 1,000,000 
39. Stocks with sales volumes less than 800,000 

40. Stocks increased in price by more than 5 point 
41. Stocks increased in price by more than 1 point 
42. Stocks increased in price by exactly + point 


43. Stocks decreased in price by exactly 5 point 


In problems 44—47 state whether the sets A and B 
are equal. 


44, A = {2n + 1|nisacounting number}, 
B = {2n — 1|nis acounting number} 


45. A = {4n| nis a counting number}, 
B = {2n| nis a counting number} 


46. A= {11,27253), B42 


47. A = {x | xisacow that has jumped over the moon }, 


B = {x|x is an astronaut who has landed on 
Pluto} 


48. Let A = {5}, B= (fii, v,e}, C= {e, f, v, i}, and 
D be the set of letters in the word repeat. Find the 
following: 

a. The set containing five elements 
b. The set equal to B 
c. The set of letters in the word five 


a9 Let A= {1 2.3.41, B= fae), Land. © .= 
{4, 3, 2, 1, 0}. Fill in the blanks with = or ¥ to 
make true statements. 
Bo Ag 2. B Dv At oe 
Cn Ss a(S: 


50. Let A = {x |x is a counting number between 4 and 
5}, B = ©, and C = {@}. Fillin the blanks with = 
or # to make true statements. 

a. A B aerate = = 
Comes 





| D | In problems 51-56, list all the subsets and indi- 
cate which are proper subsets of the given set. 


51. U = {a, b} 52, AU, = slew? 3} 

SI SF SD 34h 54. U = {©} 

5.2115 2) SO xyz} 

57. How many subsets does the set A = {a, b, c, d} 
have? 


58. How many proper subsets does the set {1, 2, 3, 4} 
have? 


BOI A = (akeherys 
A have? 


; io} how many subsets does 


60. How many proper subsets does set A of problem 
57 have? 


61. A set has 32 subsets. How many elements are 
there in the set? 


62. A set has 31 proper subsets. How many elements 
are there in the set? 


63. A set has 64 subsets. How many elements are 
there in the set? 


64. A set has 63 proper subsets. How many elements 
are there in the set? 


65. Is @ a subset of @? Explain. 
66. Is © a proper subset of @? Explain. 


67. If A is the set of numbers that are divisible by 2 
and B is the set of numbers that are divisible by 4, 
isAGBb7 Is BC A? 
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68. Give an example of a set P and a set Q such that 
PE QandPC@. 


69. Gino’s Pizza offers the following set of toppings: 
{C, M, O, P, S}, where C, M, O, P, and S mean 
Cheese, Mushrooms, Onions, Pepperoni, and 
Sausage. How many types of pizza can you order 
with 
a. one topping? 
c. three toppings? 


b. two toppings? 


70. Referring to problem 69, how many different 
kinds of pizza with at least one topping can you 
order? 


71. Some time ago, Wendy’s Hamburger claimed that 
it could prepare your hamburger 256 ways. How 
many condiments do you need in order to be able 
to prepare 256 different hamburgers? 


72. If Gino’s Pizza decides to top Wendy’s claim and 
advertises that it has 500 different types of pizza, 
what is the minimum number of toppings it must 


carry? 


_ In Other Words 


73. Find the definition of the word set in a dictionary. 
Does the definition contain the word collection or 
the word thing? Now, find the definitions of the 
words collection and thing. Why do you think it is 
almost impossible to give a formal definition of 
the word set? 


74. Is the set of all good students in your class well 
defined? Why or why not? If it is not well defined, 
can you make it well defined? How? 


75. Explain why 


a. CEO. b. © € {@}. 
c. © # {0}. d. © = {}. 
76. Explain why for any nonempty set A and univer- 
sal set U, 
a. ACA. b. ACA. 
Crem d. OCA. 
e ACU. 


Ga Using Your Knowledge 


Gepetto Scissore, a barber in the small town of Sevilla, 
who was naturally called the Barber of Sevilla, 
decided that as a public service he would shave all 
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those men and only those men of the village who did 
not shave themselves. Let S = {x |x is aman of the vil- 
lage who shaves himself} and D = {x | x is a man of 
the village who does not shave himself}. 


77. If g represents Gepetto, 
a. is g © S? 
b. is g © D? 


The preceding problem is a popularization of the . 


Russell paradox, named after its discoverer, Bertrand 
Russell. In studying sets, it seems that one can classify 
sets as those which are members of themselves and 
those which are not members of themselves. Suppose 
that we consider the two sets of sets 


M = {X|X EX, Xisaset} 
and 

N= {X|X EX, Xisaset} 
78. a. ISENE M? 


b. IsN EN? 
Think about the consequences of your answers! 


Research Question 





Discovery 


You should find the following paradox amusing, puz- 
zling, and perhaps even thought provoking. Define a 
self-descriptive word to be a word that makes good 
sense when put into both blanks of the sentence 
rf is a(n) word.” Two simple examples of 
self-descriptive words are “English” and “short.” Just 
try them out! 

Now define a non-self-descriptive word to be a 
word that is not self-descriptive. Most words will fit 
into this category. Try it out again. Now consider the 
following question. 








79. Let S be the set of self-descriptive words, and let 
S’ be the set of non-self-descriptive words. How 
would you classify the word non-self-descriptive ? 
Is it an element of S? Or is it an element of S’? You 
should get into difficulty no matter how you 
answer these questions. Think about it! 


80. Russell’s Paradox on the Web. Suppose you con- 
struct a Web page (Paradox.html) that has a link to 
every Web page that does not link to itself. Does 
Paradox.html have a link to itself? 


Write a short paragraph describing Russell’s paradox, when it was discovered, its 


significance, and Russell’s response to the paradox. 


a 


access links 1.2.1 and 1.2.2. 





GETTING STARTED 


oe 


eee 
Set Operations 


For more information on Russell’s paradox, go to the Bello Web site and 





Diagnosis and Set Operations 


In diagnosing diseases, it is extremely important to recognize the symptoms that 
distinguish one disease from another (usually called the differential diagnosis). 


For example, some symptoms for hypoglycemia (too little sugar in the blood) 
and hyperglycemia (too much sugar in the blood) are identical. Short of a blood 
test, how does a doctor determine whether a person is hypoglycemic or hyper- 
glycemic? First, doctors are aware that a certain universal set of symptoms may 
indicate the presence of either hypoglycemia or hyperglycemia. Next, they dis- 
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DEFINITION 1.7 


DEFINITION 1.8 
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card symptoms that are common to both conditions. Table 1.2 shows that nausea 
and headaches are associated with both diseases. Thus, those two symptoms will 
not help make a diagnosis and should be disregarded. The emphasis should be 
on visual disturbances, trembling, stomach cramps, and rapid breathing. Do you 
know which diagnosis to make when presented with the symptoms in Table 1.2? 
You will encounter similar questions in Exercise 1.3, problems 40—S4, and in 
Using Your Knowledge, problems 67-73. ae 


It is often important to ascertain which elements two given sets have in common. 
For example, the sets of symptoms exhibited by patients with too little sugar in 
the blood (hypoglycemia) or too much sugar in the blood (hyperglycemia) are as 
given in Table 1.2. 


TABLE 1.2 


Nausea(n) ‘Heda 


Visual disturbances (v) ———Stom 
Trembling (t) ue 
Headache (h) 


Intersections and Unions 


We can clearly see that the set of symptoms common to both sets listed in Table 
1.2 is {n, h}. The set {n, h} is called the intersection of the two given sets. 


If A and B are sets, the intersection of A and B, denoted by AN B (read 
“A intersection B”), is the set of all elements that are common to both A 
and B. That is, 


ANB= {x |x © A and x € B} 


Thus, if A = {a, b, c, d} and B = {b, d, e}, then A M B = {b, d}. See Figure 1.5. 
If we list all the symptoms mentioned in Table 1.2, we obtain the set 
{n, v, t, h, s, r}. This set is called the union of the two given sets. 


If A and B are sets, the union of A and B, denoted by A U B (read “A union 
B”), is the set of all elements that are either in A or in B or in both A and B. 


‘That is, o 
AU B= {x|x€Aorx€B} 


Note that we use the inclusive or; that is, x € A, x € B, or x is in both A 
and B. 

Hence, if A = {1, 3, 4, 6} and B = {3, 6, 7}, then A U B = {1, 3, 4, 6, 7}. 
See Figure 1.6. 
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EXAMPLE 1 


FIGURE 1.7 
The set A’ = U —A consists of all 
the elements in %U but not in A. 





FIGURE 1.5 FIGURE 1.6 

If A and B are represented by If A and B are represented by 
circles and the universal set U by circles and the universal set U by 
a rectangle, A © B is the shaded a rectangle, A U B is the shaded 


area common to both sets. area. 





Let A = {a, b, c, d, e} and B = {a, c, e, f}. Find the following: 
(a) ANB (b) AUB 
Solution 


(a) AM Bis the set of all elements common to both A and B. That is, AN B = 
{a, c, e}. 


(b) A U B is the set of all elements in A or B or both. That is, A U B = 
{a, b, c, d, e, f}. Note that a, c, and e occur in both sets, yet we list each of 
these elements only once. is 


Two sets with no elements in common are said to be disjoint. If sets A and B 
are disjoint, then AM B=. For example, the set A = {1, 2, 3} and the set 
B = {4, 5} are disjoint; they have no elements in common, or A N B = @. 


Complement of a Set 


We are often interested in the set of elements in the universal set UU under dis- 
cussion that are not in some specified subset A of U. 


DEFINITION 1.9 





For example, if U is the set of students in your school, and A is the set of 
those students who have taken algebra, then A’ is the set of those students in your 
school who have not taken algebra. Similarly, if °U is the set of all letters in the 
English alphabet, and A = {s, k, y}, then A’ is the set of all letters in the alpha- 
bet except s, k, and y. Refer to Figure 1.7. 


EXAMPLE 2 


EXAMPLE 3 


EXAMPLE 4 
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Perey h 1, 253405) 6},A = {1,3,5}) and B= {2, 4}. Find the following: 


(a) A’ (b) B’ 
(C)RA@RB? (d) ANB 
Solution 


(a) A’ = {2, 4, 6} 
(b) B’ = {1, 3, 5, 6} 
(c) A’ B’ = {6} 


(d) AM B = ©, because there are no elements common to these two sets. Bl 


Note that, because @ C U, and no element of U is an element of @, it 
follows that O’ = Wand U’ = @, 


If A, B, and U are the same as in Example 2, find the following: 


(a) (AU B)’ (b) (AN B)' 
(C)rAm eB. (d) AU (A UB)’ 
Solution 


QA — {loro} Oto, 4} = th. 2, 3,4, 5} 
Hence, (A U B)’ = {6}. 
[Note that in order to find (A U B)’, you must first find A U B and then take 
its complement. Always do the operations inside parentheses first. ] 


(b)-AN B=_{1, 3,5} MN {2,4} =O 
Hence, (A M B)’ = O' = {1, 2, 3, 4,5, 6} = U. 
(6) AMUBY Hy} ls 355 2, 42 
= (2,4, 6} U {1,3,5,.6} 
= {1,2,3,4,5,6} =U 
(d) Since (A U B)’ = {6} (see part a), 
AU(A UB)’ = {1,3,5} U {6} = (1, 3, 5, 6} ij 


Notice that the answers to parts (b) and (c) are identical. Also, notice that the 
answers to Example 2(c) and Example 3(a) are identical. You can show for any 
sets A and B that (A M B)’ = A’ U B’ and (A U B)’ = A’ A B’. [See Exercise 
1.4, problem 34(a) and (b).] 

It is also possible to form intersections, unions, and complements using more 
than two sets, as in the next example. 


Let U = {a, b, c, d, e, f}, A = {a, c, e}, B = {b, e}, and C = {a, b, d}. Find 
(Aw ByaiGe 


Solution Since A U B is in parentheses, find A U B first. 
AU B= {a,c,e} U {b, e} = {a, b, c, e} 
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DEFINITION 1.10 


EXAMPLE 5 


EXAMPLE 6 


Then, 
C' = {c, e, f} 
Hence, 
(AU B)NC' = {a, b,c, e} N {c, e, f} 


= {c, e} |_| 


Difference of Two Sets 


In some cases, we may be interested in only part of a given set. For example, we 
may want to consider the set of all nonpoisonous snakes. If we let S be the set 
of all snakes and P be the set of all poisonous snakes, we are interested in the set 
of all snakes except (excluding) the poisonous ones. This set will be denoted 
bynSaa 





A-B= coe ee 


Notice that 


1. the definition of A’ is a special case of Definition 1.10, because U — A = A’ 
(see Definition 1.9). 


2. AM B’ =A — B, because A M B' is the set of all elements in A and not in B, 
and this is precisely the definition of A — B. 


Let U = {1, 2, 3, 4, 5,6}, A ={4,273, 4}, and B = {1, 2,5}. Find 
(a) WU — Als Ait) AL! HORA ed) BSA: 

Solution 

(a) U — A is the set of all elements in U and not in A, that is, {5, 6}. 
(b) A’ is the set of all elements in U and not in A, that is, {5, 6}. 

(c) A — Bis the set of all elements in A and not in B, that is, {3, 4}. 


(d) B — Ais the set of all elements in B and not in A, that is, {5}. 8 


Applications 


A small company has 10 employees who are listed by number as 01, 02, 03, . 
10. The company classifies these employees according to the work they do. 


P = the set of part-time employees 
= the set of full-time employees 
S = the set of employees who do shop work 
O = the set of employees who do outdoor field work 
I = the set of employees who do indoor office work 


FIGURE 1.8 





Parent 





Child 


EXAMPLE 7 


Parent 
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The payroll department lists these employees as follows: 


U = {01, 02, 03, 04, 05, 06, 07, 08, 09, 10} 
P—={01, 02,05, 07} 
F = {03, 04, 06, 08, 09, 10} 
S = {01, 04, 05, 08} 
O = {03, 04, 06, 09} 
T= (02, 05, 07; 10} 
Find and describe each of the following sets: 
(a) POS (b) OUS (c) FM (Cor: 
(e) FN (SUO) (Dis BO ME) 
Solution 
(a) PMS = {01, 05}, the set of part-time employees who do shop work. 


(b) OU S = {01, 03, 04, 05, 06, 08, 09}, the set of employees who do outside 
field work or shop work. 


(c) FO I= {10}, the set of full-time employees who do indoor office work. 


(d) P’ = {03, 04, 06, 08, 09, 10}, the set of employees who are not part-time, 
that is, the set of full-time employees. 


(e) FM (S U O) = {03, 04, 06, 08, 09}, the set of full-time employees who do 
shop work or outside field work. 


(f) S’ U(O' NT’) = {01, 02, 03, 06, 07, 08, 09, 10}, the set of employees who 
do not do shop work combined with the set of employees who do neither out- 
door field work nor indoor office work. i 


In 1900 Karl Landsteiner identified four blood groups as A, B, AB, and O (which 
is neither A nor B). Figure 1.8 shows how blood types are passed from parents 
to a child. 


(a) If one parent has A blood and the other O blood, which blood type could their 
child have? 


(b) Blood types can be used to settle paternity cases. Suppose a child has B 
blood. What are the possible blood types for the parents? 


(c) What blood type in a child would be the most difficult to use to identify 
paternity? 
Solution 


(a) Select blood type A at the top left (blue lines) and O at the top right (white). 
Follow the columns to their intersection. The child could have A or O blood. 


(b) Look at the bottom part of the cube. The B appears twice: where O and B 
intersect and where A and B intersect. Thus, one parent can be O and the 
other B or one parent can be A and the other B. 


(c) Again, look at the bottom of the cube and note that type O appears four 
times; this means there are four different sets of parental combinations. Type 
O blood in a child is the most difficult to use to identify paternity. | 
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In problems 1-8, let set A = {1, 2, 3, 4, 5}, 
B= {1, 3,4, 6}, and C = {1, 6, 7}. Find the following: 


l.a. ANB b ANC c BE 

2. a. AUB b AUC CBG 

J.0a. Ai) (BC) b. AU(BNC) 

4. a. (AN B)UC b. (AN B)U(ANC) 
SAUB UC) 6. (AUB)N (AUC) 
TAN (BTEC) 8. (AUB)NC 


In problems 9 and 10, let A = { {a, b},c}, B = {a, b, c}, 
and C = {a, b}. Find the following: 


9. a AMNB Beane. 
10. a. AUB Di AU'C 


In problems 11-14, let A = {{a, b}, {a,b,c}, a, b} and 
B= {{a, b}, a, b,c, {b, c}}. Which of the given state- 
ments are correct? 


11. a. {b} C(ANB) b. {b} © (ANB) 

12. a. {a,b} C(ANB) b. {a,b} ©€(ANB) 
13. a. {a,b,c} C(AUB) b. {a,b,c} © (AUB) 
14. a. 3 C(ANB) b. 3E (ANB) 


Ci The sets U = {a, b, c, d, e, f},A = {a, c, e}, B= 
{b, d, e, f}, and C = {a, b, d, f} will be used in prob- 
lems 15-26. Find each specified set. 


15. a. A’ be By 

16. a. A’ OB’ b. (AM By’ 

17. a. (A UB)’ b. A’ UB’ 

18. a. (AUB)NC’ b. (AUB) NC 
19. a. (ANB)UC' b. CU(ANB)’ 


Do you need help? Various Web sites answer questions from students. For example, 
access links 1.3.1 and 1.3.2 at the Bello Web site. If you want to learn more about blood 
and parentage, access link 1.3.3. 


‘ 


20. a. A’ UB b. AUB’ 
21. a. A'OB b ANB’ 
22. a. A’ (A UB’) b. AU(AN B’) 
23: a. © OAV By b. C’ U(A UB)’ 
24. a. (CUB)’NA b. (CUB)NA' 
25.-a. U —A b. U=5 
26. a. A—B b. B-A 


In problems 27 and 28, let U = {1, 2, 3, 4, 5}, 
A = {2, 3, 4}, and B= {1, 4, 5}. Find each specified 
set. 


27 paseo 
28. a. A—B 


bie: 
b B-A 


In problems 29-38, U is some universal set of which 
A is a subset. In each case find the indicated set in 
terms of A, U, or @ alone. 


29. @' 30. UW’ 

3s AND 32. ANA 
33. A OU 34.AUD 
35. ANA’ 36. AU A’ 
STAY)’ 38. AUA 


397 WA= {ese = 3,4}, and C = {1, 3, 5}, 
find the smallest set that will serve as a universal 
set for A, B, and C. 


Dp) Problems 40-45 refer to the following data, the 
results of an attempt to analyze factors in popularity 
between members of the same sex and between mem- 
bers of opposite sexes. A psychologist asked 676 col- 
lege men and women to consider a few persons whom 
they liked and to tell why they liked those persons. 
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Intelligence — 
Consideration 
Kindliness 

Cheerfulness 


Beauty 
Intelligence 
_ Cheerfulness 
_ Congeniality 








Intelligence 
Cheerfulness 
Helpfulness 
Loyalty 


i Intelligence 
Cheerfulness 


_ Friendliness 
Congeniality 





40. Find the smallest set that will serve as a universal 
set for Me Weel rand ae 

41. Find the set of traits that are mentioned only once. 

42. Find Gy 43. Find M,OM,. 

44, What set of traits is common to M mand M,,? 


45. Name the traits that are common to all four of the 
sets; that is, find M9 M,,0W, 0 We. 


In an article in the Harvard Business Review, 606 
participants reported on 17 specific changes in their 
bosses’ behaviors from one year to the next. Here are 
some of the traits that were most frequently mentioned 
in each of these years. 





Is self-aware. 
Listens carefully. 
Follows up on action. 


_ Encourages suggestions. 
Sets goals with me. 
Gets me to have high 
praie Hak fe aioe: 


Gets me to have high 
goals. 

Encourages suggestions. 

Sets goals with me. 


Listens carefully. 
Is aware of others. — 
_ Is self-aware. 





Let S, be the set of traits mentioned in the first year, 
and let S, be the set of traits mentioned in the second 
year. 


46. Find S, M S,, the set of traits mentioned in both 
years. 
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47. What traits were mentioned only once? 


48. Find the smallest set that will serve as a universal 
set for S$ , and S>. 


49. Find S| relative to the universal set found in prob- 
lem 48. 


50. Find S¥ relative to the universal set found in prob- 
lem 48. 


In problems 51-57 let 

U = set of employees of a company 
M = set of males who are employees 

F = set of females who are employees 

D = set of employees who work in the data- 

processing department 
T = set of employees who are under 21 
S = set of employees who are over 65 


In problems 51 and 52, find a single letter to represent 
each specified set. 

51. a. M’ b. F’ 

52. a. MUF 


b MOF Comes 


In problems 53 and 54, verbally describe each speci- 
fied set. 


53. a MND 
54. a. MOT’ 


DoF OEE 


DT US)’ c. (Dir) 


In problems 55-57, find a set representation for each 
set. 


55. Employees in data processing who are over 65 
56. Female employees who are under 21 


57. Male employees who work in data processing 


In problems 58—60, write out in words the comple- 
ment of the set in each specified problem. 


58. Problem55 59. Problem 56 60. Problem 57 


For problems 61 and 62, refer to the data in Example 
6. Find and describe the sets in each problem. 


6l.a. FNS Desde) 
62.4: Ph DEPOT ANS: 
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@™ \n Other Words 


In problems 63—66, diagrams are given showing cer- 
tain relationships between sets A and B represented by 
the circular areas. State these relationships in your own 
words and find sets A and B that satisfy the conditions 
shown in the diagrams. (Hint: In problem 63, A may be 
a set of cats and B a set of dogs.) 





?) Using Your Knowledge 


The ideas of sets, subsets, unions, intersections, and 
complements are used in zoology and in other 
branches of science. Here are some typical applica- 
tions. 


67. A zoology book lists the following characteristics 
of giraffes and okapis: 


Short neck 

Long tongue 
Skin-covered horns 
Native to Africa 


Long neck 

Long tongue 
Skin-covered horns 
Native to Africa 





Let G be the set of characteristics of giraffes, and 

let O be the set of characteristics of okapis. 

a. FindGN O. 

b. What set of characteristics is common to 
okapis and giraffes? 

c. Find the smallest set U that will serve as a uni- 
versal set for G and O. 

d. Find G’. 

e. Find O’. 








Giraffes and okapis have many 
common characteristics. 


Problems 68-73 refer to the table below. The table 
shows the number of heavy alcohol users (five or more 
drinks per occasion on five or more days in the past 
month) by age group. 


224,000 
2,192,000 
2,174,000 
3,293,000 


921,000 
603,000 
685,000 


35 and older 


Source: U.S. Department of Health and Human 
Services. 


Let M be the set of males, F be the set of females, A be 
the set of persons 12-17 years old, B be the set of per- 
sons 18—25 years old, C be the set of persons 26-34 
years old, and D be the set of persons 35 and older. 


68. How many elements are in the set MM D? 
69. How many elements are in the set F M D? 
70. How many elements are in the set (F U M) N D? 


71. Which category has the fewest members? Which 
set corresponds to that category? 


72. Describe the set M U F. 
73. Describe the set MN EF 
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Is it worth it to go to college? The table shows the aver- an Associate degree, and B be the set of average earn- 
age annual earnings by degree (High School, Asso- ings of persons with a Bachelor’s degree. In problems 
ciate, Bachelor’s). 74-77, find the average earnings for the persons in the 


following sets: 
74. MOB 75..F VB 
76. AMM Tis Ate 


78. Which set has the lowest earnings? 


39,873 
4 He 


F 79. Describe the set HN M. 


ii 





Let M be the set of males, F be the set of females, H ap esiplberthg sete (ik, 


be the set of average earnings of High School gradu- 
ates, A be the set of average earnings of persons with 


na 


GETTING STARTED Blood Types and Venn Diagrams 


To find out more about unions and intersections, 
- access link 1.3.4 at the Bello Web site. 








yt. Do you know how many different types and groups of human blood there are? 
Soe Blood is classified by indicating which of three particular antigens A, B, and Rh 
are present. If we represent the set of persons carrying antigens A, B, and Rh by 
circles enclosed in a rectangle representing the set U of all persons, the result 
shown is called a Venn diagram, Euler circle, or Euler diagram. A person can 
be A or B or AB depending on which antigens the person has; a type O person 
has neither A nor B antigen. A person is Rh positive if the person has the Rh anti- 
gen and Rh negative otherwise. Plus and minus signs are used to indicate this. 
Thus, AB* means that a person has all three antigens, as shown in Figure 1.9. 
What else can we do with Venn diagrams? We can show that the commuta- 
tive, associative, and distributive laws familiar from arithmetic apply to sets by 
verifying that 


FIGURE 1.9 





AUB=BU at Commutative laws 

ANB=BNA 

ALB UC y= (A OB) at Associative laws 
FIGURE 1.10 ASABE) = (AB) 


AUBNC)=AUB)NAU at Distributive laws 
AN(BUC)=(ANB)U(ANC) 


We do exactly this in problems 30-32 of Exercise 1.4. ae 


The ideas of sets, subsets, and the operations used to combine sets can be illus- 
trated graphically by the use of diagrams called Venn diagrams, after John Venn 
(1834-1923), the English mathematician and logician who invented them. In 
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FIGURE 1.11 


FIGURE 1.12 
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EXAMPLE 1 





EXAMPLE 2 





these diagrams, we represent the universal set U by a rectangle, and we use 
regions enclosed by simple curves (usually circles) drawn inside the rectangle to 
represent the sets being considered. For example, if A is a subset of a universal 
set U, we can represent this universal set by the set of points in the interior of the 
rectangle shown in Figure 1.10 on page 31. The interior of the circle represents 
the set of points in A, while the set of points inside the rectangle and outside the 
circle represents the set A’. Obviously, closed figures other than circles can be 
used to represent the points of the set A. Figure 1.11 shows a Venn diagram in 
which A is represented by the points inside a triangle. 


Drawing Venn Diagrams 


Venn diagrams are illustrated in the following examples: 


Let U = {a, b,c, d,e}, A = {a, b, c}, and B = {a, e}. Draw a Venn diagram to 
illustrate this situation. 


Solution 

Draw a rectangle whose interior points represent the set U and two circles whose 
interior points represent the points in A and B. The completed diagram 
appears in Figure 1.12 at the left. Note that a is in both A and B, because 
A B = {a}. Also, d is the only element that is in U, but not in A or in B, so 
(A U B)’ = {d}. 


Intersections and unions of sets can be represented by Venn diagrams. For 
example, given two sets A and B, you can draw a Venn diagram to represent the 
region corresponding to A M B. Proceed as follows: 


1. As usual, the points inside the rectangle represent U, and the points inside the 
two circles represent A and B (Figure 1.13). Note that A and B overlap to 
allow for the possibility that A and B have points in common. 


2. Shade the set A using vertical lines (Figure 1.14). 


3. Shade the set B using horizontal lines (Figure 1.15). The region in which the 
lines intersect (crosshatched in the diagram) is the region corresponding to 
ANB. 


FIGURE 1.13 FIGURE 1.14 FIGURE 1.15 
ANB 





Draw a Venn diagram to represent the set A’ N B. 


Solution Proceed as in Example 1. 


1. Draw a rectangle and two circles as in Figure 1.16. 


FIGURE 1.16 
A’'NB 





FIGURE 1.17 
AUB 





FIGURE 1.18 





EXAMPLE 3 
FIGURE 1.19 
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2. Shade the points of A’ (the points in U and outside A) with vertical lines. 


3. Shade the points of B with horizontal lines. Then A’ N B is represented by the 
crosshatched region. a 


We may associate with the formation of A ™ B a command to shade the 
region representing the set to the left of the symbol one way and the region 
representing the set to the right of the symbol another way. For example, in find- 
ing A M B, because A is to the left of N, we shade region A vertically, and because 
B is to the right of the symbol , we shade region B horizontally. As before, 
A 1‘ Bis represented by the region in which the lines intersect. dfAN B=, 
A and B are said to be disjoint.) On the other hand, the operation U may be 
thought of as a command to shade the regions representing the sets to the left and 
right of the symbol U with the same type lines (horizontal or vertical). Thus, in 
finding A U B, we shade A with, say, horizontal lines and shade B in the same 
way. The union of A and B will be represented by the entire shaded region (see 
Figure 1.17). 

A somewhat simpler procedure can be adopted in the construction of Venn 
diagrams. As before, we start with a rectangle and two circles representing the 
sets U, A, and B, respectively. We then number the four regions into which the 
universal set is divided (see Figure 1.18). Note: The numbering of the regions is 
completely arbitrary. By referring to the figure, we can identify the various sets 
as follows: 


A B is the set of elements common to A and B—represented by region 3. 

A’ 1 Bis the set of elements that are not in A and that are in B— 
represented by region 2. 

A 1 B’ is the set of elements in A and not in B—represented by region 1. 

A U Bis the set of elements in A or in B or in both A and B—represented 
by regions 1, 2, and 3. 

A’ is the set of elements that are not in A—represented by regions 2 and 4. 

B’ is the set of elements that are not in B—represented by regions | and 4. 


Verifying Equality 


Venn diagrams are convenient for analyzing problems involving sets as long as 
there are not many subsets of “U to be considered. For example, referring to 
Figure 1.18, we note that A / B is the set of points in A and in B (region 3), but 
B () Ais the set of points in B and in A (region 3). Hence, these two sets refer to 
the same region, and we can see thatA 1 B= BNA. 


If A, B, and C are subsets of U, use the preceding method to verify the distrib- 
utive law AM (BUC) = (AN B)U(ANC). 


Solution Draw the rectangle and the circles representing the sets U, A, B, and C, 
and number the regions 1, 2, 3, 4, 5, 6, 7, 8, as shown in Figure 1.19. Note that 
when you had 2 sets, you used 27 = 4 regions. In this example, you have 3 sets; 
hence, you need 2? = 8 regions. 

First consider A M (B U C),. 


(a) A is represented by regions 1, 3, 5, and 7. 
(b) B U Cis represented by regions 2, 3, 4, 5, 6, and 7. 
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FIGURE 1.20 





FIGURE 1.21 
Human blood types 





FIGURE 1.22 





(c) AM (BU C)is therefore represented by the regions common to the two sets 
in parts (a) and (b), that is, by regions 3, 5, and 7. 


Next consider (A M1 B) U (AN C). 


(d) ANB is represented by the regions common to the circles representing 
A and B, that is, by regions 3 and 7. 


(e) ANC is represented by the regions common to the circles representing 
A and C, that is, by regions 5 and 7. 


(f) (AN B) U (ANC) is therefore represented by all the regions found in parts 
(d) and (e), that is, by regions 3, 5, and 7. 


Because A M (B U C) and (A M B) U (A N C) are both represented by 
regions 3, 5, and 7, you see that 


AN(BUC)=(ANB)U(ANC) a 


In problems 30, 31, and 34 you will verify the commutative, the associative, 
and De Morgan’s laws. 


Applications 


As we saw in Getting Started, human blood is grouped according to the presence 
of three antigens, A, B, and Rh. Suppose that we want to use a Venn diagram to 
visualize all the different blood groups. We begin with three circles representing 
the sets of persons having antigens A, B, and Rh, respectively (Figure 1.20). As 
we can see, there are eight different regions, so there are eight different blood 
groups. Blood groups inside the set Rh will carry a plus sign (+), and those out- 
side Rh will carry a minus sign (—). Blood with neither the A nor the B antigen 
will be labeled type O. 


EXAMPLE 4 
Draw a Venn diagram to identify all possible blood groups. 


Solution The eight possible groupings of blood are A~, A*, B~, Bt, AB’, 
AB*,O~, and O*, where A* means that the person has both A and Rh antigens, 
A~ means that the person has antigen A but not Rh, and similarly for the remain- 
ing groupings. Note in Figure 1.21 that the circle labeled A represents the set of 
persons having the A antigen and At, A~, AB*, or AB” blood, and likewise for 
the other two circles. a 


EXAMPLE 5 


Do you have an RGB monitor or television set? What does RGB mean, anyway? 
It means Red, Green, and Blue, the additive primary colors. Suppose you make 
a Venn diagram consisting of three circles, one red, one green, and one blue, as 
shown in Figure 1.22. 


(a) Which color is the intersection of the three circles? 


(b) The secondary colors are found by blending two of the primary colors. Name 
the secondary colors of light and their primary components. 


By the way, do you know why 
the diagram uses a black 
background? To produce the 
white color in the intersection 
you have to start with no color at 
all (black) and add the red, green 
and blue. To learn more, access 
link 1.4.1 at the Bello Web site. 


> 


www- 
For more practice with Venn 


diagrams, access link 1.4.2 at the 
Bello Web site. 


(Remember to bookmark the Bello book-specific Web site.) 
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Solution 
(a) The intersection of the three circles is white. 


(b) The secondary colors are yellow (red and green), magenta (red and blue), 
and cyan (green and blue). a 


EXAMPLE 6 


The ideas presented in this section have been used in recent years by forecasters 
in the National Weather Service. For example, on the map in Figure 1.23, rain, 


showers, snow, and flurries are indicated with different types of shadings. Find 
the states in which 


(a) it is warm and there are showers. (b) itis warm and raining. 


(c) itis warm only. (d) it is snowing. 


(e) there are snow flurries. 


FIGURE 1.23 





North Dakota 





Minnesota 





California 


Arizona 


VJ Rain Y 
Wy) Showers Ye 


Snow 

















¥ oy . 
* ** | Flurries 


* 
eae es 





Solution 

(a) Florida 

(b) Texas 

(c) California, Arizona 

(d) North Dakota, Minnesota 


(e) Minnesota Lo 
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1. Draw a Venn diagram to illustrate the relation- 
ships among the sets U = {1, 2, 3, 4, 5}, 
A = {1,2}, and B = {1, 3, 5}. 

2. Do the same as in problem 1 for the sets 
UM = {a, b, c, d, e, f}, A = {a, b, c}, and 
B= {d,e, f}. 


In problems 3-8, draw a Venn diagram and shade the 
region representing each specified set. 


3. AT) B! 4. A’ UB’ Se EB) — (Aes 
6. AUB’ De AG)-B: 8. (AU B)-A 


In problems 9-17, use the numbered regions of the 
diagram below to identify each specified set. 





9. A—(BUC) 

10. CN(AUB) 

i. ANBNC)—ANB) 
12. (ANB')U(ANC’ 
13. (AUB)NC 

14. (AUB)-—C 

15. (ANB')UC 

16. BNC'NA 

17. CU Bar): 


In problems 18-25, draw a Venn diagram to illustrate 
each specified set. 


18. {x|x GA orx € B} 
19. {x|x EA orx EB} 


20. {x|x EA and x € B} 

21. {x |x €A and (x € Bandx € C)} 
22. {x|x © Aandx € B} 

23. {x|x @ A and x € B} 

24. {x |x © A or (x € Borx € C)} 
25. {x|x €A and (x © Bandx EC)} 


Ci In problems 26-29, draw a Venn diagram that 
satisfies each equation. 


26. ANB=0 
28. (AAUB)NC=6 


27. ANB=B 
29. AN(ANB)=A 


In problems 30-34, use the numbered regions in the 
diagram for problems 9-17 to verify each equality. 


30.a. AUB=BUA 
bANB=BNA 
(These two equations are called the commuta- 
tive laws for set operations.) 


31, a. AU(BUC)=(AUB)UC 
b AN(BNC)=(ANB)NC 
(These two equations are called the associative 
laws for set operations.) 


32. AU(BNC)=(AUB)N(AUC) 
[This equation and the equation A MN (B U C) = 
(AM B)U(ANC), which was verified in Example 
3, are known as the distributive laws for set 
operations. ] 


33. a. AUA’ =U 
b. ANA’ =©6 
CA = B= AB" 
- (AUB)'=A'NB' 
- (ANB) =A' UB 
(These two equations are known as De 
Morgan’s laws.) 


34. 


as f£ 


35. Referring to the diagram for problems 9-17, the 
set of regions {3, 7} represents which of the 


following? 
ANB ANBNC 
(AWU.B) GG (ANB)UC 


None of these 


36. Referring to the diagram for problems 9-17, the 
set of regions {1, 2, 3} represents which of the 
following? 

(AUB)NC 
(AUB)NC' 
CANO IRBY GC 
(AlMcB). one! 
None of these 


37. GivenAN B= {a,b}, ANB’ = {c, EVA ne = 
{g,h}, and (A U B)’ = {d, f}, use a Venn diagram 
to find the following: 

a. A, B, and U 
b. AUB 
c. (AM B)’ 


38. Given A 1 B = {b, d}, AU B = {b, c,d, e}, 
AMG = {b,c}, and Aw O=farb. 6 d}, use a 
Venn diagram to find the following: 

a. A, B, and C 
b ANBNC 
c AUBUC 


39. Draw a Venn diagram representing the most gen- 
eral situation for four sets A, B, C, and D. (Hint: 
There should be 2+ = 16 regions, but do not try 
circles!) 


40. Referring to Figure 1.23, find the states in which 
it is warm. 

41. Referring to Figure 1.23, find the states in which 
it is warm and/or it is raining. 


42. Referring to Figure 1.23, find the states in which 
it is warm and it is raining or there are showers. 


In Other Words 


In problems 43—46, write in words the set represented 
by the shaded region of each Venn diagram. 
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In problems 47—5S0, refer to the following diagram and 
assume that none of the eight regions is empty. Answer 
true or false. 





47. Any element in A is also in B. 
48. No element is a member of A, B, and C. 
49. Any element in ‘U is also in C. 


50. None of the statements in 47—49 are true. 


Ge Using Your Knowledge 


In Example 4 of this section, blood was classified into 
eight different types. In blood transfusions, the recipi- 
ent (the person receiving the blood) must have all or 
more of the antigens present in the donor’s blood. For 
instance, an A* person cannot donate blood to an A~ 
person, because the recipient does not have the Rh 
antigen, but an A person can donate to an A* person. 
Refer to Figure 1.21. 


51. Identify the blood type of universal recipients. 
52. Identify the blood type of universal donors. 

53. Can an AB™ person give blood to a B~ person? 
54. Can aB person give blood to an AB~ person? 
55. Can an O* person give blood to an O~ person? 


56. Can an O™ person give blood to an OF person? 


Discovery 


John Venn invented the diagrams introduced in this 
section to illustrate his work, Symbolic Logic. The 
Swiss mathematician Leonhard Euler (1707-1783) 
used similar diagrams to illustrate his work. For this 
reason, Venn diagrams are sometimes called Euler cir- 
cles or Euler diagrams. 

We have seen in the preceding examples that if 
we have one set, the corresponding Venn diagram 
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divides the universe into two regions. Two sets divide 
the universe into four regions, and three sets divide it 
into eight regions. 


57. What is the maximum number of regions into 
which four sets will divide the universe? 


58. The diagram for a division of the universal set into 
the 16 regions corresponding to four given sets 
may look like that below. Can you guess the max- 
imum number of regions into which n sets will 
divide the universe? 





59. Referring to the diagram for problem 58, find the 
regions corresponding to the following: 
aA ECM) oops wees 


ae Collaborative Learning 


This group activity is designed to determine how to 
mix the additive primary colors, red, green, and blue, 
to obtain white and how to mix the subtractive primary 
colors, yellow, cyan (light blue), and magenta (purple), 
to obtain black. 


Research Questions 





Form two groups of students. One group should 
have a piece of black paper and three different-colored 
markers or cans of paint,(red, green, and blue) or, bet- 
ter yet, three plastic disks similar to those in Example 
5. (You can use plastic report cover protectors to make 
the disks). The other group should have a piece of 
white paper and three different-colored markers or 
cans of paint—cyan (light blue), magenta (purple), 
and yellow—or three plastic disks. 

Each‘of the groups should make a Venn diagram 
similar to the one in Example 5 consisting of three cir- 
cles of different colors. 


1. Which color is the intersection of the three addi- 
tive primary colors? 


2. Which color is the intersection of the three sub- 
tractive secondary colors? 


3. Which other intersection of three colors (if any) 
would produce white? 


4. Which other intersection of three colors (if any) 
would produce black? 


Additive secondary colors are composed of two of 
the primary colors. 


5. Which color do you get if you mix red and green? 
6. Which color do you get if you mix red and blue? 
7. Which color do you get if you mix green and blue? 


To further explore this activity, access links 
1.4.3 and 1.4.4 at the Bello Web site. 


As we have mentioned before, John Venn invented the diagrams bearing his name 
but Leonhard Euler used similar diagrams to illustrate his own work. Euler also 


contributed to modern notation in mathematics. 


1. Find at least three different types of notation that Euler developed. 


2. Catherine the Great once asked for Euler’s help to quiet the famous French 
philosopher Diderot, who was attempting to convert her subjects to atheism. 
One day in the court, Diderot was informed that someone had a mathematical 
proof of the existence of God. Write a short paragraph indicating how Euler 


proceeded to quiet Diderot. 
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Test Registration and Counting 


When registering for the Test of English as a Foreign Language (TOEFL) or the 
Test of Spoken English (TSE), students must indicate which test they plan to take 
by checking one of the boxes on the envelope (see Figure 1.24). Suppose that a 
total of 800 students are registered for the TOEFL exam and 500 students are 
registered for the TSE; 200 of these students indicate that they will take both 
tests. How many students are participating; that is, how many students are reg- 
istered? To answer this question, we have to develop a notation indicating how 
many elements we have in each set. If F is the set of students registered for 
TOEFL and S is the set of students registered for TSE, we are asked to find the 
total number of registered students. (They can be taking TOEFL only, TSE only, 
or both.) We answer this question and more in Example |. Similar questions are 
presented in Exercise 1.5, problems 7-9. 


FIGURE 1.24 





HII 





Check which test(s) 
you plan to take. 


O Both Tests 
Date 


TOEFL/TSE REGISTRATION OFFICE 
PO Box 6152 

Princeton, NJ 08541-6152 

USA 


Wervsbasdeclaloctisliallllvnll 











a 


One of the simplest counting techniques involves the counting of elements in a 
given set. If A is any set, the number of elements in A is denoted by n(A). The 
number n(A) is frequently called the cardinal number of A. If 7(A) is a whole 
number, the set A is a finite set. For example, if A = {g, i, r, 1}, then n(A) = 4. 
Likewise, if B = { @, #, $}, then n(B) = 3 and, of course, A and B are finite sets. 
We shall be interested here in counting the number of elements in sets involving 
the operations of union, intersection, and taking complements. 


40 


FIGURE 1.25 





FIGURE 1.26 
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FIGURE 1.27 
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A. 


EXAMPLE 1 


Counting the Elements of a Set 


‘ 


In a particular school, 800 students are registered for TOEFL, 500 are registered 
for TSE, and 200 are registered for both tests. 


(a) What is the total number of registered students? 
(b) How many students are taking TOEFL only? 
(c) How many students are taking TSE only? 


Solution Let F be the set of students registered for TOEFL, and S be the set of 
students registered for TSE. First draw a Venn diagram with overlapping regions ~ 
to show the information (Figure 1.25). 


1. SM Fhas 200 students. Write 200 in the region corresponding to $ 1 F- 


2. Since n(F) = 800 and 200 students are in the intersection of F and S, the 
number of students taking TOEFL only is 800 — 200 = 600, as shown in 
Figure 1.25. 


3. The number of students taking TSE only is 500 — 200 = 300. 


(a) The number of registered students is 
n(F US) = 600 + 200 + 300 = 1100 


(b) The number of students taking TOEFL only is 600. 
(c) The number of students taking TSE only is 300. 
Note that n(F) = 600 + 200 = 800 and n(S) = 200 + 300 = 500. Thus, 


nF US) = n(F) + nS) = nS. F) 
that is, 1 ab v uy 
1100 =800 +500 — 200 Pe] 


We now examine the problem of finding the number of elements in the union 
of two sets in a more general way. Let us assume that A and B are any two given 
sets. We must consider two possibilities. 


1. AM B= © (see Figure 1.26): In this case, n(A U B) = n(A) + n(B). 


2. AM B # © (see Figure 1.27): In this case, A U B includes all the elements in 
A and all the elements in B, but each element is counted only once. It is thus 
clear that n(A) + n(B) counts the elements in A M B twice and so exceeds 
n(A U B) by n(A N B). Therefore, 


n(A U B) = [n(A) + n(B)] — n(A NB) 
or 
n(A U B) = n(A) + n(B) — n(AN B) (1) 


Notice that equation (1) is correct even if A N B = ©, because in that case 
n(A NM B) = 0. 


EXAMPLE 2 





www 


To further explore Venn 
diagrams, access link 1.5.1 at 
the Bello Web site. 


Problem Solving 


1. Read the problem. 
| 2. Select the unknown. — 


3. Think of a plan. The strategy is to 
draw a Venn diagram. 


4. Use the information to carry out 
the plan. 


(Remember to bookmark the Bello book-specific Web site.) 
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If n(A) = 20, n(B) = 30, and n(A  B) = 10, find n(A U B). 
Solution Using equation (1), we have 


n(A U B) = n(A) + n(B) — n(A ON B) = 20 + 30 — 10 = 40 w 


It is possible to develop a formula similar to equation (1) for the case in 
which three or more sets are considered. However, we will rely on the use of 
Venn diagrams to solve such problems. 


Applications 


Venn diagrams can also be used to study surveys, as shown next. The strategy 
used to solve these problems is to make a diagram and assign to each region the 
correct number of elements. 


Surveys 


To estimate the number of persons interested in recycling aluminum cans, glass, 
and newspapers, a company conducts a survey of 1000 people and finds the 
following: 


200 recycle glass (G) 

450 recycle cans (C) 
15 recycle paper and glass 
10 recycle all three 


300 recycle paper (P) 
50 recycle cans and glass 
60 recycle cans and paper 


(a) How many people do not recycle at all? 
(b) How many people recycle cans only? 


We want to find the number of people who do not recycle at all and the number 
of people who recycle cans only. 


We draw a Venn diagram with three overlapping circles labeled C, G, and P 
(Figure 1.28). 


FIGURE 1.28 


continued 
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Do we know how to distribute the 
200 people who recycle glass 
inside the circle G? 


5. Verify the answer. 


TRY EXAMPLE 3 NOW. 


Not yet. We have to start with the 10 persons who recycle all three and place 
them in C MN GN P. Since 15 recycle paper and glass, the intersection of P and 
G must have 15 people. We already have 10 in € 1 GN P, so we add 5 in the 
remainder of PM G. 


Similarly, we place 50 more in the remainder of C M P and 40 in the remainder 
of C M G. We now have 10 + 50 + 40 = 100 persons in C, so we place 
450 — 100 = 350 in the region corresponding to C only. Similarly, we place 
200 — 55 = 145 in the region corresponding to G only and 300 — 65 = 235 in 
the region corresponding to P only. 


We have 350 + 40 + 145 + 50 + 10 + 5 + 235 = 835 people inside the circles. 


(a) Since 1000 persons were surveyed, 1000 — 835 = 165 persons are outside 
the three circles and do not recycle at all. 


(b) 350 recycle cans only. 


The sum of all the numbers in the diagram is 1000. 


Cover the solution, write your own, and then check your work. 





FIGURE 1.29 


EXAMPLE 3 





A survey of students at Prince Tom University shows that 


29 like jazz. 
23 like rock. 
40 like classical music. 
10 like classical music and jazz. 
13 like classical music and rock. 
5 like rock and jazz. 
3 like rock, jazz, and classical music. 


If there is a total of 70 students in the survey, find 

(a) the number of students who like classical music only. 

(b) the number of students who like jazz and rock but not classical music. 
(c) the number of students who do not like Jazz, rock, or classical music. 


Solution Read the problem carefully; there are three questions that are to be 
answered. 3 

Select the letters J, R, and C to represent the sets of students who like jazz, 
rock, and classical music, respectively. 

Think of a plan to solve the problem. Since the data indicate some overlap, 
draw a Venn diagram (Figure 1.29, step 1). 

Use the Venn diagram to fill in the numbers as follows: 

Since 3 students like all three types of music, the region common to J, R, and 
C (J RM C) must contain the number 3. Next, note that 5 students like jazz 
and rock, so the region common to J and R (J 1 R) must contain a total of 5. But 





Step 3 





Step 5 


EXAMPLE 4 
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there are already 3inJORMC,a portion of J R, so put 2 in the remainder 
of JM R (Figure 1.29, step 1). 

Similarly, since 13 students like rock and classical music, the region common 
to R and C (RM C) must contain a total of 13. There are already 3inJM RNC, 
a portion of RM C, so put 10 in the remainder of RN C (Figure 1.29, step 2). 

Since 10 students like classical music and jazz, the region common to C and 
J (JM C) must contain a total of 10. There are already 3 in a portion of this 
region (J 1 RM C), so the remainder of the region must contain 10 - 3 = 7 
(Figure 1.29, step 3). 

Next, note that 40 students like classical music, and 7 + 3 + 10 = 20 of these 
are already accounted for. Thus, the remainder of region C, outside of regions J 
and R, must contain 40 — 20 = 20 (Figure 1.29, step 4). 

Proceeding in the same way, fill in the numbers for the remaining regions in 
the figure. From the completed diagram (Figure 1.29, step 5), note that 


(a) 20 students like classical music only. 
(b) 2 students like jazz and rock but not classical music. 


(c) since the numbers inside the circles add up to 67, 3 students do not like jazz, 
rock, or classical music. a 


Verification is done by counting all the elements in Figure 1.29, step 5, and 
making sure they add up to 70, the total number of students in the survey. Note 
that the problem-solving strategy is to draw a Venn diagram and fill it in, start- 
ing with the innermost region and then working step by step toward the outside 
as done in Figure 1.29, steps 1-5. 


Ina survey of 100 students, the numbers taking algebra (A), English (£), and phi- 
losophy (P) are shown in Figure 1.30. 


(a) How many students are taking algebra or English, but not both? 

(b) How many students are taking algebra or English, but not philosophy? 

(c) How many students are taking one or two of these courses, but not all three? 
(d) How many students are taking at least two of these courses? 


(e) How many students are taking at least one of these courses? 


Solution 


(a) Here, we want all the elements in A or E, but not in both. We read the num- 
bers from the Venn diagram to get 


30+ 10+ 26+ 8=74 


Note that we have taken all the numbers in A U E except those in AO E. 


(b) Here, we need all the numbers in A or E that are not in P. From the diagram, 
we find 


30 + 7 + 26 = 63 
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EXAMPLE 5 


www: 


To learn more about Venn 
diagrams, access link 1.5.2 at the 
Bello Web site. 


(c) The required number here is the number in the entire universal set, 100, 
minus the number taking all three courses, 5, or none of these courses, 8. 
Thus, the result is . 


100 —5 —8 = 87 
(d) The required number here is the number in 
(AN E)U(ANP)U(ENP) 
which is 
Lae Oak 10.4.8 30 


(e) We can get the required number by taking the number in the universal set 
minus the number taking none of these courses. We find the result to be 


100 — 8 = 92 | 


An insurance company has classified a group of drivers as indicated in Table 1.3. 
Find the number of persons who 


(a) are low risks under age 21. (b) are not high risks and 
are over age 35. 

(c) are under age 21. (d) are low risks. 

TABLE 1.3 


Average risk 
High risk 





Solution 


(a) We see that there are 15 persons in the column labeled “Under Age 21” and 
in the row labeled “Low risk.” 


(b) There are 30 persons who are over age 35 and high risks, so the rest of the 
persons in the column labeled “Over Age 35” are not high risks. They num- 
ber 10 + 35 = 45. 


(c) We count all the persons in the column labeled “Under Age 21.” The sum is 
15 + 25 + 50 = 90. 


(d) We count the persons in the row labeled “Low risk.” The sum is 
LS eb 20 435. oe Bi 
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1. Suppose that n(A) = 15, n(B) = 20, and 
n(A M B) = 5. Find n(A U B). 


2. Suppose that n(A) = 12, n(B) = 6, and 
n(A U B) = 14. Find n(A  B). 


3. Suppose that n(A) = 15, n(A A B) = 5, and 
n(A U B) = 30. Find n(B). 


4. There are 50 students in an algebra (A) class and 

30 students in a chemistry (C) class. Find 

a. n(A). bec)! 

c. the total number of students taking either alge- 
bra or chemistry if it is known that none of the 
students are taking both courses. 

d. the number of students taking algebra and/or 
chemistry if it is known that 10 students are 
taking both courses. 


5. Onchecking with 100 families, it was found that 75 
families subscribe to Time, 55 to Newsweek, and 10 
to neither magazine. How many subscribe to both? 


* 


If, on checking with 100 families, it was found 
that 83 subscribe to Time, 40 to Newsweek, and 30 
to both magazines, how many subscribe to neither? 


7. Inasurvey of 100 students, the numbers taking var- 
ious courses were found to be English, 60; mathe- 
matics, 40; chemistry, 50; English and mathemat- 
ics, 30; English and chemistry, 35; mathematics 
and chemistry, 35; and courses in all three areas, 25. 
a. How many students were taking mathematics, 
but neither English nor chemistry? 

b. How many were taking mathematics and 
chemistry, but not English? 

c. How many were taking English and chemistry, 
but not mathematics? 


8. Mr. N. Roll, the registrar at Lazy U, has observed 
that, of the students, 
45% have a 9 A.M. class. 
45% have a 10 A.M. class. 
40% have an 11 A.M. class. 
20% have a 9 and a 10 A.M. class. 
10% have a9 and an 11 A.M. class. 
15% have a 10 and an 11 A.M. class. 
5% have a9, a 10, and an 11 A.M. class. 


a. What percent of the students have only a9 A.M. 
class? 

b. What percent of the students have no classes at 
these times? 


9. The following table shows the distribution of 
employees at the Taste-T Noodle Company. 


Personnel Distribution 


Purchasing (P) 


Quality control (Q) 
Sales (5) 
Manufacturing (M) 

Janitorial (J) 





*(A) Administrative (C) Clerical (O) Other 
(SK) Skilled (SS) Semiskilled (U) Unskilled 


a. How many employees are there in the Pur- 
chasing Department? 

b. How many skilled employees are there in the 
factory? 

c. How many of the skilled employees are in the 
Janitorial Department? 


10. Use the table in problem 9 to find the number of 
persons in the following sets: 
a ANS b...S:U)P 
Cail 1).A" O-SK' d. SNA’NC' 


11. The following table gives the estimated costs for a 
proposed computer system in 2-year intervals, 
projected over 10 years (figures in thousands of 
dollars). 


Cost Projections 





Data-processing 
equipment 


Personnel 
Materials 
- Allothers — 
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a. How much money would be spent on materials 
in the first 2 years? 

b. What would be the total cost at the end of the 
second year? 

c. What would be the cost of the data-processing 
equipment over the 10-year period? 


12. Ina survey of 100 investors, it was found that 

5 owned utilities stock only. 

15 owned transportation stock only. 

70 owned bonds. 

13 owned utilities and transportation stock. 

23 owned transportation stock and bonds. 

10 owned utilities stock and bonds. 
3 owned all three kinds. 


a. How many investors owned bonds only? 

b. How many investors owned utilities and/or 
transportation stock? 

c. How many investors owned neither bonds nor 
utilities stock? 


13. In a recent survey of readers of the Times and/or 
the Tribune, it was found that 50 persons read both 
the Times and the Tribune. If it is known that 130 
persons read the Times and 120 read the Tribune, 
how many people were surveyed? 


14. In a survey conducted in a certain U.S. city, the 
data in the following table were collected: 


Over $10,000 (H) 
$7000-$10,000 (M) 
Under $7000 (L) 





Find the number of people in the following sets: 


a. M b. M’ 
c (OLOTB) Ww d. LUO’ 
e. HM B' 


15. In a survey of 100 customers at the Royal Hassle 
Restaurant, it was found that 
40 had onions on their hamburgers. 
35 had mustard on their hamburgers. 
50 had catsup on their hamburgers. 
15 had onions and mustard on their hamburgers. 
20 had mustard and catsup on their hamburgers. 
25 had onions and catsup on their hamburgers. 
5 had onions, mustard, and catsup on their 
hamburgers. 


16. 


1 WW 


18. 


19. 


20. 


a. How many customers had hamburgers with 
onions only? 

b. How many customers had plain hamburgers 
(no condiments)? 

c. How many customers had only one condiment 
on their hamburgers? 


A survey of 900 workers in a plant indicated that 

500 owned houses, 600 owned cars, 345 owned 

boats, 300 owned cars and houses, 250 owned 

houses and boats, 270 owned cars and boats, and 

200 owned all three. 

a. How many of the workers did not own any of 
the three items? 

b. How many of the workers owned only two of 
the items? 


A coffee company was willing to pay $1 to each 
person interviewed about his or her likes and dis- 
likes on types of coffee. Of the persons inter- 
viewed, 200 liked ground coffee, 270 liked instant 
coffee, 70 liked both, and 50 did not like coffee at 
all. What was the total amount of money the com- 
pany had to pay? 


In a recent survey, a statistician reported the fol- 
lowing data: 
15 persons liked brand A. 
18 persons liked brand B. 
12 persons liked brand C. 
8 persons liked brands A and B. 
6 persons liked brands A and C. 
7 persons liked brands B and C. 
2 persons liked all three brands. 
2 persons liked none of the three brands. 


When the statistician claimed to have interviewed 
30 persons, he was fired. Can you explain why? 


In problem 18, a truthful statistician was asked to 
find out how many people were interviewed. 
What was this statistician’s answer? 


In an experiment, it was found that a certain sub- 
stance could be of type x or type y (not both). In 
addition, it could have one, both, or neither of the 
characteristics m and n. The following table gives 
the results of testing several samples of the sub- 
stance. Let M and N be the sets with characteris- 
tics m and n, respectively, and let X and Y be the 
sets of type x and y, respectively. How many sam- 
ples are in each of the following sets? 

a. MM X 

b. (XUY)N(MUN) 
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ce. (YM M) - (YNN’) 
d. (XUY)N(MUN’) 





21. The number of students taking algebra (A) or 
chemistry (C) is shown in the diagram below. 
Find the following: 

a. n(A) ri 
b. n(C) 
ce. n(AN C) 





22. Referring to the diagram for problem 21, find 
n(A UC). 


23. If the total number of students surveyed to obtain 
the data for problem 21 is 200, find 
a. n(A’). b. n(C’). ennAiiwG): 


24. With the total number of students as in problem 
23, find 


a. nA’ wv C), b. n(A UC’). 


25. On checking with 100 investors to see who owned 
electric company stock (£), transportation stock 
(T), or municipal bonds (M), the numbers shown 
in the diagram below were found. 





a. How many investors owned electric company 
or transportation stock, but not both? 

b. How many owned electric company or trans- 
portation stock, but not municipal bonds? 

c. How many had one or two of these types of 
investments, but not all three? 


d. How many had at least two of these types of 
investments? 

e. How many had none of these types of invest- 
ments? 


26. A number of people were interviewed to find out 
who buys products A, B, and C regularly. The 
results are shown in the diagram below. 





- How many buy product A? 

- How many buy product A but not B? 
How many buy product B or C, but not A? 
- How many do not buy product C? 

How many people were interviewed? 


eae sf 


A book titled Are you Normal? by Bernice Kanner 
offers many amusing but important pieces of informa- 
tion gleaned from actual surveys. 

Solve each of problems 27-29 using a Venn 
diagram. 


27. What do you eat first, the frosting or the cake? 
Astonishingly, only about 3% of us eat them 
together. Most people (69%) take Marie 
Antoinette’s infamous words literally: they eat 
cake first (C). Just shy of 30%—more with 
younger people—pluck off the frosting first (F). 
On the basis of this information, what percent of 
the people do not eat cake? 


28. An overwhelming majority of us (91%) write our 
return address on the front left corner of an enve- 
lope (L), avoiding the back flap (B) as if it were a 
uranium mine. Just 7% of letter writers put the 
return address on the back flap, and 2% do it either 
way. What percent of the people do not write a 
return address on their envelopes? 


29. Is the glass half-full or half-empty? Some 46% of 
men and 52% of women describe themselves as 
optimists (O) while 8% of men and 11% of 
women see themselves as pessimists (P). The rest 
say they are neither. What percent of the men are 
neither? Hint: Draw a diagram for men only. 
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30. On the basis of the information in exercise 29, 
what percent of the women are neither? 


ge In Other Words 


Classify the following statements as true or false. If 


true, explain why. If false, give a counterexample. 
31. If n(A) = n(B), then A = B. 

32. If A = B, then n(A) = n(B). 

33. If A — B = ©, then n(A) = n(B). 

34. If n(A) = n(B), then A — B= ©. 


G Using Your Knowledge 


The cartoon shown below seems to indicate that it is 
impossible to have the following morale statistics: 
58% want out (WO). 
14% hate his guts (HG). 
56% plan to desert (PD). 
8% are undecided (UD) (do not plan to do any 
of the above). 


However, a new statistician is hired and finds that in 
addition to the original information, the following 
statements are also true: 
12% want to do only one thing—hate his guts. 
36% want to do exactly two things. Of these, 
34% want out and plan to desert, and 
2% hate his guts and want out. 


Of course, nobody in his right mind would do all three 
things. 


35. On the basis of all the information, both old and 
new, draw a Venn diagram and show that it is pos- 
sible to have the statistics quoted in the cartoon. 


58% WANT OUT... 
42 HATE MY CATS... 
HERES THE NEW STATISTICS }| 562 ARE PLANNING 
Te DESERT... 4ND 
8% UNPECIDED! 


ON THE MENS MORALE siz. 





Reprinted with special permission of North America Syndicate, Inc. 


Discovery 


In Section 1.2 we discussed the subsets of a given set. 
It is interesting to diagram the formation of such sub- 
sets. We imagine that the elements of the given set are 
listed, and we look at each element in turn and decide 
whether to include it in the subset. For example, sup- 
pose that the given set is {a, b}. Then our diagram has 
two steps, as shown in the diagram below. 


Resulting 
subset 


Include Include 
a? b? 


Yes —---—-----— {a, b} 
Y 
( accede wis (a) 


Yes --------— {b} 
No ae me C 


This diagram makes it clear that there are 2 X 2, or 4, 
subsets in all. 

The following diagram is for the 3-element set 
GaDaele 


Include Include Include 
a? b? c? 


Resulting 
subset 


WHAT Ro YOu THINK 
THIS INDICATES? 
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Diagrams like these are called tree diagrams. The 38. Can you now discover how to explain why an n- 
second tree diagram shows that a 3-element set has element set has 
2 X 2 X 2, or 8, subsets. Can you discover an easy way 


to explain this? 


DEX MD ie 
ae ee) 
n twos 


36. Can you discover the tree diagram for a 4-element 


set and its subsets? 


or 2”, subsets? 


37. Can you discover how to count the number of sub- 


sets of a 4-element set? 


Research Question 


We have already mentioned that Venn diagrams are sometimes called Euler circles. 
Find out why this is so and in what work Euler first used “Venn” diagrams. 





Look under the topic “Controversial Venn Diagrams” on the Web. For additional 
related information, access link 1.5.3 at the Bello Web site. 





GETTING STARTED 





Is the number of stars infinite? 
The infrared map of the Orion 
nebula shown above unveils new 
star formation. 


Infinite Sets and One-to-One Correspondences 


Is the number of stars infinite? Mathematically speaking, if S is the set of all 
stars, what is 1(S)? We do know that if A = {1, 2, 3}, then n(A) = 3. Now, sup- 
pose that VN = {1, 2,3,... }; what is n(N)? To find n(N) is to determine how 
many natural (counting) numbers there are! Georg Cantor studied this problem 
and assigned the transfinite cardinal §, (read “aleph null”; N is the first letter 
of the Hebrew alphabet) to n(N). Thus, n(N) = X_. Now, which set has more ele- 
iments, N=, 3... . ) ork = (2, 4,650.52}? j 

At first, it seems that there should be twice as many natural numbers as there 
are even numbers. But consider the one-to-one correspondence 


Wien (UN248, 2% 27,2... } 
VY y 
Be raor ie Sony ee) 


where every natural number n in N is paired with the even number 2n in E. Can 
you see that there are as many even numbers as there are natural numbers? The 
two sets are said to be equivalent. Moreover, there are as many natural numbers 
as there are fractions, as you will discover later in the book. For now, you will 
learn how to use one-to-one correspondences to determine whether sets are 
equivalent (see problems | —5 in Exercise 1.6). In problems 16—20 you will even 


determine whether a set is infinite! ras 


(Remember to bookmark the Bello book-specific Web site.) | http://college.hmco.com/mathematics | Sesh | 
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FIGURE 1.31 
| | 
@ C 
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A. 
EXAMPLE 1 

2 ¢ 
B. 


DEFINITION 1.11 


EXAMPLE 2 


What is an infinite set? In the years 1871-1884 Georg Cantor created a 
completely new mathematical discipline, set theory. Cantor asked himself: 
“What do we mean when we say of two finite sets*that they consist of equally 
many things, that they have the same number, that they are equivalent?” The 
tools he used to answer this question were cardinal numbers and one-to-one 
correspondences. 


Equivalent Sets and Cardinal Numbers 


In Section 1.5 we noted that the cardinal number of a set A is the number of ele- 
ments in A, denoted by n(A) as before. Thus, if A = {a, b, c}, the cardinal num- 
ber of A is n(A) = 3. To ascertain whether two sets have the same cardinal num- 
ber, we determine whether each element of A can be matched with a unique ele- 
ment of B and vice versa. That is, we check whether there is a one-to-one corre- 
spondence between A and B. 


Show that the sets A = {#, $, & *} and B = {@, c, 2, ¢} have the same cardi- 
nal number. 


Solution You have to show that there is a one-to-one correspondence between 
the elements of A and those of B. One such correspondence is given in Figure 
1.31. If, as before, n(A) represents the number of elements in A, n(A) = n(B) = 4. 
Can you find a different correspondence? @ 


Equivalent Sets 







If two sets A and B can be placed into a one 
each other, the two sets are said to be equiva 








Thus, the set of vowels V in the English alphabet is equivalent to the set of the 
first five counting numbers F, as can be seen by the correspondence 


a e Il O u 
q L J $ { 
1 2 3 4 5 


We then say that V ~ F 


Show that the set NV of counting numbers and the set E of even counting numbers 
are equivalent. 


Solution Set up the correspondence 


1 2 3 dn ee n noe 
etek RSA t t 
Der 1 54 6 Sittharl eben On eit) He a 


Since the two sets can be placed into a one-to-one correspondence, N ~ E. In 


mathematics, when a set S is equivalent to the set N of counting numbers, S is 
called denumerable. 


DEFINITION 1.12 


EXAMPLE 3 
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Infinite Sets 


At first sight, it may seem strange that the set of counting numbers and a proper 
subset of itself (the set of even counting numbers) can be put into a one-to-one 
correspondence. This apparent paradox puzzled mathematicians for years until 
it was resolved by Georg Cantor. Cantor defined an infinite set as follows: 


_ Aset is infinite if it is equivalent to one of its proper subsets. 


In his theory, he assigned the cardinal number X, to the set of counting numbers; 
that is, if VN = {1,2,3,... }, thenn(N) = Xo: 

With this convention it is possible to find the cardinal number of certain infi- 
nite sets. For example, because the set E of even counting numbers is equivalent 
to N, we must have n(N) = n(E) = Xo: 

To show that N is infinite, we note that N has the proper subset E that can be 
put into a one-to-one correspondence with N. Thus, we conclude that N is an 
infinite set. In contrast to the cardinal number of a finite set, that of an infinite 
set is usually called a transfinite cardinal number. 


Consider the set-S.= {17 = 1,2? =4,.37= 9, sgn? ox}: 
(a) Show that S is equivalent to N. 
(b) Find the cardinality of S. 


(c) Show that S is infinite. 


Solution 


(a) To show that S and N are equivalent, set up a one-to-one correspondence 
between S and N as follows: 


1 4 9 te n? 
t L L L 
1 2 3 te n 


Thus, S and WN are equivalent; that is, S ~ N. 
(b) Since S and N are equivalent and n(N) = Xo, 2(N) = n(S) = No. 


(c) To show that S is infinite, you must place S into a one-to-one correspondence 
with one of its proper subsets. Here is such a correspondence. 


1 4 9 16 3 G0 n= 

t Q t ¢ i} 

4 9 16 25 . (n + 1)? 
Note that 


H4GOWNG. 25,2 .., (4-1), 3 GAL 4s 9t6scn nee a | 
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A In problems 1—5 show that the sets are equivalent 
by setting up a one-to-one correspondence between the 
two given sets. 


1. The set NV of counting numbers and the set O of 
odd counting numbers 


2. The set N of counting numbers and the set F of - 


positive multiples of 5 


3. The set E of even counting numbers and the set G 
of even counting numbers greater than 100 


4. The set O of odd counting numbers and the set E 
of even counting numbers 


5. The set G of even counting numbers greater than 
200 and the set T of even counting numbers 
greater than 300 


Ci In problems 6-10, show that the two sets are 
equivalent. 


6. A = {1, 2,3, 4, 5} and B = {a, b,c, d, e} 

7. P = {2, 4, 8, 12} and QO = {6, 12, 24, 36} 

S27 = (0012.5, 50 and NN = el) ey 
9 Le = {12 See. jane il oa ee 


LON 123 yg) cand FF aa he tae al 


In problems 11-15, find the cardinality of each set. 


TAT fas Dice ens 2 

12. B = {x |x is one of the Ten Commandments} 
13. C = {x |x is a star on the American flag} 
14D = haem 

1S ee} 


In problems 16-20, determine whether each set is 
finite. 


16. {1,2.3, . =. 7999,999} 
17,-{100;200,7300; 2225 } 
USS, LO f1S 


19. (4,3,3,...} 
202420 23% Re Es, 2) 


Use the.sets A = {1, 2, 3, 4, 5, 6}, B = {a, b, c, d}, 
C = {w, x, y, z}, and D = {d, c, b, a} to answer prob- 
lems 21-23. 


21. Which set(s) are equal and equivalent? 
22. Which set(s) are equivalent but not equal? 


23. Which set(s) are not equivalent and not equal? 


"In Other Words 


As you recall, n(N) = Xp, and Xo is called a transfinite 
cardinal. Can you perform arithmetic operations with 
these cardinals? Fill in the blanks and justify your 
answers. 


ZED re eee 232 ko Ng > 
26: 20 R 5 = 1) = 
28. LetA = {1,3,5,.... }andB= (2,4, 6.0.25 As 


* you recall, n(A U B) = n(A) + n(B) if A and B are 
disjoint. Substitute A and B in the equation and 
state your result. 


29. Consider the line segment shown. It is 1 unit long. 


oA 


Lat ae 8 
Oio* oanse mens 9 I 


\olIN 


Draw an identical segment on a sheet of paper. Cut 
off the middle piece, the piece between 4 and 3, 
and paste it on a second ae of paper. Then 
divide the piece Poeen 0 and 3 into three equal 
parts, each of length 5. Ot off the middle piece, 
the piece between § and 2 5, and paste it next to the 
first piece you pasted on the Pee Repeat the 
process with the piece between 3 and 1. The sues 
dle pce you will cut off is ie piece between 3 
and §. Paste this next to the second piece on the 
paper. Imagine that this process is continued. 
a. The points 3, 3, $, and § are the first four points 
of the Cantor set. What are the next two points? 
b. If you continue the pasting process, what do 
you think will be the total length of the pieces 
you pasted? 


30. Do you think the Cantor set and the set of all 
points on the line segment in problem 29 are 
equivalent? Explain. 


a If you want to learn more about this process, 
access link 1.6.1 at the Bello Web site. You may 
www: find other sites on your own. 


Gal Using Your Knowledge 


Have you ever heard of the Infinity Hotel? It is a 
peculiar establishment indeed. The only prerequisite 
for employment is a thorough knowledge of infinite 
sets. In fact, the Employment Handbook consists 
entirely of the section you have just read. Georg was 
hired as manager, and his first day on the job was a 
cinch. 

The hotel soon filled all of its rooms, 1,2, 3,..., 7, 
n + 1, and so on. Trouble started on the second day 
with the arrival of a new guest. Where would Georg 
put this new guest? He thought about it for a split sec- 
ond, and then up went a neatly handwritten sign. 


if you are re presently in in room n, please move next — 
_ door toroomn + 1. 


Where would the nice family in room 222 go? And 
what about the newcomer? 

The third day things got more involved, for a group 
of eager customers arrived, in a brand-new Infinity no 
less. Tensions were high at the hotel. Could Georg 
accommodate them all? No time was wasted. Without 
hesitation, the next sign went up. 





yu are presently in room n, please move fo” . 
room n 2n. 


What an odd arrangement of rooms that would leave! 
Use your knowledge to answer the following ques- 
tions: 
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31. On the second day, where would the family in 
room 222 go? 


32. On the second day, in which room would the new- 
comer go? 


33. Which rooms were vacated for the people in the 
Infinity? 


34. Where would the guest of problem 32 go on the 
third day? 


35. On the third day, where would the family in room 
333 go? 


Discovery 


Here is one of the most striking results obtained by 
Cantor while studying the theory of non-denumerable 
sets (sets that cannot be put into a one-to-one corre- 
spondence with the set of counting numbers). This 
result may appear incredible to you, but if you have 
mastered the idea of a one-to-one correspondence, you 
should be able to prove it! 

Two unequal line segments contain the same num- 
ber of points! 

Cantor reasoned in the following manner: Two sets 
contain the same number of elements if and only if the 
elements can be paired off one to one. Then he dia- 
grammed the two unequal line segments. (Call the line 
segments AB and CD as in the diagram below.) Notice 
that line segment oO cuts CD at P, and AB at Q. You 
may regard P and Q as corresponding points. 


O 


jas 


Q 


36. Can you discover the proof that there are as many 
points in AB as in CD? 


(Remember to bookmark the Bello book-specific Web site.) | Seaxgh | 
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Research Questions 


Is infinity a number? How big is it? What is infinity plus 1? What about infinity 


plus infinity? 


1. Which set has more elements, the set of counting numbers or the set of counting 
numbers with a shoe thrown in? Prove it! 


2. While on this journey, you may consider staying at the Hotel Infinity (Web 


Branch). Get some background information, familiarize yourself with the big 


ideas and concepts like infinity and transfinite arithmetic, and write a diary 


containing a summary of the topics involved. 


3. Give two sources where you can get more information about the topics you 


listed. 


When you are through with that, you can revisit our very own Infinity Hotel in 


the Using Your Knowledge section. 


a For background information on this topic, access link 1.6.2 at the Bello Web site. 


www- 


Chapter 1 SUMMARY 


Section Item 

LIA RSTUV 

1.1B Inductive reasoning 
1.1B Sequence 

1.1B Term 

1.2A {} 

L.2A e 

1.2A E 

1.2B ia 
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Meaning 


Problem-solving steps 


The process of arriving at a 
general conclusion on the 
basis of repeated observations 
of specific examples 


An arrangement of numbers 
according to a pattern 


Each number or item in the 
sequence 


Set braces 
Is an element of 
Is not an element of 


List (roster) notation 


Example 


Read the problem. 

Select the unknown. 

Think of a plan. 

Use a strategy to carry out the plan. 
Verify your answer. 


The patternrh.360102—, sis 
obtained by adding 2, adding 3, 
adding 4, and so on. 


1, 3,6, 10,.. . is a sequence. 


The terms in 1, 3,6, 10,... are 
1, 3, 6, 10, and so on. 


{1, 2, 3} is a set. 
Zac ehh 2: a) 
AY 19253} 


} (Remember to bookmark the Bello book-specific Web site.) 


Section Item 

1.2B {x | x has property P} 
1.2B {} or OD 
L2C = 

1.2D eq 

1.2D E 

i) OU, 

1.3A M 

fea. U 

1.3B A’ 

E35C A-B 

eS n(A) 

KS Finite set A 
1.6B A~B 
1.6C Infinite set 


Research Questions 


Meaning 
Set-builder notation 


The empty, or null, set 


Equals 
Is a subset of 
Is a proper subset of 


The universal set 


Intersection 


Union 


Complement 


Set difference 


Cardinal number of set A 


A set A for which n(A) is a 


whole number 


Set equivalence 


A set that can be placed into a 
one-to-one correspondence 
with one of its proper subsets 
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Example 
A = {x|x is a counting number} 


The set of words that rhyme with 
“orange” is an empty set. 


{1,2} = {2,1} 
(2 Al 253) 
{a} C fa, b} 


UW is the set of all elements under 
discussion. 


2 Olson os Oy 


(1, 2, 3,4} U {2, 3, 4} 
= {1,2,3,4} 


If U = {1, 2, 3, 4, 5} and 
A = {1, 2}, then A’ = {3, 4, 5}. 


If A = {1, 2, 3, 4, 5} and 

B = {1, 2}, then 

A = Br {354, of. 

If A = {a, b, c} and B = {d, e}, 
then n(A) = 3 and n(B) = 2. 
If A = {1,5, 17}, n(A) = 3 and 
A is finite. 

If A = {a, b} and B = {1, 2}, 
A and B are equivalent. 


N is infinite since it can be placed 
into a one-to-one correspondence 
with its proper subset E, the even 
numbers. 


Sources of information for these questions can be found in the Bibliography at the 


end of the book or on the Web. 


1. We have used the symbols { }, €, 9, U, @, and Xp in this chapter. Find out 
who invented these symbols and where (book, journal, article, etc.) they were 


first used. 


2. The Ohio State Department of Education has a 16-item list of problem-solving 
strategies. The first three are: Look for a pattern, construct a table, and account 
for all possibilities. What are the other 13 strategies? 


3. A brilliant mathematician and teacher who taught at Princeton, Brown, and 


Stanford Universities and at Smith College developed an extremely valuable 


problem-solving technique. 
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a. Who was this person? 

b. List the four steps in his problem-solving technique. 

c. List at least ten strategies found under step 2 of his problem-solving 
technique. 


4. Venn diagrams were invented by John Venn. Write a paragraph about Venn’s life 
and find out the name of the work in which these diagrams were first used. What 
is another name for Venn diagrams? 


Chapter 1 PRACTICE TEST 


1. Identify the pattern and find the next three terms. 
LD i ORAL Oe a 





> —_e—- 


2. List the elements of the set 
{x | x is a counting number between 2 and 10} 


3. Describe the following sets verbally and in set-builder notation: 
a. fdsie; 1, 0.10} b. {2, 4, 6, 8} 


4. List all the proper subsets of the set {$, ¢, %}. 


5. Complete the following definitions by filling in the blanks with the symbol € 
or €: 

















a. AU B= {x|x A or x B} 
b. AN B’ = {x|x A and x B} 
c. A’ = {x|x Atand % —___- A} 

d. A — B= {x|x A and x Bat 








6. Let U = {Ace, King, Queen, Jack}, A = {Ace, Queen, Jack}, and B = {King, 
Queen}. Find the following: 
a. A’ b. (A U B)’ c ANB Gu (Aiea 


7. If, in addition to the sets in problem 6, C = {Ace, J ack}, find the following: 
a (AN B)UC b. (A, UC) NB 


8. Draw a pair of Venn diagrams to show that A — B=AN B’. 
9. Draw a Venn diagram to illustrate the set A N BN C’. 


10. Find the sets of numbered regions in the diagram at the right that 
represent the following sets: 
a. (AWB) ee b-AW (Bay. @) 


11. Use the numbered regions in the diagram of problem 10 to verify that 
(ANB)UC=AUC)N(BUC). 


12. Use the numbered regions in the diagram of problem 10 to verify that 
(At) B)2=AGU Be 





13. Refer to the diagram of problem 10 and determine which of the following sets 
(if any) is represented by regions 5, 6, and 7: 
a Bo (AWC) b. (AUC)NB 
Cs CATH EB NC) =A ne) d. AUC)NB 
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14. Refer to the diagram of problem 10 and determine which of the following sets 
(if any) is represented by regions 6 and 7: 
a AN BOA.C 
bGAUC)OB 
ce ANC 
d. (AN C)UB 


FS.-Let WU 4 1) 2-354) 5. 6,7, Oy Ae 1355, 7) 2B = 1274, 6, 8}, and 
C = {1,4, 5, 8}. Fill in the blanks with = or ¥ to make correct statements. 





a. n(A U C) 6 
Die AC).2 = 3 
16. Let n(A) = 25 and n(B) = 35. Find n(A U B) if 
a. AB = ©. 
b. n(A MB) =5. 


17. Let n(A) = 15, n(B) = 25, andn(A U B) = 35. Find the following: 
a. n(A 1 B) 
b. n(U) if n(A’ N B') =8 


18 


° 


In the diagram at the right the rectangular region represents the universal 
set °U, and the circular regions represent the subsets A and B of U. Find 
an expression for the shaded region in the diagram. 


19. On checking 200 students, it is found that 70 are taking French, 40 are 
taking German, 75 are taking Spanish, 10 are taking French and German, 
30 are taking French and Spanish, 15 are taking German and Spanish, and 
70 are taking no language. If it is known that no students are taking all 
three languages, draw a Venn diagram to determine the answers to the 
following questions: 
a. How many are taking two languages? 
b. How many are taking Spanish and no other language? 
c. How many are taking Spanish and not French? 





20. A survey of people to determine who regularly buys products A, B, and C 
gave the numbers shown in the diagram at the right. 

. How many people were surveyed? 

- How many buy product A but not B? 

- How many buy product B or C but not A? 

. How many buy both products B and C but not A? 

- How many do not buy either product B or 

product C? 


rao Mm Sf 





Ziceonow tnat the sets {1,3,..., 27 —1,..+} and {2,4,..., 2m... } have the 
same cardinal number. 


22. Show that the sets {1,2,...,n,...} and {4,16,...,(2n)*,...} are 
equivalent. 


23. Find the cardinality of the set {1,4,...,?,..., 144}. 
24. Find the cardinality of the set {1,4,..., oS eS) 


25. Show that the set of all proper fractions with numerator | is infinite. 
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Answers to Practice Test 


Answer 





If You Missed 


1. Look at the following differences: 1 


{27 194i 76 > [127] [197] a 


mee 35 51 70 oy 
47 10 13916 19 2D) 
Se eS 3 3 


The third differences are constant, so the next 
numbers in each line can be constructed by 
addition. For example, 


3+ 13 = 16 
16 + 35 =51 
51 + 76 = 127 or simply 3 + 13 + 35 + 76 


The next three terms are 127, 197, and 289. 


2. (3,4, 5.6, 7, 8, 9} 2 
3. a. The set of vowels in the English alphabet: 3 
{x } 





b. The set of even counting numbers less than 10: 
{x| x is an even counting number less than 10} 


4. The proper subsets are ©, {$}, {¢}, {%}, {$, ¢}, 4 
{$, %}, and {¢, %}. ' 
Se Both blanks take the symbol €. i 5 


a. 

b. First blank takes €; second blank takes €. 

c. First blank takes €; second blank takes €. 

d. Both blanks take the symbol €. : 

a. {King} b. © : 6 
c. {Queen} d. {Queen} 

a. {Ace, Queen, Jack} b. {King} i 7 
8. The shaded region in the diagram on the left " 8 
corresponds to A — B. The darkest region in the 

diagram on the right corresponds to A M B’. 

This shows thatA —- B=AM B’. 





1.1 


1.2 
1.2 


1.2 


1.3 


1.3 


1.3 
1.4 


Review 


1-4 


6, 8,9 


Defs. 1.7-1.9 


num 








4-7 


13-15 
15-16 


17-19 


23-24 


24-25 


25-26 
32-33 
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Answer If You Missed Review 









Question — Section ~—_—Example(s) Page(s) 
9. The darkest region in the diagram corresponds 9 1.4 2 32-33 
tothe setAN BNC’. 
10. a. Regions 1, 2, and 5 10 1.4 2 32-33 
b. Regions 2, 3, 4, 6, and 8 
11. (AM B) U Ccorresponds to regions 3, 4, 5, 6, 11 1.4 3 33-34 
and 7, and (A U C) 1 (B U C) corresponds to 
the same regions. This verifies the equation 
(AN B)UC=(AUC)N(BUC). 
12. (A B)' and A’ U B’ both correspond to 12 1.4 3 33-34 
regions 1, 2, 3, 4, 6, and 8. This verifies the 
equation (A M B)' = A’ UB’. 
13. Part (b) is correct. 13 1.4 5 34-35 
14. None of these 14 1.4 5 34-35 
15. a. = b. # 15 1.5 12 40-41 
16. a. 60 is SS) 16 1.5 2 41 
7s a. 5 b. 43 17 1.5 2 41 
18. B—AorBNA’' orA'NB 18 1.5 5 44 
19. a. 55 b. 30 c. 45 19 1.5 3,4 42-44 
20. a. 47 b. 12 c. 26 d. 3 e. 10 20 eS 3,4 42-44 
21. The following correspondence shows that the 21 1.6 1 50 
two sets have the same cardinal number: 
1 3 a eal 
toad t 
2 4 she 2n 
22. The following correspondence shows that the 22 1.6 2 50 
two sets are equivalent: 
1 We o8e n 
at y 
4 Ce (2n)? 
232) 23 1.6 3 51 
24. X) 24 1.6 3 51 
25. A one-to-one correspondence can be set up 25 1.6 3 51 
between the given set 
5, 5, iy s+syn)-..} and a subset of itself 
5,404 - +9247 --- }, So the given set is 
infinite. 
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Logic 


One of our most precious possessions is our ability to think 
and reason. Logic, the methods and principles used in distin- 
guishing correct from incorrect thinking; logical thinking; and 
correct reasoning are used in many fields—law, insurance, 
science, and mathematics, to name a few. The study of logic 
dates back to the Greek philosopher Aristotle (384-322 Bi@s): 
who systematized the principles of reasoning and laws of logic 
in his Organon. 

We start this chapter with a basic concept in logic, state- 
ments, We learn how to write statements and how to determine 
the conditions under which they are true or false. This tech- 
nique goes back to the German mathematician and logician 
Gottlob Frege (1848-1925), who first tried to rewrite the 
established body of mathematics in logical symbolism. 

To help us determine the truth or falsity of more complex 
statements, we develop a problem-solving tool called a truth 
table (Section 2.2), and then turn our attention to conditional 
and biconditional statements and their variations, as well as 
the related idea of implication. How do we determine whether 
an argument is valid (Section 2.6)? We do this by using truth 
tables and the Euler diagrams of Section 2.5. We end the chap- 
ter with an important application of logic: switching circuits, 
or logic gates. All modern computers use Boolean logic, a sys- 
tem of logic devised by George Boole, the author of The 
Mathematical Analysis of Logic. 


eorge Boole was born in Lincoln, England, on November 2, 1815. As a boy, thinking 
that a knowledge of Latin and Greek was the key to upper-class society, he taught 
himself both languages. 


For links to various Internet sites related to topics and sections throughout Chapter 2, 
please access the Bello, Topics in Contemporary Mathematics, Web site at 
http://college.hmco.com/mathematics 
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By age 16, Boole was educated enough to become an assistant teacher in an 
elementary school. Low wages forced him to lead a meager existence until, at age 20, 
he opened his own elementary school. 

Boole had received early instruction in the rudiments of mathematics from his father. 
As a teacher, Boole became deeply interested in learning more mathematics, which he 
again did on his own. He even made his first original contribution to the subject with no aid 
from others. 

Now his self-training in Latin and Greek proved its value. He sent a paper to the 
influential Scottish mathematician D. F. Gregory, who was so impressed with the style and 
content that he had the paper published. With Gregory’s friendship, Boole was assured of 
the publication of his future work. 

During the next few years, Boole became a friend of Augustus De Morgan, a 
mathematician and a great logician. Influenced by De Morgan, Boole published a 
pamphlet, The Mathematical Analysis of Logic, in 1848. At age 34, Boole was appointed 
Professor of Mathematics at Queen's College in Cork, Ireland. 

Then in 1854 at age 39, he published his masterpiece, An Investigation of the Laws of 
Thought, on Which Are Founded the Mathematical Theories of Logic and Probabilities. 

In 1855, Boole married Mary Everest, niece of Sir George Everest, a professor of Greek 
at Queen's Coliege and the individual for whom Mount Everest is named. With her, he 
lived a happy few years, honored and growing in fame. He died of pneumonia in 
December 1864. 








George Boole 
(1815-1864) 


Others before Boole, 
notably Leibniz and De 
Morgan, had dreamed 


of adding logic to the 
domain of algebra; 
Boole did it. 

—E. T. Bell 


Looking Ahead: Boole’s work on logic and thought was instrumental in establishing modern symbolic logic, which 
is the focus of this chapter. He was primarily responsible for bringing the study of formal logic from the field of 


philosophy into that of mathematics. 


GETTING STARTED Making a Statement 
yt. Consider the following statements: 


Lessee shall not paint, paper, or otherwise redecorate or make alterations 
to the premises without the prior written consent of Lessor. 

Checking “Yes” will not change your tax or reduce your refund. 

Make sure your application is signed on page 3 and in the appropriate 


place on page 4. 


Can you guess where these statements come from? Do you understand what they 
mean? In this section you study statements, that is, sentences that can be classi- 
fied as true or false. The statements above were constructed using conjunctions, 
disjunctions, and negations. You will study these types of statements and see 
how to write them in symbols in Exercise 2.1, problems 9-16. 

Now look at the excerpt from a menu given at the top of page 63. 





To explore the meaning, forms, 
and faulty reasoning associated 


with syllogisms, access link 
2.1.1 at the Bello Web site. 
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d teak Breakfast 


ggs. ‘(any style), Country Fried Steak and Gravy, Grits or 
. s, foast or Biscuits, and Fruit ay ee $4.99 






Can you get Eggs, Country Fried Steak and Gravy, Grits and Breakfast Potatoes, 
and Toast and Biscuit and Jelly? Not unless you pay extra! When translating 
statements containing commas into symbolic form, the commas indicate which 
simple statements are grouped together. Thus, using the symbols /\ for and, and 
\/ for or, your breakfast menu can be translated as 


CANS <a) /\(8 V py EN b)/\4 


You will learn how to translate sentences into symbols and vice versa in Exercise 
2.1, problems 9-16. oe 


The word logic is derived from the Greek word Jogos, which can be interpreted 
as “reason” or “discourse.” The principles discovered by the Greeks were first 
systematized by Aristotle (ca. 384-322 B.c.), and Aristotle’s type of reasoning 
constitutes the traditional logic that has been studied and taught from his time to 
the present day. A simple illustration of Aristotelian logic goes as follows: 


All men are mortal. 
Socrates was a man. 
Therefore, Socrates was mortal. 


This is a typical argument that is known as a syllogism. 

Whether we are trying to solve a problem, taking part in a debate, or work- 
ing a crossword puzzle, we are engaging in a mental activity called “logical rea- 
soning.” This reasoning is usually expressed in declarative sentences, and it is to 
the study of these sentences that we now turn our attention. 


Recognizing Statements 


In this and the following sections, we shall be concerned with a certain type of 
declarative sentence called a statement and the manner in which we can combine 
such sentences and arrive at valid conclusions. 







In o a ae isa es sentence that can be classified as 
alse but not both simultaneously. 


This capability of being classified as true or false makes statements different 
from questions, commands, or exclamations. Questions can be asked, commands 
given, and exclamations shouted, but only statements can be classified as true or 
false. The sentences in Example | are illustrations of statements. 


(Remember to bookmark the Bello book-specific Web site.) ] Info| ¢ | 
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EXAMPLE 1 


EXAMPLE 2 


a 


www: 


To learn more about paradoxes 
involving “‘self-references,” 
access link 2.1.2 at the Bello 
Web site. 


| Info | # }f http://college.hmco.com/mathematics 





(a) Boston is the capital of Massachusetts. 

(b) The number 2 is even and less than 20. 

(c) There are 5 trillion grains of sand in Florida. 

(d) Either you study daily or you get an F in this course. 

(e) If 2 is even, then 2 + 2 is even. 


Note that the truth or falsity of the first statement in Example | can be deter- 
mined by a direct check. The third statement is also true or false, even though 
there are no immediate or practical methods to determine its truth or falsity. 

In contrast to the statements in Example 1, the following are illustrations of 
nonstatements: 


(a) What time is it? 

(b) Dagwood for president! 

(c) Good grief, Charlie Brown! 

(d) Close the door. 

(e) This statement is false. & 


The sentences in Example 2 are not statements. Notice that if we assume that 
sentence (e) is true, then it is false and, if we assume that it is false, then it is true. 
Hence, the sentence cannot be classified as either true or false, so it is not a state- 
ment. A self-contradictory sentence of this type is called a paradox. 


Conjunction, Disjunction, and Negation 


Having explained what is meant by a statement, we now turn our attention to var- 
ious combinations of statements. In Example 1, for instance, statements (a) and 
(c) have only one component each (that is, each says only one thing), whereas 
statement (b) is a combination of two components, namely, “2 is even” and “2 is 
less than 20.” Statements (a) and (c) are simple; statements (b), (d), and (e) are 
compound. 

As a further example, “John is 6 ft tall” is a simple statement. On the other 
hand, “John is 6 ft tall and he plays basketball” is a compound statement, 
because it is a combination of the two simple statements “John is 6 ft tall” and 
“he plays basketball.” 

There are many ways in which simple statements can be combined to form 
compound statements. Such combinations are formed by using words called 
connectives to join the statements. Two of the most common connectives are the 


words and and or. Suppose we use the letters p and g to represent statements as 
follows: 


p: Itis hot today. 
q: The air conditioner in this room is broken. 


(Remember to bookmark the Bello book-specific Web site.) 
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Then we can form the following compound sentences: 


pand q: It is hot today and the air conditioner in this room is broken. 
porg:  Itis hot today or the air conditioner in this room is broken. 


In the study of logic, the word and is symbolized by /\ and the word or by 
\/ as mentioned earlier. Thus, 


p and g is written p/\q 
porg is writen p\Vq 


Using these ideas, we make the following definitions: 


DEFINITION 2.1 If two statements are combined by the word and (or an equivalent word 
such as but), the resulting statement is called a conjunction. If the two 
statements are symbolized by p and g, respectively, then the conjunction is 
symbolized by p /\ gq. 


DEFINITION 2.2 If two statements are combined by the word or (or an equivalent word such 
as otherwise), the result is called a disjunction. If the two statements are 
symbolized by p and q, respectively, then the disjunction is symbolized by 
pV q. 


EXAMPLE 3 Symbolize the following conjunctions: 
(a) Tom is taking a math course and Mary is taking a physics course. 
(b) Ann is passing math but she is failing English. 
Solution 


(a) Let m stand for “Tom is taking a math course” and p stand for “Mary is tak- 
ing a physics course.” Then the given conjunction can be symbolized by 
m /\ p. 


(b) Let p stand for “Ann is passing math” and f stand for “she is failing English.” 
The given conjunction can then be symbolized by p /\ f. Here, the word but 
is used in place of and. a 


EXAMPLE 4 Symbolize the disjunction “We stop inflation or we increase wages.” 


Solution Letting p stand for “We stop inflation” and g stand for “we increase 
wages,” we can symbolize the disjunction by p V gq. a 


Another important construction in logic is that of negating a given statement. 


DEFINITION 2.3 The negation of a given statement is a statement that is false whenever the 
given statement is true, and true whenever the given statement is false. If 
the given statement is denoted by p, its negation is denoted by ~p. (The 
symbol ~ is called a tilde.) 
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EXAMPLE 5 


and 


The negation of a statement can always be written by prefixing it with a 
phrase such as “It is not the case that.” Sometimes, the negation can be obtained 
simply by inserting the word not in the given statement. For example, the nega- 
tion of the statement ““Today is Friday” can be written as 


“Tt is not the case that today is Friday” 
or as 
“Today is not Friday.” 


Similarly, if p stands for “It is hot today,” then ~p (read “not p”) can be written 
either as “It is not the case that it is hot today” or as “It is not hot today.” 

In the preceding illustrations, we have negated simple statements. We often 
have to consider the negation of compound statements, as in the next example. 


Let p be “the sky is blue,” and let g be “it is raining.” Translate the following 
statements into English: 


(a) ~(p/\q) (bsp ed ()—g/\p 
Solution 


(a) It is not the case that the sky is blue and it is raining. Another form of the 
negation is “The sky is not blue or it is not raining.” 


(b) The sky is not blue and it is not raining. 
(c) It is not raining and the sky is blue. fea 


The two forms of the solution to part (a) of Example 5 illustrate the fact that 
the negation of p /\ q can be written either as ~(p /\ q) or as ~p VV ~g. Thus, 





Similarly, 


~(PV q) 









because the statement “p or q’” is false when and only when p and g are both 
false. These two facts are known as De Morgan’s laws. 


means 2 





We shall prove De Morgan’s laws in Exercise 2.2, problems 45 and 46. You 
should compare the preceding two laws with De Morgan’s laws for sets 
(AB) =A" U B anda UB) AG ae. 


EXAMPLE 6 


EXAMPLE 7 


EXAMPLE 8 
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Consider the two statements 


p: Sherlock Holmes is alive. 
q: Sherlock Holmes lives in London. 


Write the following statements in symbolic form: 

(a) Sherlock Holmes is alive and he lives in London. 

(b) Hither Sherlock Holmes is alive or he lives in London. 

(c) Sherlock Holmes is neither alive nor does he live in London. 

(d) It is not the case that Sherlock Holmes is alive and he lives in London. 
Solution 


(a) p/\q (b) pV q (Cc) pK gGer @)'~(pNq) & 


Note the use of parentheses in symbolic statements to indicate which items 
are to be taken as a unit. Thus, in part (a) of Example 5 and in part (d) of Example 
6, ~(p /\ q) means the negation of the entire statement p/\q. It is important to 
distinguish ~(p /\ q) from ~p /\ q. The latter means that only statement p is 
negated. For example, if p is “John likes Mary” and gq is “Mary likes John,” then 
~(p /\ q) is “Tt is not true that John and Mary like each other.” But DL GAS 
“John does not like Mary, but Mary likes John.” 

Note in statements written in words the use of commas to indicate which 
simple statements are grouped together, as shown in the next example. This must 
be watched carefully when translating verbal statements containing commas into 
symbolic form. 


Write the following in symbolic form: 

(a) “You are a full-time student ( f) or over 21 (0), and a resident of the state (ae 
(b) “You are a full-time student, or over 21 and a resident of the state.” 
Solution 


(a) (f Vo)Ar (b) f VoAn) i 


Statements (a) and (b) do not have the same meaning! 


Let p be the statement “Tarzan likes Jane,” and let g be the statement “Jane likes 
Tarzan.” Symbolize and write the following in words: 


(a) The negation of the conjunction of p and q 
(b) The disjunction of the negations of p and g 
(c) The conjunction of the negations of p and q 


(d) What can you conclude about the statements in (a), (b), and (c) according to 
De Morgan’s laws? 


Solution 


(a) The conjunction of p and gq is p /\ q. Thus, the negation of the conjunction 
of p and q is ~(p /\ q). In words, it is not the case that Tarzan likes Jane and 
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EXAMPLE 9 





To further explore conjunctions, 
disjunctions, negations, and 
quantifiers, access link 2.1.3 at 
the Bello Web site. 





Jane likes Tarzan. That is, it is not the case that Tarzan and Jane like each 
other. 


(b) The negations of p and q are ~p and ~g, respectively. Thus, the disjunction 
of the negations of p and gis ~p \V ~q. In words, either Tarzan does not like 
Jane or Jane does not like Tarzan. 


(c) ~p /\ ~q. In words, Tarzan does not like Jane and Jane does not like Tarzan. 
That is, Tarzan and Jane do not like each other. 


(d) By De Morgan’s laws, the statements ~(p /\ gq) and ~p VV ~q in parts (a) 


and (b), respectively, have the same meaning. 3 


Statements involving the universal quantifiers—all, no, and every—or the 
existential quantifiers—some and there exists at least one—are more compli- 
cated to negate. Table 2.1 may help you. 


TABLE 2.1 


Alla’s are b’s. Some a’s are not b’s. 
No a’s are b’s. Some a’s are b’s. 





Thus, the following statements p and ~p are negations of each other, as are 
q and ~q: 


p: All homeowners participate in recycling. 
~p: Some homeowners do not participate in recycling, or “Not all 
homeowners participate in recycling.” 
q: Some of us will graduate. 
~q: None of us will graduate. 


Keep in mind that the definition of a negation (Definition 2.3) requires that the 
negation of a statement must be false whenever the statement is true, and true 
whenever the statement is false. You can check this by looking at statements qd 
and ~gq above. 


Write the negation of each of the following: 
(a) All of us like pistachio nuts. 

(b) Nobody likes freezing weather. 

(c) Some students work part-time. 


Solution 


(a) Some of us do not like pistachio nuts. An alternate form is “Not all of us like 
pistachio nuts.” 


(Remember to bookmark the Bello book-specific Web site.) 
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(b) Somebody likes freezing weather. 


(c) No student works part-time. (is! 


Note: Remember that the negation of all is some do not and the negation of some 
is none. 


Write the indicated statements in symbols. 


(a) Do you know what happens when you sign an application for a credit card? 
Here is the fine print. 


I request that a Visa account be opened (0) and cards be issued as indi- 
cated (i), and I authorize the bank to receive (r) and exchange (e) 
information and investigate (n) the references and data (d) collected 
pertinent to my creditworthiness. 


(b) Here is a tip from a Windows 95 manual. Some of the things you can use 
Control Panel for are changing your screen colors, installing or changing set- 
tings for hardware and software, and setting up or changing settings for a 
network. Write a statement that will indicate how you can use the Control 


Panel. 


Solution 


(a) OANDA(rAeA(n/Aa) 


(b) First, we have to determine how many statements are present. This can be 
done by assigning a letter to each of the statements. 


Changing your screen colors is p. 
Installing settings for hardware is g. 
Installing settings for software is r. 
Changing settings for hardware s. 
Changing settings for software tf. 
Setting up settings for a network is u. 
Changing settings for a network is v. 


The translation is p/\ (¢ Vs) \(rV)/A(uV v). Bi 


Exercise 2.1 | 


A In problems 1—8, determine whether each sen- 
tence is a statement. Classify each sentence that is a 
statement as simple or compound. If it is compound, 
give its components. 


1. Circles are dreamy. 
2. Lemons and oranges are citrus fruits. 


3. Jane is taking an English course, and she has four 
themes to write. 


NH NN & 


. Apples are citrus fruits. 
- Do you like mathematics? 
. Walk a mile. 


. Students at Ohio State University are required to 


take either a course in history or a course in eco- 
nomics. 


. Today is Sunday, and tomorrow is Monday. 
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B | In problems 9-16, write each statement in sym- 
bolic form using the indicated letters to represent the 
corresponding components. 


9. This is April (a), and income tax returns must be 
filed (f). 


10. Logic is a required subject for lawyers (r) but not 
for most engineers (~e). 


11. Dick Tracy is a detective (d) or a fictitious char- 
acter in the newspaper (/). 


12. Snoopy is not an aviator (~a), or the Sopwith 
Camel is an airplane (p). 


13. Violets are blue (b), but roses are pink (p). 


14. The stock market goes up (u); nevertheless, my 
stocks stay down (d). 


15. I will take art (a) or music (m) next term. 


16. I will not drive to New York (~d); however, I 
shall go by train (f) or by plane (p). 


In problems 17-20, let p be “Robin can type” and let g 
be “Robin takes shorthand.” Write each statement in 
symbolic form. 


17. Robin can type and take shorthand. 
18. Robin can type but does not take shorthand. 
19. Robin can neither type nor take shorthand. 


20. It is not the case that Robin can type and take 
shorthand. 


In problems 21-25, let p be “Dagwood loves Blondie” 
and let g be “Blondie loves Dagwood.” Give a verbal 
translation of each statement. 


21. pV ~q 225 (pe Vg) 
24. ~p/\~q Zoe (PNG) 


232 Pi eG 


In problems 26-31, write the negation of each sen- 
tence. 


26. It is a long time before the end of the term. 
27. Bill’s store is making a good profit. 
28. The number 10 is a round number. 


29. My dog is a spaniel. 


30. Your cat is not a Siamese. 


31. I do not like to work overtime. 


In problems 32-34, determine whether the statements 
p and q are negations of each other. 


32. p: «Sally is a very tall girl. 
: . Sally is a very short girl. 


33. p: * All squares are rectangles. 


q 
p 
gq: Some squares are not rectangles. 
P 
q 


34. All whole numbers are even. 


At least one whole number is not even. 


In problems 35-49, state the negation of each state- 
ment. 


35. All men are mortal. 
36. Some women are teachers. 
37. Some basketball players are not 6 ft tall. 


38. Some things are not what they appear to be. 


Some things are 
not what they 
appear to be. 


39. Either he is bald or he has a 10-in. forehead. 
40. Nobody does not like Sara Lee. 
41. Some circles are round. 


42. Some men earn less than $5 per hour, and some 
men earn more than $50 per hour. 


43. Somebody up there loves me. 

44. Nothing is certain but death and taxes. 
45. Everybody likes to go ona trip. 

46. No one can sue us under this coverage. 


47. All persons occupying your covered auto are 
insured. 


48. None of your contributions are deductible. 


49. Some expenses are not subject to the 2% limit. 


50. The statement “Not all people are awkward” is 


ai E 


directly transformed into the statement “Some 

people are not awkward” by which one of the fol- 

lowing logical equivalences? 

a. “If p, then g” means the same as “If not q, then 
not p.” 

b. “Allare not p” means the same as “None are Dp 

c. “Not all are p” means the same as “Some are 
not p.” 

d. “Not (not p)” means the same as as 


The chairperson of the city council told the mem- 

bers that if they declared a holiday, at least one of 

the ten banks in the city would remain open. The 

chairperson was mistaken. Which of the following 

statements (if any) is consistent with this situation? 

a. The council did not declare a holiday and all 
the banks remained closed. 

b. The council did not declare a holiday and all 
the banks remained open. 

c. The council declared a holiday and none of the 
banks remained closed. 

d. The council declared a holiday and none of the 
banks remained open. 


Write out problems 52-55 in symbolic form. 


D2. 


aoe 


54. 


Soe 


You are legally married (m) or divorced (d), and 
currently enrolled (e). 


I am a dependent person (d) and my parents are 
residents (p), or I have maintained legal residence 
in the state (7). 


“You must be a U.S. citizen (c) or an eligible 
noncitizen (n), and be enrolled as a degree- 
seeking student (e).”—Excerpt from a Pell Grant 
brochure 


“You must be a resident (r) and be ranked in the 
top 10% of your graduating class (t) or GED 
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scores (g).”—Excerpt from the Paul Douglas 
Teacher Scholarship 


ee” In Other Words 


56. 


ai 


58. 


59. 


60. 





Let p be “Today is Friday.” Let g be “Tomorrow is 
Saturday.” Write the negation of each of the fol- 
lowing in words: 

a. p/\q ey a 


Let p be “The diagram is a square.” Let g be “The 
diagram is a rectangle.” Write the negation of each 
of the following in words: 
a. p\/q b. ~p/\q 


ce. pV q 


c. ~p \V ~q 


In Example 2 we discussed the paradoxical state- 
ment “This sentence is false.” Now, take a 3-by-5 
card. On one side of the card write 


The sentence on the other side of this card is 
true. 


On the other side of the card write 


The sentence on the other side of this card is 
false. 


Is the first sentence true or false? Explain. 


On another 3-by-5 card write these three sen- 
tences: 

(1) This sentence contains five words. 

(2) This sentence contains eight words. 

(3) Exactly one sentence on this card is true. 


Which statement(s) are true, and which false? 
Consider the sentence “This sentence is true.” Is 


this sentence a statement? Explain. 


Can you think of an interactive paradox? For an 
example, access link 2.1.4 at the Bello Web site. 


1. In this section we have indicated that a statement can be true or false, but not 
both. In 1910, Charles S. Peirce developed a three-valued logic. Write a short 
paragraph describing how this three-valued logic worked and the truth tables 
that were associated with it. 


(Remember to bookmark the Bello book-specific Web site.) 
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2. Who invented logic, anyway? What is the definition of logic? How many kinds 
of logic are there? What is critical thinking? 


- 


In the Human Side of Mathematics, we mentioned that George Boole died in 


» 


England in December 1864. Recount the tragic circumstances of Boole’s death 
as described by A. Macfarlane, Lectures on Ten British Mathematicians of the 
Nineteenth Century (New York, 1916), or you can go to one of the many sites on 
the Web dealing with the history of mathematics for the information. 


= 


We have mentioned the universal quantifiers and the existential quantifiers. 


What symbols are used in logic for these quantifiers, who invented these ’ 
symbols, and where were they used first? 


a To further explore research question 2, access link 2.1.5 at the Bello Web site. 


www: 
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Tax Forms and Truth Values 


Have you ever really read the instructions for your 1040 tax form? For example, 
suppose you are interested in knowing whether a person qualifies as your 
dependent. You turn to page 10 of the instruction booklet, and it says that for 
someone to qualify as your dependent, he or she must pass five qualifying tests, 
including the following: 





You got it? Here is some more bad news. This is only one of the five tests 
required to qualify a person as a dependent. For present purposes, just consider 
when a person qualifies under this test. First, translate the statement to symbolic 
form as follows: 


UV ryV(cVm)\ (ah ~uAl) 


As you recall, a disjunction is true when any of its components is true; thus, if 
any of the statements in parentheses is true, the test is satisfied. Can you think of 
three different conditions under which the test is satisfied? How can you make 
the third statement in parentheses true? In this section, you will learn to identify 
circumstances under which compound statements are true or false. Then you do 
it in problems 17-25 of Exercise 2.2. as 


(Remember to bookmark the Bello book-specific Web site.) 





TABLE 2.2 Conjunction (/\) 


See ees 
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A. 
T 
F 
F 
F 

B. 
EXAMPLE 1 
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We regard T (for true) and F (for false) as the possible truth values of a state- 
ment. Thus, the statement “George Washington was the first president of the 
United States” has the truth value T, and the statement “The moon is made of 
green cheese” has the truth value F. 

One of the principal problems in logic is that of determining the truth value 
of a compound statement when the truth values of its components are known. In 
order to attack this problem, we must first assign appropriate truth values to such 
statements as p /\ q, p \V q, and ~p. Although the symbols /\, \V, and ~ were 
introduced in Section 2.1, they were not completely defined there. We shall com- 
plete their definitions by assigning appropriate truth values to statements involv- 
ing these symbols. 


The Conjunction 
Suppose you are offered a position in a firm that requires that 


p: An applicant must be at least 18 years of age. 


and 


q: An applicant must be a college graduate. 


To be eligible for this position, you must meet both requirements; that is, both p 
and q must be true. Thus, it seems desirable to say that for a conjunction to be 
true, both components must be true. Otherwise, the conjunction is false. 

If we have a conjunction with two components, p and q, we have four possi- 
ble pairs of truth values for these statements, namely, 


l. ptrue,qtrue 2. ptrue,qfalse 3. pfalse,gtrue 4. D false, g false 


As in the preceding example, it seems reasonable to assign the value T to the 
statement p /\ q only when both components are true. The assignment of these 
truth values can be summarized by means of a truth table, as shown in Table 
2.2. This truth table is to be regarded as the definition of the symbol /\, and it 
expresses the following fact: 


The conjunction p /\ g is true when p and gq are both true; otherwise, the 
conjunction is false. 


Recall from Section 2.1 that other English words such as but, nevertheless, 
still, however, and so on, are sometimes used in place of the connective and. 
Thus, the statement “Mary is young but not under 15” is a conjunction. On the 
other hand, the statement “Mary and Sue are sisters” is not a conjunction (unless 
they are sisters in a sorority). 


The Disjunction 


As we shall see, there are two types of disjunctions, and we shall illustrate these 
by examples. 


Let p be “T will pass this course.” 
Let g be “I will flunk this course.” 


Form the disjunction of p and q, and discuss its truth values. 


74 


2 Logic 


EXAMPLE 2 


TABLE 2.3 Disjunction (\/) 





le 
fh 
TR 
ft 


EXAMPLE 3 


Solution The statement “I will pass this course or I will flunk it” is the desired 
disjunction. This statement will be true only when exactly one of the components 
is true; it will be false otherwise. ee ti 


Consider the following two statements: 


m: Iwill study Monday. 
s: Iwill study Saturday. 


Form the disjunction of m and s, and discuss its truth values. 


Solution The statement “I will study Monday or I will study Saturday” is the 
required disjunction. It will be false only when both components are false; it will 
be true otherwise. & 


If we compare the disjunctions in Examples | and 2, it is clear that in the 
statement contained in Example 1, only one of the two possibilities can occur: I 
will either pass the course or not. However, in Example 2, I have the possibility 
of studying Monday or Saturday or both. The meaning of the second usage is 
clarified by replacing the word or by and/or. Instead of arguing which usage 
should be called the disjunction of the two statements, we shall refer to the or 
used in Example 1 as the exclusive or or the exclusive disjunction. The or used 
in Example 2 will be called the inclusive or or the inclusive disjunction and will 
be denoted by V. The truth table defining the symbol V appears in Table 2.3 and 
expresses the following important fact: 


The inclusive disjunction p V q (read “p or q’) is false only when, 
are both false; otherwise, it is true. ee 





In the remainder of this chapter it will not be necessary to use the exclusive 
disjunction. 


Negations 


Finally, we consider the negation of a statement. In the English language, a 
negation is usually formed by inserting a not into the original statement. Of 
course, this is not the only way to negate a statement. A column by Bill Gold, 
which appeared in the Washington Post, tells the story of a woman who offered 
a bus driver a $5 bill and asked for tokens. His reply? “I am sorry, lady, but there 
ain’t no bus driver got no change or no tokens, no time, nowhere, no more.” 


Let p be the statement “I will go to college.” Express the statement ~p in words, 
and discuss its truth values. 


Solution Either of the statements “I will not go to college” or “It is not the case 
that I will go to college” is the negation of the statement p and can be symbol- 
ized by ~p. Because every statement is either true or false (and not both), we see 


that ~p must be false whenever p is true, and ~p must be true whenever p is 
false. a 


TABLE 2.4 Negation (~) 





EXAMPLE 4 


EXAMPLE 5 
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Table 2.4 defines the negation symbol ~. This table expresses the following 
definition: 


pis false whenever p is true, and ~p is true whenever p is false. 


Your driver’s license will be renewed under the following conditions: You are a 
safe driver, have no physical disability, and are not addicted to drugs or intoxi- 
cants. Let s be the statement “You are a safe driver,” p be the statement “You 
have a physical disability,” and g be the statement “You are addicted to drugs or 
intoxicants.” Write a statement in symbolic form whose truth will guarantee that 
your driver’s license will be renewed. 


Solution 
SY op) ~@ ia 


In many cases, it is convenient to construct truth tables to determine the truth 
values of certain compound statements involving the symbols /\ (and), VV (or), 
and ~ (not). It is important to keep the following in mind: 


1. Aconjunction p /\ qg is true when p and g are both true and is false otherwise. 
2. Adisjunction p \/ q is false when p and g are both false and is true otherwise. 


3. If p and ~p are negations of each other, then ~p is false whenever p is true, 
and ~p is true whenever p is false. 


When filing your form 1040A you will be classified as single if any one of the 
following is true: 


You were not married (~m). 

You were legally separated under a decree of divorce (d) or of separate 
maintenance (s). 

You were widowed before January | (w) and did not remarry (~7r). 


(a) Write in symbols the conditions under which you will be classified as single. 


(b) Write the conditions under which you will be classified as not single. 


Solution 


(a) We take the disjunction of the three given statements. 
~m\V (d\/s)V wh ~nr) 


(b) We have to make the disjunction ~m V (dV s) V (w/\ ~7r) false; this means 
that each of the components must be false. 


For ~m to be false, m must be true. 

For d \ s to be false, both d must be false and s must be false. 

For (w /\ ~7r) to be false, either w has to be false or ~r must be false; that 
is, y must be true. 
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EXAMPLE 6 


TABLE 2.5 





Note: You do not have to write the 
truth values for g in the far-right col- 
umn; simply refer to column 2. 


EXAMPLE 7 


EXAMPLE 8 


TABLE 2.6 





Thus, for you to be classified as not single, you must be all of the following: 


Married (m) 

Not legally separated under a decree of divorce (~d) and not legally 
separated under a decree of separate maintenance (~S) 

Either a widower (w) or remarried (7) 


Note that the statement m /\ ~d /\ ~s /\ (~w V 71) is the negation of 
~m\/ (d\/ s) VV (w A ~n); that is, not single is the negation of single. a 


Making Truth Tables ~ 


Construct the truth table for the statement ~p V q. 
Solution 


1. We write in columns | and 2 of Table 2.5 the four possible pairs of truth val- 
ues for p and gq. 


2. Using column | as a reference, we negate statement p to get the entries in col- 
umn 3. (We simply write F in the rows where we wrote T for p, and T in the 
rows where we wrote F for p.) 


3. To finish Table 2.5, we look at column 3 (~p) and column 2 (g). We combine 
columns 3 (~p) and 2 (q) using the disjunction or, denoted by V, to get the 
truth value for ~p \/ q and write the result in column 4. We recall (see Table 
2.3) that a disjunction is false only when both its components are false; it is 
true otherwise. Thus, we write F in the second row of column 4 where both 
components, ~p and q, are false, and we write T in the other rows. This com- 
pletes Table 2.5. a 


Let p be “‘T lie,” and let g be “I would tell you.”” When will the statement “I do 
not lie or I would tell you” be false? 


Solution The statement under consideration can be symbolized as ~p V gq. 
From Table 2.5, we see that ~p \V q is false when p is true and q is false. Hence, 
the given statement is false when “J lie” and “I would not tell you.” a 


Construct the truth table for the statement ~(p /\ ~q). 


Solution As in Example 6, the plan is first to break the given statement down 
into its primitive components. The statement ~(p /\ ~q) is the negation of 
p /\ ~@, which is the conjunction of the components p and ~q. We can write the 
truth values of ~q from those of q, and p is a primitive component. Thus, we use 
Pp, q, and ~(p /\ ~q) as headings for the truth table. 

To find the truth values of ~(p /\ ~q) we must have the truth values of P»4, 
~q, and p /\ ~q, so we number the columns in that order. Table 2.6 is filled out 
in the following steps: 


1. We write the four possible pairs of truth values for p and g in columns 1 and 2. 
2. Using column 2 (q) as our reference, we negate q to get ~g (column 5); 


3. To get column 4 (p /\ ~q), we combine columns 1 (p) and 3 ( ~q), using the 
conjunction and, denoted by /\. We recall (see Table 2.2) that a conjunction 
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is true only when both its components are true and is false otherwise. Thus, 
we write T in the second row of column 4, where p and ~g@ are both true, and 
we write F in the other rows. 





Want to learn more about 4 
constructing a truth table? 

Access link 2.2.1 at the Bello 

Web site. 


. We negate the truth values in column 4 to get those of ~(p /\ ~q) in column 
5. The statement ~(p /\ ~q) has the truth values shown in column 5 of the 
table. i 


E. Equivalent Statements 


Notice that the statements given in Examples 6 and 8 have exactly the same truth 
values, TF TT; hence, the two statements must have the same meaning (say the 
same thing). 


DEFINITION 2.4 | Two statements p and q that have identical truth values are said to be 


equivalent (denoted by p = q). 
Accordingly, from Examples 6 and 8, we can write 


pV ae ~pA~9 


Problem Solving 





a 
Equivalent Statements 


Show that p/\ (qV r) = (p/\q)V (p/n). 


_ 


. Read the problem and select the 


unknown. 
Show that two statements are 
equivalent. What does this mean? 


2. Think of a plan. 


Make a truth table for each of the 


_ Statements. How many lines will 


each truth table have? 


. Use truth tables to carry out the 


plan. 

Break the statement p /\ (q \/ r) 
into components and label the 
columns accordingly. Then proceed 
as in the previous examples to 
make the truth table. 


(Remember to bookmark the Bello book-specific Web site.) 


To show that two statements are equivalent, you have to show that the statements 
have identical truth tables. 


Because there are three statements, p, g, and r, each of which has two possible 
truth values, there are 2 X 2 X 2 = 8 possible cases. Thus, the truth table must 
have 8 lines. 


The components of p /\ (q Vr) are p and (q Vr). Thus, the truth table (Table 
2.7) must have columns for p, g, r,q V r, and p /\ (q Vr). Table 2.7 is filled out 
in the same manner as the tables for the previous examples—by steps. 


1. In the first three columns, write the possible truth values for p, g, and r. 
In column 1, enter four T’s and four F'’s; in column 2, enter two T’s, 
two F’s, two T’s, and two F’’s; in column 3, enter alternately one T and 


continued 
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one F. This gives all the possible combinations of T’s and F’’s for the 
three statements. 


2. To obtain the truth values of g V r, combine columns 2 and 3 with a dis- 
junction \/, as shown in column 4. Because q \ r is false only when 
both g and r (rows 4 and 8) are false, enter F'’s in rows 4 and 8 and T’s 
in the remaining rows. 


3. To obtain the truth values of p /\ (gq Vr), combine columns 1 (p) and 
4(q\V r) witha conjunction /\. Since a conjunction is true only when 
both components are true, complete column 5 by writing 7’s in the first 
three rows and F’’s in the other rows. The given statement has the truth 
values shown in column 5 of Table 2.7. 


TABLE 2.7 





pS eo ey | 
Tae oe eee leg aer es 
Sy ees Set eS eerie 
eee at ee 
SSS SS SS ei 





Break the statement The components of (p /\ q) V (p /\ r) are (p /\ q) and (p /\ r), and these two 
(p /\q)\/ (pr) components have components p, g, and r. The truth table (Table 2.8) is filled out 
into components. in the same manner as Table 2.7; that is, do columns 4, 5, and then 6. 

TABLE 2.8 





~™MYN WANA 
TMA TN WY DA 
TU TDDB 
NU TMD DRAA 
TU TAD WY 


i 
if 
hi 
if 
F 
F 
Ii 
F 





continued 


EXAMPLE 9 
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Since the final columns of the two tables (5 and 6, respectively) are identical, the 
two statements are equivalent. 


Cover the solution, write your own, and then check your work. 





(a) Show that (~p Vg) \r@ (~pAn\/(q/n). 


(b) Let p be the statement “You recycle paper,” let g be the statement “You re- 
cycle glass,” and let r be the statement “You are an environmentalist.” If 
we know that you recycle paper, under what condition(s) will the statement 
(~p V q) /\r be true? 


Solution 


(a) To show that (~p V g) /\r @ (~p/\n) V (qn, we have to show that 
the truth tables for both statements are identical. We first construct the table 
for (~p V q) /\ r (Table 2.9). The components for this statement are p, gq, r, 
~p, and (~p V/ q), as shown in Table 2.9. The statement ~p V qis false only 
when ~p and g are both false. Thus, in column 5 we enter F’s in rows 3 and 
4 and T’s in the rest of the rows. Finally, (~p V g) /\ r is true only when 
both (~p V q) in column 5 and r in column 6 are true. Thus, in column 7 we 
enter T’s in rows 1, 5, and 7 and F’s in the rest of the rows. The final truth 
values appear in column 7. 


TABLE 2.9 





The components for (~p /\ r) V (q /\ r) are p, q, r, ~p, (~p /\ n), and 
(q /\r), as shown in Table 2.10. Thus, (~p /\ r) (column 5) is true only when 
~p and r are both true (rows 5 and 7 in column 5), and (g /\ r) (column 6) 
is true only when both q and ¢ are true (rows 1 and 5 in column 6). Finally, 
(~p /\ r) V (qr) in column 7 is false only when both (~p /\ r) and 
(q /\ r) are false (rows 2, 3, 4, 6, and 8 in column 7). The final truth values 
are in column 7. Since columns 7 in Tables 2.9 and 2.10 are identical, the 
statements are equivalent. 


(b) Since p has truth value T (first four rows), (~p V q) /\ ris true only when q 
and r are both true (row 1), that is, when the components q “You recycle 
glass” and r “You are an environmentalist” are both true. 
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TABLE 2.10 


To further explore truth tables, 
access link 2.2.2 at the Bello 
Web site. 
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Ti 
iE 
th 
IF 
E 
Ie 
ie 
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Dx In problems 1-4, let p be “Today is Friday” 
and let g be “Today is Monday.” 


1. Write in words the disjunction of the two state- 
ments. 


2. Write in words the conjunction of the two state- 
ments. 


3. Write in words the negation of statement p. 


4. Which of the statements in problems 1-3 always 
has the truth value F? 


In problems 5-7, let g be “He is a gentleman” and let 
s be “He is a scholar.” Write the following in words: 


5. The disjunction of the two statements 
6. The negation of the statement g 


7. The conjunction of the two statements 


In problems 8—10, use statements g and s of problems 
5-7 and write each statement in symbolic form. 


8. He is not either a gentleman or a scholar. 
9. He is a gentleman and a scholar. 


10. He is neither a gentleman nor a scholar. 
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11. Consider the statements p and q. 
p: Itis raining. 
q: Iwill go to the beach. 


Write the statements in parts (a) and (b) in sym- 

bolic form. 

a. It is raining but I will go to the beach. 

b. It is raining or I will go to the beach. 

c. Assume that p is true and q is false. Find the 
truth values of the statements given in parts (a) 
and (b). 


In problems 12-16, let p be “Mida is cooperative” and 
let g be “Desi is uncooperative.” Write each statement 
in symbolic form. 


12. 
13. 
14. 


Mida and Desi are both cooperative. 
Neither Desi nor Mida is uncooperative. 


It is not the case that Mida and Desi are both unco- 
operative. 


15. Either Mida is cooperative or Desi is uncoopera- 


tive. 


16. Assume that Mida is cooperative and Desi is 
uncooperative. Which of the statements in prob- 


lems 12-15 are true? 


(Remember to bookmark the Bello book-specific Web site.) 


In problems 17-21, suppose that p is true and g is 
false. Write each statement in symbolic form, and find 


its truth value. 
17. Either p or g 18. Either p or not g 
19. Neither p nor g 20. p or q, but not both 


21. Not g and not p 


In problems 22-26, consider the following statements: 
g: Igo tocollege. 
Jj: join the army. 


Suppose that g is false and j is true. Write each state- 
ment in symbolic form, and find its truth value. 


22. Either I go to college or I join the army. 
23. I go to college or I do not join the army. 
24. I neither go to college nor join the army. 
25. I go to college or I join the army, but not both. 


26. I do not go to college and I do not join the army. 


Dp In problems 27-40, construct a truth table for 
each statement. 


27. p / ~q 28. ~(p V q) 

29. ~p/\q 30. ~p V ~q 

Sl. -~(p\/ ~q) 32. Gl Paveag) 
Sop /\~q) 34. (pV gq) \~(p/q) 


35. (p/\ gq) V (~pq) 
36. (p/\ ~q) /\(~p/\q) 
Sepia r) 

39. (pV g V(r ~@) 
40. [(pAgV q@A~n] V(r ~s) 


41. Let p be “Mida is blonde,” and let g be “Mida is 6 

ft tall.” 

a. Under which conditions is the statement “Mida 
is blonde and 6 ft tall” true? 

b. Under which conditions is the statement “Mida 
is blonde and 6 ft tall” false? 

c. Under which conditions is the statement “Mida 
is blonde or 6 ft tall” true? 

d. Under which conditions is the statement ““Mida 
is blonde or 6 ft tall” false? 


38. pV (q/\n) 
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42. Let p be “Eva is a high school graduate,” and let q 
be “Eva is over 16 years old.” 

a. Under which conditions is the statement “Eva 
is neither a high school graduate nor over 16 
years old” true? 

b. Under which conditions is the statement in part 
(a) false? 

¢. Under which conditions is the statement 
“Either Eva is a high school graduate or she is 
over 16 years old” true? 

d. Under which conditions is the statement in part 
(c) false? 


GB In problems 43—46, use truth tables to show that 
the two given statements are equivalent. 


43. pV (q/\nand(pV g) A (pV n 
44. p/\(qV ryand(p/\q)V (pA n) 
45. ~(p V q) and ~p /\ ~q 
46. ~(p/\q) and ~p V ~q 


In problems 47 and 48, use truth tables to show the 
equivalence. 


47. (p\gV~peqV ~p 
48. (pV a) \(~pPV ~9) 8 (PA~@V (~pAqg 


49. a. Verify the entries in the following table: 





b. Look at the last four columns of this table. 
Each of these columns has one 7 and three F’s, 
and there is exactly one T on each line. This T 
occurs on the line where both components of 
the corresponding column heading are true. 
The headings of these last four columns are 
called basic conjunctions. By using these 
conjunctions, you can write statements hav- 
ing any given four-entry truth table. For in- 
stance, a statement with the truth table TF FT is 
(p/\q) V (~p ( ~@). Explain this. 
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c. By forming disjunctions of the basic conjunc- 
tions, you can write statements with given truth 
tables as noted in part (b). Write a statement 
having truth table FTTF. Do the same for 
FTTT. Can you write a simpler statement for 
the truth table FTTT? 


50. The ideas in problem 49 can be generalized to 
include statements with any given number of 
components. Thus, the statement p /\ ~g /\ ~r 


would have a truth table with a T on the line cor- | 


responding to p true, g false, and r false and F’s on 
the other seven lines. What: would be the truth 
table for (p /\ ~qg/\r) V (~p/\ ~q/\ ~7r)? 


51. To be eligible for a position in a banking firm, 
an applicant must be at least 25 years old (t), have 
a college degree in business administration (d), 
and be married (m). Assume that t, d, and m 
are true statements. Which of the following 
three applicants (if any) is eligible for the above 
position? 

Joe is married, has a college degree in fine arts, 
and is 26 years old. 

Mary is married, has a degree in business 
administration, and is 22 years old. 

Ellen has a degree in business administration, is 
25 years old, and is single. 


52. To qualify for a $40,000 loan, an applicant must 
have a gross income of $30,000 if single ($50,000 
combined income if married) and assets of at least 
$10,000. Which of the following three applicants 
(if any) would qualify for the loan? 

Mr. Perez is married, with two children, and 
makes $35,000 at his job. His wife does not 
work. 

Ms. Jefferson and her husband have assets of 
$50,000. One makes $22,000; the other makes 
$19,000. 

Tran Quang is a bachelor and works at two jobs. 
He makes $28,000 at one job and $5000 at the 
other; his only asset is a $7000 Toyota. 


@®"” in Other Words 


Mathematics has a specialized vocabulary. For exam- 
ple, the negation of “9 is less than 3” is “9 is not less 
than 3,” but it can also be “9 is greater than or equal 
to 3.” 


In problems 53-57 negate each statement without 
using the word not. 


53. 7 is less than 5. 54. 8 is more than 9. 


56. ; is greater than or 
equal to 1. 


55. 0 is greater than 3. 


57. + is less than or equal to i 


58. Let‘f be “I will go fishing.” Let g be “The sun is 
shining.” Write the following in words: 
a. The conjunction of fand g 
b. The negation of g 
c. The disjunction of fand g 


59. For the statements given in problem 58, write in 
words the negation of the conjunction of f and g. 
State under what circumstances this negation 
would be true. 


Ge Using Your Knowledge 


Here is an application of the material we have studied. 
The Higher Education Act states that any student is eli- 
gible to apply for a loan, provided the student fulfills 
the following requirements: 


1. Enrolled (e) and in good standing (g), or 
accepted for enrollment (a) at an eligible 
school 

2. Registered for at least one-half the normal full- 
time work load as determined by the school (A) 

3. A citizen (c) or national (n) of the United 
States, or in the United States for other than a 
temporary purpose (~f) 


60. Translate requirements 1, 2, and 3 into symbolic 
form. 


61. What is the general symbolic compound statement 
whose truth implies that the student can apply for 
a loan? 


62. A three-component statement whose truth implies 
that the student can apply for a loanisa/\h /\c. 
What are two others? 


Discovery 


Four men, Mr. Baker, Mr. Carpenter, Mr. Draper, and 
Mr. Smith, live in Logictown. One is a baker, one a 
carpenter, one a draper, and one a smith, but none 


follows the vocation corresponding to his name. A 
logician tries to find out who is who and obtains the 
following partially correct information: 


1. Mr. Baker is the smith. 
2. Mr. Carpenter is the baker. 
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four possible sets of truth values given for the 
statements in the table below.) 


3. Mr. Draper is not the smith. 
4. Mr. Smith is not the draper. 


63. If it is known that three of the four statements are 
false, who is the carpenter? (Hint: Consider the 








GETTING STARTED 
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The field of law requires the 
ability to apply logic to reasoning 
and argument. 
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On What Condition? 


Have you read your insurance policy or your income tax instructions lately? 
They contain many of the connectives we have studied and more. Here are some 
excerpts from an automobile insurance policy. 


If the final recomputed premium exceeds the premium stated on the dec- 
larations page, you must pay the excess to Allstate. 


(If you do not understand this, it may cost you money.) Here is another statement. 


If an injured person unreasonably refuses to take the examination, we are 
not required to pay any subsequent personal injury protection benefits. 


(Failure to understand this one may cost you your benefits!) 
What about income taxes? Here are excerpts from an income tax form. 


If you checked NO to any of the above questions, you may not take the 
earned income credit. 


(Here you may make a mistake on your return, resulting in an audit.) Or what 
about this one? 


If your return is more than 60 days late, the minimum penalty will be 
$100 or the amount of any tax you owe, whichever is smaller. 


Do you know what the penalty will be? 

Finally, look at a hypothetical application of conditional statements in the 
field of law. A man was being tried for participation in a robbery. Here is a par- 
tial transcript of the proceedings. 


Prosecutor: “Tf the defendant is guilty, then he had an 
accomplice.” 

Defense Attorney: “That is not true!” 

Judge: “Tn that case, I declare a mistrial. The defendant needs 


a new attorney.” 


Why? The attorney said that the statement “If the defendant is guilty (g), then he 
had an accomplice (a),” or symbolically g — a, was not true; that is, g a was 
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TABLE 2.11 
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A chiropractor’s sign makes use 


of a conditional statement. 


false. Now, look at the second row of Table 2.11. When is a conditional false? 
When the antecedent (g in this case) is true and the consequent (a in this case) 1S 
false. What does that mean in terms of the defendant? aoe 


It is sometimes necessary to specify the conditions under which a given event 
will be true. For example, one might say, “If the weather is nice, then I will go 
to the beach.” If we let p stand for “the weather is nice” and q stand for “T will 
go to the beach,” then the preceding compound statement is of the form “Tf p, 
then g.” Statements of this kind are called conditional statements and are sym- 
bolized by p — gq. (Read “if p, then q” or “p arrow q” or “p conditional g.”) In 
p — q, statement p is called the antecedent and g the consequent. 


The Conditional 


To understand the truth table for the conditional, consider the sign in the mar- 
gin. It promises “If you stop here, your pain will too.” Under which circum- 
stances is this promise broken? Only if you do stop here and your pain does not 
stop. Thus, we should write F for p > gq if p is true and gq is false; otherwise, we 
should write T. 

Table 2.11 expresses these facts. It shows that if p and gq are both true, then 
p — qis true and, if p is true and q is false, then p — q is false. In the last two 
lines of Table 2.11, p is false, so it would be incorrect to say that p > gq is false. 
Since we want a complete truth table, we have assigned the value T to p > q in 
these two lines. See problem 52, Exercise 2.3. 

Note that “All p’s are q’s” is translated as “If it is a p, then it is a g.” This idea 
will be used in Exercise 2.3, problems 35-39. 





The Biconditional 


In certain statements, the conditional is used twice; in the second conditional, the 
antecedent and the consequent of the first conditional are reversed. For example, 
the statement “If money is plentiful, then interest rates are low, and if interest 
rates are low, then money is plentiful” uses the conditional twice in this man- 
ner. It is for this reason that such statements, which can be written in the form 
(p > q)/\(q- p), are called biconditionals. The biconditional is usually sym- 
bolized by the shorter form p © q, so that, by definition, 





Table 2.12 is the truth table for the statement (p — q) /\ (q > p). It is filled 
out in the usual way. 


1. In columns 1 and 2, we write the four possible pairs of truth values for Dp 
and q. 


EXAMPLE 1 
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TABLE 2.12 





2. We combine columns 1 (p) and 2 (q) with the conditional (—) to form col- 
umn 3 (p — q). Since p — gq is false only when p is true and q is false, we 
write F in the second row and T in the other rows. 


3. We combine columns 2 (q) and 1 (p)—in that order—with the conditional 
(—) to form column 4 (q — p). Because q > p is false only when q is true 
and p is false, we write F in the third row and T in the other rows. 


4. We combine columns 3 (p > q) and 4 (q > Pp) with the conjunction (/\) to 
form column 5 [(p > q) /\ (gq > p)]. Since the conjunction is true only when 
both components are true, we write T in the first and fourth rows and F in the 
other two rows. This completes Table 2.12. 


Table 2.12 shows the following: 


The biconditional P <> qis true when and only when p and g have the same 
truth values; it is false otherwise. 


Give the truth value of each of the following, assuming that the week starts on 
Sunday: 


(a) If Tuesday is the last day of the week, then the next day is Sunday. 
(b) If Tuesday is the third day of the week, then the next day is Sunday. 


(c) If Tuesday is the third day of the week, then Wednesday is the fourth day of 
the week. 


(d) If Tuesday is the last day of the week, then the next day is Wednesday. 


Solution All these statements are of the form p — q, where p is the antecedent 
and gq is the consequent. (Recall that the antecedent is the “if” part, and the con- 
sequent is the “then” part.) 


(a) Because p is false, the statement p — gq is true. 

(b) Because p is true and q is false, the statement p — g is false. 
(c) Because p and g are both true, the statement p — g is true. 
(d) Because p is false, the statement p — gq is true. 


[Note the results in (a) and (d). The moral is that if you start off with a false 
assumption, then you can prove anything! | a 
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TABLE 2.13 
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EXAMPLE 2 


EXAMPLE 3 


EXAMPLE 4 
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TABLE 2.14 


Sess 





Is the statement (3 + 5 = 35) <9 (2 + 7 = 10) true or false? 


Solution This statement is of the form p © q, where p is “3 + 5 = 35” and q is 
“7 +7 = 10.” Since the biconditional p © q is true when p and g have the same 
truth value, and p and q in this example are both false, the given biconditional 
statement is true. a 


Let p be “x is a fruit,” and let g be “x is ripe.” Under what conditions is the state- 
ment p —> gq false? : 


Solution The statement p —> gq is a conditional statement, and thus is false only 
when p is true and q is false; hence, the given statement is false if x is a fruit that 
is not ripe. a 


Show that the statements p > g and ~p V q are equivalent; that is, show that 
(p> q) © (~p V q). Use the equivalence to write the statement “If you are 
under 18, then you must register” as a disjunction. 


Solution To show that two statements are equivalent, we must show that they 
have identical truth tables. The statement p — q is false only when p is true and 
q is false (see Table 2.13). 

To make a truth table for ~p \/ g (see Table 2.14), we write the components 
P, q, ~p, and ~p \/ q as shown. We negate statement p by writing truth values 
in column 3 opposite to those shown in column 1. 

The statement ~p V q, shown in column 4, is false only when both compo- 
nents, ~p and q, are false (row 2); otherwise it is true. Since the final results 
TFTT are identical, the statements are equivalent; that is, (p > q) = (~p V q). 

Now, let p be the statement “You are under 18” and q be the statement “You 
must register.” Since (p > q) & (~p V q), the statement “If you are under 18, 
then you must register” can be written as the disjunction “You are not under 18 
or you must register.” a 


The equivalence in Example 4, 





is of great importance, because it allows us to handle a conditional statement in 
terms of the logical symbols for negation and disjunction. This equivalence will 
be used in several of the problems in Exercise 2.3 and later in this chapter. Note 
that since 





— (p3aeCP 


the negation of p — q is equivalent to the negation of ~p \ q; that is, the nega- 
tion of a conditional statement can be written 





EXAMPLE 5 
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See problem 40 in Exercise 2.3 for the simplification of the right-hand side of 
this equivalence. 

Sometimes, conditional statements are implicit, as shown in the excerpt of a 
brochure dealing with stress given in Example 5. 


Frustration mounts (f) when equipment (e) or materials (m) necessary to do an 
assigned task are insufficient, work schedules are overly demanding (0), the 
workload too great (w), or work demands regularly spill over into time reserved 
for personal life (s). 





To further explore conditionals, 
access link 2.3.1 at the Bello 
Web site. 


1. Show that the statement ~g — ~p is equivalent 
to p > q. 


In problems 2 and 3, use truth tables to show the equiv- 
alences. 


2.p>~qe~(p/@) 
3. ~proqepvg 


In problems 4-7, find the truth value of each statement. 
4. If2 + 2 = 22, then 22 = 4. 
5. If 2 + 2 = 4, then 8 = S. 
6. If 2 + 2 = 22, then8 = 4+ 4. 
7. If2 + 2 = 22, then 4 = 26. 


In problems 8-11, find all the number replacements 
for x that make each sentence true. 


8. If2 + 2 = 4, thenx — 2 =S. 
Oo 2 = 22, then x: = 2.=)5. 
10. fx + 2 =6, then 3 + 2 = 5. 
11. Ifx + 2 = 6, then 2 + 2 = 32. 


(Remember to bookmark the Bello book-specific Web site.) 


Use the indicated letters to represent the corresponding components and 
write the statement in symbolic form. 


Solution Note that in this case, the conclusion reached is (f). We translate the 
statement as [(e Vm) V 0 \V w\/ s] > f. (We hope that frustration did not mount 
when doing this problem!) | 


12. Let p be “I kiss you once,” and let g be “I kiss you 
again.” Under which condition is the statement 
p— q false? 


13. Under which condition is the statement “If you’ ve 
got the time, we’ve got the beer” false? 


In problems 14-16, construct a truth table for each 
statement. Note the importance of the parentheses and 
the brackets to indicate the order in which items are 


grouped. 
14. [((p>qg>plo>q_ 15. (po ge(pVn 


16. (p> Qge(p> ~@q) 


Ct In problems 17 and 18, construct a truth table for 
each statement. 


17. p> (q/\r) 18. (p> qg)/\(p> vn) 
19. Are the statements in problems 17 and 18 equiva- 
lent? 


In problems 20-25, let p be “I will buy it” and let g be 
“Tt is a poodie.” Translate each statement into sym- 
bolic form. 


20. If it is a poodle, then I will buy it. 
21. If I will buy it, then it is a poodle. 


| Info | = j} http://college.hmco.com/mathematics 
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22. It is a poodle if and only if I will buy it. 
23. If it is not a poodle, then I will not buy it. 
24. If I will not buy it, then it is not a poodle. 


25. If it is a poodle, then I will not buy it. 


” 


In problems 26-28, let ~s be “You are out of Schlitz 
and let ~b be “You are out of beer.” Translate each 
statement into symbolic form. 


26. If you are out of Schlitz, you are out of beer. 
27. If you are out of beer, you are out of Schlitz. 


28. Having beer is equivalent to having Schlitz. 


In problems 29-31, write each statement in symbolic 
form using ~ and \V. Also write the corresponding 
statements in words. (Hint: p — q is equivalent to 


~p\ q.) 


29. If the temperature is above 80° (a), then I will go 
to the beach (b). 


30. If Mida is home by 5 (A), then dinner will be ready 
by 6 (7). 


31. If Eva has a day off (a), then she will go to the 
beach (g). 


In Example 4 it was shown that p — q is equivalent to 
~p \ q. In problems 32-34, use this equivalence to 
write each statement as a disjunction. 


32. If you work, you have to pay taxes. 
33. If you’ve got the time, we’ ve got the beer. 


34. If you find a better one, then you buy it. 


The statement “All even numbers are divisible by 2” 
can be translated as “If it is an even number, then it is 
divisible by 2.” In general, the statement “All 
are ” can be translated as “If it is a , then 
itis a .” In problems 35-39, use this idea to 
write each statement in the if-then form. 














35. All dogs are mammals. 
36. All cats are felines. 
37. All men are created equal. 


38. All prime numbers greater than 2 are odd numbers. 


39. All rectangles whose diagonals are perpendicular 
to each other are squares. 


40. Because p > gq is equivalent to ~p V gq (see 
Example 4), the negation of p — q should be 
equivalent to the negation of ~p VV q. Show that 
the negation of ~p V q is p /\ ~q; that is, show 
that ~(~p V q) is equivalent to p /\ ~q. 


41. From problem 40 it is clear that the negation of 
Pp — q is equivalent to p /\ ~gq. Verify this by 
means of a truth table. 


Problem 41 verified that the negation of p > q is 
p /\ ~q. This means that to negate an “if , then 
” statement, we simply assert the if clause and 
deny the then clause. For instance, the negation of the 
statement “If you are out of Schlitz, you are out of 
beer” is the statement “You are out of Schlitz, but you 
are not out of beer.” In problems 42-47, write in 
words the negation of each statement. 








42. If you earn a lot of money, then you pay heavy 
taxes. 


43. If Johnny does not play quarterback, then his team 
loses. 


44. If Alice passes the test, then she gets the job. 
45. If I kiss you once, I kiss you again. 

46. If Saturday is a hot day, I will go to the beach. 
47. Evel Knievel will lose his life if he is careless. 


48. From problem 41 you can see that p /\ ~q has 
truth values FTFF. If you know that p /\ ~q is the 
negation of p — q, how can you define the truth 
table for p > q? 


In problems 49-51, write each statement in the if-then 
form. 


49. Johnny does not play quarterback, or his team 
wins. 


50. Alice fails the test or she gets the job. 


51. Joe had an accident or he would be able to get car 
insurance. 


52. In defining p — g, it is easy to agree that if pis true 
and q is true, then p — gq is true; also, if p is true 
and q is false, then p — q is false. Assuming that 
the entries in the first two rows in the following 


SNe 


54. 


55. 


56. 


table are TF, respectively, we have four possible 
definitions for p — q, as listed in the table. 


F = a 


Gir 





a. Show that if we use definition 1, then p > g 
and p /\ q have the same truth table. 

b. Show that if we use definition 2, then p > g 
and p <> q have the same truth table. 

c. Show that if we use definition 3, then p > g 
and q have the same truth table. 


Thus, the table shows that if we wish p — gq to be 
different from p /\ g, p © q, and q, then we must 
use definition 4. 


A mother promises her child “If you eat the 
spinach and the liver, then you may go out to 
play.” The child eats only the spinach, but the 
mother lets him go out to play. Has she broken her 
original promise? 


Now suppose the mother in problem 53 says “If 
you do not eat the spinach and liver, then you may 
not go out to play.” If the child then eats only the 
spinach and the mother lets him go out to play, has 
she broken her promise? 


Which of the following statements is logically 

equivalent to “If Mary is in Tampa, then she is in 

Florida’? 

a. Mary is in Florida, or she is in Tampa. 

b. If Mary is not in Tampa, then she is not in 
Florida. 

c. If Mary is in Florida, then she is in Tampa. 

d. If Mary is not in Florida, then she is not in 
Tampa. 


Which of the following statements is logically 

equivalent to “If you want to buy organic food, 

you have to let your grocer know”? 

a. You want to buy organic food, or you let your 
grocer know. 

b. If you do not let your grocer know, then you do 
not want to buy organic food. 
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c. If you let your grocer know, then you want to 
buy organic food. 

d. If you do not want to buy organic food, then 
you do not let your grocer know. 


57. Which statement is the logical negation of “If you 

studied hard, you passed the course”? 

a. If you didn’t study hard, you didn’t pass the 
course. 

b. If you didn’t pass the course, you didn’t study 
hard. 

c. You didn’t study hard, but you passed the 
course. 

d. You studied hard, and you did not pass the 
course. 


58. Which statement is the logical negation of “If it 
rains, we will not go to the beach”? 
a. If it doesn’t rain, then we will go to the beach. 
b. It is raining, and we do not go to the beach. 
c. If we go to the beach, then it will not rain. 
d. It is raining, and we will go to the beach. 


@®™" In Other Words 


59. Assume that the chiropractor’s advertisement “If 
you stop here, your pain will too,” found on page 
84, is a true statement. Does it follow logically 
that if you do not stop, your pain will not stop 
either? Explain. 


60. Here is an excerpt from an automobile insurance 
policy. “If the loss is $50 or less, we will not make 
any payment.” A policyholder suffers a $75 loss. 
What are the insurance company’s options? 
Explain. 


61. A sophomore college student reads the following 
statement: “If you are entering college for the first 
time, you are required to take the placement 
examination.” Does the student have to take the 
placement examination? Explain. 


Ga Using Your Knowledge 


A certain credit union issues the following memoran- 
dum with its monthly statement of account: “Please 
carefully examine the enclosed memorandum. Report 
all differences to the Auditing Division. If no differ- 
ences are reported in 10 days, we shall understand that 
the balance is correct as shown.” 
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Let d be “A difference is found.” 

Let r be “A report is made in 10 days.” 

Let a be “The credit union makes the 
adjustment.” 


62. Write in symbols “If a difference is found, then a 
report is made in 10 days.” 


63. Write in symbols “If a report is made in 10 days, 
the credit union makes the adjustment.” 


64. Write in symbols “If a difference is found, thena - 


report is made in 10 days and the credit union 
makes the adjustment.” 


65. Does the statement in problem 64 indicate that the 
credit union will make no adjustment if a late 
report of differences is made? 


Discovery 


A logician is captured by a tribe of savages, whose chief 
makes the following offer: “One of these two roads 
leads to certain death and the other to freedom. You may 
select either road after asking any one question of one of 
these two warriors. I must warn you, however, that one 
of them is always truthful and the other always lies.” 

Let p be “The first road leads to freedom.” 

Let q be “You are telling the truth.” 


66. What should the question be? (Hint: Construct a 
question so that if p is true, the answer is “Yes” 
and, if p is false, the answer is “No.” Complete the 
table below, and then refer to problem 49, 
Exercise 2.2, to find the desired question.) 





Exercises 67—69 are taken from the Web. They 
are attributed to Raymond Smullyan, a well- 
known mathematician and logician and Oscar 
Ewing Professor Emeritus of Philosophy at 
Indiana University and Professor Emeritus of 





68. 


69. 


the City University of New York—Lehman 
College and Graduate Center. To read them and 
explore their solutions, access link 2.3.2 at the 
Bello Web site. For more puzzles (some dealing 
with logic, some not), access link 2.3.3. 


Three logicians, A, B, and C, are wearing hats, 
which they know are either black or white, but not 
all three are white. A can see the hats of B and C, 
B can see the hats of A and C, and C is blind. They 
are asked in turn if they know the color of their 
own hat. The answers are A, no; B, no; and C, yes. 
What color is C’s hat and how does she know? 


Two men stand at a fork in the road. One fork 
leads to Someplaceorother; the other fork leads to 
Nowheresville. One of these people always 
answers the truth to any yes/no question that is 
asked of him. The other always lies when asked 
any yes/no question. By asking one yes/no ques- 
tion, can you determine the road to Some- 
placeorother? 


While three logicians were sleeping under a tree, 
a malicious child painted their heads red. On wak- 
ing, each logician spies the child’s handiwork as it 
applied to the heads of the other two. Naturally 
they start laughing. Suddenly one falls silent. 
Why? 


aa Collaborative Learning 


Go to your library, Post Office, IRS office, or link 2.3.4 
at the Bello Web site and get form 1040EZ. Here is a 
statement appearing at the top of page 2. 


Use this form (u) if you had only wages (w), 
salaries (s), tips (¢), taxable scholarships (ts) or 
fellowship grants (g), unemployment compen- 
sations (c), or Alaska Permanent Fund divi- 
dends (d), and your taxable interest income 
was not over $400 (~o). 


. Write this statement in symbols. 


Ask the members of the group if they qualify to use 
the 1040EZ form and discuss why or why not. 


. If your taxable interest income was $400, can you 


use form 1040EZ? Discuss why or why not. 


ttp://college.hmco.com/mathematics | Seagh | (Remember to bookmark the Bello book-specific Web site.) 





~ 


4. Suppose a person in the group received a 1099 form 
indicating that the person earned some miscella- 
neous income. Can that person use the 1040EZ 
form? Discuss why or why not. 


5. The form has the following warning: 


Remember, you must report all wages, sal- 
aries, and tips even if you do not get a W-2 
form from your employer. 


Let r be the statement “You must report all wages, 
salaries, and tips” and let w be “You get a W-2 form 
from your employer.” If a tautology is defined as a 
statement that is always true, and a contradiction as a 
statement that is always false, according to the warn- 
ing, which statement does the IRS want you to believe 
is a tautology and which statement a contradiction? 
Give reasons for your decision. 
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PA Skill Checker 


The Skill Checker exercises sometimes appear at the 
end of exercise sets and help you maintain previously 
studied skills that you may need in the next section. 

The Using Your Knowledge section in part 2.4 
shows a relationship between logic and sets. To under- 
stand this relationship better, complete the truth table 
below. 





lee ae 
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GETTING STARTED 
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This lawyer's sign wisely empha- 
sizes winning, not paying. 


Conditional Statements in Advertising 


Can lawyers advertise in your state? Suppose that you are a lawyer and you want 
to subtly convey the message that you are a contingency lawyer; that is, you get 
paid a certain percentage of the money awarded in the cases you win. How 
would you word your message? You could say either of the following: 


1. I win if you pay. 
2. Pay only if I win. 


Do the messages give you the impression that if you have enough money, you 
can buy the wins? Here are two other wordings. 


3. Paying is sufficient for winning. 
4. Winning is a necessary condition for paying. 


These two statements still place a lot of importance on paying. Probably the best 
message is the one in the photo. 


5. If I do not win, you do not pay. 


Here the emphasis is on winning rather than paying. Do you realize that the five 
statements are equivalent? You will see why in this section when the different 
forms in which a conditional statement can be expressed are discussed. ze 


In the preceding part, we observed that equivalent statements have identical truth 
tables and can be considered different forms of the same statement. In this part, 
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EXAMPLE 1 


we shall be concerned with some of the different forms in which the conditional 
statement p — q can be expressed. 


‘ 
» 


Converse, Inverse, and Contrapositive 


The conditional differs from conjunctions, disjunctions, and biconditionals in 
that the two components may not be interchanged to give an equivalent state- 
ment. Thus, p Vg@qV pandp/Ag@q/\p, butp>q is not equivalent to 
q — p.* If we attempt to discover a statement that is equivalent to p > q (that is, 
that has an identical truth table) and involves p and q and the conditional, or ~p 
and ~gq and the conditional, we find the following possibilities: 





Table 2.15 shows the truth tables for these statements. Notice that p — q is 
equivalent to its contrapositive, ~g — ~p (because they have identical truth 
tables). 


TABLE 2.15 





The contrapositive of a statement is used in proving theorems for which a 
direct proof is difficult but the proof of the contrapositive is easy. Thus, to prove 
that “If n2 is odd, then n is odd,” we can prove the contrapositive “If n is not odd, 
then n2 is not odd.” That is, “If n is even, then n? is even.” 


Write in words the contrapositive of the statement “If n is an even integer, then 
n is an even integer.” 


Solution The given statement is of the form p > gq, where p is “n is an even inte- 
ger” and q is “n? is an even integer.” The contrapositive is ~g  ~p, which 
translates into “If n? is not an even integer, then n is not an even integer.” Ml 


The contrapositive is also helpful in giving a different perspective to state- 
ments containing negatives. For example, the contrapositive of the statement “If 
you were not at the party, then you were not invited” is “If you were invited, then 
you were at the party.” The contrapositive says that everyone that was invited 
was at the party. This may not be clear from the original statement. 


*Recall that p and q are equivalent (denoted by p © q) if p and qg have identical truth tables. 


TABLE 2.16 


EXAMPLE 2 


pis sufficient 


for g; q 1s 
necessary for 
P; p only if g; 
qifp 





EXAMPLE 3 
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Let s be “You study every day,” and let p be “You pass the course.” Write the fol- 
lowing in symbols and in words: 


(a) The conditional “If s, then p” (b) The converse of s > p 
(c) The inverse of s > p (d) The contrapositive of s > p 
Solution 


(a) The conditional “If s, then p” is symbolized by s ~ p. In words, “If you study 
every day, then you pass the course.” 


(b) The converse of s — p is p > s. In words, “If you pass the course, then you 
study every day.” 


(c) The inverse of s > p is ~s > ~p. In words, “If you do not study every day, 
then you do not pass the course.” 


(d) The contrapositive of s > p is ~p > ~s. In words, “If you do not pass the 
course, then you do not study every day.” 


Conditional Equivalents 


Frequently in mathematics, the words necessary and sufficient are used in con- 
ditional statements. To say that p is sufficient for g means that when p happens 
(is true), q will also happen (will also be true). Hence, “p is sufficient for q’ 1s 
equivalent to “Tf p, then g.” 

Similarly, the sentence “g is necessary for p” means that if g does not hap- 
pen, neither will p. That is, ~g + ~p. The statement ~g > ~ p is equivalent to 
P — q, 8o the sentence “gq is necessary for p” is equivalent to “If p, then g.” 

Finally, “p only if q” also means that if g does not happen, neither will p; that 
is, ~q — ~p. The statement ~q — ~p is equivalent to p — gq, so the sentence 
“p only if g” is equivalent to p — g. The equivalences discussed, together with 
the variation “g if p,” are summarized in Table 2.16. To aid you in understand- 
ing this table, notice that in the statement p — gq, p is the sufficient condition (the 
antecedent) and gq is the necessary condition (the consequent). 

From Table 2.16, you can see that the statements 


p is necessary and sufficient for g 
q is necessary and sufficient for p 
q if and only if p 


are all equivalent to the statement “p if and only if g” and can be symbolized by 
pq. 


Let s be “You study regularly,” and let p be “You pass this course.” Translate the 
following statements into symbolic form: 


(a) You pass this course only if you study regularly. 
(b) Studying regularly is a sufficient condition for passing this course. 
(c) To pass this course, it is necessary that you study regularly. 


(d) Studying regularly is a necessary and sufficient condition for passing this 
course. 
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DEFINITION 2.5 


EXAMPLE 4 





If E 
Tei i 
TABLE 2.18 





DEFINITION 2.6 


EXAMPLE 5 


(e) You do not pass this course unless you study regularly. (Hint: a unless b 
means ~b > a.) 


Solution 

(a) ps5 

(b) Because s, studying regularly, is the sufficient condition, write s — p. 

(c) Since s is the necessary condition, write p > Ss. 

(d) pOsorsap e 

(e) “You do not pass this course unless you study regularly” can be written as 


~p unless s, which means ~s > ~p. i 


In Definition 2.4, two statements p and g were defined to be equivalent (sym- 
bolized by p © q) if they had identical truth tables. An alternative definition 
states that p is equivalent to g (p © q) if the biconditional p © gq is always true. 
(Can you see why these definitions are the same?) 


Tautologies and Contradictions 





Show the following by means of a truth table: 
(a) The statement p V =D is a tautology. 

(b) The statement p /\ ~p is a contradiction. 
Solution 


(a) Table 2.17 gives the truth table for p \V ~p. Note that in every possible case, 
p \/ ~p is true; therefore, the statement p \V ~p is a tautology. 


(b) Table 2.18 gives the truth table for p /\ ~p. Note that in every possible case, 
p /\ ~pis false; therefore, p /\ ~p is a contradiction (always false). Si 


It is easy to restate the definition of equivalence in terms of a tautology. 





Show that the biconditional ~(p /\ g)  (~p V ~q) is a tautology. 


Solution Do this by showing that ~( p /\q) and ~p \/ ~q have the same truth 
table. 


DEFINITION 2.7 


EXAMPLE 6 
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First, do the truth table for ~(p /\ q). The statement (p /\ q) is true when both 
p and q are true (row 1, Table 2.19), and false otherwise. Thus, in column 1 the 
first row is true; all other rows are false. To negate (p /\ q), write the opposite 
values of those shown in column 1 in column 2, the truth table of (pi) \ g)..bO 
get the truth table for ~p V ~g, start by negating p and then negate g, as shown 
in columns 3 and 4, respectively. Then use the results of columns 3 and 4 as 
guides to complete column 5. Remember that ~p \/ ~¢q is false only when both 
components ~p and ~q are false. This occurs in row | only, so in column 5 enter 
F for the first row and T’s for the rest of the rows. Since columns 2 and 5 are 
identical and the biconditional is true when both statements have the same truth 
values, ~(p /\ q) © (~p V ~@) is a tautology. 


TABLE 2.19 





Implications 


Another relationship between statements that is used a great deal by logicians 
and mathematicians is that of implication. 





Implication 


The tatement p is said to imply the statement g (symboli 
_ and only if the conditional p > qisatautology, 


Show that [(p > gq) /\p] > gq. 


Solution First method. By Definition 2.7, Implication, we must show that 
\(p > g)/\p] > @isa tautology. A conditional is true whenever the antecedent 
is false, so we need to check only the cases in which the antecedent is true. Thus, 
if (p — q) /\ pis true, then p — q is true and p is true. But if p is true, then g is 
also true (why?), so both sides of the conditional are true. This shows that the 
conditional is a tautology, and thus, (p — q) /\ p implies gq. 


Second method. A different procedure, which some people prefer, uses truth 
tables to show an implication. In order to show that a => b, we need to show that 
a — bisa tautology. But this means only that the truth tables for a and b (in this 
order) must not have a row with the values 7F (in the same order), because this 
is the only case in which a —> bis false. Thus, we may simply examine Table 2.20 
for (p > q) /\ p and gq to show the implication. Notice that in columns 2 and 3 
of Table 2.20 there is no row with 7F (in this order). Thus, [(p > q) /\p] > g. 
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TABLE 2.20 





We can convince ourselves of this fact by making a truth table for the statement 
[(p > q) /\p] > gq. The result is a tautology (all true). Pa 


1. 


Write in words the contrapositive of the statement 
“If n is not an even number, then 7 is not divisible 
by27 


. Let p be “You brush your teeth with Clean,” and 


let g be “You have no cavities.” Write the con- 
verse, contrapositive, and inverse of the statement 
p — q, “Tf you brush your teeth with Clean, then 
you have no cavities.” 


In problems 3-5, let p and q be defined as in prob- 


lem 2. Translate each statement into symbolic form. 


S: 


4, 


Se 


You have no cavities only if you brush your teeth 
with Clean. 


Having no cavities is a sufficient condition for 
brushing your teeth with Clean. 


To have no cavities, it is necessary that you brush 
your teeth with Clean. 


In problems 6-14, write each statement in if-then 
form. 


6. 
is 


If I kissed you once, I will kiss you again. 


To be a mathematics major, it is necessary to take 
calculus. 


. A good argument is necessary to convince Eva. 


10. 
11. 


12. 


13. 
14. 
1s: 


. A two-thirds vote is sufficient for a measure to 


carry. 
To have rain, it is necessary to have clouds. 


A necessary condition for a stable economy is that 
we have low unemployment. 


A sufficient condition for joining a women’s club 
is being a woman. 


Birds of a feather flock together. 
All dogs are canines. 


Use a truth table to show that, in general, the con- 
verse and the inverse of the statement p — gq are 
equivalent (have identical truth tables). 


In problems 16-18, let p be “I will pass this course” 
and let s be “I will study daily.” Write each statement 
in symbolic form. 


16. 


LZ: 


18. 
19. 


Studying daily is necessary for my passing this 
course. 


A necessary and sufficient condition for my pass- 
ing this course is studying daily. 


I will pass this course if and only if I study daily. 


Write the converse, inverse, and contrapositive of 
each of the following statements: 


a. If you do not eat your spinach, you will not be 
strong. 


b. If you eat your spinach, you will be strong. 
c. You will be strong only if you eat your 
spinach. 


20. Which statements in problem 19 are equivalent? 


In problems 21-25, write the converse of each state- 
ment. State whether each converse is always true. 


21. If an integer is even, then its square is divisible 
by 4. 


22. If it is raining, then there are clouds in the sky. 


23. In order to get a date, I must be neat and well 
dressed. 


24. If M is elected to office, then all our problems are 
over. 


25. In order to pass this course, it is sufficient to get 
passing grades on all the tests. 


In problems 26-30, write the contrapositive of each 
statement. 


26. In an equilateral triangle, the three angles are 
equal. 


27. If the research is adequately funded, we can find a 
cure for cancer. 


28. Black is beautiful. 
29. All radicals want to improve the world. 
30. Everyone wants to be rich. 


31. The statement “If n is even, then 3n is even’ is 
directly transformed into the statement “If 3n is 
not even, then 7 is not even” by which one of the 
following logical equivalences? 

a. “Not (p and g)” is equivalent to “not p or not g.” 

b. “If p, then q” is equivalent to “(not p) or q.” 

c. “If p, then q” is equivalent to “if not g, then 
not p.” 


32. The statement “Tf it can be recycled, place it in this 
container” is directly transformed into the state- 
ment “If it is not placed in this container, then it 
cannot be recycled” by which one of the following 
logical equivalences? 

a. “If p, then g” is equivalent to “(not p) or q.” 
b. “If p, then g” is equivalent to “if not g, then 
not p.” 
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c. “Not (p and q)” is equivalent to “not p or 
not q.” 


33. Which of the following statements is not logically 
equivalent to “If the day is cool, I will go fishing’’? 
a. I will go fishing or the day is not cool. 
b. If I go fishing, the day is cool. 
c. If I do not go fishing, then the day is not cool. 
d. The day is not cool or I go fishing. 


34. Select the statement that is not logically equiva- 
lent to “If the class is canceled, Mary will go to the 
library.” 

a. Mary will go to the library or the class is not 
canceled. 

b. It is not true that Mary will not go to the library 
and the class is canceled. 

c. If Mary does not go to the library, the class is 
canceled. 

d. If Mary does not go to the library, the class will 
not be canceled. 


35. Show by means of a truth table that the statement 
(p /\ q) > pisa tautology. This demonstrates that 


(p/\q) => p. 


36. Show by means of a truth table that the state- 
ment [(p > q) /\(q > r)] > (p> vn) isa tautol- 
ogy. This demonstrates that [(p > g) /\ (q > n)] 
=>(p-r). 


37. Show by means of a truth table that the statement 
Pp © ~p is a contradiction. 


D In problems 38—44, two statements are given. 
Determine whether they are equivalent, one implies 
the other, or neither is the case. 


38. (0/4) a 

39. ~p/\q;p>q 

40. ~p> ~qg;~p> q 

41. pV (p/\q); p 

42. p/\(pV q);p 

43. ~p \/ ~q; pp /\ ~q 

44. (p/\qg>r;~pV~qVr 
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@@™" In Other Words 


45. Explain the difference between the words neces- 
sary and sufficient. 


46. Write in words two statements of the form “If p, 
then g” using the word sufficient. 


47. Write in words two statements of the form “If p, 
then g” using the word necessary. 


48. Write in words two statements of the form “Tf p, — 


then qg’” using the words only if. 
49. Explain the difference between p — g and p > q. 


50. Explain why a true statement is implied by any 
statement. 


51. Explain why a false statement implies any state- 
ment. 


Ge Using Your Knowledge 


In describing sets using set-builder notation, the close 
connection between a set and the statement used to 
define that set is apparent. If we are given a universal 
set U, there is often a simple way in which to select a 
subset of °U corresponding to a statement about the ele- 
ments of UW. For example, if UW = {1, 2, 3, 4, 5, 6} and 
p is the statement “The number is even,” the set corre- 
sponding to this statement is P = {2, 4, 6}; that is, P is 
the subset of °U for which the statement p is true. The 
set P is called the truth set of p. Similarly, P’ is the 
truth set of ~p. 

Let U = {a, b, c, d, e}. Then, let p be the statement 
“The letter is a vowel,” let g be the statement “The let- 
ter is a consonant,” and let r be the statement “The 
letter is the first letter in the English alphabet.” 

P, the truth set of p, is {a, e}. 
Q, the truth set of g, is {b, c, d}. 


Find the following: 
R, the truth set of r 
R’, the truth set of ~r 


Because p and q are statements, p \/ gq and p /\ g are 
also statements; hence, they must have truth sets. To 
find the truth set of p \’ g, select all the elements of U 
for which p V q is true (that is, the elements that are 
vowels or consonants). Thus, the truth set of p V g 
is PU Q = {a, b, c, d, e} = U. Similarly, the truth 
set of p /\ q is the set of all elements of U that are vow- 
els and consonants; that is, the truth set of p /\ q is 


PNQ=2. 





52. With this information, complete the following 
table: 


~q 

P\/Q 

p/\q 

p>q 

pod 

t, a tautology 

c, a contradiction 


53. If P, QO, and R are the truth sets of p, g, and r, 
respectively, find the truth sets of the following 
statements: 

BN eT 
D.C PI.) ae 


54. As in problem 53, find the truth sets of the fol- 
lowing statements: 
a. p/\~(@V r) 
b. (pV g)\~@V 7) 


Discovery 


The following properties are used by mathematicians 
and logicians. In problems 55-59, express each state- 
ment in symbols and explain why it is true. 


55. The contrapositive of the statement ~g > ~p is 
equivalent to p > gq. 


56. The inverse of the inverse of p — q is equivalent 
top q. 

57. The contrapositive of the inverse of p > q is 
equivalent to g > p. 


58. The statement r V 5 \V ~p \/ ~q is equivalent to 
the contrapositive of (p /\ g) > (r V's). 


59. The statement (~r /\ ~s) V (p V q) is equivalent 
to the converse of (p V g) > (rV s). 


Some of the properties in problems 55—59 are summa- 
rized in the following table, where d stands for direct 


statement, c for converse, p for contrapositive, and 
inverse. 


for 





Using the table, find the following: 


60. 
61. 
62. 
63. 
64. 


The contrapositive of the contrapositive 
The inverse of the inverse 

The converse of the contrapositive 

The inverse of the converse 


The inverse of the contrapositive 


ae Collaborative Learning 


i 


Assign several members in your group to find a log- 
ical implication in a newspaper or magazine or on 
the Internet. Copy the article and reference its loca- 
tion by giving the name and date of the publication. 


2. 


a: 
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2.5 Euler Diagrams 


Provide each member of the group with a copy and 
let each member identify the antecedent and the 
consequent in the implication. State the inverse, 
converse, and contrapositive of the conditional 
associated with the implication. Does the contra- 
positive sound more convincing than the original 
implication? Why or why not? 


As you recall, the statement p —> gq is true if p is 
false. Can your group find an example in a newspa- 
per or magazine of such an occurrence? 


The idea mentioned in item 2 has been used to cre- 
ate many logic puzzles. Here is one. 


If this sentence is true, then Santa Claus exists. 


Can you explain why this proves (implies) that 
Santa Claus does exist? (Puzzle 240 taken from 
What Is the Name of This Book by Raymond 
Smullyan.) 


As we have mentioned, many statements can be 
restated in the if-then form. Have the members of 
your group rewrite the following sentences sym- 
bolically in the if-then form: 

(a) Time is the best medicine. 

(b) The ideal doctor is patient. 

(c) The mark of a true doctor is usually illegible. 
(d) Wealth is the product of man’s ability to think. 
(e) Rich people are just poor people with money. 





FIG 





GETTING STARTED 


er 


Insurance Policies and Euler Diagrams 


Sometimes statements in logic involve relationships between sets. Thus, a 
renewal provision of a life insurance policy states “All life policies are renew- 


able for additional term periods.” This statement is equivalent to the following 


URE 2.1 two statements: 


1. If it is a life policy, then it is renewable for additional term periods. 


2. The set of life policies is a subset of the set of all policies renewable for addi- 
tional term periods. 


Statements | and 2 can be visually represented by an Euler diagram (another 
name for a type of Venn diagram), as shown in Figure 2.1. 

In this section you will learn the techniques used to diagram statements and 
then use these diagrams to determine whether given arguments are valid. 


—_® 


_F 
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DEFINITION 2.8 


EXAMPLE 1 


Drawing Euler Diagrams 


We shall now study the analysis of arguments by using Euler diagrams, a method 
that is most useful for arguments containing the words all, some, or none. In 
order to proceed, we must define what is meant by an argument. 





We can represent four basic types of statements in Euler diagrams; these are 
illustrated in Figures 2.2—2.5. 


FIGURE 2.2 FIGURE 2.3 
All P’s are Q's. The set P is inside No P’s are Q's. The set P and the 
the set Q. set Q have no common elements. 





FIGURE 2.4 FIGURE 2.5 

Some P’s are Q’s. There is an Some P’s are not Q’s. There is an 
element (represented by the dot) element (represented by the dot) 
in P and also in Q. in P but not in Q 





The following examples discuss some simple arguments. Note that the prem- 
ises are written on individual lines above a horizontal line; the conclusion is writ- 
ten below this line. This conclusion is preceded by the symbol .°., which is read 
“therefore.” 


Consider the following argument: 


All men are mortal. 
Socrates is a man. 





.. Socrates is mortal. 
(a) Identify the premises and the conclusion. 


(b) Make an Euler diagram for the premises. 


www: 


A well-illustrated exposition 
dealing with Euler diagrams can 
be found by accessing link 2.5.1 
at the Bello Web site. To learn 
about syllogisms, access link 
2.5.2 at the Bello Web site. 


FIGURE 2.8 





DEFINITION 2.9 


EXAMPLE 2 


(Remember to bookmark the Bello book-specific Web site.) 
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FIGURE 2.6 FIGURE 2.7 





Solution 


(a) The premises, which appear above the horizontal line, are “All men are mor- 
tal” and “Socrates is a man.” The conclusion is “Socrates is mortal.” 


(b) To diagram the first premise, we begin by drawing a oe to represent 

“mortals.” Since all men are mortal, the region for “men” appears inside the 

region for mortals, as shown in Figure 2.6. The second premise, “Socrates i 
aman,” indicates that “Socrates” goes inside the region representing “men.’ 

If s represents “Socrates,” the diagram showing both premises appears in 

Figure 2.7. a 


Valid Arguments 


If we use the premises in an argument to reach a conclusion, we would like the 
resulting argument to be valid. 


An argument is valid if the conclusion is true whenever the premises are 
assumed to be true. If an argument is not valid, it is said to be invalid. 


Thus, the argument shown in Figure 2.7 is valid because if Socrates is in the 
set of all men and the set of all men is inside the set of mortals, it must follow 
that Socrates is mortal. 


Use an Euler diagram to test the validity of the following argument: 


All foreign cars are expensive. 
My car is expensive. 
*. My car is a foreign car. 


Solution The first premise means that the set of all foreign cars is a subset of the 
set of expensive cars; the second premise places “my car” (represented by m) 
within the set of expensive cars without specifying exactly where, as shown in 
Figure 2.8. 

Since the information given is not enough to determine which alternative is 
correct—that is, m can be foreign or not—we say the argument is invalid. 


ttp://college.hmco.com/mathematics } Seagh | 
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FIGURE 2.12 





FIGURE 2.13 


2 Logic 


EXAMPLE 3 


EXAMPLE 4 


EXAMPLE 5 





Test the validity of the following argument: 


Some students are dangerous. 
All dangerous people are crazy. 
.. Some students are not crazy. 


Solution The diagram in Figure 2.9 shows the premise “Some students are dan- 

gerous” by two intersecting circles and includes at least one student (represented 

by s) in both circles. The second premise, “All dangerous people are crazy,” can 

be shown by enclosing the set of dangerous people inside the set of crazy peo-. 
ple, as in Figure 2.10 or as in Figure 2.11. Since we do not know which of these 

two drawings is correct, we cannot conclude that “some students are not crazy.” 

Thus, the argument is invalid. 


FIGURE 2.9 FIGURE 2.10 FIGURE 2.11 





Test the validity of the following argument: 


Some students are intelligent. 
All intelligent people are snobs. 
.. Some students are snobs. 


Solution The first premise indicates that the set of students and the set of intel- 
ligent people have at least one element in common, represented by s (see Figure 
2.12). Since all intelligent people are snobs, the set of intelligent people appears 
inside the circle of snobs. In this case, we can conclude that some students are 
snobs (that is, there is at least one student s who is also a snob). The argument is 
valid. a 


Determine the validity of the following argument: 


All persons taking the test outside the United States should not register. 
All persons not registered should write to the company. 


.. Persons taking the test outside the United States should write to the 
company. 


Solution Let O be the set of all persons taking the test outside the United States, 
let NR be the set of all persons not registered for the test, and let W be the set of 
all persons who should write to the company. The first premise is diagrammed 
by placing O inside NR; the second premise indicates that NR is inside the set W 
(see Figure 2.13). It follows from the diagram that the set O is inside the set W. 
Thus, the argument is valid. a 


Exercise 2.5 | 


In problems 1-6, state the premises and the conclusion 
for each argument. 


I 


No misers are generous. 
Some old persons are not generous. 
Sa ey pe OMS. 


*. Some old persons are misers. 


No thieves are honest. 
Some dishonest people are convicted. 


*. Some thieves are convicted. 


All diligent students get A’s. 
All lazy students are not successful. 


.. All diligent students are lazy. 


All students like logic. 
Robin likes logic. 


.. Robin is a student. 


No kitten that loves fish is unteachable. 
No kitten without a tail will play with a gorilla. 


*. No unteachable kitten will play with a gorilla. 


No birds are proud of their tails. 
Some birds cannot sing. 


*, Peacocks cannot sing. 


In problems 7-20, use Euler diagrams to determine the 
validity of each argument. 


he 


10. 


11. 


All professors are wise. 
Ms. Brown 1s a professor. 


.. Ms. Brown is wise. 


All students are studious. 
Mr. Smith is studious. 





.. Mr. Smith is a student. 


No drinkers are healthy. 
No joggers drink. 


.. No joggers are healthy. 


All students are dedicated. 
All wealthy people are students. 


. All wealthy people are dedicated. 


All men are funny. 
Joey is a man. 


*, Joey is funny. 
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12. _ All football players are muscular. 
Jack is muscular. 





.. Jack is a football player. 
13. All felines are mammals. 
No dog is a feline. 
*. No dogs are mammals. 


14. Some students drink beer. 
All beer drinkers are dangerous. 





.. All students are dangerous. 


15. No mathematics teacher is wealthy. 
No panthers teach mathematics. 
.. No panthers are wealthy. 


16. All hippies have long hair. 
Some athletes are hippies. 
.. Some athletes have long hair. 


17. _ All mathematics teachers have publications. 
Some Ph.D.’s have publications. 





*. Some Ph.D.’s are mathematics teachers. 


18. —_ All beer lovers like Schlitz. 
All people who like Schlitz get drunk. 


“. All beer lovers get drunk. 


19. All heavy cars are comfortable to ride in. 
No car that is comfortable to ride in is 
shoddily built. 


.“. No heavy car is shoddily built. 
20. Some Nissan owners save money. 
Some fast drivers save money. 


-, Some fast drivers are Nissan owners. 


In problems 21-26, use Euler diagrams to determine 
which (if any) of the given arguments are valid. 


21. All bulldogs are ugly. This dog is ugly. So it must 
be a bulldog. 


22. All peacocks are proud birds. This bird is not 
proud. Therefore, it is not a peacock. 


23. All students who get A’s in mathematics are 
drudges. This student got a B in mathematics. 
Hence, this student is not a drudge. 
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24. No southerners like freezing weather. Joe likes 
freezing weather. Therefore, Joe is not a southerner. 


25. Some people who fish are lucky. Fred is unlucky. 
Therefore, Fred is not a person who fishes. 


26. Some students do well in history. Bobby failed 
history. Therefore, Bobby is not a student. 


27. Given the following: 
All highway patrol officers direct traffic. 


Persons who direct traffic must be obeyed. 


° 


Use an Euler diagram to determine which conclu- 

sion(s) can be logically deduced. 

a. Persons who direct traffic are highway patrol 
officers. 

b. All highway patrol officers must be obeyed. 

c. Some persons who direct traffic are not high- 
way patrol officers. 

d. None of the above. 


28. All four of the following arguments have true con- 

clusions, but one of the arguments is not valid. 

Use Euler diagrams to determine which argument 

is not valid. 

a. All fish have gills and all trout are fish. 
Therefore, all trout have gills. 

b. All trout have gills and all fish have gills. 
Therefore, all trout are fish. 

c. All fish have tails and all trout are fish. 
Therefore, all trout have tails. 

d. Every bird has a beak and the robin is a bird. 
Therefore, the robin has a beak. 


. 


@™® In Other Words 


29. Can a valid argument reach 
a. a true conclusion from true premises? Explain. 
b. a false conclusion from true premises? Explain. 


30. Can an invalid argument reach 
a. a true conclusion from true premises? Explain. 
b. a false conclusion from true premises? Explain. 


31. If an argument is invalid, does it have to have false 
premises? Explain and give examples. 


32. Suppose an argument has a false conclusion. 
Which of the following statements should be true? 
Give reasons. 

a. All premises are false. 
b. Some premises are false. 
c. The argument must be invalid. 


33. Suppose all premises in an argument are true. If 
the argument is valid, what can you say about the 
conclusion? e 


34. Suppose all premises in an argument are false. If 
the argument is valid, what can you say about the 
conclusion? 


4 


Ga - Using Your Knowledge 


At the beginning of this chapter, we mentioned a type 
of argument called a syllogism. The validity of this. 
type of argument can be tested by using the informa- 
tion about Venn diagrams presented in Chapter 1. We 
shall first diagram the four types of statements 
involved in these syllogisms. 

Recall that when we make a Venn diagram for two 
sets that are subsets of some universal set, we divide 
the region representing the universal set into four dif- 
ferent regions, as shown in diagrams A-D. 

Diagram A represents the statement “All P’s are 
Q’s.” Note that region 1 must be empty, because all P’s 
are Q’s. 








A. All P’s are Q’s. Since all the P’s are in Q, there are no 
elements in region 1. 

B. No P’s are Q's. Since no P’s are Q's, there are no 
elements in region 3. 

C. Some P's are Q's. Since some P’s are Q's, there must be 
at least one element in P and Q (region 3). 

D. Some P’s are not Q's. Since some P’s are not Q’s, there 
must be at least one element in P and not in Q (region 1). 


Diagram B represents the statement “No P’s are 
Q’s.” Note that region 3 must be empty, because no P’s 
are Q’s. 


Diagram C represents the statement “Some P’s are 
Q’s.” The dot in region 3 indicates that there is at least 
one P that is a Q. 

Diagram D represents the statement “Some P’s are 
not Q’s.” The dot in region 1 indicates that there is at 
least one P that is not a Q. 

Similar considerations govern diagrams involving 
three sets, as shown when diagramming the following 
syllogism: 


All kangaroos are marsupials. 
All marsupials are mammals. 
Therefore, all kangaroos are mammals. 


To diagram this argument, we draw a rectangle and 
three circles and label the circles K (kangaroos), M 
(marsupials), and Ma (mammals). As before, these cir- 
cles divide the rectangle (the universal set) into eight 
regions. The statement “All kangaroos are marsupials” 
makes regions 1 and 5 empty (see the following dia- 
gram); the statement “All marsupials are mammals” 
makes regions 2 and 3 empty (again, see the diagram). 
In order for the argument to be valid, regions | and 3 
must be empty, because we wish to conclude that all 
_ kangaroos are mammals. Since the diagram shows that 
this is the case, the conclusion follows and the argu- 
ment is valid. 





Using a similar technique and the diagram below, 
we can show that the following argument is invalid: 


Some intelligent people are attractive. 
All models are attractive. 
Therefore, some intelligent people are models. 


To diagram the statement “Some intelligent people are 
attractive,” we put dots in both regions 3 and 7 and join 
them with a curved arrow symbol. This indicates that 
a dot may be in region 3 or in region 7 or dots may be 
in both regions, but we do not know which is the case. 

_The second premise makes regions 4 and 5 empty. 
~ There is no statement in the argument that prevents 
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region 7 from being empty. Thus, the conclusion could 
be false, so the argument is invalid. 





35-44. Use the ideas just discussed to examine the 
validity of the arguments in problems 11-20 of 
Exercise 2.5. Use the same ideas to solve problems 45 
and 46. 


45. Given the following premises: 
No student who does not study will get an A in 
this course. 
Some students in this course do not study. 


Which of the following conclusions (if any) are 

valid? 

a. Some students in this course will not get A’s. 

b. No students in this course will get A’s. 

c. All students in this course who do study will 
get A’s. 


46. Given the following premises: 
Unless it rains, the grass will not grow. 
If the grass grows, I will cut it. 
It rains. 


Which of the following conclusions (if any) are 
valid? 

a. I will cut the grass. 

b. The grass grows. 

c. If the grass does not grow, I will not cut it. 


47. Draw an Euler diagram to represent the two 
premises 
All x’s are y’s. 
All x’s are 2’s. 


Can you conclude that “Some y’s are z’s”? Explain 
why or why not. 


48. Draw an Euler diagram to represent the two 
premises 
All x’s are y’s. 
No zisay. 


What can you conclude from the diagram? 
Explain. 
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49. Draw an Euler diagram to represent the two prem- 


ises 
All x’s are y’s. 
Some z’s are x’S. 


What can you conclude from the diagram? 


Explain. 


50. On the basis of the knowledge you gained in solv- 
ing Exercises 47—49, can you derive a valid con- 
clusion involving an existential quantifier (some) 
from two premises involving universal quantifiers © 


(all, no)? Explain. 


whenever the premises are true. To help you succeed, 
construct the following truth table: 





Toke 
PN 
FOP 
F F 


2. You also have to remember how to form the con- 
trapositive of a statement. As practice now, find 
the contrapositive of 


ra Skill Checker (a) p> 4. (b) ~g p. 
(c) ~“q->—p. (d) p> ~g. 

In the next section we are going to use truth tables to 

determine if the conclusion of an argument is true OK, now you are ready! 





GETTING STARTED 


Lara. 


From Premises to Valid Conclusions 


Here is an excerpt from the IRS instructions for Form 1040. 


If you do not file your return by the due date, the penalty is usually 5% 
of the amount due for each month or part of a month your return is late, 
unless you have a reasonable explanation. 


Now, suppose you filed your return 1 month late. Will there always be a penalty 
involved? Will it be 5% of the amount due? The answer is no in both cases. Do 
you see why? 

In this section, we shall study how to determine whether an argument is valid 
by writing the argument in symbolic form and then using truth tables to deter- 
mine its validity (problems 1-16, Exercise 2.6). Moreover, we shall discuss how 
to reach valid conclusions from given premises. Of course, we must be careful 
about the conclusions we reach. A sixth-century B.c. paradox involving argu- 
ments claims that Epimenedis, the poet and prophet of Crete, made the statement 


All Cretans are liars. 
What is paradoxical about that? First, rewrite the situation as 
1. If it is a statement made by a Cretan, then it is not true. 
2. The statement was made by a Cretan (Epimenedis). 
3. Thus statement | is not true. 


But statement 3 makes statement | true! Do you see the problem? We shall stay 
away from such paradoxical arguments! ei 


Bn 


EXAMPLE 1 


EXAMPLE 2 
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__ In the preceding section, an argument was defined as valid if the conclusion is 


true whenever all the premises are assumed to be true. If an argument is not valid, 
it is said to be invalid. This definition suggests that a truth table can be used to 
check the validity of an argument. In order to construct such a truth table effi- 
ciently, the argument must be in symbolic form. The following examples illus- 
trate the idea: 


Write the following argument in symbolic form: 


If today is Sunday, then I will go to church. 
Today is Sunday. 
. I will go to church. 


Solution Let s be “Today is Sunday,” and let c be “I will go to church.” Then the 
argument is symbolized as 
sc 
S 
ae a 





Symbolize the following argument: 


A whole number is even or odd. 
This whole number is not even. 
.. This whole number is odd. 


Solution Let e be “A whole number is even,” and let o be “A whole number is 
odd.” Then the argument is symbolized as 

eVo 

~e 


te) & 





Problem Solving and Arguments 


To determine whether an argument is valid, we use the following procedure: 





We illustrate this procedure next. 
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Problem Solving 


Ree ket | 
Determining Validity 


. Read the problem and select the Determine the validity of the following argument: If today is Sunday (s), then I 
unknown. will not go to school (~g). Today is not Sunday, so I will go to school. 
Determine whether the given 
argument is valid. 


. Think of a plan. Follow the four-step procedure given. 
WS ag First premise 
. Use the four-step procedure. ‘ 
1. Write each premise on a aaa Second premise 
separate line. sae Conclusion 
2. Draw a horizontal line after 
the last premise. Write the 
conclusion after the premises. 
3. Make a truth table (Table 2.21). TABLE 2.21 


True premises 
False conclusion 


4. Check the rows in which the Check rows 3 and 4. In the fourth row, both premises are true but the conclusion 
premises s > ~g and ~s are g is false, so the argument is invalid. 
true. 


TRY EXAMPLE 3 NOW. Cover the solution, write your own, and then check your work. 





EXAMPLE 3 Determine the validity of the argument in Example 2. 


Solution The argument is symbolized as 


eVo 


ae 





ore O) 


Make a truth table (Table 2.22) for this argument with a column for each prem- 
ise and a column for the conclusion. 

According to the definition of a valid argument, you need to examine only 
those rows of Table 2.22 where all the premises are true. Consequently, you need 
to check only the third row of Table 2.22. (In rows 1, 2, and 4, at least one of the 
premises is false, and so these rows are crossed out.) For the argument to be valid, 
the remaining items in the conclusion column must all be T’s. There is only one 
item and it is T. Thus, Table 2.22 shows that the argument is valid. 


EXAMPLE 4 


EXAMPLE 5 
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TABLE 2.22 


True premises 
True conclusion 


Determine the validity of the following argument: 


Either the puppy is cute or I will not buy it. 
The puppy is cute. 
*. Twill buy it. 
Solution By writing p for “The puppy is cute” and b for “I will buy it,” we can 
symbolize the argument in the form 
pV ~b 
P 
<p 


Now, we construct Table 2.23 for this argument. 


TABLE 2.23 


True premises 
False conclusion 


Next, we cross out all the rows where an F occurs in a premise column (rows 
3 and 4 in Table 2.23). In the remaining rows, the premises are all true, so 
the remaining items in the conclusion column must all be 7’s if the argument is 
valid. Since there is an F in the second row of this column, the argument is 
invalid. a 


Determine the validity of the following argument: You will not get overtime pay 
unless you work more than 40 hr per week. You work more than 40 hr per week. 
So you will get overtime pay. 


Solution To symbolize the argument, let p be “You get overtime pay” and let m 
be “You work more than 40 hr per week.” Then, the argument is as follows: 


prom Note: ~a unless b means a > b. Why? 


m 
Sep 
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EXAMPLE 6 





TABLE 2.24 


True premises 
False conclusion 


Notice that “You will not get overtime pay unless you work more than 40 hr per 
week” means that “If you get overtime pay, then you work more than 40 hr per 
week.” Table 2.24 is the truth table for this argument. 

In the first and third rows of Table 2.24, both premises are true; but in the 
third row, the conclusion is false. Hence, the argument is invalid. |_| 


Determine the validity of the following argument: 


All dictionaries are useful books. 
All useful books are valuable. 
.. All dictionaries are valuable. 


Solution We first write the argument in symbolic form. The statement “All dic- 
tionaries are useful books” is translated as “If the book is a dictionary (d), then 
it is a useful book (u).” “All useful books are valuable” means “If the book is a 
useful book (uw), then it is valuable (v).” “All dictionaries are valuable” is trans- 
lated as “If the book is a dictionary (d), then it is valuable (v).” Thus, the argu- 
ment is symbolized as 


dau 
urv 
. dv 


From Table 2.25, we see that whenever all the premises are true (rows 1, 5, 7, 
and 8), the conclusion is also true. Hence, the argument is valid. 


TABLE 2.25 


True premises 
True conclusion 
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This problem can also be done by using an Euler diagram. Compare the 
results. ial 


EXAMPLE 7 Translate the argument in the cartoon into symbolic form and check its validity. 
Solution 


Let r be “You do not know how to read.” 
Let w be “You cannot read War and Peace.” 
Let h be “Leo Toistoy will hate you.” 


Then the argument can be translated as follows: 


rw 
woh 
.roh 





Since the form of this argument is identical to that in Example 6, this argument 
is also valid. ® 


Examples 6 and 7 are illustrations of the fact that an argument of the form 


pq 
Gee 
al 
is always valid. 

In using a truth table to check the validity of an argument, we need to exam- 
ine only those rows where the premises are all true. This points out a basic logi- 
cal principle: If there is no case in which the premises are all true, then the 
argument is valid regardless of the conclusion. 

This principle is used in the next example. 


EXAMPLE 8 Determine the validity of the following argument: 


It is raining now. 
It is not raining now. 
.. It is raining now. 


DO 4OU WANT TO 
BE HATED BY 
LEO TOLSTOY ? 


[F YOU DIDN'T KNOW HOW | | IF YOU DON'T READ 
TO READ HOW COULD | |"WAR AND PEACE,” LEO 
YOU READ "WAR AND PEACE'?} | TOLSTOY WILL HATE YOU! 





o 
< 
2 
= 
g 
7° 
e 
= 
ss 
o 
« 
o 
uw 
2 
ez 
e 
= 
n 
KR 
fo) 


Peanuts. Reprinted by permission of UFS, Inc. 
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TABLE 2.26 





Je Ee iE 
E ie FE 
EXAMPLE 9 


Solution We let p be “It is raining now” and symbolize the argument, getting 


Pp 
ae 
SD. 
From Table 2.26, we see that there is no case in which the conjunction of the 
premises, p /\ ~p, is true. Thus, the:argument is valid. si 


In many cases, we are confronted with arguments of the following form: 





l pq 
2. qr 
3. ras 
4. ..pOs 


Four statements are involved in this argument, so the truth table to determine its 
validity will have 24 = 16 rows. To construct such a table would be a tedious 
task, indeed. For this reason, we develop an alternative method for establishing 
the validity of such arguments. We first consider the premises p > q and q > r. 
From these we can conclude (see Example 6) that p — r. Hence, substituting our 
conclusion in the given argument, we have the following: 


2’. por 
SF ros 
4. «pos 


But this new argument again has the form of the one in Example 6, so we know 
it is valid. 

In many cases, instead of determining the validity of an argument, we have 
to supply a valid conclusion for a given set of premises. Using the idea in 
Example 6, we can see that if the premises are (p > q), (q—1r),...,(x— y), 
(y — z), a valid conclusion is p — z. We illustrate this idea in the examples that 
follow. 


Supply a valid conclusion using all the following premises: 
lL. pq 

2.q—>r 

PRA ey 


Solution The third premise can be rewritten as r > s, because a statement and 


its contrapositive are equivalent. Hence, the entire argument can be written as 
follows: 


l. po@q 
2. qr 
3’. ros 


Thus, a valid conclusion using all the premises is p > s. a 


EXAMPLE 10 
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Suppose you know the following to be true: 

1. If Alice watches TV, then Ben watches TV. 

2. Carol watches TV if and only if Ben watches. 

3. Don never watches TV if Carol is watching. 

4. Don always watches TV if Ed is watching. 

Show that Alice never watches TV if Ed is watching. 
Solution 


Let a be “Alice watches TV.” 
Let b be “Ben watches TV.” 
Let c be “Carol watches TV.” 
Let d be “Don watches TV.” 
Let e be “Ed watches TV.” 


The argument above can be symbolized as follows: 
l. ab 

2. c& b, or, equivalently, 2’.b<c 

3.c7~d 

4. e > d, or, equivalently, 4’. ~d > ~e 


If these premises are arranged in the order 1, 2’, 3, and 4’, we obtain the 
following: 


l. aab 

2’. bec 

3. co ~d 
4’. ~d>~e 


Consequently, we can conclude that a  ~e; that is, “If Alice watches TV, 
then Ed does not watch TV,” or, equivalently, “Alice never watches TV if Ed is 
watching.” a 


In our day-to-day reasoning, we do not make truth tables or check our argu- 
ments in any formal fashion. Instead, we (perhaps unconsciously) learn a few 
argument forms, which we use as we need them. The most commonly used of 
these argument forms are as follows: 





Modus Modus 
Ponens Tollens 
(Law of (Law of Hypothetical Disjunctive 
Detachment) Contraposition) Syllogism Syllogism 
pq pq pq p\Vq 
p andes doy C Pre 
“9g ap “por | 


The names of the first two of these are derived from the Latin and mean, re- 
spectively, “a manner of affirming” and “a manner of denying” (the parts of a 
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Today, these types of puzzles are 
usually described as paradoxes. 
To read all about them, access 
link 2.6.1 at the Bello Web site. 


conditional). The modus ponens and the two types of syllogisms have already 
been discussed in this section; see Examples 1 and 2, the problem-solving exam- 
ple, and Example 6. It is left for you to show the validity of the modus tollens in 
problem 20 of Exercise 2.6. 

Let us discuss a more immediate problem. Have you been attending all your 
math class sessions or do you have excessive absences? If you have been absent 
a number of times, here is an argument you and/or your instructor may consider. 


1 absence does not constitute excessive absences. 


If 1 absence does not constitute excessive absences, then 2. absences do 


not. 


If 2 absences do not constitute excessive absences, then 3 absences do 


not. 


If 99 absences do not constitute excessive absences, then 100 absences 


do not. 


100 absences do not constitute excessive absences. 


This type of argument form is called a sorite from the word soros meaning 
“heap.” (Can you find out why?) Does the argument seem valid to you? 


In problems 1-16, symbolize each argument using the 
suggested abbreviations. In each case, determine the 
validity of the given argument. 


A 





| Info | £ }] http://college.hmco.com/mathematics | Seagh | 


If you eat your spinach (e), you can go out and 
play (p). 

You did not eat your spinach. 

Therefore, you cannot go out and play. 


. If you eat your spinach (e), you can go out and 


play (p). 
You cannot go out and play. 
Therefore, you did not eat your spinach. 


. If you study logic (s), mathematics is easy (e). 


Mathematics is not easy. 
Therefore, you did not study logic. 


. I will learn this mathematics (m), or I will eat my 


hat (e). 
I will not eat my hat. 
Therefore, I will learn this mathematics. 


- The Good Taste Restaurant has good food (g). 


Hence, the Good Taste Restaurant has good food, 
and I will recommend it to everyone (r). 





10. 


11. 


. If prices go up (uv), management will scream (s). 


If management screams, then supervisors will get 
tough (2). 
Hence, if prices go up, supervisors will get tough. 


. If I work (w), then I have money (m). 


If I don’t work, I have a good time (g). 
Therefore, I have money or a good time. 


. Babies (b) are illogical (i). 


Nobody is despised (d) who can manage a croco- 
dile (m). 

Illogical persons are despised. 

Hence, babies cannot manage crocodiles. 


. If you have the time (2), we’ve got the beer (b). 


You have the time. 
So we’ve got the beer. 


Bill did not go to class this morning (~g), because 
he wore a red shirt (r), and he never wears a red 
shirt to class. 


Where there is smoke (s) there is fire (f). 
There is smoke. 
Hence, there is fire. 


(Remember to bookmark the Bello book-specific Web site.) 


12% 


13. 


14. 


15. 


16. 


If you are enrolled (e) or have been accepted 
half-time at a college (h), you can apply for a 
loan (a). 

You have not been accepted half-time at a college. 
Hence, you cannot apply for a loan. 


You will be eligible for a grant (e) if you meet all 
the criteria (m). 

You do not meet all the criteria. 

So you are not eligible for a grant. 


We will pay for collision loss (p) only if collision 
coverage is afforded (a). 

Collision coverage is not afforded. 

Hence, we will not pay for collision loss. 


If spouse is also filing (f), give spouse’s Social 
Security number (s). 

Spouse is not filing. 

Hence, do not give spouse’s Social Security 
number. 


Additional sheets of paper are not attached (~a) 
unless more space is needed (m). 

More space is needed. 

Hence, additional sheets of paper are attached. 


Determine whether each argument in problems 17-21 


is valid. 
nop. Gg 18. pog 19%. pog 
GP ex Pot) 3 eal. 
1g 0G ag 
20. pq 21. poq<NQAn p 
cg q mec Sp \" + in K 
.~p ._-~Tr3~p 


(PAUP 


V 


In problems 22-31, find valid conclusions using all 
the premises. 


22. 


24. 








Pq 23. p> q 

q->r =~ @ \[or. 

ro2~s [Hint: (~qV ne (qon] 
P->4q 25. p> q 

s7-~r qr 

beat Sync ci 

qu Dp 


~uV t 





26. 


28. 


29. 


30. 


31. 


32. 
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p> ~@ 27. ~p>q 

r>q ~—p VT 

r i 

If it rains, then the grass will grow. 


A sufficient condition for cutting the grass is that 
it will grow. 
The grass is cut only if it is higher than 8 in. 


The only books in this library that I do not recom- 
mend are unhealthy. 

All bound books are well written. 

All romances are healthy in tone. 

I do not recommend any unbound books. 


All ducks can fly. 
No land bird eats shrimp. 
Only flightless birds do not eat shrimp. 


If you are not patriotic, then you do not vote. 
Aardvarks have no emotions. 
You cannot be patriotic if you have no emotions. 


Classify the arguments in problems 2, 4, 6, and 11 
as modus ponens, modus tollens, hypothetical syl- 
logism, or disjunctive syllogism. 


In problems 33-36, two premises are given in each 
problem. Select the conclusion that will make each 
entire argument valid. 


33. 


34, 


If I drive to work, then I will not be late. 

If I am not late, then I do not lose any pay. 

a. If Iam not late, then I drive to work. 

b. If I do not lose any pay, then I drive to work. 

c. If I drive to work, then I do not lose any 
pay. 

d. If I do not drive to work, then I lose some 


pay. 


If the Bears win the final game, then they will play 

in the NFL playoffs. 

If they play in the NFL playoffs, their owners will 

make a good profit. 

a. If their owners made a good profit, then the 
Bears played in the NFL playoffs. 

b. If their owners made a good profit, then the 
Bears won the final game. 

c. If the Bears do not win the final game, then 
their owners will not make a good profit. 

d. If the Bears win the final game, then their own- 
ers will make a good profit. 
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35. If all persons pay their bills on time, then no col- 
lection agencies are needed. 
Unfortunately, some collection agencies are 
needed. 
a. Some people pay their bills on time. 
b. Some people do not pay their bills on time. 
c. If there are no collection agencies, then all per- 
sons pay their bills on time. 
d. All people pay their bills on time. 


36. If all students learn from their books alone, then 

no teachers are needed. 

However, some teachers are needed. 

a. No students learn from their books alone. 

b. Some students learn from their books alone. 

c. If no teachers are needed, then all students 
learn from their books alone. 

d. Some students do not learn from their books 
alone. 


37. If Bill studies economics, he will make good 
money. If he studies business procedures, he will 
make good money. Bill studies economics but not 
business procedures. Which of the following (if 
any) is a logical conclusion? 

a. Bill does not make good money. 
b. Bill makes good money. 
c. Bill does not get a college degree. 


38. All college graduates are educated. All educated 
people dress neatly. Jackie dresses neatly. Which 
of the following (if any) is a logical conclusion? 
a. Jackie is a college graduate. 

b. Jackie is not a college graduate. 
c. Jackie is educated. 


a If you want some more practice, access link 
a 2.6.2 at the Bello Web site. 
www: 


in Other Words 


The job of advertisers is to convince people to buy 
their products. In problems 39 and 40, write the con- 
clusions you think the advertisers want you to reach. 


39. If you read X magazine, then you will not make 
bad financial decisions. You certainly do not want 
to make bad financial decisions, so —___ 


ttp://college.hmco.com/mathematics : 
any 





40. If you do not join our club, you will not be popu- 
lar. You did join, so 





x 


41. The name of the fallacy in problem 39 is “affirm- 
ing the consequent.” Explain what this means. 


42. The name of the fallacy in problem 40 is “denying 
the antecedent.” Explain what this means. 


Discovery 





Consider the following premises taken from Symbolic 
Logic, a book written by Lewis Carroll (logician, 
mathematician, and author of Alice’s Adventures in 
Wonderland): 

No kitten that loves fish is unteachable. 

No kitten without a tail will play with a gorilla. 

Kittens with whiskers always love fish. 

No teachable kitten has green eyes. 

Kittens that have no whiskers have no tails. 


43. Find a valid conclusion using all the premises. 
(Hint: “No is ” is translated as “Tf it 
isa , then it is nota me) 














ae Collaborative Learning 


We have mentioned the argument form called a sorite. 
Form three groups called Library, Internet, and Other. 
Let each of the groups find the answers to the follow- 
ing questions, compare the groups’ answers, and write 
a report using information from all of the three groups: 


1. Who has been attributed with the discovery of the 
sorites? 


2. How many sorites were there originally? 


3. There is another variation of this argument form 
that uses subtraction (taking just 1 away is not 
going to make a difference!) rather than addition to 
reach its conclusion. It goes like this: 

A person with 10,000 hairs on their head is not 
bald, 

If a person with 10,000 hairs on their head is not 
bald, 

then a person with 9999 hairs on their head is not 
bald. 

And so on. 


(Remember to bookmark the Bello book-specific Web site.) 
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Can you prove from these premises that a person 5. Sometimes students argue that their lowest test 


with | hair on his head is not bald? 


4. If you assume that your test can be postponed just 1 
day, can you construct a sorite arguing that your test 


can be postponed forever? 





GETTING STARTED 


va. 
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score should be dropped. Can you construct a sorite 
showing that all your test grades (or at least the 
undesirable ones) should be dropped? 





Computer Circuits 


Do you know how a computer works? All computers use a logic system devised 
by George Boole. The switches inside a computer chip can be arranged into a 
switching network, or a system of gates, delivering logical results (see Figure 
2.14). The most fundamental logic gates are called AND, OR, and NOT gates. 
The application of logic to electric circuits was pioneered by Claude E. Shannon 
of the Massachusetts Institute of Technology and Bell Telephone Laboratories. 
The idea is to simplify circuits as much as possible by finding equivalent circuits 
in much the same way as we find equivalent statements. At Bell Laboratories, 
after several days’ work, a group of engineers once produced a circuit with 65 
contacts. Then an engineer, trained in symbolic logic, designed an equivalent cir- 
cuit with 47 contacts in only three hours. In this section, you will learn about 
these circuits and simplify several yourself in problems 16—20 of Exercise 2.7. 


FIGURE 2.14 






(aA b) V (bA ~c) 





This logic diagram shows the inputs and outputs for a series of logic gates. From left to 
right, the gates shown are a NOT gate, two AND gates, and an OR gate. The lines that 
connect the gates represent the physical wires that connect “decision-making” devices 
on a circuit board or in an integrated circuit. For more information on logic gates see the 


Discovery section of Exercise 2.7. Zz 


The theory of logic discussed in this chapter can be used to develop a theory of 
simple switching networks. A switching network is an arrangement of wires 
and switches that connects two terminals. A closed switch permits the flow of 
current, whereas an open switch prevents the flow. One can also think of a 
switch as a drawbridge over a river controlling the flow of traffic along a road 
(see Figure 2.15). 

Two switches can be connected in series (in a line from left to right), as in 
Figure 2.16. In this network, the current flows between terminals A and B only 
if both switches P and Q are closed. 
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FIGURE 2.17 
Switches in parallel 


FIGURE 2.18 
0 
“4 ae 
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Problem Solving 


1. Read the problem and select the 
unknown. 


2. Think of a plan. 
Find the components of 
(p V q) /\rand the switches 
corresponding to each of the 
components. 


3. Use your knowledge to carry out 
the plan. 


Draw the switch corresponding to 
(p V q). 


Draw the switch corresponding 
tor. 


Start at A and connect the two 
circuits in series to correspond to 
the connective /\. End at B. 


TRY EXAMPLE 1 NOW. 


Can we use logic to describe circuits? In considering such a problem, let p be 
the statement “Switch P is closed” and g be the statement “Switch Q is closed.” 
If p is true, then the switch is closed and current flows. If p is false, then the 
switch is open and current does not flow. Thus, the circuit of Figure 2.15 can be 
associated with the statement p. 

When two switches are connected in series, as in Figure 2.16, the current will 
flow only when both switches are closed. Thus, the circuit is associated with the 
statement p /\ g. On the other hand, in Figure 2.17, current will flow when either 
switch P or switch Q is closed. The switches are connected in parallel and the 
statement corresponding to this circuit is p VV g. What about the statement ~p? 
This statement corresponds to P’, a switch that is open if P is closed and vice 
versa. Switches P and P’ are called complementary. 

Series and parallel circuits can be combined to form more-complicated net- 
works, as shown in Figure 2.18. The network there corresponds to the statement 
(p /\ q) V r. If we think of the switches as drawbridges, we can see that we are 
able to go from A to B when both P and Q are down (closed) or when R is down 
(closed). Now, all compound statements can be represented by switching net- 
works. When switches open and close simultaneously, the switches will be rep- 
resented by the same letter and will be called equivalent. 


Switching Networks 


Construct a network corresponding to the statement (p VV q) /\ r. 


Design a circuit starting at A, ending at B, and corresponding to (p V q) /\r. 


The components of the conjunction (p V q) /\ rare (p V q) and r. The parallel 
circuit containing the switches P and Q corresponds to the statement (p \V q), 
and the switch R corresponds to r. 


corresponds to 


pleas 


R corresponds to 


PB, 
A ae Ob RaB corresponds to 
Q 


Cover the solution, write your own, and then check your work. 


(pV aq)Ar 





FIGURE 2.19 


TABLE 2.27 


EXAMPLE 1 





TABLE 2.28 


EXAMPLE 2 





T T 
dts ii 
id T 
ee EK 
FIGURE 2.20 


2.7 Switching Networks: A Problem-Solving Tool 119 


Construct a network corresponding to the statement ( DATA (GN Ty 


Solution The network associated with the given statement appears in Figure 
2.19. The parallel circuit containing the switches P and R corresponds to the 
statement p Vr. Similarly, the parallel circuit with the switches Q and R corre- 
sponds to the statement g V r. These two parallel circuits are connected in series 
to correspond to the connective /\, which joins the two statements p \V r and 
Ger: a 


Notice that, in the networks of Figures 2.18 and 2.19, current will flow if P 
and Q are closed or if R is closed. For this reason, these two networks are said to 
be equivalent. In general, two networks are equivalent if their corresponding 
statements are equivalent. For example, the statement corresponding to the net- 
work in Figure 2.18 is (p /\ q) V r and that to Figure 2.19 is (p Vr) \ (q Vr). 
The truth tables of these two statements are identical, so the networks of Figures 
2.18 and 2.19 are equivalent. 

Finally, we shall consider the design of certain networks having specified 
properties. An equivalent problem is that of constructing a compound statement 
having a specified truth table. The procedure used will involve the basic con- 
junctions given in Table 2.27. For example, a network associated with a state- 
ment having truth table TTFF will be the one corresponding to the statement 
(p/\q) V (p/ ~@) (see Exercise 2.2, problems 49 and 50). 


A toy designer plans to build a battery-operated kitten, with front legs that can 
be lowered or raised and a purring mechanism. He wants his kitten to purr only 
when the right front leg or both front legs are raised; with any other arrangement, 
the purring mechanism is to be off. Construct a switching circuit that will do this. 


Solution Let p be the statement “The right front leg is raised,” and let g be the 
statement “The left front leg is raised.” The desired truth table is Table 2.28. We 
note that the cat will purr when p is true (rows 1 and 2). Hence, our network will 
correspond to a statement having truth table TTFF. We have just seen that one 
such statement is (p /\ g) V (p /\ ~q), so the network associated with this state- 
ment (see Figure 2.20) is a possible network for the toy kitten. a 


Notice that in the network of Figure 2.20 current will flow when P is closed 
(because if Q is closed, current will flow through the top branch and, if Q is open, 
current will flow through the bottom branch). Hence, an equivalent network is 
the one given in Figure 2.21. 

As indicated in problems 49 and 50 of Exercise 2.2, we can always write a 
statement corresponding to a given truth table as follows: 


1. For each row with a T in the final column, write a conjunction using the vari- 
able that has a T in its column and the negation of the variable with an F in its 
column. 


2. Write the disjunction of these conjunctions. 


For example, suppose that two rows of the given truth table are as in Table 2.29 
and that all other rows end with an F. 
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FIGURE 2.21 TABLE 2.29 


A———_— PB 





FIGURE 2.22 Then the desired conjunctions are as shown in Table 2.29, and the final desired 
psig =p statement is ; 
A be (DIGIT) VP. G71) 
aan aa The corresponding network is shown in Figure 2.22. Of course, this procedure 


does not always give the simplest result for the given truth table. The statement 
obtained can be simplified to p /\ ~r, as you can verify by checking the network. 


To verify that (p /\ g/\ ~r) V (p/\ ~q/\ ~7) is equivalent to p /\ ~r, access link 
2.7.1 at the Bello Web site. To further explore this concept, access link 2.7.2. 





In problems | —6, construct a network corresponding to 10 


rP———__o- 

each statement. re —o-}-s 
1. (p/\qg)Vp 2. pV (q/\r) R 

3. (~PAQV (PA~n 4. (pV q)\~r 1. ery gia” 

5. (pV ~g VaV(~pvalV4 del | 


6. (pV ~gVaVi~pVglAg 


12. A switching network to control the launching 

of ICBMs is to be designed so that it can be oper- 

In problems 7-11, find the compound statement corre- ated by three generals. For safety, the Department 
sponding to each network given. of Defense requires that in order to fire the mis- 
sile, two of the three generals will have to close 


ie —— 
2 their switches. Design a network that will do 
A B : 
this. 
P’——_—_——-R 


8. P 
a z In problems 13-15, draw a pair of switching networks 
- to indicate that the statements are equivalent. 
13. p V pand p 


9. P———R 
sors 14. p\/ (q/\r)and(pV q)/\(pV rn) 
R——’ 


15. (p/\q) V pandp 
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In problems 16-20, simplify each network. 


16. P 
00} fs 
Q 
17. ‘—Q 
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18. Rea 
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19. 











> 
| 
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20. fr Co -o-f or 
In Other Words 


21. Explain the relationship between a series circuit 
with switches P and Q and the statement p /\ gq. 


22. Explain the relationship between a parallel circuit 
with switches P and Q and the statement p V gq. 


Discovery 


Computer Gates 

Digital computers have circuits in which the flow of 
current is regulated by gates, as shown in the figures 
below. These circuits respond to high (1) or low (0) 
voltages and can be described by logic statements. 
Keep in mind that | and 0 correspond to high and low 
voltages, respectively. 


palo 


Output 1 if all input voltages (P and Q) are | 
Output 0 otherwise 


el 
Q 

Output 1 if at least one input (P or Q) is 1 
Output 0 otherwise 


AND gate (p /\ q) 


OR gate (p V q) 
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p—\>— 


Output 0 if input P is 1 
Output 1 if input P is 0 


NOT gate (~p) 


Logic diagrams show how the gates are connected. 
The outputs in these diagrams can be obtained in the 
same way in which truth tables are constructed, with Is 
replacing the T’s and Os replacing the F’s. For exam- 
ple, we can list the outputs for all possible inputs for 
the logic diagram shown below as follows: 


The output of A is symbolized by p /\ g, and the out- 
put of B by ~q. Thus, the inputs of C correspond to 
p/\qand ~gq. Since C is an OR gate, the final output 
can be symbolized by the statement (p /\ g) V ~gq. If 
we construct the truth table for this statement using | 
for T and 0 for F, we obtain the following table: 





The table shows that the final output (column 5) is 
always a high (1) voltage except in the third row, 
where the input voltage corresponding to P is low (0) 
and that corresponding to Q is high (1). Since we have 
shown earlier that the statement (p /\ g) V ~q is 
equivalent to p VV ~gq, the given circuit can be simpli- 
fied to one corresponding to the latter statement. The 
diagram for this circuit is 


BD 
o> 
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In problems 23-25, determine the final outputs for all 


possible inputs for each diagram. 


23. re 
o> 
24. ‘s > hee 


Section Item 
2.1A Prat; ae 
2.1B p/\q 
2.1B pV q 
2.1B 
2.2A, 

B, 

Cc 
Deo: pSq 
2.3A pq 
2.3B peq 
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site. 





Meaning 


Statements 
Conjunction (p and q) 
Disjunction (p or q) 


Negation (not p) 


Truth tables for the 
statements p /\ q, 
pV q, and ~p 


The statements p and g 
are equivalent; that is, 
they have identical truth 
tables. 


p conditional q 


p biconditional g 


(Remember to bookmark the Bello book-specific Web site.) 


Can Indiana Jones use Boolean algebra? Maybe. 
To find out, access link 2.7.3 at the Bello Web 


Example 


p: Today is Monday. 
q: The sky is blue. 


Today is Monday and 
the sky is blue. 


Today is Monday or the 
sky is blue. 


Today is not Monday. 


~(pVQ)e~p/A~¢q 


If today is Monday, 
then I will go to school. 


Today is Monday if 
and only if I go to 
school. 


Section 


2.3A, 
B 


2.4A 


2.4B 


2.4C 


2.4C 


2.4D 


2.5A 


Z.5B 


2.6 


2.6 


2.6 


2.6 








q>p 
ed 
=—q—> =D 


p is sufficient for g 
q is necessary for p 
p only if g 

q if p 

A tautology 


A contradiction 


Pood 


Pag 


Valid argument 


Modus ponens 


Modus tollens 


Hypothetical syllogism 


Disjunctive syllogism 


Meaning 


Truth tables for the 
conditional and the 
biconditional 


Converse of p > q 
Inverse of p > q 
Contrapositive of p > q 


Statements equivalent to 
“Tf p, then q” 


A statement that is 
always true 


A statement that is 
always false 


p implies g; used when 
the conditional p > q 
is a tautology. 


An argument (a set of state- 
ments, the premises, and a 
claim that another statement, 
the conclusion, follows from 
the premises) 


An argument is valid if, when- 
ever all the premises are true, 
the conclusion is also true. 


Dad 
@ beit 
2g 
pq 
ees? 
Pap 
pq 
Giwals 
por 


pV 4q 
a8 


Chapter 2 Summary 123 


Example 


2 is even. 
pp 
2 is odd. 
DIN=D 


The animal is a dog (d) 
implies that the animal 
is a mammal (m), since 
d— mis a tautology. 


If it rains, then I get wet. 
It rains. 
*. I get wet. 


All men are mortal. 
Socrates is a man. 
-. Socrates is mortal. 
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Research Questions 


Sources of information for these questions can be found in the Bibliography at the 
end of the book. 


1; 


aun & & WwW 


10. 


Go to a logic book and find and discuss at least five different fallacies in logic. 
Give examples. 


. What is a paradox? Find at least two famous paradoxes in logic. 
. Find out what Boolean algebra is and how it relates to logic. 
. Find some newspaper or magazine articles that use logic to persuade the reader. 


. Find some newspaper editorials that use logic to persuade readers about 


important issues. 


. Write a paragraph about the author of the Organon and the material discussed 


in the book. 


. Write a report about the life and work of Gottlob Frege. 


. Write a paper about the contributions of Claude Shannon to logic and his work 


on switching circuits. 


. Are you doing well in this course? We hope so, but if not, read on. Here is a 


comment made about Augustus De Morgan, the discoverer of De Morgan’s 
laws, studied in the text. 


At school De Morgan did not excel and, because of his physical disabil- 
ity, he did not join in the sports of other boys, and he was even made the 
victim of cruel practical jokes by some schoolfellows. 


Write a report indicating where De Morgan was born, where he went to 
school, who his teachers were, and some of the publications he authored during 
his career. 


At the beginning of this chapter a statement was defined as a declarative 
sentence that can be classified as true or false, but not both simultaneously. 
There is a type of logic, called fuzzy logic, in which this is not the case. 


a. Find the definition of fuzzy logic. 
b. Find at least three applications of fuzzy logic. 


c. We have shown that logic and sets are related. Find out what a fuzzy set is. 


: To further explore research question 10, access links 2.7.4 and 2.7.5 at the 
a E Bello Web site. 


www: 
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Chapter 2 PRACTICE TEST 


i 


Which of the following are statements? 


a. Green apples taste good. d. Some birds cannot fly. 
b. 1991 was a leap year. e. If itrains today, my lawn will get wet. 
c. No fish can live without water. f. Can anyone answer this question? 


- Identify the components and the logical connective or modifier in each of the 


following statements. Write each statement in symbolic form using the 

suggested abbreviations. 

a. If the number of a year is divisible by 4 (d), then the year is a presidential elec- 
tion year (:). 

b. I love Bill (b), but Bill does not love me (~m). 

c. A candidate is elected president of the United States (e) if and only if he or 
she receives a majority of the electoral college votes (m). 

d. Janet can make sense out of symbolic logic (s) or fail this course (/). 

e. Janet cannot make sense out of symbolic logic (~s). 


. Let g be “He is a gentleman,” and let s be “He is a scholar.” Write the 


following in words: 
a. ~(g/\5S) bi~g/\ s 


. Write the negation of each of the following statements: 


a. I will go to the beach or to the movies. 
b. I will stay in my room and do my homework. 
c. Pluto is not a planet. 


. Write the negation of each of the following statements: 


a. All cats are felines. 
b. Some dogs are well trained. 
c. No dog is afraid of a mouse. 


. Write the negation of each of the following statements: 


a. If Joey does not study, he will fail this course. 
b. If Sally studies hard, she will make an A in this course. 


. In the table below, which of the truth tables under (a), (b), (c), (d), and (e) 
matches each of the following statements: ~p, p > q, p /\ q, p  q, and 
peg 





. Construct a truth table for the statement (p V q) /\(~p V ~@). 
. Construct a truth table for the statement (p V g) > ~p. 


. Which of the following statements is equivalent to ~p V q? 


a. ~p/\ ~q bane (p./\:~¢) 
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11. 


12. 
iS; 
14. 


15. 


16. 


17. 


18. 


19, 


20. 


21. 
22. 
23. 


24. 


25. 


Under which conditions is the following statement true? “Sally is naturally 
beautiful, or she knows how to use makeup.” 


Is the following statement true or false? If 2 + 2 = 5, then2 X 3 = 6. 
Construct the truth table for the statement (p > gq) © (q V ~p). 


Write the following for the statement “If you make a golf score of 62 once, you 
will make it again”: 
a. The converse b. The inverse c. The contrapositive . 


Let p be “You get overtime pay,” and let m be “You work more than 40 hr per 
week.” Symbolize the following statements: 

a. If you work more than 40 hr per week, then you get overtime pay. 

b. You get overtime pay only if you work more than 40 hr per week. 

c. You get overtime pay if and only if you work more than 40 hr per week. 


Let b be “You get a bank loan,” and let c be “You have a good credit record.” 

Symbolize the following statements: 

a. For you to get a bank loan, it is necessary that you have a good credit 
record. 

b. Your having a good credit record is sufficient for you to get a bank loan. 

c. A necessary and sufficient condition for you to get a bank loan is that you 
have a good credit record. 


The table at the right gives the truth values for three statements a, b, and c. 
Find all the implications among these statements. 


Which of the following statements are tautologies? 
a. p/\~p b. pV ~p ce. (p> go (~GV p) 


Use an Euler diagram to check the validity of the following argument: 





All students study hard. 
John is not a student. 
.. John does not study hard. 


Use an Euler diagram to check the validity of the following argument: 


No loafers work hard. 
Sally does not work hard. 
. Sally is a loafer. 


Use a truth table to check the validity of the argument in problem 19. 
Use a truth table to check the validity of the argument in problem 20. 
Use a truth table to check the validity of the following argument: 


If you win the race, you are a good runner. 
You win the race. 





“. You are a good runner. 


Supply a valid conclusion using all three premises: (1) p — q, (2) ~D > ~r, 
and (3) s > ~q. 


Construct a switching network to represent the statement 
(p> q)/\(~p > ~9@). 
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Answers to Practice Test 


Answer If You Missed Review 





1. Parts (b), (c), (d), and (e) are statements. Eachis Dall eZ, 64 
either true or false. Part (a) is not a statement, 
because people do not agree on what is good. 


Part (f) is a question, so is neither true nor false. | : 
. a. d: The number of years is divisible by 4. ; : 2.1 3,4 65 
p: The year is a presidential election year. 
The logical connective is if-then. d > p 
. b: T love Bill. ~m: Bill does not love me. 
The logical connective is and. b /\ ~m 
. e: Acandidate is elected president of the 
United States. m: He or she receives a 
majority of the electoral college votes. The 
logical connective is if and only if.e<m 
. s: Janet can make sense out of symbolic 
logic. f: She fails this course. The logical 
connective is or s VV f 
. s: Janet can make sense out of symbolic 
logic. The logical modifier is not. ~s 
. It is not the case that he isa gentleman anda : 2.1 5 66 
scholar. 
. He is not a gentleman, but he is a scholar. : 
. I will go neither to the beach nor to the : 2.1 8 67-68 
movies. 
. I will either not stay in my room or not do 
my homework. 
. Pluto is a planet. ; : 
. Some cats are not felines. : \ 2.1 9 68-69 
. No dog is well trained. 
. Some dogs are afraid of a mouse. 
. Joey does not study, but he will not fail this : 2.2 3 74 
course. 
. Sally studies hard, but she does not get an A 
in this course. 


en base) ec : 2AEDS Tables 2.2 73,74 
2.3,:2.4,.2.11, 75, 84, 
and 2.12 and 85 


2.2 6-9 76-80 
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Answer If You Missed Review 





s 
REE PEELE TINIE I RII LD 


10. Statement (b). i 10 ; 2.3 4 86 

11. When at least one of the statements “Sally is ' 11 | 2.3 1 85 
naturally beautiful” and “Sally knows how to i 
use makeup” is true. i : 

12. The premise “2 + 2 = 5” is false, so the i 12 ‘ 2.3 2 86 
statement (a conditional) is true. : 


SDT LSE ESSENSE 


SSoVERER 


IS 13 i 2.3 4 86 





14. a. If you make a golf score of 62 again, then | 14 i 2.4 1,2 92, 93 
you made it once. 
b. If you do not make a golf score of 62 once, 
then you will not make it again. 
c. If you do not make a golf score of 62 again, 
then you did not make it once. i 
15. a. m>p b. pm «pom ‘ 15 : 2.4 
16.a.b>c¢ becrb «bec | 16 ' 2.4 
17. Part (b) implies (a); (b) implies (c); (c) implies (a). 17 i 2.4 
18. Only statement (b). : 18 ' 2.4 4, 
19. Nothing in the premises tells whether the J (for 19 i 25 1 
John) is inside or outside of the circle H. Thus, ' 
the argument is invalid. 


93-94 
93-94 
95-96 
94-95 
100-102 


LST LIT LLIN LILIES EL LETS IS IIS EELS DEE EES IE ILGIIEEE ESSN EE IOS EE TTF REI ENN DOLE 


| 
nau 


HERERO 
— 


Ue 


eee RTE YN RESET BEE UO PE EE 


SSAC ROR ORR TS NR Nias mpntareseaen dD 
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if You Missed 






20. Nothing in the premises tells whether S (for 20 : 2.5 1-4 100-102 
Sally) goes inside the circle L or not. Thus, the | ; 
argument is invalid. 





studies hard,” the argument can be symbolized 


21. With s for “He is a student” and h for “He | 21 ' 2.6 3-5 108-110 
and a truth table constructed as follows: | 


soh 
~s 








In the third row of the table, both premises are 
true and the conclusion is false, so the argument 
is invalid. 

22. With f for “She is a loafer” and h for “She works 
hard,” the argument can be symbolized and a 
truth table constructed as follows: 


22 2.6 3-5 108-110 





forh 
=i 
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In the fourth row of the truth table, the premises 

are both true and the conclusion is false, so the 

argument is invalid. 
23. With w for “You win the race” and r for “You 23 A 110-112 

are a good runner,” the argument can be ‘ j 

symbolized and a truth table constructed as 

follows: 


Wh 








The first row of the table is the only row where 
the premises are both true. In this row the 
conclusion is also true, so the argument is valid. ‘ 

Daas \ 24 A 112-113 
Pq 
p> on 
Sa 20) 


is equivalent to: 


Pa 
rp 
is 


which is equivalent to: 


ro~s : 
25. Since p — q is equivalent to ~p V gq, and ~p > 25 
~q is equivalent to p V ~q, the given statement 
is equivalent to (~p V q) /\ (p V ~q). Thus, 
the following is the corresponding switching 
circuit: 


CHIE 





Wi 


SC MGT CELE 
ELT ur 
Numeration Systems 
The Hindu-Arabic 
(Decimal) System 
DT myAOL 
CF Ota ET! 


TEA muita t(@ 


Octal and Hexadecimal 
evTiiate 





Numeration Systems 


This chapter will take you on a journey through time and num- 
ber. Imagine yourself in Egypt 5500 years ago, at a time when 
Egyptians used their fingers as standard counting units. To 
keep a record of counted objects, the Egyptians used short, 
straight strokes called tally marks. Representing the numbers 
from 1 to 9 by the proper number of tally marks resulted in an 
additive system. In this system, the position of a numeral has 
no significance; M | and | M both represent 11. Number values 
are simply added. 

Continue to Babylon, where you find the oldest system 
known in which the value of a numeral depends on its place- 
ment. Using 60 as the base, YW¥ means 1 + 1 = 2, but YY 
means 60 + 1 = 61. 

Move on to Rome. The Roman numeral system uses base 
10, as the Egyptian did, and constructs numerals by means of 
simple addition and subtraction. XI means 10 + 1 = 11, but 
IXis10-1=9. 

Then you study our present decimal system, also called the 
Hindu-Arabic system. You learn about exponents, too, so that 
you can write numbers in expanded form. You will notice that 
the base commonly used is 10, though you will look at num- 
ber systems using bases other than 10 as well. 

You will be surprised to know that binary systems, using 
2 as a base, were among the earliest systems invented. Even 
today, some South Sea Islanders have a binary system in 
which counting by 2 means repeating the words for 1 and 2. 
For these islanders, urapun is 1, okosa is 2, okosa urapun 3, 
okosa okosa 4, and so on. How does the computer count? 
Well, for a computer 1, (one base two) is 1, 10, (one zero base 
two) is 2, 11, (one one base two) is 3, and so on. Do you see 
the similarity? 

From antiquity to the present day, the ideas are the same! 


For links to various Internet sites related to topics and sections throughout Chapter 3, 
please access the Bello, Topics in Contemporary Mathematics, Web site at 


http://college.hmco.com/mathematics 
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The Human Side of Mathematics 


ne of the most influential mathematicians of the early Arab empire was Mohammed 
Oi, Musa al-Khowarizmi (ca. 780-850 a.p.). He was born in Khwarezm, the town that 
is now known as Kiva in Central Asia. As an adult, he was summoned to Baghdad and 
became the court astronomer. He wrote two books, one on algebra and one on the Hindu 
numeral system. These two books, when translated into Latin in the twelfth century, 
exerted a tremendous influence on European mathematics. 

In his book on the Hindu numerals, al-Khowarizmi touted the use of this system to 
merchants and mathematicians everywhere. However, it took 200 more years for these 
numerals to reach Spain, and it was not until the late thirteenth century that their use Mohammed al-Khowarizmi 
became widespread. It was the merchants who were won over by the ease of calculating in (ca. 780-850 A.D.) 
the new system and who were mainly responsible for its wide adoption. 

Al-Khowarizmi’s second book, Hisah aljabr w‘almuqabala, translated roughly as “The 
Science of Equations,” gave us the word algebra (from aljabr). 

Our present-day symbols for the digits 1-9 originated with the Hindus. These numerals 
were designed for a decimal (base 10) system of counting; decimal comes from the Latin 
word decima, meaning “tenth.” 

Why do we use a base of 10? There really is no reason except perhaps the number of 
fingers on a pair of human hands. We could just as well use a base of 5 or 12 or 20. Until 
about the fifteenth century, fractions were written using a positional system based on the 
number 60. This sexagesimal (base 60) system had been developed by the Mesopotamians 
more than 3000 years ago. The great disadvantage of this system was the need to 
represent 59 numerals. To get around this difficulty, the ancients used various combinations 
of two symbols, one representing our number 1 and the other representing our number 10. 

It was not until about the year 500 that the Hindus devised a positional notation for the 
decimal system. They discarded the separate symbols for numbers greater than 9 and 
standardized the symbols for the digits from 1 through 9. It was not until much later that 
the very important 0 symbol came into use. 





Looking Ahead: We will look at the ancient numeration systems and then at our familiar Hindu-Arabic system that 
al-Khowarizmi championed over 1000 years ago, centuries before it became widely used. 


Ee 
Egyptian, Babylonian, and Roman Numeration Systems 


GETTING STARTED _— From Egyptians to Tolstoy 





yt. The Egyptian system of numeration is additive; that is, the numeral || represents 
1+ 1 =2and||| M represents 1 + 1 + 1 + 10 = 13. An additive system found 
in Leo Tolstoy’s novel War and Peace gives each letter of the French alphabet 
the number shown in Table 3.1. (Note there is no j.) Thus, the number associated 
with the name Sue is 90 + 110 + 5 = 205. Similarly, the number associated with 
the name Pierre, a character in the novel, is 60 + 9 + 5 + 80 + 80 + 5 = 239. 
This character, Pierre Bezukhof, wondered what the number corresponding to 
the Emperor would be. So he wrote in desperation 


Le empereur Napoleon 





Napoleon Bonaparte, French 
military leader and emperor of 
France, 1804-1815 


TABLE 3.2 Ancient Numerals 
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TABLE 3.1 


30 60") 70" “80+ 90! 100 





and added the numbers for these letters, 20 for 1, 5 for e, 30 for m, and so on. 
Can you find his answer? It was 666, the number of the beast prophesied in the 
Bible. Thus, Pierre reasoned that Napoleon must die. But who would vanquish 
the feared beast? He had some ideas. 


l’empereur Alexandre? La nation russe? 


One was too low, the other too high. Can you find which is which? In despera- 
tion, Pierre wrote 


Comte Pierre Bezukhov 


Now the number was far away from what he wanted. He changed the spelling 
and added his nationality to get 


Le russe Besuhof 


See whether you can find his number. He knew that he was now near the coveted 
answer, and he finally wrote 


l’russe Besuhof 


This gave him the desired answer: he himself would take care of Napoleon! Can 
you find the final number that Pierre obtained and determine its relationship to 
Napoleon’s number? 

In this section we will examine some relationships among the Egyptian, 
Babylonian, and Roman numeral systems and our own decimal system. 2S 


During the period of recorded history (beginning about 4000 B.c.), people began 
to think about numbers as abstract concepts. That is, they recognized that two 
fruits and two arrows have something in common—a quantity called two— 
which is independent of the objects. The perception of this quantity was proba- 
bly aided by the process of tallying. Different tallying methods have been found 
in different civilizations. For example, the Incas of Peru used knots in a string or 
rope to take the census, the Chinese used pebbles or sticks for computations, and 
the English used tally sticks as tax receipts. As a result of human efforts to keep 
records of numbers, the first numerals, reflecting the process of tallying, were 
developed. (A numeral is a symbol that represents a number. For example, the 
numeral 2 represents the number two.) Table 3.2 shows three ancient sets of 
numerals. The property shared by these three numeration systems is that they are 
additive; that is, the values of the written symbols are added to obtain the num- 
ber represented. 
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3 Numeration Systems 


A. The Egyptian System 


Let us look at the Egyptian system in greater detail. The Egyptians used hiero- 
glyphics (sacred picture writing) for their numerals. The first line shown in Table 
3.3 shows these symbols and their probable numerical values. Convenient names 
for the hieroglyphics are given in the margin. 

As we can see from Table 3.3, the Egyptians used a base of 10. That is, when 
the tallies were added and they reached 10, the 10 tallies were replaced by the 
symbol M. The Egyptians generally wrote their numbers from right to left, 
although they sometimes wrote from left to right, or even from top to bottom! 
Thus, the number 12 could have been represented by || M or by M ||. For this rea- 
son, we say that the Egyptian system is not a positional system. In contrast, our 


TABLE 3.3 Numerals 
Stroke 


Heel bone 
Scroll 


Lotus flower 


100 1000 ~—-10,000~—— 100,000 ~—- 1,000,000 


Pointing finger 
Fish 


Astonished man 





www: 


To further explore Egyptian 
calculators or converters, access 
link 3.1.1 at the Bello Web site. 


EXAMPLE 1 


(Remember to bookmark the Bello book-specific Web site.) 
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own decimal system (called decimal because we use a base of 10) is a positional 
system. In our system, the numerals 12 and 21 represent different numbers. 

Computation in the Egyptian system was based on the additive principle. 
For example, to add 24 to 48, the Egyptians proceeded as follows: 


Exchange NM 
24 AN NAN 
+ 48 | | Asa iO: A 
72 Haannann 


As you can see, before the computation was done, 10 of the strokes were 
replaced by a heelbone (see the names given in the margin next to Table 3.3). 

The Egyptians performed subtraction in a similar manner. Thus, to subtract 
13 from 22, they proceeded as follows: 





Exchange 
gD: lala HILL An 
= lia ieee A) 
9 HLT 


The procedure for Egyptian multiplication is explained in the Rhind papyrus 
(an ancient document found at Thebes and bought in Egypt by A. Henry Rhind 
and named in his honor). The operation was performed by successive duplica- 
tions. Multiplying 19 by 7, for example, the Egyptians would take 19, double it, 
and then double the result. Then they would add the three numbers, thus: 


Nal jerek® 
WA Ske) 
\4 16 
Totaly eye 133 


The symbol \ is used to designate the submultipliers that add up to the total 
multiplier, in this case 7. In the Rhind papyrus, the problem 22 times 27 looks 
like this: 


1 zd 
Nez 54 
\4 108 

8 216 
\l6 432 


Total 22 594 «Answer 


Again, the numbers to be added are only those in the lines starting with the 
symbol \ (54 + 108 + 432 = 594). 


Problem 79 of the Rhind papyrus states ““Sum the geometrical progression of five 
terms, of which the first term is 7 and the multiplier 7.” It can be shown that the 
solution of the problem is obtained by multiplying 2801 by 7. Use the method of 
successive duplications to find the answer. 


‘Seng 


| Info| + J} http://college.hmco.com/mathematics If 
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EXAMPLE 2 





Sumerian clay tablets and 
inscriptions contain numbers 
dating back as far as 4000 B.c. 


Solution 
\GE eS Oil 
V2 5,602 
\4 11,204 
Total 7 19,607 @ 


It is said that in later years the Egyptians adopted another multiplication tech- 
nique generally known as mediation and duplation. This system consists of 
halving the first factor and doubling the second. For example, to find the prod- 
uct 19 X 7, we successively halve 19, discarding remainders at each step, and 
successively double 7. The process is completed when a | appears in the left- 
hand column. 


Half Double 


19 is odd. —» 19 @) 
9 is odd. > 9 
4 28 
2 56 
1 is odd. —> ] (12) 


Notice that half of 19 is regarded as 9, because all the remainders are discarded. 
Opposite each number in the left-hand column there is a corresponding number 
in the column of numbers being doubled. The product 19 X 7 is found by adding 
the circled numbers—those opposite the odd numbers in the column of halves. 
(Can you see why this works?) Thus 19 X 7 = 7 + 14 + 112 = 133. 


Use the method of mediation and duplation to find the product 18 x 43. 


Solution 
Half Doubie 
18 43 
9 is odd. > 9 
4 ie 18 X 43 = 86 + 688 = 774 
2 344 
1 is odd. > 1 688 a 


Additive numeral systems were devised to keep records of large numbers. As 
these numbers became larger and larger, it became evident that tallying them was 
difficult and awkward. Thus, numbers began to be arranged in groups and 
exchanged for larger units, as in the Egyptian system in which 10 tallies were 
exchanged for a heelbone (). The scale used to determine the size of the group to 
be exchanged (10 in the case of the Egyptians) was the base for the system. These 
additive systems were advantageous for record-keeping operations, but computa- 
tion in these systems was extremely complicated. As problems became even more 
complex, a new concept evolved to help with computations, that of a positional 
numeral system. In such a system, a numeral is selected as the base; then sym- 
bols ranging from 1 to the numeral that is 1 less than the base are also selected. 
Numbers are represented by placing the symbols in a specified order. For exam- 
ple, the Babylonians used a sexagesimal (base 60) system. In their system, a ver- 
tical wedge Y was used to represent 1 and the symbol € represented 10. [These 


FIGURE 3.1 
Babylonian numerals 


EXAMPLE 3 


EXAMPLE 4 


EXAMPLE 5 
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symbols first appeared on the clay tablets of the Sumerians (see the photograph 
on page 136) and Chaldeans, but were later adopted by the Babylonians. ] 


The Babylonian System 


The Babylonian numerals, which may look odd to you, were simply wedge 
marks in clay. Figure 3.1 shows a few numerals. Notice that the same symbols 
are used for the numerals 1 and 60 . To distinguish between them, a wider space 
was left between the characters. Thus, VV represents the numeral 3, whereas 
VV is 62. 


3 4 5 10 20 60 


AA 2 | 





Write the numbers 82, 733, and 4443 in Babylonian notation. 


Solution 
$2.= 1 X 60+ 22 = ’ i 2 
B= 12 x 60 + 13 = ev <vyvy 
4443 = 1x 3600+ 14X60+ 3=V STVVT Vy a 


Write the given Babylonian numerals in decimal notation. 

(a2) WY STYY (b) S OVVTTT Cw) STVTNY am Sr Sry 

Solution 

(a) WW SVNY =2 x 60 + 13 = 133 

(b) © VV = 10 x 60+ 5 = 605 

(c) SUI = 10+5=15 

(dy) WV Yo $11 =2 x 3600 + 11 X 60 + 12 = 7872 a 

Note that the symbols in (b) and (c) are the same but the spacing is different. The 

lack of a symbol for zero in the Babylonian system was a significant shortcom- 

ing that made it difficult to distinguish between numbers such as 605 and 15. 
Our degree-minute-second system of measuring angles undoubtedly stems 

from the Babylonian division of a circle into 360 equal parts. Addition of angles 

in this system is essentially Babylonian-style addition. 


The next example illustrates the method used by the Babylonians to add 
numbers. 


Write in Babylonian notation and add 64 + 127. 


Solution 


1270000 1" ’ 


191 vy <! 191 = 3(60) + 11 © 
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C. 
TABLE 3.4 
I 
Vv 
x 
IL 
Cc 
D 
M 
EXAMPLE 6 


The largest number that can be 
written using Roman numerals 
without using either the bar or 
the subtraction principle is 


MMMDCCCLXXXVIII 


What is this number in decimal 
notation? 


The Roman System 


The Roman numeral system is still used today—for example, on the faces of 
clocks, for chapter numbers in books, on cornerstones of buildings, and for copy- 
right dates on films and television shows. How did the Roman system work? The 
Roman symbol for the number | was I, which was repeated for 2 and 3. Thus, II 
was 2, and III was 3. This is similar to the Egyptian system. However, unlike the 
Egyptians, the Romans introduced a special symbol for the number 5. They then 
used another special symbol for 10, and repeated this symbol for 20 and again 
for 30. Other special symbols were used for 50, 100, 500, and 1000, as shown in 
Table 3.4. 

Although both the Roman and Egyptian systems used the addition principle, 
the Romans went one step further and used the subtraction principle as well. 
For instance, instead of writing III] for the number 4, the Romans wrote IV with 
the understanding that the I (1) was to be subtracted from the V (5). In the 
Roman system, the value of a numeral is found by starting at the left and adding 
the values of the succeeding symbols to the right, unless the value of a symbol is 
less than that of the symbol to its right. In that case, the smaller value is sub- 
tracted from the larger one. Thus, XI = 10 + 1 = 11, butIX = 10-1 =9. Only 
the numbers 1, 10, and 100 are allowed to be subtracted, and these only from 
numbers not more than two steps larger. For example, I can be subtracted from 
V to give IV = 4 or from X to give [IX = 9 but cannot be subtracted from C or 
L. Thus, 99 is written as LXLIX not IC. Here are some other examples. 


Addition Principle Subtraction Principle 
LX = 50 + 10 = 60 XL = 50 — 10 = 40 
CX = 100 + 10 = 110 XC = 100 — 10 = 90 


MC = 1000 + 100 = 1100 CM = 1000 — 100 = 900 


Write the following Roman numerals in decimal notation: 
(a) DCXII (b) MCMXLIXx 
Solution 


(a) Since the value of each symbol is larger than that of the one to its right, we 
simply add these values. 


DCXII = 500 + 100 + 10+ 1+1=612 


(b) In this case, the values of some symbols are less than the values of the sym- 
bols to their right, so we use the subtraction principle and write 


M(CM)(XL)(IX) = 1000 + (1000 — 100) + (50 — 10) + (10 = 1) 
= 1000 + 900 + 40 + 9 
= 1949 a 


Another way in which the Roman system goes further than the Egyptian sys- 
tem is the use of a multiplication principle for writing larger numbers. A mul- 
tiplication by 1000 is indicated by placing a bar over the entire numeral. Thus, 
X= 10X1000= 10,000 
IT | 51261000. =349551,000 


EXAMPLE 7 


EXAMPLE 8 


FIGURE 3.2 
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DC = 600 x 1000 = 600,000 
M = 1000 X 1000 = 1,000,000 


Write the following in Roman numerals: 
(a) 33,008 (b) 42,120 
Solution 


(a) 33 is written as XX XIII in Roman numerals, so 33,000 = XXXIII. To write 
33,008, 8 must be added. Thus, 


33,008 = 33,000 + 8 = XXXIIIVII 


(b) 42 = XLII, so 42,000 = XLII. Since 120 = CXX, 
42,120 = XLIICKX a 


Now that you know about Roman numerals, we can have some fun with them. 
Get some matches or better yet, some toothpicks, and construct the four false 
equations shown in Figure 3.2. Can you make them true by moving only one 
stick? Note: You can use the symbol for any mathematical operation or notation 
to make the equation true. The square represents 0. 


Solution We do not want to spoil all your fun, so we will only give you hints. On 
the first one you have to move the equal sign, on the second one you need a mul- 
tiplication sign, the third one takes the + sign, and the last one involves the 

sign. Now can you do it? B 


EY In problems 1-6, use the symbols given in Tables 1D OR LOG al ! | | 


3.2 and 3.3 to write each number in Egyptian notation. Oe) an 
ri ao riteks In problems 13-16, write each number in Egyptian 
4. 1247 3: 830 6. 11,209 notation and perform the indicated operation. 
13. 34 14. 148 
In problems 7-12, translate each Egyptian numeral P25 + 45 
into decimal notation. 15 eus9 16. 1203 
ee aN Nal iV — 502 


5 £9999999OHOIIII 


G OOO MAM 
4000) GVOGADN lel 


u. JE OONANII 


In problems 17-20, use the Egyptian method of suc- 
cessive duplications to find each product. 


17. 15 x 40 18.°25 xX 15 
19.5 22051 20. 21 x 63 
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In problems 21-24, use the Egyptian method of medi- 
ation and duplation to find each product. 


21. 18 X 32 22. 1S PGs2 
Zoe X 51 24. 40 x 61 


B | In problems 25-34, write each number in Baby- 
lonian notation. 


25. 6 26. 24 
Daa. 28. 64 
29. 123 30. 144 
31.5258 32. 192 
955757153 34. 3883 


In problems 35—40, write each Babylonian number in 
decimal notation. 


35.9 €¢<¢ 36. SVN <u 
37.19 <0 38. SUIVY VVY 
39.7 SVN vy 40.17 SV NNN 


In problems 41-44, write each number in Babylonian 
notation and do the addition Babylonian style. 


41. 32 42. 63 
+ 43 + 81 

43570133 44. 242 
+ 68 alse 





In problems 45-50, write each number in decimal 
notation. 


45. CXXVI 46. DCXVII 
Aye Sal 48. XXXDCI 
49, XCCDV 50. LDDC 


In problems 51-56, write each number in Roman 
numerals. 


iar 52. 631 
35. 145 54. 1709 
DS. 52503 56. 49,231 


Numerology, like astrology, is a pseudoscience con- 
cerning itself with birth dates, names, and other per- 


sonal characteristics. A popular scheme used by 
numerologist Juno Jordan gives each letter the value of 
the number above it as shown. Thus, A is 1, M is 4, and 
Lins: 


1 2 3 4 5 6 ch 8 9 

A’ aByer Gab. CEs” Rou ’Gian Eee 

J ee N eaN: a) 

Se ee Veale Xo arn 

The number associated with Joa me s§ 
ASal tee hese) Hee ean nee ees 

For the surname Boy ie) Oma 


we have2 +9+6+5+5=27=2+7=9 


Thus, the final number associated with James Brown is 
3+ 9 = 12 = 1 + 2 = 3. What does this mean? It 
means that he has the characteristics corresponding to 
the number 3 in the following list: 





Thus, James Brown should be ambitious, proud, and 
independent! Do problems 57-60 just for fun. Don’t 
take the results seriously! 


57. Find the number for John Fitzgerald Kennedy. 
58. Find the number for Sonya Kovalevski. 
59. Find the number for Ringo Starr. 


60. Find your own number. 


@®" In Other Words 


61. Can you write 99 as IC in Roman numerals? 
Explain. 


62. What are the differences between the Egyptian 
and our decimal systems of numeration? 


63. What are the differences between the Babylonian 


and our decimal systems of numeration? 


64. What are the differences between the Roman and 


our decimal systems of numeration? 


65. What are the differences between the Egyptian 
and the Babylonian systems of numeration? 


66. Explain why it is difficult to distinguish between 


605 and 15 in the Babylonian system. 


Ge Using Your Knowledge 


The Rhind papyrus is a document that was found in the 
ruins of a small ancient building in Thebes. The 
papyrus was bought in 1858 by a Scottish antiquarian, 
A. Henry Rhind, and most of it is preserved in the 
British Museum where it was named in Rhind’s honor. 

The scroll was a handbook of Egyptian mathemat- 
ics containing mathematical exercises and practical 
examples. Many of the problems were solved by the 
method of false position. 

For example, one of the simple problems states “A 
number and its one-fourth added together become 15. 
Find the number.” The solution by false position goes 
like this: Assume that the number is 4. A number (4) 
and its one-fourth (§ of 4) added become 15; that is, 


4 + 4(4) must equal 15 





A portion of the Rhind papyrus dating back to ca. 1650 B.c. It 
is the most extensive mathematical document from ancient 


Egypt. 


3.1 Egyptian, Babylonian, and Roman Numeration Systems 141 


But 
4+ 7(4) =5 


and we need 15, which is 3 times the 5 we got. 
Therefore, the correct answer must be 3 times the 
assumed answer; that is, 3 X 4, or 12. 

See if you can use the method of false position to 
solve the following problems: 


67. A number and its one-sixth added together 
become 21. What is the number? 


68. A number, its one-half, and its one-quarter add up 
to 28. Find the number. 


69. If a number and its two-thirds are added, and from 
the sum one-third of the sum is subtracted, then 10 
remains. What is the number? 





A Babylonian tablet giving the values of n3 + n? for n 
= | to 30 was discovered a few years ago. The deci- 
mal equivalents of the first few entries in the table can 
be found as follows: 

For n = 1, we have 17 + 12 = 2. 

For n = 2, we have 2? + 22 = 12. 

(Recall that 23 = 2 x 2 x 2 = 8 and 

Deena) 
For n = 3, we have 3° + 32 = 36. 


Complete the following: 








434 42 = O° Pe = ees 
Gt 6 = P+rv=_2 3s 
Bo 8 = 9) 0s Balen 
10° + 107 = 


Using the preceding information, find the solution of 
the following: 


70. n> + n2—810=0 
71. n> +n? —576=0 


72. There are many equations in which this method 
does not seem to work. For example, 
n> + 2n* — 3136 = 0. However, a simple trans- 
formation will reduce the sum of the first two 
terms to the familiar form ( )? + ( )*. For exam- 
ple, let n = 2x. Now try to solve the following 
equation: 


n> + 2n2 — 3136 = 0 
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Research Questions 


1. 








32 
The Hindu-Arabic (Decimal) System 


| Info | = ¥ http://college.hmco.com/mathematics Sear 


When were Roman numerals developed and how were the symbols for 1, 5, 10, , 
50, 100, and 1000 derived? 


. Find out the historians’ opinion of why Roman numerals have been replaced by 


the Arabic system. What do you think? 


. Have you noticed that the copyright year of movies is written using Roman 


numerals? How would you write 1999 (lots of controversy here)? 


- We have mentioned the number systems of the Egyptians, the Greeks, and the 


Arabs. Discuss the Mayan number system, making sure you answer these 
questions: How did they write the number 0? What symbols did they use to 
express their numbers? Make a table showing the numbers from 1 to 19. Then 
translate the numbers in the table below. 


Mayan Numbers for You to Translate 





Source: Mayan Numbers for You to Translate, by Rhonda Robinson. 


a To further explore replacing Roman numerals with Arabic, as well as adding 
a Mayan numerals, access links 3.1.2, 3.1.3, and 3.1.4 at the Bello Web site. 
www: 





GETTING STARTED _— Packaging, Garbage, and Exponents 


yt. Do you know that in just one day, Americans throw out 1.5 X 105 tons of pack- 
————_ aging material? How many pounds is that? Since 1 ton = 2 X 103 lb, the amount 
of packaging material thrown out is 


(1.5 X 10°) X (2 X 103) Ib 
uU—______ 





tons Ilb/ton 


How do you find this number? First, 1.5 X 2 = 3, So you need to find 
3 X 10° X 103 Ib 





(Remember to bookmark the Bello book-specific Web site.) 





The environmental stress created 
by landfills, such as this one, 
necessitates a greater awareness 
of waste management and 
recycling. 
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In this section, you will learn the laws of exponents for multiplication. These 
laws state that a” X a” = a" and a” + gq” = q™—". Using the law for multi- 
plication, you get 


3 X 10° x 103 = 3 x 10°+3 = 3 x 108 = 300,000,000 lb 


Thus, 300 million lb of packaging material is thrown out daily. 
Now, suppose a tractor trailer can carry a 15-ton load. How many tractor 
trailers do you need to carry out the packaging material? The answer is 


Total weight of material _ 3 X 108 Ib 
Weight per load ~ 15 tons/load 





Since | ton = 2000 lb, 15 tons = 30,000 lb = 3 X 104 lb. The answer is 


3 X 108 Ib 108 rat 
Baer Get oT = Odds 
3 X 104 Ib/load 104 
To find this answer, you need to divide 10° by 104. Using the law of exponents 
for division, 
108 
oe [O° 20" 
10 
Thus, the number of tractor trailers needed is 1 * 10* = 10,000! 
In this section, you will work with exponents and see how to write standard 
numbers in expanded form containing exponents and vice versa. You will con- 
sider a few more environmental problems in Exercise 3.2, problems 44-50. 


In this section, we will study our familiar decimal system, which is also called 
the Hindu-Arabic system. This numeration system is a positional system with 
10 as its base, and it uses the symbols (called digits) 0, 1, 2, 3, 4, 5, 6, 7, 8, and 
9. Furthermore, each symbol in this system has a place value; that is, the value 
represented by a digit depends on the position of that digit in the numeral. For 


instance, the digit 2 in the numeral 312 represents 2 ones, but in the numeral 321 
the digit 2 represents 2 tens. 


Expanded Form 


To illustrate the idea of place value further, we can write both numbers in 
expanded form. 


312 = 3 hundreds + | ten + 2 ones 
= (3 x 100) +(1 X 109+ 2 X 1) 

321 = 3 hundreds + 2tens + 1 one 
= (3 x 100) +( X 10) + (1 X 1) 


These numbers can also be written using exponential form, a notation introduced 
by the French mathematician René Descartes. As the name indicates, exponen- 
tial form uses the idea of exponents. An exponent is a number that indicates 
how many times another number, called the base, is a factor in.a product. Thus, 
in 5° (read “5 cubed” or “5 to the third power’), the exponent is 3, the base is 5, 
and 5° = 5 X 5 X 5 = 125. Similarly, in 2+, 4 is the exponent, 2 is the base, and 
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DEFINITION 3.1 


EXAMPLE 1 


EXAMPLE 2 


EXAMPLE 3 


24=2x2X2 xX 2 = 16. On the basis of this discussion, we state the follow- 
ing definition: 





a 


Using this definition, we can write 1 = 10°, 10 = 10!, 100 = 102, 
1000 = 103, 10,000 = 104, and so on. Thus, in expanded form, 


312 = (3 X 100) + (1 X 10) + (2 X 1) 
= (3 X 10?) + (1 x 10!) + (2 X 10°) 


The exponent | usually is not written; we understand that 10! = 10 and, in gen- 
eral, a! = a. Also, we used 10° = 1 in the last term of the equation above. With 
these conventions, we can write any number in expanded form. 


Write 3406 in expanded form. 
Solution 
3406 = (3 X 103) + (4 x 102) + (0 x 10!) + (6 x 10°) 


Notice that we could have omitted the term (0 X 10!), because 0 X 10 = 0. 
Using the same ideas, we can convert any number from expanded form into our 
familiar decimal form. a 


Write (5 X 10°) + (2 x 10!) + (3 X 10°) in ordinary decimal form. 
Solution 
(5 x 10°) + (2x 104) + 3 x 10% =(5 x 1000) + 2 X 10) +3 
= 5023 Bg 


Operations in Expanded Form 


The ideas of expanded form and place value can greatly simplify computations 
involving addition, subtraction, multiplication, and division. In the following 
examples, on the left we present the usual way in which these operations are per- 
formed and on the right we present the expanded form depending on place value. 


Add 38 and 61 in the usual way and in expanded form. 
Solution 
38 (3 X 10!) + (8 X 10°) 
+ 61 (6 X 10!) + (1 X 10°) 
99 (9 X 10!) + (9 x 10°) is 


EXAMPLE 4 


EXAMPLE 5 


3.2 The Hindu-Arabic (Decimal) System 145 


Subtract 32 from 48 in the usual way and in expanded form. 


Solution 
48 (4 x 10!) + (8 x 10°) 
— 32 — 3 X 10!) + (2 x 10°) 
16 (1 X 10!) + (6 X 10°) = 


Before illustrating multiplication and division, we need to determine how 
to multiply and divide numbers involving exponents. For example, 
2? x 23 = (2 X 2) X (2 X 2 X 2) = 25, and, in general, 

GO PMA OA XS OO) Xa a xa Xx xa) 

ee ee ee 


t i 


m a's na's 
a qnutn 
In order to divide 2° by 27, we proceed as follows: 
pee <2 ex 
NEUE 2s ZN, 5 eS 
22 2x2 
In general, if m > n, 


m 


a Sa 
Bete a” n 





Perform the following indicated operations and leave the answers in exponential 
form: 


(a) 4 x 4? (b) 31° + 34 
Solution 


(a) 45 x 47 = 45+7 = 412 (b) 310 + 34 = 310-4 — 36 @ 


Note that by Definition 3.1, we have, for example, 
(23)2 = 23 x 23 = 23+3 = 23X2 = 76 

and 
(52)4 = 52 X 52 X 52 X 52 = §24242+2 — 52x4 — 58 


In general, 
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EXAMPLE 6 — Show that 32? = 21° 
Solution Direct computation shows that 32 = 2°. Thus, 


322 = (25)2 = 25X2 = 910 © 


EXAMPLE 7 Multiply 32 and 21 in the usual way and in expanded form. 


Solution 
32 (3 X 10) + (2 x 10°) 
Sl xX (2 X 10) + (1 X 10°) 
32 (3 X 10) X (2 X 10°) 
64 (6 X 102) + (4 X 10) 
672 (6 X 102) + (7 X 10) + (2 X 10) | 


EXAMPLE 8 __ Divide 63 by 3 in the usual way and in expanded form. 


Solution 
21 (2 x 10) + (1 X 10°) 
3)63 36 X 10) + B X 109) a 


C. Applications 


A computer uses a collection of ones (1s) and zeros (0s) to store information. The 
smallest piece of information is defined as a bit. As information gets more 
complex, larger units are needed as shown in the accompanying table. As you 
can see, 


lbyte=8  =23 bits 
and 


1 KB = 1024 = 2!9 bytes 


Wa 


eee craa (la mhmint aT R eli) 
two possible values: “@” or “1” 


8 bits 

UA Path eed 

Pee eam thet 
1,073,741,824 bytes 
1,099,511,627,776 bytes 
1,125,899,906,842,624 bytes 





EXAMPLE 9 
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Write 1 MB and | GB as powers of 2. 


Solution Since 1 KB = 2!° bytes, we may suspect that 1 MB is 1000 times as 
big. Since 1000 is about 2!°, 


1 MB = 210. 210 


and 


= 220 bytes 


1. GB = 210. 210 «910 — 930 bytes 


Check this out with a calculator! |_| 


ray In problems |—6, write each number in expanded 
form. 


1. 432 
4. 3047 


2. 549 
3. 125349 


J 25U) 
6. 10,950 


In problems 7—15, write each number in decimal form. 
sy 

8. (3 X 10) + (4 x 10°) 

9. (4 X 10) + (5 X 10°) 

10. (4 x 102) + (3 x 10) + (2 x 10°) 

11. (9 x 103) + (7 X 10) + (1 X 10°) 

12..Gix 10%) + (2 Xx 10°) 


13. (7 X 10°) + (4 X 104) + (8 X 103) + 
(3 X 102) + (8 x 10°) 


14. (8 x 10°) + (3 X 10°) + (2 x 102) + (4 X 10°) 
15. (4 x 10% + 3 X 10) + (1 X 10°) 


ci In problems 16-19, add in the usual way and in 
expanded form. 


£65532 + 15 
18. 21 + 34 


17. 2356016 
19. 71+ 23 


In problems 20-23, subtract in the usual way and in 
expanded form. 


20. 34 — 21 
22. 45 22 


21. 76 — 54 
23. 84 — 31 


In problems 24-35, perform the indicated operation 
and leave each answer in exponential form. 


240 PG 3? 25e Oe E 26. 45 x 42 
2766)? 62) 28.58 +953 29. 619 = 63 
30,7 2 27> 4) BI. 612269 |. 32.,62)4 
33. (54) 34, (73) 35. (10°)!0 


In problems 36-39, multiply in the usual way and in 
expanded form. 


36. 41 X 23 
38. 91 x 24 


Sipad Xaol 

395-62" 25) 

In problems 40—43, divide in the usual way and in 
expanded form. 
40. 48 + 4 

42. 93 +3 


41. 64+ 8 
43. 72 +6 


In problems 44-50, write each answer in exponential 
form. 


44. Each American produces about 4 lb of garbage 
every day. If the U.S. population is assumed to be 
2.7 x 108, how many pounds of garbage per day 
are produced nationwide? 


45. If the New York Times printed one Sunday edition 
on recycled paper instead of new paper, 75,000 
trees would be saved. How many trees would be 
saved if it did the same for a month (four editions)? 


46. Americans use 3 X 10’ gal of motor oil every day. 
How many gallons per week is that? 
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47. Americans use 3 X 10’ gal of paint every day. 
How many gallons are used in 300 days? 


48. An estimated 72 X 107 lead-acid batteries from 
automobiles are discarded each year. How many 
batteries per month is that? 


49. Americans discard an estimated 240 X< 10’ auto- 
mobile tires each year. How many tires per month 
is that? 


50. Americans get rid of 7.2 X 10’ cars each year. 
About how many cars per day is that? (Hint: 
360 = 3.6 X 102.) 


In problems 51-60 assume that there are 270 
million = 2.7 X 108 Americans. 


51. Americans consume 1.53 X 10? Ib of meat per 
person per year. How many pounds per year is 
that? 


52. Americans consume 5.96 X 10? lb of dairy prod- 
ucts per person per year. How many pounds per 
year is that? 


53. Americans eat 8 X 10° bagels each day. How 
many bagels per year is that? 


54. The average American eats 80 Ib of vegetables per 
year. How many pounds of vegetables are con- 
sumed each year? 


55. It is estimated that by the year 2000 there 
will be 275 million = 2.75 X 108 Americans. 
If the average American increases consump- 
tion of vegetables to 100 Ib per year, how many 
pounds of vegetables will be consumed in the 
year 2000? 


56. Americans drink 44.8 gal of soft drinks each year. 
How many gallons of soft drinks are consumed 
each year? 


57. The United States produces about 180 million 
tons of garbage each year. Since a ton is 2000 lb and 
there are about 360 days in a year, the number of 
pounds of garbage produced each day of the year 
for each man, woman and child in the United 
States is 


(1.8 < 108) X 2x 103) 
27X10) xX Ge xe) 





How many pounds is that? Answer to the nearest 
pound. 


58. Oil reserves in the United States are estimated to 
be 3.5 X 10!° barrels (bbl). Production amounts to 
3.2 X 10° bbl per year. At this rate, how long will 
U.S. oil reserves last? Answer to the nearest year. 


59. The world’s oil reserves are estimated to be 
6.28  10!! bbl. Production is 2.0 x 10!° bbl per 
year. At this rate, how long will the world’s oil 
reserves last? Answer to the nearest year. 


60. Sciéntists have estimated that the total energy 
received from the Sun each minute is 1.02 x 10!9 
cal. Since the area of the earth is 5.1 X 10° km2, 
and 1 km? is 10!° cm?, the amount of energy 
received per square centimeter of earth surface per 
minute (the solar constant) is 

LOZ SG 10! 


ee Eee eee ] 
(5.1 x 108) x 1010 @ 


Write the answer as a whole number. 


-_ In Other Words 


61. Explain what you must do to multiply a” by a”. 
62. Explain what you must do to divide a” by a”. 


63. Explain what you must do to raise a” to the nth 
power. 


64. By the laws of exponents, 


a 
a a m>n 
a 

What does 
Cae 
Sa m=n 
Che One > 


equal in exponential form and as a number? 
Explain. On the basis of your answer, how would 
you define a°? 





2 Discovery 


The Rhind papyrus contains a problem that deals with 
exponents. Problem 79 is very difficult to translate, but 
historian Moritz Cantor formulates it as follows: 


An estate consisted of seven houses; each 
house had seven cats; each cat ate seven mice; 
each mouse ate seven heads of wheat; and each 
head of wheat was capable of yielding seven 
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hekat measures of grain: Houses, cats, mice, There are seven old women on the road to 
heads of wheat, and hekat measures of grain, Rome. Each woman has seven mules; each 
how many of these in all were in the estate? mule carries seven sacks; each sack con- 


tains seven loaves; with each loaf are seven 


Here i ion. ; ft TOS 
is the solution knives; and each knife is in seven sheaths. 


Houses yea Women, mules, sacks, loaves, knives, and 
Cats A= 72 sheaths, how many are there in all on the road 
Mice a4 at7 yen? 
Heads of wheat 2,401 = 7* 66. A later version of the same problem reads as 
Hekat measures 16,807 = 7° follows: 
Total 19,607 
As I was going to St. Ives 

Because the items in the problem correspond to the I met a man with seven wives; 

first five powers of 7, it was at first thought that the Every wife had seven sacks; 

writer was introducing the terminology houses, cats, Every sack had seven cats; 

mice, and so on, for first power, second power, third Every cat had seven kits. 

power, and so on! Kits, cats, sacks, and wives, 


oO] D 
65. A similar problem can be found in Liber Abaci, by Meet eae Boing 1st Ives} 


Leonardo Fibonacci (1170-1250 A.D.). Can you (Hint: The answer is not 2801. If you think it is, then 
find the answer? you did not read the first line carefully.) 


Research Questions 


1. Trace the evolution of the Arabic numerals starting with the earliest preserved 
examples, found on ancient columns in India believed to have been erected by 
King Ashoka. 


2. Explore the contributions made by Indian mathematicians such as Brahmagupta 


(seventh century), Mahavira (ninth century), and Bhaskara (twelfth century). 


To begin exploring the research questions, access link 3.2.1 at the Bello 
Web site. 








GETTING STARTED Binary Card Magic 


Have you heard of binary cards? The five-card set shown has a series of numbers 
ei. on each card, the largest of which is 31. Say you have a smaller set of three cards 
A, B, and C that have numbers on them as follows: 


A 5 3 1 7 
B 6 3 2 7 
€ 6 a 4 5 


(Remember to bookmark the Bello book-specific Web site.) 





ttp://college.hmco.com/mathematics | Seagh | 
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A set of five binary cards 


a 


www: 


To further explore binary card 
magic, access link 3.3.1 at the 
Bello Web site. 


| > ¥ http://college.hmco.com/mathematics 





Now, pick a number, any number, from | to 7, say, 3. 


Is it on card A? Yes. Note that the lowest number on Ais 1. 
Is it on card B? Yes. Note that the lowest number on B is 2. 
Is it on card C? No. 


The answer (that is, the number you picked) is | + 2, the sum of the lowest num- 
bers on the cards containing the number you picked. How does this work and 
why? It will be much easier to understand the trick if you know a little bit more 
about binary numbers, which you examine in this section. As a matter of fact, 
the Using Your Knowledge section in Exercise 3.3 explains how you can make 
your own set of cards and make the trick work. 





As you learned in Section 3.1, in a positional number system a number is 
selected as the base, and objects are grouped and counted using this base. In the 
decimal system, the base chosen was 10, probably because the fingers are a con- 
venient aid in counting. 


Other Number Bases 


As we saw earlier, it is possible to use other numbers as bases for numeration 
systems. For example, if we decide to use 5 as our base (that is, count in groups 
of five), then we can count the 17 asterisks that follow in this way: 


SE cos 
3 fives + 2 ones 


We write 32,..., where the subscript “five” indicates that we are grouping by 
“fives.” 


If we select 8 as our base, the asterisks are grouped this way: 


FE OK OK KK 2 ok ok 28 2K 2k ok ok ok 2k ok * 
SF? av 


2 eights + 1 one 


(Remember to bookmark the Bello book-specific Web site.) 


EXAMPLE 1 


Recall that d° = 1 for a # O. So, 
16° —sihand 2) 110°;= 2: 


EXAMPLE 2 
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We write 21 sigh: Thus, if we use subscripts to indicate the manner in which we 
are grouping the objects, we can write the number 17 as 


fin = 3 26ive ae 21 sight 


Using groups of seven, we can indicate the same number of asterisks by 


2B cen = 2 sevens + 3 ones 


Note: In the following material, when no subscript is used, it will be understood 
that the number is expressed in base 10. 


Group 13 asterisks in groups of eight, five, and seven, and write the number 13 
in the following: 


(a) Base 8 (b) Base 5 (c) Base 7 








Solution 

ae 
(a) Id ight 

1 eight + 5 ones 
(b) #t = 23, 
lve 
| a 
2 fives + 3 ones 

(c) lOve 

aie 2 £4, 

1 seven + 6 ones a 


Changing to Base 10 


Now consider the problem of “translating” numbers written in bases other than 
10 into our decimal system. For example, what number in our decimal system 
corresponds to 43, First, recall that in the decimal system, numbers can be 
written in expanded form. For example, 342 = (3 X 10*) + (4 X 10) + 
(2 X 10°). As you can see, when written in expanded form, each digit in 342 is 
multiplied by the proper power of 10 (the base being used). Similarly, when writ- 
ten in expanded form, each digit in the numeral 43... must be multiplied by the 


proper power of 5 (the base being used). Thus, 
43.,.= (4x5!) +6 x 5%) =23 


five 


five 


Write the following numbers in decimal notation: 


(a) 43260 (b) 312 iene 
Solution 

(a) 432, = (4 X 5*) + BX 5!) + (2 X 5°) = 117 

(b) 312,544 = 3 Xx 82) + (1 X 8!) + (2 X 8°) = 202 a 


In the seventeenth century, the German mathematician Gottfried Wilhelm 
Leibniz advocated the use of the binary system (base 2). This system uses only 
the digits 0 and 1, and the grouping is by twos. The advantage of the binary sys- 
tem is that each position in a numeral contains one of just two values (0 or 1). 
Thus, electric switches, which have only two possible states, off or on, can be 
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A binary counter 


EXAMPLE 3 


EXAMPLE 4 





used to designate the value of each position. Computers utilizing the binary sys- 
tem have revolutionized technology and the sciences by speedily performing 
calculations that would take humans years to complete. Handheld calculators 
operate internally on the binary system. 

Now consider how to convert numbers from base 2 to decimal notation. It 
will help you to keep in mind that in the binary system, numbers are built up by 
using blocks that are powers of the base 2. 


27, 2h 2 22 = 4, 2? 8. 2* = 16, 


When you write 1101 in the binary system, you are saying in the yes/no language 
of the computer, “a block of 8, yes; a block of 4, yes; a block of 2, no; a block of 
1, yes.” Thus, 


1101,..,= (1 x 29) + a x 2) + 0 k 25 +1 x 2%) 
=8+4+0+1 
= (3 


Write the number TOLOM 6 in decimal notation. 
Solution We write 


10101 (4 = d xX 2) + 0 x 29) 4+ x 27) Ox 25 4d x2) 
=16+4+1 
= 21 = 


So far, we have used only bases less than 10, of which the most important ones 
are base 2 (binary) and base 8 (octal), because they are used by computers. Bases 
greater than 10 are also possible, but then new symbols are needed for the digits 
greater than 9. For example, base 16 (hexadecimal) is also used by computers, 
with the “digits” A, B, C, D, E, and F used to correspond to the decimal numbers 
LOST 12a. 14 and 55 respectively. We can change numbers from hexadec- 
imal to decimal notation in the same way that we did for bases less than 10. 


Write the number JAC in decimal notation. 


Solution 


SAC xteen = (5 X 16°) + (10 X 16!) + (12 x 16°) 
= (5 X 256) + (160) +12 
= 80a e en ai) 
a? . 


EXAMPLE 5 


EXAMPLE 6 


a 


If you want to verify the 
conversions in Examples 1-6 
[except 1(c)], access link, 3.3.2 
at the Bello Web site. 


(Remember to bookmark the Bello book-specific Web site.) 
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Changing from Base 10 


Up to this point, we have changed numbers from bases other than 10 to base 10. 
Now we shall change numbers from base 10 to other bases. A good method for 
doing this depends on successive divisions. For example, to change 625 to base 
8, we start by dividing 625 by 8 and obtain 78 with a remainder of 1. We then 
divide 78 by 8 and get 9 with 6 remaining. Next, we divide 9 by 8 and obtain a 
quotient of 1 and a remainder of 1. We diagram these divisions as follows: 


8 [625 


8 78 Remainder 
8 9 Remainder 
Remainder 


The answer is read upward as 1161 baht (see the arrow). 

Why does this method work? Suppose we wish to find how many eights 
there are in 625. To find out, we divide 625 by 8. The quotient 78 tells us that 
there are 78 eights in 625, and the remainder tells us that there is 1 left over. 
Dividing the 78 by 8 (which is the same as dividing the 625 by 8 X 8 = 64) tells 
us that there are 9 sixty-fours in 625, and the remainder tells us that there are 6 
eights left over. Finally, dividing the quotient 9 by 8 gives a new quotient of 1 
and a remainder of 1. This tells us that there is 1 five hundred twelve (8 X 8 X 8) 


contained in 625 with | sixty-four left over. Thus, we see that 
625 = (1 x 8°) + (1 Xx 8%) + © X 8) + (1 X 8°) = 1161, 


ight 


Change the number 33 to the following: 
(a) Base 2 (b) Base 5 


Solution 


Cpye es 
26: 
DONS 
214 
2|_2 


(b) 5 [33 
5|_6 








Thus, 33 = 113 


five’ 


Thus, 33 = 100001,,,.; a 


Change the number 4923 to the following: 


(a) Octal notation (b) Hexadecimal notation 


Solution 


(a) 8 [4923 (b) 16 [4923 

8 [615 16 | 307 

8 |_ 76 16|_19 
Sino 


Thus, 4923 = 133B.: toon 
Thus, 4923 = 11473 a 


eight’ , ; ; 
| Info | f http://college.nmco.com/matnematics 9] Seeneh | 
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D. Applications 


How does your computer work? A computer uses a collection of ones (1s) and 
zeros (Os), known as binary digits or bits, to store or read information. In partic- 
ular, all color information (monitor and color printer) is stored numerically. One 
bit uses a 0 or a | to represent each pixel on a screen. A color depth of 1 bit can 
only be a black-and-white picture. 


EXAMPLE 7 Complete the following table: 


1 bit allows 2! = 2 colors, black and white. 
4 bits allow different color combinations. 


8 bits allow different color combinations. 
16 bits allow color combinations. 
24 bits allow color combinations. 





Solution The pattern here is 2! = 2, 24 = 16, 28 = 256, 2!© = 65,536, and 
274 = 16,777,216. Thus, a monitor that supports 24 bits can show more than 16 
million color combinations! 





24 bits 8 bits 6 bits 4 bits 1 bit & 


Have you seen an envelope with symbols like the ones shown in Figure 3.3 
at the bottom of the address? What are these symbols and what do they mean? 
Because the symbols are composed of bars, they are called bar codes. One of the 
simplest bar codes is the Postnet code used by the U.S. Postal Service to repre- 
sent the ZIP code + 4 for addresses. In this case, the bars represent the numbers 
33675-5096. The tenth digit is a checking digit (see Exercise 3.3, problems 41 
and 42). The code is made up of 52 bars starting with a long bar, followed by ten 


FIGURE 3.3 


I. Bello 

Ibello Hcc Usf 

Ybor Campus POB 5096 
Tampa FL 33675-5096 
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TABLE 3.5 


1 
2; 
3 
4 
5 
6 
vl 
8 
9 
0 





groups of 5 bars each containing 2 long and 3 short bars and ending with a long 
bar. The long bars represent 1s, and the short bars Os. The relationships between 
decimal digits, bar codes, and Postnet binary codes are shown in Table 3.5. 

Do you see the relationship between the binary codes for the numbers 1—6 
in Postnet code and in regular binary? Try omitting the last digit! Now, look at 
the binary codes for 7-10. All the numbers start with 1. Do you see how to form 
the codes for these numbers? 


EXAMPLE 8 _ Write the ZIP code 33657 using Postnet binary code. 


Solution Start and end with a long bar, and copy the binary code for the digits 


33657 like this: 
| ull ull ll lili lil | 
Start 3 3 6 5 dh End 
with a with a 
long bar. long bar. a 


Ly In problems 1-4, write numerals in the bases 
indicated by the manners of grouping. 


In problems 5-8, draw diagrams as shown in problems 
1—4, and then write each decimal number in the given 


base. 
eS 2, Ge) 7 
a 5. 15 in base 8 6. 15 in base 5 
eK 7. 15 in base 7 8. 15 in base 12 
EK 
3, a Ge ean 9-16, write each number in decimal 
| 
9. A2éve 10. 3leive 
* rk KK 11. 213 sont 12: 563 ight 
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13. Oe 14. 101001,,,, 
15. 123 ixteen 16. ACE Sixteen 


ra In problems 17-32, use the method of successive 
divisions. 


17. Write the number 15 in base 5 notation. 

18. Write the number 27 in base 5 notation. 

19. Write the number 28 in binary notation. 

20. Write the number 43 in binary notation. 

21. Write the number 25 in hexadecimal notation. 
22. Write the number 121 in hexadecimal notation. 
23. Write the number 25 in base 6 notation. 

24. Write the number 38 in base 6 notation. 

25. Write the number 64 in base 7 notation. 

26. Write the number 123 in base 7 notation. 

27. Write the number 38 in octal notation. 

28. Write the number 135 in octal notation. 

29. Write the number 1467 in hexadecimal notation. 


30. Write the number 145,263 in hexadecimal nota- 
tion. 


31. Write the number 73 in binary and in octal nota- 
tion. 


32. Write the number 87 in octal and in hexadecimal 
notation. 


A Applications 


Dp) In problems 33-36, write each ZIP code in binary 
code and as a decimal. 


33. 1 alle cboli aul coll alla | 
34.1 bil lle ilal all) ahh I 
35.) ilil lil call lh able | 
36.1 dibi Ue tial all) oth 


In problems 37—40, write each ZIP code in bar code. 
37. 02218 38. 70605 
39. 95472 40. 15744 


—_ In Other Words 


41. The ZIP code + 4 shown at the beginning of this 
section contains 52 bars and starts and ends with a 
long bar. If each digit in a ZIP code + 4 number 
consists of 5 bars, is this consistent with the fact 
that the complete ZIP code + 4 number has 52 
bars? Explain. 


42. As it turns out, there is an extra digit in the ZIP 
code + 4 shown at the beginning of this section. 
The digit represented by the five bars before the 
last long bar is called the checking digit. 

a. What is this checking digit? 

b. The first part of the procedure used to find the 
checking digit for 33675-5096 consists of 
adding the digits in 33675. Write the rest of the 
procedure. 


You may need a dictionary to answer questions 43—46. 


43. What does binary mean? What does the prefix bi- 
indicate? 


44. What does octal mean? What does the prefix oct- 
indicate? 


45. What does hexadecimal mean? What does the pre- 
fix hexa- indicate? 


46. The binary system uses the numbers 0 and 1; the 
octal uses 0, 1, 2, 3, 4, 5, 6, and 7; and the hexa- 
decimaluses 0, 1,2, 3:435; 6, 72.8.9, A-BaGap: 
E, and F. Why are the A, B, C, D, E, and F needed? 


) Using Your Knowledge 


Here is a trick that you can use to amaze your friends. 
Write the numbers from | to 7 in binary notation. They 
look like this: 


Decimal Binary 
1 1 
2 10 
3 11 
4 100 
5 101 
6 110 
7 111 


Now label three columns A, B, and C. In column A, 
write the numbers that have a | in the units place when 
written in binary notation; in column B, write the num- 


bers that have a | in the second position from the right 
when written in binary notation; and then in column C : 
write the numbers with a | in the third position from 
the right when written in binary notation. 


A B G 


1 a + 
3 3 5 
5 6 6 
7 4 4. 


Ask someone to think of a number between | and 7 
and tell you in which columns the number appears. Say 
the number is 6 (which appears in columns B and C). 
You find the sum of the numbers at the top of columns 
B and C. This sum is 2 + 4 = 6, and you have the 
desired number! 


47. Can you explain why this works? 


48. If you extend this trick to cover the first 15 num- 
bers, how many columns do you need? 


49. Can you discover how to do the trick with 31 
numbers? 


Ey Calculator Corner 


Converting from Base b to Base 10 For convenience 
and to save space, we write the base b as an ordinary 
decimal rather than spelling it out. Thus, for example, 
47, means exactly the same thing as 47 eight Suppose 
that 4735, is to be converted to base 10. We know that 


4735, = (4 X 89) + (7 X 8°) + (3 X 8) +5 


Since the three quantities in parentheses are all divisi- 
ble by 8, we can rewrite the expression to get 


4735, = 8 X [(4 X 8) + (7 X 8) + 3] +5 


Next, we see that the two quantities in parentheses 
inside the square brackets are divisible by 8, so we can 
rewrite again to get 


Aj35g = 8 X18 x [(4-%8) + 7] +3} + 5 


Now we can evaluate the last expression by a simple 
step-by-step procedure. Start with the innermost 
parentheses, multiply 4 by the base 8, and add 7 to the 
result. Then, multiply the last result by 8 and add 3 to 
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the product. Finally, multiply the preceding result by 8 
and add 5 to the product. The final sum is the required 
answer. 

The arithmetic can be done on a calculator by key- 
ing in the following: 


MIB A AEG) GE) 
bx} [8] +] (5) [E] 


The calculator will show the result 2525. 

Notice that we multiplied the first octal digit, 4, by 
the base, 8, and added the next octal digit, 7. Then we 
multiplied the result by the base and added the next 
octal digit, 3. Finally, we multiplied by the base again 
and added the last octal digit, 5. 


This procedure holds for any base. Thus, to convert 
from any base b to base 10, do the following: 
(a) Multiply the first digit of the number by b, and 
add the second digit to the result. 
(b) Multiply the preceding result by b, and add 
the third digit of the given numeral. 
(c) Continue the same procedure until you have 
added the last digit of the given numeral. 


The calculator will show the final answer. Be sure that 
you work from left to right when using the digits of the 
given numeral. 

As another example, let us convert the hexadecimal 
numeral BF3,,¢ to base 10. Recall that the hexadecimal 
digits B and F are the numbers 11 and 15, respectively, 
in decimal notation, so we key in the following: 


MOI YD E RIG fe) a 
[3] [-] 
Our calculator will show the result 3059 


Convert each of the following numerals to decimal 
notation: 


1. 1101, 
40752, 


e231, 
Bhai. 


3. 423, 
6. 873, 


ap To verify these answers and further explore base 


a conversion, access link 3.3.3 at the Bello Web 
Www: site. 
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ae Collaborative Learning 


We already know that we can change a number from a 
given base to decimal notation by writing the number in 
expanded notation as we did in Example 4. Now, we are 
going a step further; we are going to translate words 
from a given base (16 in this case) to numbers. Take 
the word FACE ,,. As you recall (see Example 4), F = 
15, A= 10, C = 12, and E= 14. Thus, FACE,< = 
15-163 + 10- 162 + 12- 16! + 14. Now, your base 
converter or a simple calculator will tell you that 
FACE), = 64,206. 


1. When the base of a number system is greater than 
10, the missing digits come from the alphabet. 
Thus, when using base 12, 11 = A and 12 = B. 
Using this idea, discuss letters we use as numbers 
in different bases (like 13, 16, and so on). If we 
follow this scheme, what is the highest base we 
can use? 





27 ADD = CU? 362 + 13-36! + 13) = 13,441. The 


number 13,441 is prime (it is only divisible by itself 
and 1). , 


To further explore base conversion and primes, 
access link 3.3.4 at the Bello Web site. 


We will call the word ADD,, a prime word. Can 
you find other prime words in base 36? 


. Assign group members to find prime words in base 


36. Can you find a prime three-letter word starting 
with B? What about with Z? 


. Collect all prime words from the members in your 
group. Write prime sentences using the words. An 
example: TWIN TOBOGGANIST TOURED 
TANZANIAN TOWN (discovered by David 
Gogomoloy). What is the longest sentence your 
group can come up with? 





GETTING STARTED Modems and ASCII Code 


yt. Do you know what a modem is? It is a device that transmits data to or from a 
computer via telephone. How does one work? Suppose you are writing a mes- 
sage starting with the letter A in your computer. A stream of digital bits with 0 

TABLE 3.6 Binary Addition volts for binary 0 and a constant voltage for binary 1 flows from the computer 





into the modem carrying the American Standard Code for Information 
Interchange (ASCII) code for the letter A: 01000001. At the receiving end, the 


signal is demodulated, that is, changed back, and resumes its original form, a 
0 0 1 series of pulses representing Os and Is resulting in 01000001, the letter A. You 
I 1 10 can learn how these letters are encoded in different bases by doing problems 


27-32 in Exercise 3.4. 





—- 


Now that we know how to represent numbers in the binary system, we look at 
how computations are done in that system. First, we can construct addition and 
multiplication tables like the ones for base 10 arithmetic. See Tables 3.6 and 3.7. 


The only entry that looks peculiar is the 10 in the addition table, but recall 
0 0 0 that 10, means 2,5, which is exactly the result of adding 1 + 1. (Be sure to read 
1 0 1 10 as “one zero” not as “‘ten.”’) 
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EXAMPLE 2 


EXAMPLE 3 
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Addition 


Binary addition is done in the same manner as addition in base 10. We line up 
the corresponding digits and add column by column. 


Add 1010, and 1111,. 


Solution 
1 
1010, 
Diels 
O04 
Oi 
1+ 1 = 10, Write the O and carry the 1 
to the next column. 
1+0+1=10, Write the 0 and carry the 1 
to the next column. 
Gh Ae = Osh 111, 
Thus, 1010, + 1111, = 11001,,. = 


Perform the addition 1101, = 110, ald, 


Solution 
We shall omit the subscript 2 in the computation, but keep in mind that all 
numerals are binary. 


(a 


1101 
110 
eal 
MOREIEO 
ee Otel — a0 Write 0 and carry 1 to the next column. 
(1 + 1)+0+12=10+1=11 Write 1 and carry 1 to the next column. 
Giiee—= 10) Write 1 and carry 1 to the next column. 
1+1=10 
Thus, 1101, + 110, + 11, = 10110,. & 
Subtraction 


To subtract in the binary system, we line up corresponding digits and subtract 
column by column, “borrowing” as necessary. 


Perform the subtraction 1111, a LG; 


Solution Again, we omit the subscript 2 in the computation. 


Pies 
nO) 
1001 
0S 
1-1=0 
1-1=0 


1 is left in this column. 
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EXAMPLE 4 


EXAMPLE 5 


EXAMPLE 6 


This shows that 1111, — 110, = 1001,. Check this by adding 1001, + 110, 
to get 1111,. & 


Example 3 did not require “borrowing,” but the next example does. 


Subtract 101, from 1010,. 
Solution 


010010 
1010 
= P04 
Ost 


(ees 0 — 1 requires borrowing; then, 10 — 1 = 1. 
0-0=0 


O — 1 requires borrowing; then, 10 — 1 = 1. 


Il 


The result is 1010, — 101, = 101,. You can check this answer by adding 
101, + 101, to get 1010,. a 


Multiplication 


Multiplication in the binary system is also done in a manner similar to that for 
base 10, as the following examples illustrate: 


Multiply 101, x 110,. 





Solution 
Ll.0 
x 101 
110 < Start from the right and multiply by 1. 
000 <Indent and multiply by 0. 
110 <Indent and multiply by the left-hand 1. 
Plo < Add the above products. 


The result shows that 101, x 110, = 11110,. Note that we could abbreviate a lit- 
tle by omitting the two leftmost Os in the second partial product and writing the 
third product on the same line. a 


Multiply 1110, by 110,. 


Solution 
JekehO 
Xe LO 
PE EOO < Multiply by 0, and write one 0. Then multiply by 1, using the 
same line. 
meal) < Indent two places and multiply by 1. 
1010100 < Add the partial products. 


The computation shows that 110, x 1110, = 1010100,. a 


EXAMPLE 7 


EXAMPLE 8 
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Division 


The procedure used for division in the base 10 system can also be used in the 
binary system. This is illustrated next. 


Divide 1011, by 10,. 


Solution 
101 
10) £0111 
Step 1 ———_» — 10 
step. 2 > 1H 
siep seme pang ac use 10 
1 <——— Remainder 


Step I 1 X 10 = 10. Write 1 in the quotient above the 10. Then subtract. 


Step 2 Bring down the next digit. 10 does not go into 1, so write 0 in the quo- 
tient and bring down the final digit. 


Step 3 1 X 10 = 10. Write 1 in the quotient and then subtract to get the 
remainder. 


The computation shows that 1011, + 10, = 101, with remainder 1. You can 
check this answer by multiplying 101, by 10, and adding 1 to the product. Thus, 


(10, X 101,) + 1 = 1010, + 1 = 1011, 


This shows that the answer is correct. i 


Divide 110111, by 101,. 


Solution 
LO- 1 
101) eti011% 
Step 1—> —- 101 
Step. 2 el 
Step 3 — 101 


S10 ot TO 


Step 5 ee Say 


Q «———— _ Remainder 
Step I 1 X 101 = 101. Write 1 in the quotient above the 110 and then subtract. 


Step 2 Bring down the next digit. 101 does not go into 11, so write 0 in the quo- 
tient and bring down the next digit. 


Step 3 1 X 101 = 101. Write 1 in the quotient and then subtract. 
Step 4 Bring down the final digit. 


Step 5 1 X 101 = 101. Write 1 in the quotient and then subtract to get the 
remainder. 


The division here is exact; the quotient is 1011, and the remainder is 0. 
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To further explore addition and 
multiplication tables for bases 

2 to 36, access links 3.4.1 and 
3.4.2 at the Bello Web site. 
Explore the conversion of binary 
numbers and decimals by access- 
ing link 3.4.3. 


EXAMPLE 9 


FIGURE 3.4 





You can check the answer by multiplying the quotient 1011, by the divisor 
101,. Thus, 


bOj td 
<a Or 
Ow 
Oso 
GOAT 


Therefore, the answer is correct. Bi 


Applications 


Binary numbers can be used to transmit, print, and encode pictures or images. 
(More about this later in the Discovery section.) How would you “translate,” or 
code, a picture to binary numbers? Look at the next example (Figure 3.4). 


Translate, or code, a white square with a 0 and a black square with a 1. 
On the first line, all squares are white so the first line corresponds to 


0000000000000000 
The second line is 
0000000001100110 
What are the third, fourth, and last lines? 
Solution The third line is 
0000000001100110 
The fourth line is 








+ iH 0000000000000110 
cco The last line 
/; fH e last line is 
H 0000000000000000 
|| | 
Ean You have encoded the information into a 16-bit binary code! 
| z ata Can you answer these questions? Which line(s) have the most 1s? Which 
fea a ES ede ae feel line(s) have the same number of 1s? What about the least number of 1s? i 
Ly In problems 1-6, do the indicated additions. 4. 1111, Ss. 110, 6. 1101, 
Teh Deve telliliece yada wile aD, es He 
+ 10, + 101, email Oe pl Tel 
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G In problems 7-12, do the indicated subtractions. 


Teele toe R110; 9. 1000, 
— 10, - i, — 111, 











PO MeeiiOl See 1s Alls ~ 212. . -1010, 
= 111, — 101, — 101, 





In problems 13-18, multiply as indicated. 


iO eid) F101, | 15. 1111, 
Hi, x10, XA, 











feaeAst0, 17. A0LL, -.18. 1011, 
<1, xe101s als 











D In problems 19-24, divide as indicated. 
19. 10,)1101, 20. 11,)1101, 

21. 11,1110, 22. 11,)11011, 
23. 101,)111011, 24. 111,)1110111, 


@®™ in Other Words 


In ASCH (American Standard Code for Information 
Interchange), characters are numbered in binary nota- 
tion. The characters A—O are prefixed by 0100 and are 
numbered in order, starting with A = 0001, B = 0010, 
C = 0011, D = 0100, and so on. The characters P—Z 
are numbered in order starting with P = 0000 and pre- 
fixed by 0101. In problems 25 and 26, write the mes- 
sages in words. 


25. 01001000 01000101 01001100 
01001100 01001111 
What decimal number corresponds to each of the 
letters? 


26. 01000011 01000001 01001100 
01001100 01001101 01000101 
What decimal number corresponds to each of the 
letters? 


Ga Using Your Knowledge 


In problems 27-32, use ASCII to write the binary, dec- 
imal, and hexadecimal codes for the letters. Remember 
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that in the hexadecimal system the “digits” A, B, C, D, 
E, and F correspond to the numbers 10, 11, 12, 13, 14, 
and 15, respectively. 





In problems 33 and 34, change the hexadecimal 
numerals representing letters to binary and then use 
ASCII to write the messages. 


33. 48 45 4C 50 


34. 49 
44 4F 
4E 4F 54 
47 45 54 
49 54 


To further explore binary conversions, access 
link 3.4.4 at the Bello Web site. 





-— Discovery 


On July 14, 1965, a camera installed on the spacecraft 
Mariner IV took the first pictures of the planet Mars 
and sent them back to Earth by radio signals. On Earth, 
a computer received the pictures in the form of binary 
numerals consisting of six bits. (A bit is a binary digit.) 
The shade of each dot in the final picture was deter- 
mined by six bits. 

The numeral 000000, (0 in base 10) indicated a 
white dot, and the numeral 111111, (63 in base 10) 
indicated a black dot. The 62 numerals between repre- 
sented various shades of gray between white and 
black. To make a complete picture, 40,000 dots, each 
described by six bits, were needed! 
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35. If one of the numerals received was 110111,, what 
was the corresponding decimal numeral? 


36. Does the dot corresponding to the numeral 
received in problem 35 represent a shade of gray 
closer to white or to black? 


37. What binary numeral represents the lightest shade 
of gray that is not white? 


38. What binary numeral represents the darkest shade 
of gray that is not black? 


39. What binary numeral represents the shade num- 
bered 31? 


Calculator Corner 


Some scientific calculators will perform operations 
in different bases. Thus, to add 1101, + 110, + ll, 
(Example 2), we place the calculator in the binary 
mode by pressing and proceed as in 
regular addition by entering 1101 + 110 + 11 =. The 
answer will appear on the screen as 10110. We can do 
addition, subtraction, and multiplication in the same 
manner, but we must be careful with division. Thus, in 
Example 7 we divided 1011, by 10,. The answer was 
101, with a remainder of 1. To do this on our calcula- 
tor, we enter (now we are in binary) 
and 1011 + 10 =. The calculator will give us the quo- 
tient 101 but not the remainder. To discover that there 
is a remainder, we must check our division by multi- 
plying the quotient (101,) by the divisor (10,). The 
result is 1010,, not 1011,, so the remainder must be 
1. The moral of the story is that when doing divi- 
sion problems in different bases, we must check the 
problem by multiplication and, during this process, 
find the remainder. 


1. Use your calculator to find the remainder (if any) in 
problems 19, 21, and 23 of Exercise 3.4. 


aa Collaborative Learning 


Form two (or more) groups of students and provide 
each group with a 16-bit binary code chart like the 
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ones shown. Each group should construct a diagram 
similar to the one shown in Example 9 but using the 
word LO! Write the 16 lines of code on a 3-by-S card. 








a Fo ot 


1. Are the numbers on the first and last lines of code 
identical? If so, does that mean that the rest of the 
numbers will be identical? Discuss this. 


2. The number of bits (the simplest pieces of informa- 
tion, a0 ora!) to write each line can be shortened. 
For example, the fourth line in Example 9 can be 
written as 


13 0 Zot 10 


Is there a problem with this notation? What is the 
problem? Can you fix this problem? 


3. To encode a character, say the letter A, takes 8 
bits = 1 byte. How many bits would it take to write 
supercalifragilisticexpialidocious? Each of the 
groups can find the number of bits it would take to 
write what they consider the longest word in the 
English language. Is the answer the same for both 
groups? 


4. If you assume that an average-sized novel has 
500,000 characters, then according to the table at 
the top of page 165 it would take about 500 KB to 
write all the characters (not in the novel but the let- 
ters and symbols in the book itself!). An encyclo- 
pedia is equivalent to 2500 average novels. How 
many bytes is that? How many bits? 


ar To further explore exercise 4, access link 3.4.5 
at the Bello Web site. 


i 


(Remember to bookmark the Bello book-specific Web site.) 


3.5 Octal and Hexadecimal Arithmetic 165 


Dai ld deha 


hoe matlest piece of Dour 
ede possible bs tla “9” or «1% ) 


, bits | 


1 Ry Pie 


i] on Ere a 
1 Rie 741, Er sda 


1 erry ae an Ga aoe 


ur ar 899, oo ro xa eee 





Native American Arithmetic 


When counting in the decimal system, you can use ten fingers. In the binary sys- 
tem you can use two fingers. What could you use in an octal system? The answer 
is not at your fingertips, but between your fingers! The Yuki Indians of California 
use the spaces between their fingers for counting. Thus, some of their counting 
is in base 4 and some is in base 8 (octal or octonary). In this section, we shall 
study octal and hexadecimal arithmetic. ss 


Arithmetic in the base 8 and base 16 systems can be done with addition and mul- 
tiplication tables in much the same way as in the base 10 system. We consider 
the octal system first and construct the required tables (Tables 3.8 and 3.9). 


TABLE 3.8 Octal Addition Table 








0 0 
1 1 
2, 2 
3 3 
4 4 
5 5 
6 6 
i 7 


A Yuki Indian poses in traditional 
dance costume, ca. 1900 
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TABLE 3.9 Octal Multiplication Table 





A. Octal Addition 


To add octal numbers, we align corresponding digits and add column by column, 
carrying over from column to column as necessary. 

As in the preceding section, we shall omit the subscripts in the computations, 
but keep in mind the system with which we are working. 


EXAMPLE 1 Add 673, + 52. 


Solution 
1 / 
Oi 
I 
745 <— 3+2=5 
ee 7 + 5 = 14 (Table 3.8) Write 4 and carry 1. (Read 14 as 
“one-four” not as “fourteen.’) 
1+6=7 
Thus, 673, + 52, = 745.. 8 


EXAMPLE 2 Do the addition 705. of 374.. 


Solution 


<— 5+ 4= 11 (Table 3.8) Write 1 and carry 1. 


LJ 
t—§§— 140+7=10 (Table 3.8) Write O and carry 1. 


1+(7+3)=1+ 12 = 13 (Table 3.8) 
The required sum is 1301.. a 
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B. Octal Multiplication 


EXAMPLE 3 Multiply 46, by 5,. 
Solution 


46 

Kore 
276 <—5 x 6 = 36 (Table 3.9) Write 6 and carry 3. 
5 < 4 = 24 (Table 3.9) Add the 3 to get 27. 





The answer is 276,. (Note: You can check the answer by converting all the num- 
bers to base 10. Thus, since 46, = 38 and 5g = 5, in base 10 we have 5 X 38 = 
190. We also find that 276, = 190, so the answer checks.) 3 


EXAMPLE 4 = Multiply 237, by 14,. 





Solution 
De a | 
x 14 
Le 7 +4 4 x 7 = 34 (Table 3.9) Write 4 and carry 3. 
OI iH « x 3 = 14 (Table 3.9); 14+3=17 Write 7 and carry 1. 
BD 16 a] 4 x 2 = 10 (Table 3.9); 10+ 1=11 
1 X 237 = 237 


Addition of the partial products gives the final answer, 3564,. The check is left 
to you. a 


C. Octal Subtraction and Division 


Subtraction and division also can be done by using tables as in the following 
examples: 


EXAMPLE 5 Subtract 56, from 747.9. 


Solution 


B 


6 
7 


ns 
On 





6 


~— 


I 


1 7 — 6= 1 (Table 3.8 shows 6 + 1 = 7.) 


4 — 5 requires borrowing. Change the leftmost 7 to 6 and add 10 to 
the 4. Then subtract. To get this result, refer to Table 3.8, go down 
the left-hand column under + to the 5, and read across to 14. The 7 
in the top line above the 14 is the required number. 

Bring down the 6. 


The final answer is 671,. You can check this answer by adding 56, + 671, to 
get 747.. 
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EXAMPLE 6 Subtract 643. = 45¢. 
Solution 


Sas 
Sas 
6 4 3 
ae) 
5 7 6 <— 3-5 requires borrowing. Change the 4 to 3 and add 10 to the first 
| 3 to give 13. Then-subtract 13 — 5 = 6 (Table 3.8). 
3 — 4 requires borrowing. Change the 6 to 5 and add 10 to the 3 to 
give 13. Then subtract 13 — 4 = 7 (Table 3.8). 
Bring down the 5. 





The result shows that 643, — 45, = 576g. This can be checked by addition as in 
Example 5. a 


EXAMPLE 7 _ Divide 765, by 24g. 


Solution 
Sal 
yy A)7 65 


74 «<— 3x 24 =74 (Table 3.9). Write 3 in the quotient above the 76. 
2 5 «— Subtract and bring down the 5. 
24 <— 1Xx24=24 
1 <— Subtract to get the remainder. 


This computation shows that 765, + 24, = 31, with a remainder of 1,. This can 
be checked by multiplying 31, by 24, and adding 1 to the product. i 


EXAMPLE 8 Divide 4357, by 21g. 
Solution 
25:0°6 
IA1)4 BIS 
42 <— 2 X 21 = 42. Write 2 in the quotient above the 43. 
1 5 7 «— Subtract and bring down the 5. 21 does not go into 15, so 
1 4 6 write O in the quotient and bring down the 7. 


ie 6 X 21 = 146 (Table 3.9). Write 6 in the quotient. 
Subtract to get the remainder. 


The computation shows that the quotient is 206, and the remainder is 11. 
As before, the answer can be checked by multiplying the quotient by the divi- 
sor and adding the remainder. Thus, 


206 

x Dal 
206 
414 
4346 

4F lt 
A35i/, 


which shows the answer is correct. B 
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Hexadecimal Addition and Multiplication 


To do arithmetic in the hexadecimal system, we first construct the addition and 
multiplication tables (Tables 3.10 and 3.11). These tables furnish the “number 
facts” we need to do the computations. 


TABLE 3.10 Hexadecimal Addition Table 
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EXAMPLE 9 


EXAMPLE 10 


EXAMPLE 11 


EXAMPLE 12 


Add 2B4,_ + Alig: 
Solution 

B 4 

+ Al 

3.5.5 <——4+1=5 


t____ B + A= 15 (Table 3.10) 
ie ee 


The answer is 355,,. (You can check this by converting to base 10.) 


Write 5 and carry 1. 


Add 1AB2,, + 2CD3,¢. 


Solution 
1A 
1AB2 
2a De 
AT BSS <2 3 5 
t—_—_—— B + D = 18 (Table 3.10) Write 8 and 
carry 1. 
(A+ C)+1= 16+ 1 = 17 (Table 3.10) Write 7 and 
carry 1. 


Tepe a 


The answer is 4785,,. (You can check this by converting to base 10.) 


Multiply 1A2,, by By¢. 


Solution 


B X 2 = 16 (Table 3.11) 
B x A= 6E (Table 3.11) 
6E + 1 = 6F (Table 3.10) 
BX 1=B;B + 6=11 (Table 3.10) 


The answer is 11F6,¢. 


Multiply 2B4,, by B1,¢. 
Solution 
2B4 
* Bil 
2 B «4 <=) *2B4-= 284 
1DBC <¢— Bx 4=2C (Table 3.11); write C and carry the 2. Then, 
IDE 7 B x B = 79 (Table 3.11); 79 + 2 = 7B (Table 3.10); write B 


and carry the 7. Then B x 2 = 16 (Table 3.11); 
16 + 7 = 1D (Table 3.10). 
B + C= 17 (Table 3.10); write 7 and carry the 1. 
(2+ B)+1=D+1 =E (Table 3.10) 

The answer is 1DE74,¢. 


Write 6 and carry the 1. 


Write F and carry the 6. 


a 


A In problems 1-4, do the indicated additions. 
1. 531, + 47, 2. 425, + 364, 
3. 7256, + 634, 4. 5732, + 747, 


B In problems 5-8, do the indicated multiplications. 
5. 57, X 6 6. 45, X 7, 
7. 216, X 32. 8. 312, X 65, 


In problems 9-12, do the indicated subtractions. 
9.534, — 25, 10. 617, — 47, 
11. 3264, — 756, 12. 4763, — 654, 


In problems 13-16, do the indicated divisions. 
13. 317, + 7, 14. 4355, + 5, 
15. 4215, + 15, 16. 7342, = 31, 


D In problems 17-20, do the indicated additions. 
17. 3CB,,¢ + 4Ci¢ 18. 4FE,, + 35,6 
19. 98D,_ + 2B, ¢ 20. CBD,,_ + AFi¢ 


In problems 21-24, do the indicated multiplications. 
21. 2C51¢ X 3Bi¢ 22. 4DE\¢ X 1246 
23. 6F3,, X ABi¢ 24. 29A,_ X EOF 1, 


™ in Other Words 


25. Explain why it is easier to add and multiply in the 
binary than in the hexadecimal system. 


26. Why is it easier to write a number in expanded 
form in the decimal system than in the binary or 
hexadecimal system? 


(Remember to bookmark the Bello book-specific Web site.) 
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To better understand the decimal, binary, octal, and hexadecimal systems, access links 
3.5.1, 3.5.2, and 3.5.3 at the Bello Web site. 


G@ Using Your Knowledge 


You know that we used decimals in the base 10 system 
with the understanding that the place values to the 
right of the decimal point are 


For example, the decimal numeral 23.759 stands for 


7 5 9 
2x 10)+3+—,+—,+— 
; 10° 10? Sal O° 
The same idea is used in other number systems. Thus, 
in the binary system, the numeral 


1 0 1 
IOP 2) Ett as oe 
In the octal system, the numeral 
S 2 4 
Wa teee 0) Teena ecg 


To convert numbers from binary or octal form to 
decimal form, it is convenient to have the values 


= 0125, 


1 
= 0.25, 8 


For instance, 


Lid = 05025 40125: 1:875 
Deiat Otago e025). 3:025 


Change the following to decimal form: 


27. 10.101, 28. 11.011, 
29. 10.001, 30. 21.4, 
BiaG, 32. 31.7, 


| Info | q] http://college.hmco.com/mathematics }} Seach 





172 3 Numeration Systems 


ne 
Calculator Corner 


Some scientific calculators are able to perform arith- 
metic in different bases. (You need a key displaying 
the desired base.) Thus, to add 673, + 52. (Example 
1), we place the calculator in the octal mode by press- 
ing and entering the indicated opera- 
tion 673 + 52 =, as in regular addition. The answer 
745 will appear on the calculator screen. Keep in mind 
that when doing division the calculator will not pro- 
vide the remainder. Thus, if you divide 765, by 24, 
(Example 7), the calculator gives the quotient as 31. Is 
there a remainder? If you multiply the quotient 31, by 


Chapter3 SUMMARY 


Section Item 

Egyptian Babylonian 
3.1 ’ I 
31 HII VVVVY V 
3.1 nN < X 
3.1 AMOR See er! oi 
3.1 e G 
3.1 OD) 2) ©) D 
3.1 £ M 
aa C x 
aot aw c 
31 8 M 
3.2A a” 
3.24 (2 X 102) + (4 x 10!) + (5 x 10°) 
3.2B eee aan 
3.2B ae NG 
3.3A 4300) 
3.3B 10001,.,., 
3.3B Aye Bigs Cie Dig» Eig Fig 
3.3B 17 


eight 


Roman 


the divisor 24, the result is 764, and not 765.. Thus, 
the remainder must be 1. 

What about the hexadecimal system? First, you 
need a key and A, B, C, D, E, and F buttons to 
represent the numbers 10, 11-1213:"1'4-and=15* 
respectively. You can then multiply 1A2i6 by Bie 


(Example 11) by entering 
= 


The calculator gives the answer 11F6. 


Tevse your calculator to find the remainder (if any) in 
problems 13 and 15, Exercise 3.5. 


Meaning Example 


1 

5 

10 

50 

100 

500 

1000 
10,000 
100,000 
1 million 


a Xia <-> 0a 10°= 10x 10 X 10 
er 


nas 
Expanded form of 245 
Law of exponents 5A Xx SoS 
Law of exponents ATT Ae aS 


Gx Gras) 
dx 4y+d x2 
10, 11712,)13,1455 
(1 x 8!) 4+ (7 x 8°) 
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Research Questions 

Sources of information for these questions can be found in the Bibliography at the 
end of the book. 

1. Write a report on the Egyptian numeration system. 


2. Trace the development of the Babylonian numeration system, with special 
emphasis on the base used. 


3. Write a report on the Sumerian numeration system. 


4. Write a report on the Mayan calendar. Include the glyph used for each day and 
the lengths of its months and year, and find information on how the Gregorian 
and Mayan calendars can be correlated. 


5. Write a report on the life and works of Mohammed al-Khowarizmi, with special 
emphasis on the books he wrote. 


- Write a report on A. Henry Rhind and the Rhind papyrus. 
- Write a report on the uses of binary arithmetic in computers. 


. Write a report on Leonardo Fibonacci and his book the Liber Abaci. 


eo mea NN 


. Write a report about the development and use of ASCII. 


Chapter 3 PRACTICE TEST 





1. Write the following in Egyptian numerals: 2. Write the following in decimal notation: 
Pa Se ae) a NII b ONNI 

3. Write the following in Babylonian numerals: 4. Write the following in decimal notation: 
a. 63 b. 735 a VY SSvy b. WY SY 

5. Do the multiplication 23 X 21 using the following: 6. Write the following in decimal notation: 
a. The Egyptian method of successive duplication a. LXVII 
b. The Egyptian method of mediation and duplation b. XLVIII 

7. Write the following in Roman numerals: 8. Write the following in expanded form: 
aes b. 42 ce. 22,000 a. 2507 b. 189 


9. Write the following in decimal notation: 
a. (3 X 10°) + (7 X 102) + (2 X 10°) b. (5 X 10%) + (9 X 10°) + (4 x 10) 


10. Do the following computations in the usual way and in expanded form: 
a> 32 b. 56 — 24 


11. Perform the indicated operations, leaving the answers in exponential form: 
a3? x 3 b. 29 + 23 

12. Do the following computations in the usual way and in expanded form: 
a. 83 X 21 Dio 4a, 


13. Change the following to decimal notation: 14. Change the following to decimal notation: 
a. 203, b. 143, c. 1101, a. 152, b. A2Cj¢ 
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AS: 


i; 


18. 


19. 


20. 


21. 
23. 
25. 


Convert the number 33 to the following: 
a. Base 5 b. Base 6 


Convert the number 47 to the following: 
a. Base 8 b. Base 16 


Do the indicated computations in the binary system. 
ast! 1OL, b. 1101, 
jt tOL, split, 


Do the indicated computations in the binary system. 


a. 1101,X 11, bs 10110, x 101, 


a. 10110, = 11, 
Add 632, + 46, in the octal system. 


b. 110111, + 110, 


Subtract 46, from 632, in the octal system. 


a. 2BC,, + 5D 4, 


Answers to Practice Test 


b. 3647, X 2B, 


Answer If You Missed Review 
Question —_—_— Section ~~ _ Example(s) 
tL a@ ANAK b) DOONONNII| 1 | Table 3.3 
NON QDODOAN|| 
2. (a) 23 (b) 121 2 3.1 Table 3.3 
3. (a) VVVY (b) SVY SVVVVY 3 aA 3 
4. (a) 82 (b) 131 4 3.1 4 
Sa) 21 (b) 23 5 3.1 fa? 
\2 42 ll 
\4 84 5 
8 168 2 168 
\16 336 1 
483 483 
6. (a) 67 (b) 48,000 6 3.1 6 
7. (a) LI (b) XLII (c) XXII ai 3.1 7 
8. (a) (2 X 10%) + (5 X 102) + (0 X 10) + (7 X 10°) 8 3.2 1 
(b) (1 X 102) + (8 X 10) + 9 X 10°) i 
9. (a) 3702 (b) 59,040 9 3.2 2 
10. (a) 75 (7X 10)+5 10 3.2 3,4 
+ 32 +(3X10)+2 
107 (10 X 10) +7 
=(1 xX 102)+7 


= 107 


Do the indicated computations in the binary system. 


a. 39 


Do the indicated computations in the hexadecimal system: 


b. 527 


16. Convert the following to binary notation: 


22. Multiply 37, by 5, in the octal system. 
24. Divide 572, by 6, in the octal system. 





134 


134 
137 
137 


135-136 


138 
139 
144 


144 


144-145 


Answers to Practice Test 175 


If You Missed 





(b) 56 (5 X 10) + 6 
A (—)(2 x 10) + 4 i 
32 (G10) 2 
23) ‘ 
11. (a) 34 x 38 = 3448 = 312 : u 3.2 5 145 
(b) 99 + 23 = 99-3 = 76 i 
12. (a) 83 810) 3 12 3.2 ves 146 
x 21 (62010) 4-1 
83 (8x 10) +3 


166° (16 X 107) + ( 6 X 10) 
1743 = (16 X 10) + (14 X 10) +3 
= (1 X 103) + (6 X 102) 
+ (1 X 10?) + (4 X 10) +3 
= (1 x 103) + (7 X 102) 
+ (4X 10) + 3 = 1743 


| (b)  7RS5 
' 7/54 
i 
5 
(7 X 10°) R (5 X 10°) 
7 X 10°)(5 X 10) + (4 X 100) we 
(4 x 10) + (9 x 10°) 
(5 X 10°) 
13. (a) 35 (b) 48 (c) 13 13 3.3 2.3 151, 152 
14. (a) 106 (b) 2604 14 ' 3.3 4 152 
15. (a) 113, (b) 53, ; 15 3.3 5 153 
16. (a) 100111, (b) 1000001111, 16 3.3 5 153 
17. -(a):57;, (b) 2F,, ' 17 3.3 6 153 
18. (a) 10010, (b) 110, : 18 : 3.4 1-4 159-160 
19. (a) 100111, (b) 1101110, i 19 3.4 5,6 160 
20. (a) 111,R1,  (b) 1001,R1, 20 3.4 78 161 
aE 00s =) 22. 233, ‘ 21 3.5 1,2 166 
23.564, 24. 77, 22 3.5 3,4 167 
25. (a) 31916 (b) AIEC,, 23 3.5 5,6 167-168 
24 3.5 7.8 168 
25 | 3.5 9-12 170 
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The Rational Numbers 
Decimals 


Rational Numbers as 
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Number Theory and 
the Real Numbers 


In Chapter 3, we took a journey through time and the numbers 
of antiquity. Now we shall explore more recent developments 
in the history of mathematics by studying the natural or 
counting numbers, their properties, and their uses. We will 
also look closely at some special natural numbers: the primes. 
Since ancient times, mathematicians have been fascinated by 
the divisors of numbers and on that basis classified the num- 
bers as abundant, perfect, or deficient. Prime numbers have 
only two divisors, themselves and 1. The search for prime 
numbers continues today using supercomputers, and the 
results are used in such sophisticated areas as cryptography. 

As useful as they are, the natural numbers are not enough 
for the needs of everyday life. We need numbers to measure 
such things as subzero temperatures, yardage losses in a foot- 
ball game, and financial losses in the stock market. In other 
words, we need negative numbers, which we shall consider 
when we study the integers. 

Division of one integer by another yields a new number, a 
rational number. Rational numbers can also be written as dec- 
imals. We might imagine that the rationals would be the end of 
this numerical journey. However, the Pythagoreans, a secret 
society of scholars located in ancient Greece (ca. 540-500 
B.C.), made a stunning discovery. The irrational numbers 
defied their knowledge of number properties, because they 
could not write them as the ratio of two whole numbers. 

The union of the rationals and the irrationals yields the 
real numbers. One of the most interesting real numbers is 77, 
and we shall trace different attempts to find its value. We shall 
then learn how to operate with irrational numbers written 
using radical notation. 

Finally, we shall see how to find the sums of certain 
sequences of numbers. In the next chapter we shall find out 
how all these numbers are used in a new world: algebra. 


For links to various Internet sites related to topics and sections throughout Chapter 4, 
please access the Bello, Topics in Contemporary Mathematics, Web site at 
http://college.hmco.com/mathematics 
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The Human Side of Mathematics 


eopold Kronecker was born on December 7, 1823, in Liegnitz, Prussia. The boy’s early 
Le jeter was under a private tutor who was supervised by Leopold's father, a 
well-educated man whose love of philosophy was handed on to his son. 

Throughout his schooling, Kronecker’s performance was many sided and brilliant. He 
mastered Greek, Latin, Hebrew, and philosophy with ease, though it became obvious that 
his greatest talent was in mathematics. In addition to his formal studies, he took music 
lessons and became an accomplished pianist and vocalist. 

In 1841, Kronecker entered the University of Berlin, where he began to specialize in 
mathematics. His dissertation for the Ph.D. degree was accepted in 1845 when he was 22 Leopold Kronecker 
years old. His doctoral work was on the theory of numbers and involved algebraic (1823-1891) 
problems stemming from the attempt to construct a regular polygon of n sides with only a 
straightedge and compass. 

In that same year, a rich uncle died; this left Leopold to manage a large estate and run 
a banking business for his cousin (whom he married in 1848). He was extremely successful 
in business, having a genius for making the right friends and investments. 


ae tad Do : ; 3 : In short, Kronecker was 
Despite his diversion to business and finance, Kronecker did not neglect mathematics. 


an artist who used math- 


He finished an outstanding memoir on the theory of equations, which was published in ematical formulas as his 
1853. Throughout his mathematical work, much of it on number theory and the theory of medium. 
equations, he tried to make concise and expressive formulas tell the whole story. Most of —E. T. Bell 





Kronecker’s papers have a strong arithmetic flavor; he wanted to explain everything in 
terms of the whole numbers and in a finite number of steps, a style that has had a great 
influence on modern mathematics. 

In 1883 the University of Berlin offered Kronecker a professorship, which he accepted 
and held until his death in December 1891, at the age of 68. 


Looking Ahead: Kronecker’s work on number systems and number theory led him to remark that “God made the 
integers, all else is the work of man.” In this chapter we will look at number systems from the natural numbers to 
the real numbers. 






pa 
Number Theory 


GETTING STARTED  Emirps and Primes 





yt. Do you know what an emirp is? It is a prime number that turns into another prime 
number when its digits are reversed; 13 and 31, 37 and 73 are emirps. A prime 
number is a number that has exactly two distinct factors, itself and 1. Prime 
numbers are used in cryptography, the encoding of secret messages. The lowest 
prime is 2 and the highest known prime is 2°7593 — 1, discovered by Nayan 
Hajratwala on June 1, 1999. Here you will learn about prime and composite 
numbers, factors and divisors, and their uses. 





What is the largest known prime 
at the moment? It is hard to tell, 
but you can find out by accessing 
link 4.1.1 at the Bello Web site. 
As of this writing, the largest 
prime is 27753 — 1. It has 
2,098,960 digits and was 
discovered by Nayan Hajratwala, 
George Woltman, Scott 
Kurowski, and GIMPS (Great 
Internet Research Prime 
Search). 


(Remember to bookmark the Bello book-specific Web site.) 4] i 
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Five members of the Amdahl Six, from left to right: Joel F. Smith, Sergio E. 
Zarantonello, B. K. Parady, Landon Curt Noll, and Gene Ward Smith. 


The proper divisors of a number have fascinated mathematicians as far back 
as the Pythagoreans, who classified numbers according to the sum of their proper 
divisors (all the divisors, except the number itself) as follows: 


Classification of Number 


Abundant (12 and 20) 
Perfect (6 and 28) 
Deficient (14 and 15) 


Sum of Number’s Proper Divisors 


More than the number 
Equal to the number 
Less than the number 


You will learn more about prime, perfect, abundant, and deficient numbers 
in the Discovery section of Exercise 4.1. Can all numbers be written as a sum of 
primes: 10 = 5 + 5,18 = 11 + 7, and 21 = 19 + 2? (See problem 71, Exercise 
4.1.) Here is another problem. 17 is prime and 19 is prime; their difference is 2. 
43 is prime and 41 is prime, their difference is 2. These pairs of numbers are 
called twin primes. Are there infinitely many twin primes? Nobody knows! 

How can you find whether the number of primes is infinite? (See problem 
15, Exercise 4.1.) One way is to find a formula that generates primes. Here is one 
such formula: n* — n + 17. Whenn = 1, 1 — 1 + 17 = 17, a prime number. 
When n = 2,27 —-2 +17 =4-—2+ 17 = 19, a prime number. Will this for- 
mula generate primes all the time? Can you find another formula? a 


Look at the numbers on the keys of your calculator. They can be used to form 
a special set of numbers, called the set N of natural or counting numbers 
{1, 2, 3,...}. In this section, you will see some uses and properties of the set of 
natural numbers and one of its important subsets: the set of prime numbers. 


j| =f http://college.hmco.com/mathematics f) Seerg! 
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4 Number Theory and the Real Numbers 


A. 


EXAMPLE 1 


DEFINITION 4.1 


Using the Natural Numbers 


The natural numbers can be used in three different ways: as cardinals (for count- 
ing or showing how many), as ordinals (for indicating order in a series), or for 
identification. Thus, the number of elements in A = {a, b, c, d} is 4. We then say 
that the cardinal number of A is 4 and write n(A) = 4. Here, the number 4 is 
used as a cardinal number. 

Numbers can also be used to assign an order, or position, to the elements of 
a set, that is, to indicate which element is first, second, third, and so on. We then 
refer to these numbers as ordinal numbers. Finally, numbers can be used for 
identification. Our Social Security numbers, passport numbers, and savings 
account numbers are used for identification purposes. 


Determine whether the underlined word is used as a cardinal or ordinal number 
or for identification. 


(a) If she kissed you once, would she kiss you two times? 
(b) My account number is 123456. 

(c) This is my first and last warning. 

Solution 


(a) Cardinal (b) Identification (c) Ordinal ia 


Now consider some relationships among natural numbers and the terminol- 
ogy used to express these relationships. Suppose there are 40 students in your 
class and you wish to divide them into 5 equal groups. Each group will have 8 
students, and no student will be left out. Thus, 40 divided by 5 is exactly 8 with 
no remainder. In other words, 5 is an exact divisor of 40, or more briefly, 5 is a 
divisor or factor of 40. Similarly, 63 divided by 7 is exactly 9, so 7 is a divisor, 
or factor, of 63. However, 7 is not a divisor, or factor, of 60, because 60 is not 
exactly divisible by 7. 


Prime and Composite Numbers 


If 40 is written as a product of factors, the product—for example, 5 X 8—is 
called a factorization of 40. The 5 and 8 are factors (divisors) of 40, and the 
number 40 is a multiple of each of these factors. Note that 8 itself has divisors 


other than 8 and 1 (2 and 4), but the only divisors of 5 are itself and 1, so 5 isa 
prime number. 





According to Definition 4.1, 5 is a prime number, but 40 and 8 are compos- 
ite. Notice that the number 1 is by definition neither prime nor composite, 
because it has only one divisor (itself). 

In the third century B.c., the Greek mathematician Eratosthenes devised the 
following procedure to find prime numbers: He listed all the numbers from 2 up 


FIGURE 4.1 
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to a given number (say, from 2 through 50 as in Figure 4.1). He concluded that 
2 is prime, but every multiple of 2 (4, 6, 8, and so on) is composite, because it is 
divisible by 2. He then circled 2 as a prime and crossed out all multiples of 2. 
Next, because 3 is prime, he circled it and crossed out all following multiples of 
3. Similarly, he circled 5 (the next prime) and crossed out its multiples. He con- 
tinued this process until he reached 11, the first prime whose square exceeds 50. 
We note that all the multiples of 11 (11 - 2, 11 - 3, and 11 - 4) were eliminated 
earlier when the multiples of 2 and 3 were crossed out. In the same way, the mul- 
tiples of any prime larger than 11 were also eliminated. Hence, all the numbers 
left in the table were primes. Eratosthenes then circled those numbers. If the 
table had gone as far as 200, he would have had to continue his stepwise exclu- 
sion of composite numbers until he came to 17, the first prime whose square 
exceeds 200. (Can you explain why?) Because it sifts out prime numbers, the 
preceding method is called the Sieve of Eratosthenes. 

The set of primes is not finite; that is, there is no largest prime. This fact is 
proven in problem 15 of Exercise 4.1. 

The applications of prime numbers that we shall consider depend on a theo- 
rem that we state below without proof. 


Fundamental Theorem of Arithmetic 


Every composite number can be expressed as a unique product of primes 
(disregarding the order of the factors). 


Thus, 

TS = 2 Soo 5 
and 

G21 )3 = 22593 


Factorization 


The prime factorization of a composite number can be found by “dividing out” 
the prime factors of the number, starting with the smallest factor. Thus, 


A= 2220 = 272 10 S22 32. 5 S25 
and 
63 =3 Ol =. 3°53) = Soe 
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EXAMPLE 2 


EXAMPLE 3 


www: 
To determine if a number is 


prime, access link 4.1.2 at the 
Bello Web site. 
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We can write these computations using repeated divisions as follows: 


Divide by 2 > | 40 Divide by 3 > | 63 

Divide by 2 > | 20 Divide by3 > (a2 

Divide by 2 > | 10 Divide by 7 > (nT 

Divide by 5 > eo 1 
1 


Reading downward, as indicated by the arrows, we get 
AQ =) 2 en sand 03 = Sc Sa tune 


as before. 


Write 1440 as a product of primes. 


Solution 


2 [1440 
2(720 
2|360 
2 [180 

2(90 
3 [45 
3[15 
5[5 

1 


Hence, 1440 = 2-2-:2-2-2-3-3-5=2°. 32.5. ie 


Is the number 197 prime or composite? 


Solution To answer this question, we must determine whether 197 has factors 
other than | and itself. Thus, we try dividing by the consecutive prime numbers 
2, 3,5, 7, 11, 13,.... Since 197 is not even, it is not divisible by 2. It is also not 
divisible by 3 or 5 or 7 or 11 or 13, as we can find by trial. Where do we stop? 
In trying to divide 197 by 3, 5, 7, 11, and 13, we notice that the quotient is 
greater than the trial divisor each time (for example, dividing 197 by 3 gives a 
quotient of 65). The Sieve of Eratosthenes (Figure 4.1) gives the next prime as 
17. If we try to divide 197 by 17, we get a quotient (11) that is Jess than 17 and 
a remainder showing that 17 is not a factor of 197. Consequently, we need go no 
further (can you see why?), and we have shown that 197 is prime. i 


Divisibility Rules 


Finding the prime factorization of a number or determining whether the number 
is prime or composite can require a number of trial divisions. Some of these divi- 
sions can be avoided if we know the divisibility rules demonstrated in Table 4.1. 


(Remember to bookmark the Bello book-specific Web site.) 


EXAMPLE 4 


Problem Solving 


1. Read the problem. What do 
remainder and divided into mean? 


2. Select the unknown. 


3. Think of a plan. 
What can you say when a number 
leaves a remainder of 2 when 
divided into 50? 
What about when the remainder is 
3 when divided into 63? 
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TABLE 4.1 


The number ends in 345,678 ends in 8, so it is 
0, 2, 4, 6, or 8. divisible by 2. 


The sum of the number’s 258 is divisible by 3, since 
digits is divisible by 3. 2 +5 + 8 = 15, which is 
divisible by 3. 
The number ends in 365 ends in 5, so it is 
Qorssh divisible by 5. 


There are other rules for divisibility by larger primes such as 7 and 11, but 
most people feel these rules are too complicated to bother with; it is easier to 
check by direct division. To see other divisibility rules (for 4, 6, 8, 9, 10, and 12), 
see the table in the Using Your Knowledge section of Exercise 4.1. 


Which of the following numbers is divisible by 2, 3, or 5? 
(a) 8925 (b) 39,120 KG) 2593 


Solution 


(a) 8925 is not divisible by 2. The sum of the digits 8 + 9 + 2 + 5 = 24 is divis- 
ible by 3; hence 8925 is divisible by 3. Since 8925 ends in 5, it is divisible 
by. 2: 


(b) 39,120 is divisible by 2, 3, and 5. Note that 3 + 9 + 1 + 2 = 15, which is 
divisible by 3. 


(c) 2553 is not divisible by 2 or 5, but is divisible by 3 because the sum of its 
digits, 2 +5 +5 +3 = 15, is divisible by 3. zB 


Divisibility 
How many numbers leave a remainder of 2 when divided into 50 and a remain- 


der of 3 when divided into 63? 


3 divided into 50 means *2. The answer is 16 with a remainder of 2. 
You need to find all numbers with the property stated in the problem. 


If the remainder is 2 when the number is divided into 50, then 50 — 2 = 48 is 
divisible by the number. 


Similarly, 63 — 3 = 60 is divisible by the number. Moreover, the number must 
be larger than 3, the larger of the two remainders. 


continued 
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4. Use the information to carry out The divisors of 48 larger than 3 are 
the plan. You need the divisors of 


48 and 60 larger than 3. AR | OAS Ge | ENN S eeLO. ox dees 


Of these, the divisors of 48 and 60 larger than 3 are 12, 6, and 4. Thus, there are 
exactly three numbers that meet the given conditions. 


5. Verify the answer. If 12, 6, and 4, respectively, are divided into 50, the remainders are 2. If 12, 6, 
and 4 are divided into 63, the remainders are 3. Try it! 


TRY EXAMPLESNOW. Cover the solution, write your own, and then check your work. 





EXAMPLE 5 _ Find the smallest multiple of 5 that leaves a remainder of 2 when divided by 
3 and a remainder of 6 when divided by 7. 


Solution Write all the multiples of 5 larger than 6, the larger of the two remain- 
ders, and select the ones that satisfy the two given conditions. 


Multiples of 5 10 is 20 2 30 35 
Remainder when 
divided by 3 1 0 2 1 0 2 
Remainder when 
divided by 7 3 1 6 4 2, 0 
The desired number is 20. is 


E. Using Prime Factorization: GCF and LCM 


The number 8 is the greatest common factor of 16 and 24. We abbreviate great- 
est common factor by GCF and write GCF(16, 24) = 8. A fraction a/b is said to 
be in simplest form if GCF(a, b) = 1. In this case, we say that a and b are rela- 
tively prime. If GCF(a, b) # 1, the fraction is reduced to lowest terms by divid- 
ing a and b by their GCF. The most commonly used way of finding the GCF of 
a set of numbers is as follows: 





The GCF is easier to find if you write the same primes in a column, as in the next 
example. 





EXAMPLE 6 


Graph It 


_ The numerical calculations 

_ in this section can be done 
with a grapher (graphing 
calculator), but be aware that 
_ calculator procedures vary. 

_ (When in doubt, read the 

_ manual!) Start at the home 
screen by pressing 


_ [2ND ] [MODE]. To find the 


_ LCM of 8 and 12, tell the 


grapher you want a calcula- 


tion by pressing | MATH | [MATH] [>]. 


Specify which type by 


| pressing [8], which calculates — 
/LCMs; press 8[9]12[)] 
to get the answer 24 

_ as shown in the window. To 

_ get the GCD (or ged) follow 

_ the same steps but press [9] 


instead of [8]. Can you find 


_ the LCM of three numbers 


with your grapher? Moral: 
You have to know your math, 
even with a great grapher! 
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Find GCF(216, 234) and then reduce oie to lowest terms. 
Solution 


Step 1 We write the prime factorization of each number. 


pee 


DING? 35 
D3 4= 9). 3% 13 


Pick the one with the smallest 
exponent in each column. 


Step 2 We select the common prime factors with their smallest exponents; these 
factors are 2 and 32. 


Step 3 GCF(216, 234) = 2 - 32 = 18. 


To reduce the fraction 3§ to lowest terms, we divide out GCF(216, 234), which 
we found to be 18. Thus, we write 


216 
Re 


[SislZ 12 
Wes ye 13 


(Notice that we can get the 12 and the 13 from the respective prime factoriza- 
tions. We just use all the factors except those in the GCF.) fa 


A second use of prime factorization occurs in the addition of fractions, where 
we need to find a common denominator. For example, to add 3 and 2 we must 
first select a common denominator for the two fractions. Such a denominator is 
any natural number that is exactly divisible by both 8 and 12. Thus, we could use 
8 - 12 = 96. However, it is usually most efficient to use the least (smallest) 
common denominator (LCD). In our case, we note that 
Di 3 


S=2- and 


To have a common multiple of 8 and 12, we must include 23 and 3, at the very 
least. Thus, we see that the least common multiple (LCM) of 8 and 12 is 
23 . 3 = 24 (see margin), so that the LCD of 3 and 3 is 24. 

The procedure that we used to find the Graph It in the LCM(8, 12) can be 
generalized to find the LCM of any two or more natural numbers. 
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EXAMPLE 7 


| - Graph It 

| To do Example 8, enter 

| 7 [=] 24[-] 5 [=] 84 

_ [ENTER]. You get a decimal! 
Don’t panic; enter 

| [1] to convert the 

_ decimal to the fraction 2. 

_ Caution: Subtraction is done 

"using the blue key [=]. What | 


. does the gray key do? ) 


EXAMPLE 8 


www: 
There are several Web sites 
where you can practice with the 
material we have covered and 
even take a quiz! Access link 
4.1.3 at the Bello Web site or 
find your own site! 





ttp://college.hmco.com/mathematics If Seaeh 


Find the LCM(18, 21, 28) and use it to add 7g + a7 + 25. 


Solution 
Step I 
[ ———S Pick the one with the greatest 
l exponent in each column. 
1Si 126132 
2S se 
13 = Dare 


Step 2 We select every prime factor (not just the common factors) with the 
greatest exponent to which it occurs and obtain 22, 32, and 7. 


Step 3 LCM(18, 21, 28) = 2?-3?-7 = 252 


We now use the LCM 252 to replace the given fractions by equivalent fractions 
with 252 as their common denominator. To obtain these equivalents, we refer to 
the factored forms of the denominators and the LCM. Since the LCM is 

D5) 202032) hy aaa [Ser 32 
we have to multiply 18 by 2- 7 = 14 to get 252. Hence, we multiply the fraction 
is by 1 in the form + to get 


Pie 
isi 252 


The same procedure can be used for the other two fractions. 


1 LX 12 l x9 9 


Diego te 5) 28. 28%9 259 





Then we add. 
Dang ol ses el 12 Ducal’ pal 2 Oe 635 
[8 Ol 8 es 252 DL PEP 


Since 35 = 5 X 7 and 252 = 36 X 7, we can reduce the last fraction by dividing 
out the 7. This gives a final answer of %. a 


Do the subtraction 4 — 3. 


Solution To do this subtraction, we have to change the fractions to equivalent 
fractions with a common denominator. We factor the denominators to get 


2A) 3 and poy een oan ya 


Thus, the LCM of 24 and 84 is 23 - 3 - 7 = 168. Consequently, we multiply the 
first fraction by 4 and the second by § to write each fraction with 168 as a denom- 
inator. Thus, 


To 5s ee ee 
24.5 84. DA] ae 
/ AS NO) son ese oem 13 
4 16S NTR 16S ee Ge 56 i 


(Remember to bookmark the Bello book-specific Web site.) 











Problem Solving 





1. Read the problem. 


2. Select the unknown. 


3. Think of a plan. 


4. Use the LCM procedure. 


5. Verify the solution. 


TRY EXAMPLE 9 NOW. 


EXAMPLE 9 


EXAMPLE 10 
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Hot Dogs and Buns 


Can you ever apply these ideas to anything besides adding and subtracting frac- 
tions? You bet your buns! Have you noticed that hot dogs come in packages of 
10, but buns come in packages of 8 (or 12)? What is the smallest number of 
packages of hot dogs (10 to a package) and buns (8 to a package) you must buy 
so that you have as many hot dogs as you have buns? 


We want to find the smallest number of packages of hot dogs and the smallest 
number of packages of buns you have to buy so you have the same number of 
hot dogs and buns. 


What we need is the same number of hot dogs and buns; that is, we need the 
smallest multiple (LCM) of 10 and 8. 


10: = 2:55 and S=2- 


Thus, the LCM is 23 x 5 = 40. But 40 is not the answer. We were asked how 
many packages of hot dogs (10 to a package) and buns (8 to a package) we 
needed. Since we need 40 hot dogs and 40 buns, we need 4 packages of hot dogs 
and 5 packages of buns. 


4 packages of hot dogs contain 40 hot dogs. 
5 packages of buns contain 40 buns. 


Cover the solution, write your own, and then check your work. 


What is the smallest number of packages of hot dogs (10 to a package) and buns 
(12 to a package) you must buy so that you have as many hot dogs as you have 
buns? 


Solution As before, we write 10 and 12 in factored form. 
10=2x5 and Wi) 23 
The LCM is 2? X 3 X 5 = 60. Thus, we need $} = 6 packages of hot dogs and 


$= 5 packages of buns. a 


A motorist on a 2500-mi trip drove 500 mi the first day, 600 mi the second day, 
and 750 mi the third day. What (reduced) fraction of the total distance did he 
drive each of these days? 


Solution 
500 1x 500 1 
Psu Cay 5 5500 Sn cen0i tS 
600 ne lon 66 
Scand Cay Is og | 25 eNO R a5. 
150 3x250 3 
Tee 9500 10250") 10 i 
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The procedures used to find the GCF and LCM of two or more numbers are 
very similar. If you are asked to find the GCF and LCM of two numbers, you can 
follow the procedure used below to find the GCF and LCM of 42, 28, and ZA0) 


| 42 28 210 
21 105 





a In problems 1-5, identify the underlined items as 
cardinal numbers, as ordinal numbers, or for identifi- 
cation only. 


1. My telephone number is 123-7643. 
. This is the second problem in this exercise. 
. It takes two to tango. 


2 
3 
4. One, two, three, go! 
5 


. First National Bank is number one. 







PAY TO THE 






Lm PLAS UDO LA, ASX TIAL 





XExchange Bank 


THE EXCHANGE BANK OF WESTMORE 
TAMPA, FLORIDA es 4a “ 
weno eden erat 
O0280048eb 1: 5010865951: Gibb) 








6. Three numbers are circled on the check shown in 
the previous column. Identify each of these num- 
bers as a cardinal number, an ordinal number, or 
for identification only. 


7. Continue the Sieve of Eratosthenes (Figure 4.1 
on page 181), and find all the primes between 50 
and 100. 


In problems 8-11, use Figure 4.1 and the results of 
problem 7 to find how many primes there are between 
the given numbers. 


8. 1 and 25 9. 25 and 50 
10. 50 and 75 11. 75 and 100 


12. Refer to Figure 4.1, and find 
a. the smallest prime. b. an even prime. 


13. Refer to Figure 4.1. 
a. Find a pair of primes that are consecutive 
counting numbers. 
b. Can there be a second pair of primes that are 
consecutive counting numbers? Why? 


14. Primes that differ by 2 are called twin primes. 
The smallest twin primes are 3 and 5. Refer 
to Figure 4.1 and find two other pairs of twin 
primes. 


15. To show that there is no largest prime, Euclid 
(in about 300 B.c.) gave the following proof by 
contradiction: Assume that there is a largest 
prime; call it P. Now form a number, say m, 
by taking the product of all the primes from 
2 through P and adding | to the result. This gives 
gos DD) | Srp ci? Pie 

- mis not divisible by 2. Why? 

. mis not divisible by 3. Why? 

- mis not divisible by 5. Why? 

. mis not divisible by any of the primes from 2 

through P. Why? 

e. m is greater than P, so it cannot be a prime. 

Why? 

f. m cannot be a composite number. Why? 
Now we have a contradiction! Since m is a natural 
number greater than 1, it must be either prime or 
composite. But if our assumption that P is the 
largest prime is correct, then m cannot be either 
prime or composite. Therefore, the assumption is 
invalid, and there is no largest prime. 


aereoe 


IG In problems 16-21, find all the factors (divisors) 
of each number. 


16. 28 
19. 128 


18. 119 
21. 1001 


£7.50 
20. 1365 


In problems 22-27, find the prime factorization of 
each number. If the number is prime, state so. 


22. 24 23. 41 24. 82 
25.191 26. 191 27. 148 


In problems 28-31, find the natural number whose 
prime factorization is given. 


Beles tS. 
30. 2-3-5- 11 


Bo 
Sip 2003 2:52 
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Dp) In problems 32 and 33, determine whether each 


number is divisible by 2, 3, or 5. 
Spas 40S b. 580 ce. 795 d. 3942 
33. a. 6345 b. 8280 c. 11,469,390 


34. Find the smallest whole number multiple of 4 that 
leaves a remainder of | when divided by either 5 
On fs 


35. How many whole numbers leave a remainder of 1 
when divided into either 23 or 45? 


[4] In problems 36-45, find the GCF of the given 
numbers. If two numbers are relatively prime, state so. 


36. 14 and 210 37. 135 and 351 

38. 315 and 350 39. 147 and 260 

40. 368 and 80 41. 282 and 329 

42. 12, 18, and 30 43. 12, 15, and 20 
44. 285, 315, and 588 45. 100, 200, and 320 


In problems 46-52, reduce each fraction to lowest 
terms. 


46. * 47. & 48. 540 49, 7° 


50. 3 Shiga 52 aoa 


In problems 53-63, find the LCM of the given num- 
bers and use it to add the fractions. 


53. 15and55;4 +« 

54. 17 and 136; + 73 

55. 32 and 124;4 + 7a 

56. 124 and 155; 43 +75 

57. 180 and 240; 795 + a4 

58. 284 and 568; 543 + sq 

59. 12, 18, and 30; 5+ 4% +% 

60. 12, 15, and 20;5+4+% 

61. 285, 315, and 588; sk +34 + a 
62. 100, 200, and 320; 745 + smo + a0 
63. 200, 300, and 420; 5 + 300 + mo 
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64. 


65. 


66. 


67. 


68. 


69. 


70. 


4 Number Theory and the Real Numbers 


In a recent year, $1035 billion was spent on health 
care in the United States. Of this amount, jg went 
for drugs, eyeglasses, and necessities; + for pro- 
fessional services; * for nursing homes; 5 for 
miscellaneous; and the rest for hospital costs. 
What fraction of the money went for hospital 
costs? 


A car depreciates an average of ; of its value the 
first year, 35 the second, and t the third. What 
fraction of its original value is the car worth after 
the third year? 


A bookstore owner spent 2 of her initial invest- 
ment on bookcases, + on office machines, and the 
rest on books. What proportion of her initial 
investment was spent on books? 


The operating ratios (budgets) for hardware stores 
in the United States suggest that 3 of their sales go 
to pay for merchandise, i for expenses, and the 
rest is profit. What proportion of sales is profit? 


Do you know what is in your trash? is yard 


waste; 75 is food waste; + is metal, glass, and plas- 
GSE i is wood, rubber, and miscellaneous. The 
rest is paper and cardboard, which can be recy- 
cled. What fraction of the garbage is paper and 
cardboard? 


How do you use your water indoors? On the aver- 
age, 7p goes for showering and bathing, 4 goes for 
laundry, 3p is lost to leaky toilets, 35 goes for dish- 
washing and faucets. Where does the rest go? 
Toilet flushing! What fraction of the water is used 
for toilet flushing? 


Mathematicians dream of finding a formula that 
will yield an infinite number of primes only when 
natural numbers are substituted into the formula. 
No such formula has ever been found, but there 
are formulas that give a large number of primes. 
One such formula is n? — n + 41. This formula 
gives primes for all natural numbers n less than 
41. The following are examples: 
Forn = 1,17 —1+ 41 = 41, a prime. 
Forn = 2,27-24+41=4- 2+ 41 = 43, 

a prime. 
Forn = 3,37 = 3 +41 =9)= 34147, 

a prime. 
a. What prime do you get for n = 4? 
b. What prime do you get for n = 5? 


71. 


72. 


c. What number do you get forn = 41? 
d. Is the number obtained in part (c) prime? 


There are many conjectures (unproved theories) 
regarding primes. One of these was transmitted 
to Leonhard Euler in 1742 by C. Goldbach. 
Goldbach conjectured that every even natural 
number, except 2, could be written as the sum of 
two primes. For example, 4 = 2 + 2,6 = 3 + 3, 
8 =3+5,10 =5 +5, and so on. 

a. Write 100 as the sum of two primes. 

b. Write 200 as the sum of two primes. (Hint: 

Look at the given examples.) 


In 1931, the Russian mathematician Schnirelmann 
proved that every natural number can be written as 
the sum of not more than 300,000 primes. Another 
mathematician, I. M. Vinogradoff, has proved that 
every sufficiently large natural number can be 
expressed as the sum of at most four primes! 

a. Try to write 20 as the sum of three primes. 

b. Try to write 43 as the sum of four primes. 


e™"” In Other Words 


TBS 


74, 


dias 


76. 


Look at Definition 4.1 and explain why the num- 
ber 1 cannot be classified either as a prime num- 
ber or as a composite number. 


In view of your explanation in problem 73, how 
would you classify the number 1? 


To determine that 211 is prime, start by trying to 
divide it by 2, 3, 5, and 7. What is the highest 
prime you will have to try in order to determine 
that 211 is prime? Explain. 


Explain why Euclid’s proof that there is no largest 
prime (problem 15) also shows that the number of 
primes is infinite. 


@ Using Your Knowledge 


The validity of the divisibility by 3 rule can be shown 
by using some of the properties of the natural numbers. 
For example, consider the number 2853. Since 10 = 
9 + 1, 100 = 99 + 1, and 1000 = 999 + 1, you can 
write 


2853 = 2(999 +1), + 899 + 1) + 599 +1) +43 


= 2) D990 28 998 8 50) pas 
= 2-999 + 8-99+5-9+(2+8+4+5+3) 


Now, as you can see, the first three terms of the 
last expression are all divisible by 3, because 999, 
99, and 9 are all divisible by 3. Thus, the number 
is divisible by 3 if and only if the sum of the num- 
bers in parentheses is divisible by 3. But the num- 
bers in parentheses are exactly the digits 2, 8, 5, 
and 3 of the number 2853. Since the sum of these 
digits is 18, which is exactly divisible by 3, the 
number 2853 is also divisible by 3. 

The reasoning used for 2853 applies to any nat- 
ural number. Hence, the divisibility by 3 rule is 
valid. 


77. If some of the digits of a number are 3’s, 6’s, or 
9’s, you can omit these in figuring the sum of the 
digits to check for divisibility by 3. For example, 
2,963,396,607 is divisible by 3, because 2 + 7 = 
9 is divisible by 3. Explain this. 


78. Is 5,376,906,391 divisible by 3? 
79. The way in which we wrote 
OS = NI99 ce O99 ky st oO Frys 3 


shows that 2853 is divisible by 9 if and only if the 
sum of its digits is divisible by 9. Explain this. 


The following table shows some other simple divisi- 
bility rules for the natural numbers: 


The last two digits of the number 
form a number divisible by 4. 

The number is divisible by both 2 
and 3. 

The last three digits of the number 


form a number divisible by 8. 

The sum of the digits of the number 
is divisible by 9. 

The number ends in 0. 


The number is divisible by both 3 
and 4. 





The rule for divisibility by 8 can be obtained as fol- 
lows: Consider the number 2,573,649,336. This can be 
written in the form 2,573,649 <X 1000 + 336. Since 
1000 is divisible by 8, the entire number is divisible by 
8 if and only if 336 is. Since 336 is divisible by 8, the 
given number is also divisible by 8. This reasoning 
applies to the natural numbers in general. Therefore, 
the rule is valid. 
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80. Which of the following numbers are divisible by 


9? By 6? 
a. 405 b. 676 
c. 7488 d. 309,907,452 
81. Which of the following numbers are divisible by 
4? By 8? 
a. 1436 b. 21,408 
c. 347,712 d. 40,924 
82. Which of the following numbers are divisible by 
10? By 12? 
a. 4920 b. 943 
c. 52,341,120 d. 60,210 


Discovery 


A natural number is said to be perfect if the number is 
the sum of its proper divisors. (The proper divisors of 
a number include all its divisors except the number 
itself.) For example, 6 is a perfect number because 
the proper divisors of the number 6 are 1, 2, and 3 and 
ete 23 6: 

Some historians believe that the Pythagoreans were 
the first to define perfect numbers. In any event, it is 
certain that the Pythagoreans knew about these num- 
bers and endowed them with mystical properties. In 
ancient Greek numerology, 6 was regarded as the most 
beautiful of all numbers; it is not only a perfect number 
(equal to the sum of its proper divisors), but it is also 
the product of all its proper divisors: 6 = 1 X 2 X 3. 


83. Can you discover why 6 is the smallest perfect 
number? This fact may be what led St. Augustine 
in about the year 400 A.D. to assert, “God created 
all things in 6 days because 6 is a perfect number.” 


84. The next perfect number after 6 is a number 
between 25 and 30. Can you discover what num- 
ber this is? 


85. The third perfect number is 496. Find its proper 
divisors, and so prove that 496 is a perfect number. 


86. In about the year 800 a.p., Alcuin remarked that 
the whole human race descended from the 8 souls 
of Noah’s Ark, and he regarded this as imperfect. 
Can you discover why? 


When the sum of the proper divisors of a number is 
less than the number, the number is called deficient. 
For example, 4 is a deficient number because its proper 
divisors are 1 and 2, and 1 + 2 = 3, which is less 
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than 4. Similarly, 7 is a deficient number, because it 
has only | as a proper divisor. 


87. If n is any prime number, can you discover 
whether n is a deficient number? 


88. It is known that there are infinitely many prime 
numbers. Can you use this fact to prove that there 
are infinitely many deficient numbers? 


89. In problems 83-85 we found the perfect numbers 
6, 28, and 496. The next perfect number is 8128. 
Aside from the fact that they are perfect numbers, 
what do you notice about these four numbers? 


90. Look at the first four perfect numbers in binary 

which follow: 
110 

11100 

111110000 

1111111000000 

If you continue this pattern, what do you think the 
next perfect number is? Can it be odd? 


ae Collaborative Learning 


How do you discover prime numbers? For small 
primes, the Sieve of Eratosthenes is acceptable or you 
can go to a table of primes. 





GETTING STARTED 


Ps 


42 
The Whole Numbers and the Integers 


Those Absurd Numbers! 


For a table of primes, access link 4.1.4 at the 
Bello Web site. 





To discover larger primes a new method is needed. 
For many years mathematicians felt that numbers of 
the form 2” — 1 were always prime. Form two or more 
study groups and determine whether the following 
numbers are prime: 


(al a4 pb; Qiteaq 


2. In 1603 Pietro Cataldi conjectured that 2” — 1 was 
prime when n = 23, 29, 31, and 37. Let some mem- 
bers of the group check the result for 23 and 29 and 
other members check it for 31 and 37. Discuss your 
finding with the rest of the group. 


c. 219 — 1 


3. In 1644, Marin Mersenne finally showed that 
2” — | was prime for certain values of n. Find what 
values do make 2” — 1 prime. 


4. Divide into several groups and prepare reports 
about the following topics: 
a. Abundant numbers _ b. Frugal numbers 
c. Equidigital numbers d. Extravagant numbers 
e. Economical numbers 


ax To find background information for exercise 4, 
a access link 4.1.5 at the Bello Web site. Try to 
www: 


find other sites on your own. 


Look at the thermometer in the photo on page 193. It uses zero, positive num- 
bers, and negative numbers to measure temperature. The set {..., —2, —1, 0, 1, 


2,...} is called the set of integers and will be studied in this section. In the 
twelfth century, the Chinese invented negative numbers for counting purposes 
and used red rods for positive quantities and black rods for negatives. However, 
most mathematicians of the sixteenth and seventeenth centuries refused to 
accept negative numbers. In fact, Nicolas Chuquet and Michael Stifel both 
referred to negative numbers as absurd numbers. 





http://college.hmco.com/mathematics | Seah | 


(Remember to bookmark the Bello book-specific Web site.) 
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Some other quantities that use integers for their measure 


The product of the first seven primes: 510,510 

The lowest temperature ever recorded on Earth: —129°F (Vostock, 
Antarctica) 

The highest temperature ever recorded on Earth: 136°F (Libyan desert) 

The lowest temperature ever recorded in the atmosphere: —225°F 

The income from the movie Heaven’s Gate: —$57 million 

The stock loss incurred by Ray A. Kroc on July 8, 1974: —$65 million 


What about operations with integers? We can add, subtract, and multiply 
them and get more integers. Note in particular that the set of integers is closed 
under subtraction; that is, the difference of two integers is always an integer. This 
is not true of the natural numbers which we studied earlier; for instance, 





2 — 5 = —3 is not a natural number. 
The solutions of the next three problems involve operations with integers. 
The thermometer shows a very The greatest temperature ranges are in Vekrhoyanks, near Siberia, where tem- 
familiar application of negative peratures vary from 98 to —94°F. How many degrees difference is that? The 
numbers. greatest temperature variation in 1 day occurred in Browning, Montana, on 


January 23-24, 1916, when the temperature went from 44 to —56°F. But this is 
not as spectacular as the most freakish rise that occurred in Spearfish, South 
Dakota, on January 22, 1943. On this day, the temperature rose from —40 to 
45°F in 2 min. In each of these cases, to find the range in temperature requires 
the subtraction of a negative number. This section will discuss such operations 


with integers. ee 


The set of natural numbers N and the operations of addition, subtraction, multi- 
plication, and division form a mathematical system. We have already discussed 
many properties of this system, but there is one more property that leads to some 
interesting and important ideas. 


A. Properties of the Whole Numbers 


The number | has the unique property that multiplication of any natural number 
a by 1 gives the number a again. Because the identity of the number a is pre- 
served under multiplication by 1, the number | is called the multiplicative iden- 
tity, and this property is called the identity property for multiplication. 





It can be shown (problem 49, Exercise 4.2) that 1 is the only element with 
this property. 

Is there an additive identity? That is, is there an element z such that 
a + z= a for every a in N? There is no such element in N. This lack of an addi- 
tive identity spoils the usefulness of N in many everyday applications of arith- 
metic. The Babylonians realized this difficulty, as we noted in Chapter 3, and 
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simply used a space between digits as a zero placeholder, but it was not until 
about 1400 A.D. that the Hindu-Arabic system popularized the idea of zero. The 
Hindus used the word sunya (meaning “void”), which was later adopted by the 
Arabs as sifr, or “vacant.” This word passed into Latin as zephirum and became, 
over the years, zero. 

The number zero (0) provides us with an identity for addition. Therefore, 
we enlarge the set N by adjoining this new element to it. The set consisting of all 
the natural numbers and the number 0, that is, the set {0, 1, 2, 3,...}, is called 
the set of whole numbers and is denoted by the letter W. It is an important basic 
assumption that the set W obeys the same fundamental laws of arithmetic as the 
natural numbers do. Moreover, adding 0 to a whole number does not change the 
identity of the whole number. Thus, we have the following: 





As with the number 1, we can prove (problem 50, Exercise 4.2) that the num- 

ber 0 is unique. It also can be shown that if a is any natural number, then 
ee 0 

a—0=a, 0-a=0, and ee a) 
The proofs for these facts are in problems 51-53, Exercise 4.2. Note that a + 0 
is not defined. 

The importance of 0 is also evident in algebra. When solving an equation 
such as 


@—)D@— 2) = 0 


we argue that either x — 1 = 0 or x — 2 = 0 and conclude that x = 1 or x = 2. 
This argument is based on the following theorem: 





Proof Assume that a # 0. Divide both sides by a. 


ab. 0 

ies 
Since 

a:b 

Tee 
then b = 0. 


A similar argument shows that if b # 0, then a = 0. Of course, if a and b are 
both 0, the theorem is obviously true. & 


FIGURE 4.2 


SSS 
Suet ON 1 2) 3 
Uu—_,—-Y Uu—,—-_’ 
Negative Positive 
integers integers 
FIGURE 4.3 


Bea ol 


4.2 The Whole Numbers and the Integers 195 


The Set of Integers 


The set W is extremely useful when the idea of “How many?” is involved. 
However, the whole numbers are inadequate even for some simple everyday 
problems. For instance, the below-zero temperature on a winter’s day cannot be 
described by a whole number, and the simple equation x + 3 = 0 has no solu- 
tion in W. Because similar problems occur repeatedly in the applications of 
mathematics, the set of whole numbers is extended to include the negative 
numbers, —1, —2, —3,.... This new set, called the set of integers, is denoted 
by the letter J, sol = {..., —3, —2, —1,0, 1,2,3,.. .}. The set J consists of the 
following three subsets: 


1. The positive integers: 1, 2,3,... 
2. The number 0 
3. The negative integers: —1, —2, —3,... 


For every positive integer n there is a negative integer —n. To see this, we 
represent the integers using a number line. Draw a horizontal straight line, 
choose any point on the line, and label it 0. Then measure successive equal inter- 
vals to the right of 0 and mark the endpoints with the positive integers 1, 2, 3, 
and so on. Mark the endpoints to the left of 0 with the negative integers. The 
result is a number line, as shown in Figure 4.2. We graph the integers 3 and —3 
by adding dots to the number line. Note that 3 and —3 are the same distance from 
0 on the number line but in opposite directions. This is why 3 and —3 are oppo- 
sites. The following are some other numbers and their opposites: 


Number Opposite (Additive Inverse) 


iS aa 
2 =) 


Moreover, since 5 and —5 are the same distance from 0, we say that their 
absolute values are the same. The absolute value of a number a is defined as the 
distance between the number a and 0 on the number line and is denoted by |a| 
(read “the absolute value of a”). Thus, |5| = 5 and |—5| = 5, and |—8| = 8 and 
|8| = 8. Since |a| represents a distance, |a| is never negative. Also, since 0 is 0 
units from 0, |0| = 0. 

We can give a physical interpretation of addition using the number line. For 
example, 3 + 2 can be regarded as a move of 3 units from 0 in the positive direc- 
tion (right) followed by a move of 2 units more in the positive direction (right). 
The terminal point is 5. Similarly, 3 + (—5) can be interpreted as a move of 3 
units in the positive direction followed by a move of 5 units in the negative direc- 
tion (left). The terminal point is —2 (see Figure 4.3). Thus 


3+(-5)=-2 











Using the same idea, 
3+ (-3)=0 


We can always verify that two numbers are opposites by addition. Thus, 5 
and —5, and —12 and 12 are opposites since 5 + (—5) = 0 and (—12) + 12 = 0. 
Because of this, 5 and —5, and —12 and 12 are also known as additive inverses. 
This discussion can be summarized as follows: 





: 

| 

) Remember the gray key 

(CO}? It calculates the ; 

| additive inverse of a 

- number. Thus, the additive 
inverse of 5 is —5 and the | 
additive inverse of —12 is 12. | 

: 

. 


Press [(=)] [@)] 12 [ENTER] 


) 
to verify this as shown. . 





| 
eee 


EXAMPLE 1 


FIGURE 4.4 


DEFINITION 4.2 
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It can be proven (see problem 54, Exercise 4.2) that each integer has exactly | 
one additive inverse. : 

The operation of subtraction can also be represented on the number line. For 
instance, 3 — 5 can be thought of as a move of 3 units from 0 in the positive 
(right) direction, followed by a move of 5 units in the negative (left) direction. 
The terminal point is —2. Thus, we have 3 — 5 = —2. Notice that this is the same 
result we found for 3 + (—5) (see Figure 4.3); that is, 


3S Ba) 


The minus sign is used in two different ways in this last equation: On the left side 
of the equal sign, it means to subtract 5 from 3; on the right, it means that —5 is 
the integer 5 units in the negative direction from 0. 


Illustrate the subtraction —3 — (—4) on the number line. 


Solution This subtraction can be considered as a move of 3 units to the left of 0, 
followed by a move of 4 units to the right (in the cpposite direction from that 
indicated by the —4). The terminal point is 1 unit to the right of 0, as indicated 
in Figure 4.4, so we have —3 — (—4) = 1. Notice that this is the same result as 
—3+4=1. a 


This discussion should convince you that subtraction can be viewed as the 
opposite of addition, and any subtraction problem can be transformed into an 
addition problem, as follows: 


Equivalent 
Subtraction Problem Addition Problem 
Sal Suctacarl) 
LOR eu 10: 47) 
aes a vichelas))) 
2 = asd) eed 


This motivates the following definition: 





This means that subtracting b from a is the same as adding the inverse (opposite) 
of b toa. 


EXAMPLE 2 


FIGURE 4.5 


C(O ele De 93, 4 


Problem Solving 


. Read the problem. 
What are the negative odd 
integers? 

. Select the unknown. 


. Think of a plan. 
What kind of number is n — 2? 
Try n equal to —1, —3, —5, and so 
on. 
What does (n — 2)3 mean? 
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Change the subtraction problem 4 — 3 to an equivalent addition problem and 
illustrate on the number line. 


Solution By Definition 4.2,4 -—3=4+ (—3). On the number line, we think of 
this as a move of 4 units to the right, followed by a move of 3 units to the left. 
The result, as shown in Figure 4.5, is 1. i 


We assume that the reader is familiar with the operations of addition and sub- 
traction of integers. However, the rules for the multiplication of integers usually 
have been memorized without any attempt to see or understand their develop- 
ment. To remedy this, we state the rules for multiplying integers and later prove 
the second rule using Theorem 4.2. You should try to prove the first and third 
rules on your own! 


1. The product of two positive integers is positive. 
2. The product of a positive integer and a negative integer is negative. 
3. The product of two negative integers is positive. 


Table 4.2 summarizes these results. Note that the product of integers with the 
same (like) signs is positive and the product of integers with different (unlike) 
signs is negative. 


TABLE 4.2 


1. Positive X positive = positive 
2. Positive X negative = negative 
3. Negative < negative = positive (—4) X (-3) = 12 


Signed Number Properties 


If nis a negative odd integer, what kind of number is (n — 2)3? 

The negative odd integers are —1, —3;'—5,.... 

We want to know what type number (n — 2)? is. 

If n is a negative odd integer, n can be —1, —3, —5,.... Thus, n — 2 can be —3, 
—5, —7,...; that is, n — 2 is also a negative odd integer. 

(n — 2)? means (n — 2)(n — 2)(n — 2). Is (n — 2)? odd or even? Try n = —1, 


n = 1, and so on. 
continued 
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4. Use the laws of signs to carry out 


the plan. 


5. Verify the answer. 
Take some examples and see if it 


works. 


TRY EXAMPLE 3 NOW. 


EXAMPLE 3 


THEOREM 4.2 


If (n — 2) is negative, (n — 2)(n — 2) is positive |=) a(qayee= (+)] eS 
(n — 2)(n — 2)(n — 2) is negative [(—) Xx (=)-x (>) =.(—)]. Thus, (7°= 2)-4s 
a negative odd integer. red 


Ifn = —1, thenn — 2 = —1,— 2 = —3 and (—3)° = (—3)(—3)(-3) = —27, 
which is a negative odd integer. Of course, this is nota proof, only a verification! 


4 


Cover the solution, write your own, and then check your work. 





If n is a negative even integer, what kind of number is (n + 1)? 


Solution If n is a negative even integer, n can be —2, —4, —6,.... Thus,n +1 
can be —1, —3, —5,...; that is, + 1 is a negative odd integer. Now, 


n+ 1P=(n4+ lint Dat 1) 
Ct Gnu) 


which is a negative odd integer. So (n + 1)? is a negative odd integer. si 


Theorem 4.2 illustrates the way in which we can prove the second rule of 
signs: 





Before proceeding with the proof, we note that in Theorem 4.2, a is a posi- 
tive number, —b is negative (because b is positive), a - b is positive (by rule of 
signs 1), and hence, —(ab) is negative. Thus, Theorem 4.2 states that a positive 
number (a) times a negative number (—b) yields a negative number —(ab). 


Proof 
1. b+(—b)=0 Definition of inverse 
2.a°>b+a(—b)=0 Multiplying each term of the equation by 


a and recalling that a- 0 = 0 


3. By step 2, the additive inverse of a - b is a(—b), but because a - b is positive, 
its additive inverse is also —(ab). 


4. However, the additive inverse of a number is unique, so we conclude that 
a(—b) =" (ap), eg 


We now summarize the properties of the integers under the operations of 
addition and multiplication. 


4.2 The Whole Numbers and the Integers 199 


Properties of Addition 


1. The set of integers is closed with respect to addition. 
The sum of any two integers a and b is always an integer, that is, a + b 
is an integer. 


2. The set of integers has the commutative property of addition. 
For any two integers aandb,a+b=b+a. 


3. The set of integers has the associative property of addition. 
For any three integers a, b, andc,a + (b+ c)=(at+b) +c. 


4. The set of integers has a unique identity (the number 0) for addition. 
a+Q=aand0+a=a. 


5. Each integer a has a unique additive inverse (—a) in the set of integers. 
a+ (a) = 0. 


Properties of Multiplication 


1. The set of integers is closed with respect to multiplication. 
The product of two integers a and b is always an integer. 


2. The set of integers has the commutative property of multiplication. 
For any two integers a andb,a-b=b-a. 


3. The set of integers has the associative property of multiplication. 
For any three integers a, b, and c, a: (b-c) = (a-b)-c. 


4. The set of integers has a unique identity (number 1) for multiplication. 
a:-1=aand1-a=a. 


5. Not all the integers have multiplicative inverses in the set of integers. 
For example, the multiplicative inverse for 3 would be a number b such 
that 3 - b = 1. But Dis not an integer. 


Besides these properties, the set of integers has the distributive property of 
multiplication over addition. 


Distributive Property 
a(b + c) = ab +ac and (a+ b)c =ac + be 


Order of Operations 


Suppose we wish to evaluate the expression 8 — 3 X 5. Which evaluation is 
correct? 


Si 3X = or Sie Oat ileal 
In this example, —7 is the correct evaluation. To avoid this sort of ambiguity, 


there is an agreed and established order in which operations are to be performed. 
In such calculations, we always use the following order of operations: 


200 4 Number Theory and the Real Numbers 


You can remember the order of 1. Evaluate all quantities inside parentheses. 
operations if you remember ae. 
Please 2. Do all exponentiations. 
Se seis 3. Do all multiplications and divisions as they occur from left to right. 
punta 4. Do all additions and subtractions as they occur from left to right. 


Note: rg ce a 2=2 xXxr=4 Division done first (It occurs first.) 


8X 4) 2 = 32-12 — 16 Multiplication done first (It occurs first.) 


EXAMPLE 4 Evaluate 7 X 8 + 4 X 102 — 3(—5 + 2) X 107. 
Solution 


7X8+4xX 102 — 3(—-5 + 2) X 103 


Www: Step 1 =7X8~+4 xX 102 — 3(—3) X 10° (-5 + 2)=-3 
To further explore integers, Step2 =7X8+ 4X 100 — 3(-3) x 1000 10? = 100, 10 = 1000 
access links 4.2.1 and 4.2.2 at 
the Bello Web site. Step 3 = 56 +4 X 100 — (—9) X 1000 7. Xai 565-5) = 0 
= 14 x 100 — (—9000) 56=4=14 
(—9) x 1000 = —9000 
= 1400 — (—9000) 14 x 100 = 1400 
Step 4 = 1400 + 9000 = 10,400 1400 — (—9000) = 
1400 + 9000 


| o a Graphit — ne | 


If you enter the operations from left to right as 

given, keeping in mind that exponents are obtained 
_ by using the key, subtraction uses the blue key 
| [=]. and additive inverses need the gray key Ley: 
_ the grapher takes care of the order of operations. 





A In problems 1—4, graph each indicated set of 4. The natural (counting) numbers between —2 and 
numbers. 4, inclusive 


1. The integers between 4 and 9, inclusive y oe 
In problems 5-8, find the additive inverse of each 
2. The integers between —5 and 6, inclusive number. 


3. The whole numbers between —2 and 5, inclusive 58 6. 47 Ie 8. —1492 


(Remember to bookmark the Bello book-specific Web site.) 





B | In problems 9-16, illustrate each indicated oper- 
ation on the number line. 


S45 10.555. — 2) 
th 452 12.3344 
$32 54. 14.4-4 
155° CO) 16:°5'+(—2) 


In problems 17-28, write each problem as an equiva- 
lent addition problem and find the answer. 


763.8 1S o—3 

19. 3:4 2. 3.4 
2icu=5 =-2 ee ar 

ZS. 52— (=6) 24. 6 — (-—3) 
Zo (4) 20.) — (—6) 
2185 =G-3) 268771 0i— G5) 


In problems 29-34, find each product. 


29. a. (—5) X 3 b. (—8) X 9 
30. a. (—3) X (—4) be Ga9) So (— 3) 
31. a. 4 X (5) b. 3 X (-13) 
32. a. 0 X (—4) b. (—0) X 0 


Soa 34) X.(—5) be (=4): x (3) 
ae 2 (—3) Xe lje b. —4:°< (—5) X (—7) 


35. Ifn is a negative odd integer, what kind of a num- 
ber is (n — 1)?? 


36. If is a positive odd integer, what kind of a num- 
ber is (n + 1)°? 


C| In problems 37-46, perform each indicated 
operation. 


37. a. —3(4 + 5) b. —4(4 — 5) 
33. al —2(=3 + 1) b. —5(—4 + 2) 

90 fa. = 5-2 (Schl) bets Biche 2s) 
40. a. —2(4 — 8) —9 b. —3(5-—7)-11 


Al. (=2.— 4)(—3) — 86 — 4) 
A203 9)(—2) Fr 8345-4 — 5) 
AS. AGT ed = 3H 62 2 X (—3) 
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44.8+2x4-8x2+4 
45.4x9=+3x 103-2 x 102 
46. 5 X (—2) X 327 +6+3xX5x 32 


47. The highest point on Earth is Mount Everest, 9 km 
above sea level. The lowest point is the Marianas 
Trench, 11 km below sea level. Use signed num- 
bers to find the difference in altitude between 
these two points. 





Mount Everest, the highest mountain in the world, 
rises 9 km above sea level. 


48. Julius Caesar died in 44 B.c. Nero is said to have 
set Rome afire in 64 A.D. Use signed numbers to 
find how many years elapsed between Caesar’s 
death and the burning of Rome. 


49. Supply reasons for steps 1, 3, and 4 in the follow- 
ing proof by contradiction that | is the unique 
multiplicative identity: Suppose there is another 
multiplicative identity, say m, different from 1. 
Then for every element a of N, you have the 
following: 
StepI1 m-a=a 
Step2 m-1=1 Substituting 1 for a 


Step 3 m-1= 


| 
3 


Step 4 Therefore, m = 1 
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50. 


51. 


52. 


Sos 
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Fill in the blanks in the following proof that 0 is 
the unique additive identity: Assume that there are 
two additive identity elements, say 0 and z. 





a.0+z=2Z Because 0 is an 
additive 

b.0+2z=0 Because z is an 
additive 





Because they are 
both equal to 


c. Therefore, z = 0 





This shows that the assumed two identity ele- 


ments are the same; that is, 0 is the unique additive ~ 


identity. 


Supply reasons for steps 1, 3, and 5 in the follow- 
ing proof that a — 0 = a: 


Step 1 a—0=a+t(—0) 


Step 2 =a + (—0)] +0 Because 0 is 
the additive 
identity 

Step 3 =a + {(—0) £0] 

Step 4 =at+0 Because O 
and —O are 
additive 
inverses of 
each other 

Step 5 =a 

Fill in the blanks in the following proof that 


0-a=0: 


a. 02a = [1 Fe Die a Because 1 and —1 

















are inverses 
b. =l-a+(-l)-a _ Bythe 
property 
=a+t(—a) Multiplying and using 
the rule of signs 
c. =0 Because a and 
—a are 
Fill in the blanks in the following proof that for 
a #0, 0/a = 0: 
a. Let the quotient 0/a = qg. Then 
q:a=0 By the definition of 
division 
bg:-ata=O0+a By to both sides 
Cl ge @ asd — a Because 0 is the 
additive 
d.g-1+1=1 By dividing both sides 
by a 
e. Therefore,g+1=1 Becauseg:1 = 





f. Consequently,g=0 Because the additive 


IS 








54. Fill in the blanks in the following proof that each 


De 


56. 


integer has only one additive inverse —n: 


Suppose that the: integer n has another such 
inverse, say x. Then because n + (—n) = 0, 
an x =a beeen) Because 0 is the 











identity 
bs, = Ah) Gn) By the 
property of addition 
Ca =n a) By the 
‘ property of addition 
d. =0+(-7n) Because x was 
assumed to be an 
additive inverse of n 
(Ce Because 0 is the 





Supply reasons for steps 1, 3, and 5 in the follow- 
ing alternative proof that a - 0 = 0: 


Step 1 0+0=0 

Step 2 a:(0+0)=a-0 Multiplying 
both sides 
bya 

Step 3 a:(0+ 0)=a-0+a-0 

Step 4 So,a:-0+a-0=a-0 Substituting 
from step 3 
into step 2 


Step 5 Hence, a: 0 = 0 


Supply reasons for steps 1, 3, 4, and 6 in the 
following proof that (—a)(—b) = ab: 


Step 1 aa) a0) 

Step 2 [a + (—a)](—b) = 0 Multiplying 
both sides 
by (—b) 
and using 
0-(—b) =0 

Step 3 (a)(—b) + (—a)(—b) = 0 

Step 4 (a)(—b) = —ab 

Step 5 —ab + (—a)(—b) = 0 Substitut- 
ing from 
step 4 into 
step 3 

Step 6 Hence, (—a)(—b) is the 

additive inverse of —ab. 

Step 7 Therefore, (—a)(—b) = ab ___ Because 
the additive 
inverse of a 
number is 


unique 


_ In Other Words 


57. Write in your own words the following rule of si gns: 
Positive X positive = positive 

58. Write in your own words the following rule of signs: 
Positive X negative = negative 

59. Write in your own words the following rule of signs: 
Negative X negative = positive 


60. Two numbers having the same sign are said to 
have like signs. If two numbers have different 
signs, they are said to have unlike signs. Use the 
words like and unlike to summarize the rules of 
signs given in Table 4.2. 


G@ Using Your Knowledge 


The oxidation number (or valence) of a molecule is 
found by using the oxidation numbers of the atoms 
present in the molecule. For example, the oxidation 
number of hydrogen (H) is +1, that of sulfur (S) is +6, 
and that of oxygen (O) is —2. Thus, we can get the oxi- 
dation number of sulfuric acid (H,SO,) as follows: 


eB 
2(+1) + (+6) + 4(-2) =2+6-8=0 





An addition nomograph 
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Use this idea to find the oxidation number of the 
following: 


61. Phosphate, PO,, if the oxidation number of 
phosphorus (P) is +5 and that of oxygen (O) 
1S.=2 

62. Sodium dichromate, Na,Cr,0,, if the oxidation 
number of sodium (Na) is +1, that of chromium 
(Cr) is +6, and that of oxygen (O) is —2 


63. Baking soda, NaHCO,, if the oxidation number of 
sodium (Na) is +1, that of hydrogen (H) is +1, 
that of carbon (C) is +4, and that of oxygen (O) 
isi? 


a Discovery 


Nomographs are graphs that can be drawn to perform 
various numerical operations. For example, the nomo- 
graph in the diagram below can be used to do addition 
and subtraction. To add any two numbers, we locate 
one of the numbers on the lower scale and the other 
number on the upper scale. We then connect these by a 
straight line. The point where the line crosses the mid- 
dle scale gives the result of the addition. The diagram 
shows the sum —2 + 4 = 2. 


64. Can you discover how to subtract on a nomo- 
graph? 


| Calculator Corner 


Most scientific calculators perform operations in 
algebraic order; that is, they perform multiplications 
and divisions first, followed by additions and subtrac- 


tions. Thus, if you enter [=] in an 


algebraic calculator, the answer is 13. (If you do not 
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get this answer, you have to multiply 5 < 2 first and 
then add 3 to the result.) Of course, if you have an 
expression such as —3(—5 + 2), remember that the 
parentheses represent an indicated multiplication. 
Thus, you must enter this expression as 


A) OO EG) GE) 2) DIE) 


Practice this concept by evaluating the expression 
from Example 4, 


7X8+4~x 10? — 3(-5 + 2) X 103 


on your calculator. (Recall that 107 = 10 X 10 and 
103 = 10 X 10 X 10.) 


1. Use your calculator to check the answers to prob- 
lems 43, 45, and 46 in Exercise 4.2. 


ae Collaborative Learning 


Form two or more groups. 


1. Let each group select three integers from 0 to 9, and 
subtract its reversal (the reversal of 856 is 658). 
Then, if the difference is positive, add its reversal. 
If the difference is negative, subtract its reversal. 
Here are three possibilities for three numbers. 


856 159 872 
— 658 Ooi = 216 
198 oe 594 
+ 891 Si2OT + 495 











GETTING STARTED 


err 


ia 
The Rational Numbers 


What answer did your group get? Did all groups get 
the same answer? Why do you think this works? 





To read more about this, access link 4.2.3 at the Bello 
Web site. 


2. Look at these patterns. 


99 +100 + 101 +102 + 103. =505 
992 + 1002 + 1012 + 1022 + 1032 = 51,015 


The answers 505 and 51,015 are palindromic num- 
bers. Do not get alarmed; it only means that 505 and 
51,015 read the same from left to right as from right 
to left. Will the pattern continue if six numbers are 
used instead of five? Let the members of your 
group decide. 


3. Look at the next patterns. 


10,099" -F310;100' F100)" 105102" "107103 
= 50,505 


10,0992 + 10,1002 + 10,1012 + 10,1022 + 10,1032 
= 510-151.015 


Will the pattern continue if six numbers are used 
instead of five? Let the members of your group decide. 


On Pyramids and Basketball 


The photo on the next page shows the great pyramid at Giza, erected about 2600 
B.C. by Khufu, whom the Greeks called Cheops. The Greek historian Herodotus 


claimed that the ratio b/a, where b is one-half the base and a is the altitude of one 
of the face triangles, is the Golden Ratio 


Veet 


2 





] Info | J] http://college hmco.com/mathematics | Searph | 


(Remember to bookmark the Bello book-specific Web site.) 
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The Great Pyramid at Giza near Cairo, Egypt 


an irrational number that can be approximated by 0.6180339 - - - . How close 
were the Egyptians to this ratio? Actual measurements show that b = 377.89 ft 
and a = 611.85 ft. Substituting in b/a will tell you how close! In addition, the 
Golden Ratio is the only positive number that is 1 less than its reciprocal! 

Here is a more modern application of ratios. During the 1953-1954 basket- 
ball season the NBA had a problem with the game: it was boring! Fans wanted 
plenty of action, shooting, and scoring, but if a team had an early lead, their best 
ball handler would dribble in the backcourt until he was fouled. How could the 
game be speeded up? Danny Biasone, the owner of an obscure team from upstate 
New York called the Syracuse Nationals, thought that more shots could be 
encouraged by limiting the time a team could have the ball. But how many sec- 
onds should be allowed between shots? He figured out that in a fast-paced game, 
a team would take about 60 shots during the 48 min the game lasted (4 quarters 
of 12 min each). He then looked at the ratio 


Seconds 
Shots 


Now, the number of shots for both teams combined would be 2 X 60, and the 
number of seconds in each game is 48 X 60. Thus, the ratio becomes 


Seconds 48 x 60 24 
Shots 2 X60 ~~ 1 





and now you know how the 24-second shot clock was born! 
In this section you will study the rational numbers, numbers that can be writ- 
ten in the form a/b where a and b are integers, and the operations that can be per- 


formed using these numbers. eee 


In Section 4.2 we extended the set of natural numbers and obtained the set of 
integers. As we saw in studying the multiplication of integers, not all the integers 
have multiplicative inverses; for instance, there is no integer b such that 3 -b = 1. 
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Just as the lack of additive inverses impairs the usefulness of the set of natural 
numbers, so does the lack of multiplicative inverses impair the usefulness of the 


set of integers. 


A. Rational Numbers 


The difficulty lies in the fact that the set of integers is not closed under division; 
division of two integers can produce fractions such as 32, g and so on. Thus, we 
extend the system of integers to include such fractions and call the resulting sys- 
tem the set of rational numbers. The set of rational numbers is symbolized by 
the letter Q. (Note that a common fraction is often called a ratio; hence the name 
rational numbers.) 











SW 


DEFINITION 4.3 Arational number is a number that can be put inthe form 
Vi. 5 a oo : : . . / 
p where a and b are integers and b # 0 

ip urea The following are some important facts about rational numbers: 
ioe om j ps . ° 
hat ‘Ws 1. Every integer is a rational number, because the integers can be written in the 
hou = 2 1erONpiee 
ff ce PORN, we toesioemeets ek1eo1 oakoks 
Nia 


2. The integer a in Definition 4.3 is called the numerator, and the integer b is 
called the denominator. 






3. The restriction b # 0 is a necessary one. By the definition of division, if 
alb = c, then a = bc. So, if b = 0, this means that a = 0. Thus, if a # 0, then 
the attempted division by 0 leads to a contradiction. If a = 0, then the equa- 
tion 0 = 0 - cis true for every number c; that is, the quotient c is not uniquely 
defined. The only way to avoid this dilemma is to forbid division by 0. 


4. Definition 4.3 includes the words “a number that can [emphasis here] be put 
in the form a/b, where a and b are integers and b # 0.” Why could it not say 
“a number of the form a/b, where a and D are integers and b # 0”? To answer 
this question, consider the number 0.333 - - - . This number is not in the form 
a/b, but because 0.333 -+: = i, it can be put in the form a/b, where a = 1 and 
b = 3. Similarly, 1} is not in the form a/b. But because 1} = j, the number 
can be put in the form a/b, where a = 7 and b = 4. From this discussion we 
conclude that 0.333 -- - and 1} are rational numbers. 


Cartoon by Paul Kicklighter 


How do we recognize the fact that } and 3 represent the same rational 
number? To do this, we need to define the equality of rational numbers. 


DEFINITION 4.4 





Thus, 3 = 3 because 1 - 9 = 3 - 3, and § = 3 because 1 - 32 = 8 - 4. Using 
Definition 4.4, we can prove the following useful result: 


THEOREM 4.3 


EXAMPLE 1 


EXAMPLE 2 


DEFINITION 4.5 
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Proof 


k 
. =F_  ifandonlyif —a(bk) = blak) _By Definition 4.4 


But this equality is true, because we can use the associative and commutative 
properties of multiplication for the integers to show that a(bk) = b(ak). Bl 


Theorem 4.3 enables us to reduce # by writing 


42 2 


Orr 


and “canceling” the 2s to obtain $ = 3. The theorem also assures us that if we 
multiply the numerator and denominator of a fraction by the same nonzero num- 
ber k, the fraction is unchanged in value. Thus, 

Reet) Eee a3 


= = and = — = 


1 
at Sees, 4 


Use Theorem 4.3 to reduce 4°. 


Solution 
Ol eel) 
Omron, = 


Using Theorem 4.3, find a rational number with a denominator of 12 and 
equal to 2. 


Solution 
meee te LO = 
Gj Gor weal? 


Operations with Rational Numbers 


We now define the operations of addition, subtraction, multiplication, and divi- 
sion of rational numbers. 
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DEFINITION 4.6 


DEFINITION 4.7 





For example, 
2 3 Oa) Gas) 10s san 
[ee an er Gooner oS 


We can arrive at this definition by noting that 


ee ie eee 
f= dn ee d bd 


by Theorem 4.3. We then write 
ad, De 


c _ad , be 
d bd bd 
Sadr be 
eed 


oie 
b 





The fractions have a common denominator. 


Note: If d = b, it is easy to show that Definition 4.6 gives 


a ap © 
b 





a e_ 
bb 


as we should expect. 





Thus, 
iL gis La agen lice stl eR aR ee 
B hyitheuSe et eae BRA ait el ie Cae 


Now suppose that we want to do the addition } + 7g. Using Definition 4.7, 
we proceed as follows: 


3 1 1. Gel6)tGai 4824 somes 





Gta 4-16 SomnGdaee (64 2216, 


However, it is easier to use the fact that 


See os ae 

An cal PEG 

and thus, 

Jo ee eee 
M46 16 ALOT 


EXAMPLE 3 


DEFINITION 4.8 








L 





a in thee tts 


The reciprocal of — } is 

obtained by entering 

(QO) E14 be] 
[ENTER]. 


How would you find the 
reciprocal of 13? 


sevacinerehin terme Wives 


rm eae 
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The number 16 is the least common denominator (LCD) of ; and x. Recall from 
Section 4.1 that this number is the LCM (least common multiple) of the given 
denominators, so it can be obtained by following the procedure discussed in 
Section 4.1. The next example illustrates the use of this idea. 


Perform the addition } + <. 


Solution First find the LCM of 8 and 36 by using the procedure given in 
Section 4.1. 
8 = 23 
36 = 2 - 3? 
LCM = 23-3? = 72 


As you can see, LCM(8, 36) = 72. Thus, 


pegs sea! Gat fee 
Re REOne 1) ho 86. 86h) 0 
so that 


Ally 2227s dal asa 
8) 636 noi Ode IQ 72 





To define division, we introduce the idea of a reciprocal. 





Thus, the product of any nonzero rational number and its reciprocal is 1. For this 
reason, the reciprocal of a rational number is its multiplicative inverse. 


EXAMPLE 4 
Find the reciprocals of the following: (a) t (b) —3 (c) 1; 
Solution 
(a) The reciprocal of ; is; = 3. 
(b) The reciprocal of —? is —}. Note that (—3)(—4) = (—1)(—1)(3)(@) = 1. 
3 
8 


= 4, the reciprocal of 1 


col 


(c) We first write 13 in the form a/b. Because | 
a8 
S77. 


Note: The reciprocal of any negative rational number is always negative, as 
shown in part (b) of Example 4. 
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DEFINITION 4.9 





Briefly, we say “to divide by a number, multiply by its reciprocal.” 


P21 To yk tee eee 
3 7 BOG wee Ss ume 3 
t i eo eal 
Reciprocal eciprocal 


We can check Definition 4.9 by multiplying the quotient, (a/b) - (d/c), by the 
divisor, c/d, to obtain the dividend, a/b. Thus, 


g\ Cea yd. ‘)=$ ioe 
pach) Mame Uae) Dean eeD 
as required. 

As a consequence of these definitions of the basic operations, the set of 
rational numbers under addition and multiplication is closed and has the asso- 
ciative, commutative, and distributive properties. It also has an additive identity 
(0) and additive inverses. With respect to multiplication, the set of rational num- 
bers has a multiplicative identity (1), and every rational number, except 0, has a 
multiplicative inverse (its reciprocal). 

It can be shown that the definitions we have given are the only possible ones 
if we require that the rational numbers obey the same basic laws of arithmetic as 
the integers do. (Just imagine how unpleasant it would be if } + } #4 +3.) 

From the preceding definitions and Theorem 4.3, we can obtain some addi- 
tional important results. By the definition of the rational number —1, we know 





that —1 = =", and by Theorem 4.3 
Shee ie nee 
Pro. ee aad 
Therefore, 
2 OME eee le ele eee 
b b b= Web ab 
Similarly, 
aos 5 oe eee 
b J ST ei 


Thus, we have the important conclusion that 


bu, =D 


Furthermore, because 1 = + - =} = =, we see that 


ah 


Ene 
ab 


=| 
=! 


EXAMPLE 5 


[eau] Graphit 
& | 


To verify part (d), enter 
}2ldOl4Eli Els) | 
to get —5 as shown — 


in the window. 


Did you notice that —42 was 


| entered as (—4 — 4)? . 
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If you think of a and b as positive numbers, you can see that the rulés of signs in 
division are exactly the same as those in multiplication: The quotient of two 
numbers with like signs is positive and of two numbers with unlike signs is neg- 
ative. For example, 

Dee 29 9 

eee ps as 3 

If the operations under discussion involve mixed numbers, first write 
the mixed numbers as fractions. Thus, to add 2} + 2, note that = 22 = 
+3 7 A simpler way to do this (in just one step) is 


Seah 3 AF 
ans 4 cred 
i f, 
Same denominator 
Thus, 
So 11 Se so LOM EAS if 
Wiaeeeetae og 12 1 10 10 


or, separating the whole and fractional parts, 


3 5 3 5 9 10 19 24 19 43 7 
ta gli gt gettin t i= 2 D2 D2  bD -12 


Note that to convert the fraction 75 to a mixed number, we divide 43 by 12 (the 
answer is 3) and write the remainder 7 as the numerator of the remaining frac- 
tion, with the denominator unchanged. 


Perform the following indicated operations: 
Gsm: (Dye eis 

(c) 34X(-8)  @) 21 + (48) 

Solution 

(a) We first change the mixed numbers to fractions. 


tL; +13 Is pee 
33 a and o alte 
We then obtain the LCD, which is 12, and change the fractions to equivalent 
ones with 12 as a denominator. 

1 De 1S) P26 Sone o0 me 80m 8 Ow 
Ay 4a a a GRIM I OTE 72 


or, separating the whole and fractional parts, 


1 1 1 1 
geen etal Rar Ah ach 
BPD Dire 5 
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EXAMPLE 6 
FIGURE 4.6 








Nutrition Facts 


Serving size 1 02, (28g/About 20 chips) 
Servings Per Container About 8 






Amount Per Serving 
Calories 150 


















Calories from Fat 90 
% Daily Value* 
Total Fat 109 15% 

Saturated Fat 3g 15% 
Cholesterol 0mg 0% 
Sodium 180mg 8% 
Total Carbohydrate 15g 5% 

Dietary Fiber 19 2% 





Sugars 0g 
Protein 29 
Vitamin A 0% ° Vitamin C 10% 
Calcium 0% . Iron 0% 


* Percent Daily Values are based on 4 2,000 calorie diet, 
Your daily values may be higher or lower depending on 
your calorie needs; 


Calories: 2,000 













Total Fat Less than 
Sat Fat Less than 20g 259 
Cholesterol Less than 300mg 00mg 
Sodium Less than 2,400mg  2A400mg 
Total Carbohydrate 800g 378g 
Dietary Fiber 259 30g 


Calories per gram 
Fat 9 ° Carbohydrates 4 ° 





Protein 4 
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(b) Changing the 2 to, and 5 to + we write 





as 815) 20,06 . 
5 aan ar eee 
or 

I eof Rlee0ten 
52 ere 


(c) Write 34 as 4, and recall that the product of two numbers with unlike signs 
is negative. 


=e 


35 C= sya x (=f): = —26 


4 


1 


(d) Change the —4: to —2%. invert, and then multiply to get 


5 
he 


(Note that the answer is negative.) | 


Applications 


Have you seen the nutrition labeling attached to most food products? It gives the 
information (per serving) about the product you are about to consume. Let us 
look at an example. 


The nutrition panel shown in Figure 4.6 came from a bag of potato chips. For one 
serving (about 20 chips), 


(a) how many calories come from fat? 
(b) what fraction of the calories are from fat? 
(c) what fraction of the daily value of total fat would you consume in one serving? 
(d) how many calories per chip? 
Solution 
(a) 90 calories come from fat. 
(b) 90 out of the 150, or 
90151 303) 33 


07 -30r55 5 
of the calories, are from fat. 


(c) The daily value of total fat is 65 g and the total fat in one serving is 10 g, 


thus the fraction of the daily value of total fat is 2 = 3. 


(d) One serving has 20 chips and there are 150 calories in one serving; thus 
there are 4?” = = 7; calories per chip. fi 


ry In problems 1-4, identify the numerator and 
denominator of each rational number. 


ca 2a aoe. Ae 


In problems 5-7, identify the rational numbers that are 
equal by using Definition 4.4. 


17 289 714 438 19 323 


Se 323 ll 


5. 41> 697> 1682 6. 529> 23> 391 7. 91> 


—_ 


11 253 


11> 2093 


| 


\o 
NY 
Ww 


In problems 8—16, reduce each rational number. 


8. 3 9. 33 10. % 
heres ee ie 
14, 2 ise 1G, 


|B | It is possible to add and subtract rational numbers 
by converting them to equivalent rational numbers 
with the same denominator. In problems 17-19, 
express each sum as a sum of rational numbers with a 


denominator of 18. 
ae 1 atelier 5 lye ele al 
Wi niG chug ct ag 18.3 +5+2 19 eset aeick 5 


In problems 20-82, perform the indicated operations 
and reduce each answer (if possible). 


20.5 5 2 iat 22e n 
Date 24.5 as 3.5+6 
26. 4-4 27.5 -4 28.2 -7 
29.2=2 80a aes ah ase 
32.32 33. 2x3 34.3 x3 
aoe 7 360, STnee 
38. (3)x5 39. (-49) x (~it) 40. § =) 
a= (-2) 4 4+(-3)48.4+ (2) 
44. (-2) + (+H) 4s. (-1) + (i) 

46. (3 +4) +3 1 

48. (5 x4) x7 49. 2 x (§ x5) 

50. 3 + (5 +3) 51.74) +4 

52. 3 +20 +4) 53. 3(3 +3) +3 
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5410-4 55. 10-4) -4 
56.90 3) —h i 

58. 5-1} 59.7 x 12 

60. 5 + (—23) 61. 3; ++ 

62. 4 — 2} 63. 4 x 2} 

64. 6 + (1!) 65. —3 + 21 

66. —} — (—2) 67. (—8) x 24 
68. 7 + (—24) 69. —2+ 14 

70. —3? — (-3) 71. (—9) X 35 
72. (—§) + (-4) 73. As) 
74, —34 — (-2) 75. (—14) x (—2}) 
76. (—14) + (2!) 77.5xi-+4+} 
78. §'= "6 3) 19M Pegs 
80.5 +4-3 


2, 
81. (23) Ga) Ea) 3 
82. (—63) + (—4) + (2%) x (2) 


A~A- Applications 


83. The normal body temperature is 98;5°F. Carlos 
had the flu and his temperature was 101;3°F. How 
many degrees above normal is that? 


84. An average human brain weighs approximately 3; 
lb. The brain of the writer Anatole France weighed 
only 2} lb. How much under the average is that? 


85. As stated in problem 84, the average human brain 
weighs approximately 33 lb. The heaviest brain 
ever recorded was that of Ivan Sergeyevich 
Turgenev, a Russian author. His brain weighed 
approximately 445 lb. How much above the aver- 
age is this weight? 


86. A board 3 in. thick is glued to another board 3 in. 
thick. If the glue is 35 in. thick, how thick is the 
result? 


87. A recent survey found that ;5 of the U.S. people 
work long hours and smoke, while another < are 
overweight. What fraction of the people is neither 
of these? 
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88. Human bones are i water, x minerals, and the rest 
living tissue. What fraction of human bone is liv- 
ing tissue? 


89. Americans spend $35 billion on daily newspapers 
and $12 billion on Sunday newspapers. How many 
billions of their dollars are spent on newspapers? 


90. Americans work an average of 462 hr per week, 
whereas Canadians work 3875 hr. How many more 
hours per week do Americans work on average? 


91. Do husbands help with the household chores? A 
recent survey estimated that husbands spend 
about 75; hr during weekdays helping around the 
house, 22 hr on Saturday, and 2 hr on Sunday. 
How many hours do husbands work around the 
house during the entire week? 


Exercises 92-101 refer to the diagram below. 


Bay News 9 
Hourly program schedule 


sg 9° 











News & 
Beyond 
3. the Bay 


Weather — 





News & Beyond 
the Bay 








News & 
Beyond 
theBay & 










30 29 
Sports Connection airs live at 11 p.m. and replays at 12:30 and 
4:30 a.m. 


What fraction of the hour is devoted to 
92. weather? 93. traffic? 
94. news and Beyond the Bay? 95. news? 


96. Which of the features uses the most time? What 
fraction of an hour does it use? 


97. Which of the features uses the least time? What 
fraction of an hour does it use? 


98. What is the time difference (as a fraction) 
between the features that use the least and the 
most time each hour? 


99, Is the amount of time devoted to a particular fea- 
ture the same at the top and bottom of the hour? 
If not, in which part of the hour (top or bottom) 
does the feature use the most time? 


100. What is the time difference (as a fraction) be- 
tween the news at the top of the hour and news at 
the bottom of the hour? 


101. Which features use the same amount of time? 


_” In Other Words 


102. Why do you think the set of rational numbers is 
symbolized by the letter Q? 


103. You know that 3 = |, z= |, and + = 1. Does 
e = 1? Why or why not? 


104. The Golden Ratio mentioned in the Getting 
Started section is 


bagi Steatlh 


a 2 


but it does not satisfy the definition of a rational 
number. Why? 


Ga Using Your Knowledge 


Road maps and other maps are drawn to scale. The 
scale on a map shows what distance is represented by 
a certain measurement on the map. For example, the 
scale on a certain map is 


1 in. = 36 mi 


Thus, if the distance on the map is 2} in. from 
Indianapolis to Dayton, the actual distance is 
1 9 9 
36 524 = FO Cs ai oe 
105. Find the actual distance from Indianapolis to 
Cincinnati, a distance of 35 in. on the map. 


106. Find the actual distance from Indianapolis to 
Terre Haute, a distance of 3; in. on the map. 


107. If the actual distance between two cities is 108 
mi, what is the distance on the map? 


108. If the actual distance between two cities is 162 


mi, what is the distance on the map? 


Discovery 


Let us try to discover how many positive rational num- 
bers there are. We arrange the first few fractions as 
shown below. 


Sf ae ie 
ptt) 


ale 


eee 2 te 

ah “3 ; a 8 9 
fey? / Cs 
Le wa Li ; 6 7 8 9 
4 Pane ee ay 4 

» 5 6 7 8 9 


ee 


y 


109. Can you discover the next two rows in this array? 


110. 


111. 


112. 


Adverbs, Adjectives, and Decimals 


Notice that the number + appears in the first row, 
fifth column. Can you discover where the num- 
ber 3! will be? 


By following the path indicated in the array, we 
can set up a correspondence between the set of 
natural numbers WN and the set of positive rational 
numbers. The first few terms look like this. 


eae ee On Se DLO TT 
re et ae 
et i i 2 eae 


Notice that in this pairing we skipped 2 ;, 3, and 


Can you discover why? 


The correspondence indicated in problem 111 
can be continued indefinitely. If we assign a car- 
dinal number to the set N of natural numbers, say 


GETTING STARTED 


mee. 


113. 
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n(N) = Xp (read aleph null), so that we can 
speak of the “number of natural numbers” as 
being Xp), what would n(Q*) be? That is, how 
many positive rational numbers are there? 


On the basis of your answer to problem 112, 
would you say that there are more or fewer 
rational numbers than natural numbers? 


ae Collaborative Learning 


Do you remember the Fibonacci sequence in Section 
1.1? It goes like this: 


DUE 2, Sy. dy Oy LS, 215 34, 95, 895 1442933. 


Form two groups. 


1. 


One group calculates the ratios of numbers that pre- 
cede each other in the sequence, that is, 1/1, 2/1, 
3/2, and so on. 


. The other group calculates the ratios of the numbers 


following each other in the sequence 1/1, 1/2, 2/3, 
and so on. (These are the multiplicative inverses of 
the numbers obtained in 1.) 


. Compare results. Are the ratios multiplicative 


inverses? 


. What conjecture would you make for the ratios of 


the numbers obtained in part (1)? What about for 
the ratio of the numbers obtained in part (2)? In the 
next section, we convert rational numbers of the 
form a/b to decimals by dividing a by b. Do you 
notice anything about the decimal part in each of 
the ratios? 


- How close is the answer you get for the ratios 


1/1, 1/2, 2/3, and so on, to the Golden Ratio 
CVE 1) 
2 

section? 


we mentioned at the beginning of the 


How fast does a snail move? You can express the answer as a decimal. Many 
measurements involving decimals are so small or so large that they must be 


216 
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written in a special way called scientific notation, which you will study in part 
B of this section. The following are some speeds in decimal form and in scien- 
tific notation: : 


Speed at which a snail moves 0.0310 = 3.10 X 10-* mph 
Brisk walking speed of a person 5172 = 5.72. Xl0%mph 
Fast running speed of a man 16.70 = 1.67. X 10! mph 
Speed of a peregrine falcon 168 = 1.68 X 10? mph 
Speed of an SR-71A plane 2193 = 2.193 X 10° mph 


Decimals are used in many ways. For example, social scientists often try to 
quantify different characteristics of people or things. Thus, psychologists and 
linguists have a numerical way to indicate the difference between nice and very 
nice or between unpleasant and very unpleasant. Suppose you assign a positive 
number (+2, for example) to the adjective nice and a negative number (say —2) 
to unpleasant and a positive number greater than | (say + 1.25) to very. Then, 
very nice is quantified as 


Very nice 
dais ot 
(1.25) - (2) = 2.50 


That is, 1.25 and 2 are multiplied. Similarly, very unpleasant is quantified as 
Very unpleasant 
7 L 
(1,25) (2) = = 2-50 


Table 4.3 gives some adverbs and adjectives and their average numerical val- 
ues, as rated by several panels of college students. (Values differ from one panel 
to another.) 


TABLE 4.3 


Adverbs 


Slightly Wicked ao) 
Rather Disgusting = Del 
Decidedly Average 018 
Very Good Sal 
Extremely Lovable 2.4 





Now you are able to quantify phrases such as extremely disgusting and very 
wicked. Which of the two phrases is worse? If you do the multiplication, you will 
know, and if you get the correct answer, you are 4.495! ae 


As you probably know, the number 4 can be written in decimal form, that is, as 
0.5. Because all rational numbers can be written in the form a/b, it is always pos- 
sible to change a rational number a/b to its decimal form simply by dividing a 
by b. For example, 5 = 0.5, 4 = 0.125, and + = 0.25. Of course, if the denomi- 


DEFINITION 4.10 


The definition of negative expo- 
nents gives a good pattern. 
103 = 1000 


102 = 100 

10010 

10° = 1 
107! = 75 
10°? = 709 
10-3 = i560 
And so on 
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nator of a fraction is already a power of 10 (10, 100, 1000, and so on), then the 
fraction can easily be written as a decimal. Thus, 

eae | ae 

10> OW. 100 > 0.19, and 1000 = 0.017 
You should keep in mind that the successive places to the right of the decimal 
point have the place values 


1 1 1 1 


Loe On 10°” fOr 


The exponent on the 10 is the number of the place. For example, the underlined 
digit in 2.56794 has the place value 1/104, because the 9 is in the fourth decimal 
place. 


Decimals in Expanded Form 


You learned in Section 3.2 that a positive integer can always be written in 
expanded form, as, for instance, 

S63. 107) (6c 10) (1x10) 
Can you do something like this for a decimal, say 3.52? You know that 


> and 0.02 = Re 


DS ag 100 


SO 
352 "(3 x 10%) +(s xh )+(2x 4) 

10 10 
This is somewhat awkward, so to make it more convenient, define negative 


exponents as follows: 


1 1 1 ( 
“h=j—=— 10°2=—~=—, 10°3=—=—, 
. 4 LO aeh00 10° 1000 





It can be shown that negative exponents obey exactly the same laws as 
positive exponents (see Section 3.2). 

Using these negative exponents, you can write decimals in expanded form. 
For example, 


3.52 = (3 x 109) +6 X 10°5-+ 2 x 10-7) 
and 
362.754 = (3 X 102) + (6 X 10!) + (2 x 10°) 
+ (7 X 107!) + (5 X 1072) + (4 x 1073) 


These look like very natural generalizations of the expanded form that you used 
for positive exponents. 
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EXAMPLE 1 


DEFINITION 4.11 


ae Graph It 


Your grapher has to be in the 
mode to do scientific notation! 
| Press 
"then to go to 
the home screen. For example 
_ 2(a), enter 270,000,000 

. to obtain 2.70E8, 

_ which means 2.7 X 108 as 

_ shown in the window. 





| Go ahead and try Example 
| 2(b)! 


EXAMPLE 2 


(a) Write 25.603 in expanded form. 


(b) Write (7 x 102) + (2 X 10°) + (6 X 107!).+ @ X 10~4) in standard 
decimal form. 


Solution 
(a) 25.603 = (2 x 10!) + (5 X 10°) + (6 X 107!) + (0 X 1077) + 3 X 1073) 
=(2*K'10") Or 10°) + (6 X 107!) + G X 107%) 


(b) Notice that the exponent in 10~” tells you that the first nonzero digit comes 
in the nth decimal place. With this in mind, 


(7 X 102) + (2 X 109) + (6 x 10°')+ 9X 10-4) = 702.6009 2 


Scientific Notation 


In science very large or very small numbers frequently occur. For example, a red 
cell of human blood contains 270,000,000 hemoglobin molecules, and the mass 
of a single carbon atom is 0.000 000 000 000 000 000 000 019 9 g. Numbers in 
this form are difficult to write and to work with, so they are written in scientific 
notation. 





For any given number, the m is obtained by placing the decimal point so that 
there is exactly one nonzero digit to its left. The n is then the number of places 
that the decimal point must be moved from its position in m to its original posi- 
tion; it is positive if the point must be moved to the right, and negative if the point 
must be moved to the left. The following are examples: 


5305.92 108 Decimal point in 5.3 must be moved 0 places. 

C7 = Sol <n On See Decimal point in 8.7 must be moved 1 place 
to the right to get 87. 

68,000 = 6.8 X 104 Decimal point in 6.8 must be moved 4 places 
to the right to get 68,000. 

0A =49-x%10s0 Decimal point in 4.9 must be moved 1 place 
to the left to get 0.49. 

O07 =F 10a Decimal point in 7.2 must be moved 2 places 


to the left to get 0.072. 
0.0003875 = 3.875 x 10-4 Decimal point in 3.875 must be moved 
4 places to the left to get 0.0003875. 


Write the following in scientific notation: 
(a) 270,000,000 
(b) 0.000 000 000 000 000 000 000 019 9 


EXAMPLE 3 


EXAMPLE 4 
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Solution 
(a) 270,000,000 = 2.7 x 108 
(b) 0.000 000 000 000 000 000 000 019 9 = 1.99 x 10723 a 


Write the following in standard decimal notation: 


(a) 2.5 x 1010 (b) 7.4 X 1076 


Solution 
(a) 2.5 X 10! = 25,000,000,000 
(b) 7.4 X 10~-© = 0.0000074 es 


We noted earlier in this section that negative exponents obey the same laws as 
positive exponents. We can verify this quite easily in simple cases. For example, 


10* x 1072 = 10,000 Xx aa = 100 = 102 = 104+ (-2) 
162 X 107+ =.0.01 X 0.001 = 0.00001 = 10°> = 10-27») 


The laws of exponents can be used to do calculations with numbers in scientific 
notation. 


Do the following calculation, and write the answer in scientific notation: 


G10 OFX 1074) 


Solution 
 SG107 VO KILO i =S'K9) K (10* X 107") 
= A5 5104-7 
AS ee Le” 
45) AOC 10-2 
Ay One 
=A5 <10-* a 


Operations with Decimals 


We have already studied the operations of addition, subtraction, multiplication, 
and division with whole numbers, integers, and fractions. We now consider the 
same operations with decimals. To add or subtract decimals, we proceed as with 
whole numbers, making sure that the numbers to be added have the same num- 
ber of decimal places. Thus, to add 5.1 and 2.81, we attach a() to 5.1 so that it 
has two decimal places and then add. To see why this works, we write the num- 
bers in expanded form and add as follows: 


510. = 5 °F qo + i00 
2Bl = 2 er ay hth 
721 =F Ave + an 
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EXAMPLE 5 


EXAMPLE 6 


In practice, we place the numbers to be added in a vertical column with the 
decimal points aligned, and then add or subtract as required. The rules for “car- 
rying” in addition and “borrowing” in subtraction are justified here also, as 
shown by the expanded forms in the next examples. 


(a) Add 4.81 and 3.7. (b) Subtract 6.53 from 8.71. 


Solution 


(a) We attach a 0 to the 3.7, align the decimal points, and add. 


Short Form Expanded Form 
4.81 4+ i + i09 
+ 3.70 <Attach a 0. 7 e610 
8.51 7 +B 455 
=e 19 + i0 + i 
= 3 4 10 + T00 
= 8.51 
(b) Short Form Expanded Form 
8.71 8 + ip + 19 = 8 + ip + igo 
= 6.53 —6 + io + 100 = 6 + 10 + 109 
2.18 2+%+ 7% =2.18 


Note: In the first line of the expanded form, we wrote 


ere cree. 
10-10" Ose OK, 100 


and then combined the hundredths. & 


To understand the rule for multiplying decimals, look at the following exam- 
ple, in which the decimals are first replaced by equivalent fractions: 


Multiply 0.37 X 7.2. 
Solution 


Si oe le 
0.37 X 7.2 = 100 x To 1000. 
The numerator 37 X 72 tells us that the 37 and the 72 are to be multiplied as 
usual for whole numbers. The 1000 in the denominator tells us that the final 
answer will have three decimal places, the sum of the number of decimal places 
in the two factors. Thus, we can multiply the 0.37 and the 7.2 just as if they were 
whole numbers and then place the decimal point so that there are three decimal 
places in the product. The short form of the multiplication follows: 





0.37 <2 decimal places 
eee <1 decimal place 
74 
259 





2.664 2S 
vies 3 decimal places a 
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In general, we multiply two decimals as if they were whole numbers and then 
place the decimal point so that the number of decimal places is equal to the sum 
of the number of decimal places in the two factors. If signed numbers are 
involved, the rules of signs apply. Thus, 


(—0.37) X 7.2 = —2.664 
035726 (F712) =F=2.664 
(—0.37) X (—7.2) = 2.664 


A division involving decimals is easier to understand if the divisor is a whole 
number. If the divisor is not a whole number, we can make it so by moving the 
decimal point to the right the same number of places in both the divisor and the 
dividend. This procedure can be justified as in the next example. 


EXAMPLE 7  A65-ozcan of tuna fish is on sale for 55¢. What is the cost per ounce to the near- 
est tenth of a cent? 


Solution The cost per ounce can be obtained by dividing the total cost by the 
number of ounces. Thus, we have to find 55 ~ 6.5, and we can make the divisor 
a whole number by writing the division in fractional form. 


35 _ 550 
6500 165 


Multiply numerator and denominator by 10. 


This is equivalent to moving the decimal point one place to the right in both the 
divisor and the dividend. Then we divide in the usual way. 


8.46 
65)550.00 
520 

300 

26 0 
4.00 
3.90 
10 


To two decimal places, the cost per ounce is 8.46¢. Therefore, to the nearest tenth 
of a cent, the answer is 8.5¢. al 
Again, if signed numbers are involved, the rules of signs apply. For example, 


—14 14 |. =14° 
ze HO! eo 510s and ae. T 5.6 


Problem Solving 


1. Read the problem. 





Applications to Decimals 


Bank A offers a checking account costing $3 per month plus $.20 per check after 
the first 10 checks. Bank B offers unlimited checking for a $6 monthly charge. 


(a) Which bank is cheaper if you write 20 checks per month? 


continued 
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. Select the unknown. 


. Think of a plan. 
Find the cost of writing 20 checks 
in bank A and in bank B. 

. Use the information to find the 
answers. 
Which bank is cheaper if you write 
20 checks? 


When is the cost the same? 


. Verify the answer. 


TRY EXAMPLE 8 NOW. 


EXAMPLE 8 


(b) How many checks do you have to write so that the cost is the same in both 
banks? 


Find out which bank is cheaper if you write 20 checks per month and when the 
cost is the same for both banks. 


Bank A costs $3 plus $.20 for each check over 10. For 20 checks, 10 are free and 
10 cost $.20 each. 


The cost of writing 20 checks in bank A is $3 + 10 - $.20 = $3 + $2 = $5. The 
cost in bank B is $6. Bank A is cheaper. 


The cost is $6 in bank A when you pay the $3 monthly charge and you spend an 
additional $3 on checks. Since checks are $.20 each, you can write $3/$.20 = 15 
checks plus the 10 free ones for a total of 25 checks. Thus the cost is the same 
($6) when you write 25 checks. 


The cost of writing 25 checks in bank A is $3 + 15 -$.20 = $3 + $3 = $6, the 
same as in bank B. 


Cover the solution, write your own, and then check your work. 





Suppose you need to rent a car for a 3-day, 400-mi trip. Your choice of rental 
companies is as follows: 


Company A $50 per day, with unlimited free mileage 
Company B $25 per day, plus $.20 per mile 


(a) Which company offers the best deal for your trip? 


(b) How many miles do you have to travel for the 3-day trip for the cost to be 
the same with both companies? 


Solution The cost for each company is as follows: 


Company A costs $50 each day for 3 days, or 3 X $50 = $150. 
Company B costs 3 X $25 + $.20 x 400 = $75 + $80 = $155. 


(a) It is less expensive to rent from company A. 


(b) The 3-day charge is $150 for company A and $75 for company B. The $75 
difference ($150 — $75) can be used to pay the mileage with company B. 
Since the cost is $.20 per mile, the number of miles you can travel is 


75 


0207 2/9 m 


Verifying that the cost is the same can be done by looking at the cost for com- 


pany B, $75 + $.20 X 375 = $75 + $75 = $150; it is the same as for 
company A. i 


EXAMPLE 9 
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Rounding 


In Example 7, we rounded off the quotient 8.46 to one decimal place to get 8.5. 
This type of procedure is necessary in many practical problems and is done in 
the following way: 





For instance, to round off 8.46 to one decimal place, that is, to the tenths 
place, do the following: 


1. Underline the 4: 8.46. 


2. The digit to the right of the underlined digit is 6 (greater than 5). So add 1 to 
the underlined digit. 


3. Drop all digits to the right of the underlined digit. The result is 8.5. 


If it is necessary to round off 2632 to the hundreds place, you should under- 
line the 6 to show 2632. Since the next digit is 3 (less than 5), the underlined 6 
is unchanged and the 32 is replaced by 00 to give 2600. 

In many applications, the numbers are obtained by measurement and are usu- 
ally only approximate numbers correct to the stated number of decimal places. 
When calculations are performed with approximate numbers, two rules are cus- 
tomarily used to avoid presenting results with a false appearance of accuracy. 
The rule for addition and subtraction is as follows: 





The three sides of a triangle are measured to be approximately 26.3, 7.41, and 
20.64 cm long, respectively. What is the approximate perimeter of the triangle? 


Solution The perimeter is the total distance around the triangle, so we must add 
the lengths of the three sides. We get 


26.3 
7.41 
+ 20.64 
54.35, 


However, the least precise of the measurements is 26.3, with just one decimal 
place. Therefore, we round off the answer to 54.4 cm. | 
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EXAMPLE 10 


Before giving the rule that is used when multiplying or dividing approximate 
numbers, we must explain what is meant by the significant digits of a number. 





Thus, all the digits in the numbers 2.54 and 1.73205 are significant. 
However, the number 0.00721 has only three significant digits: 7, 2, and 1; the 
Qs in this number do nothing except place the decimal point. There is one 
ambiguous case left. For example, how many significant digits does the number 
73,200 have? We cannot answer this question unless we know more about the 
final Os. To avoid this type of difficulty, we write 73,200 in the following forms: 


7:32. t0t If three digits are significant 
1320 08 If four digits are significant 
7.3200 x 104 If all five digits are significant 


State the number of significant digits in each of the following: 

(a) 0.50 in. (b) 0.05 Ib 

(c) 8.2 X 10° L (d) 8.200 X 10° km 

Solution 

(a) 0.50 has two significant digits. 

(b) 0.05 has one significant digit. The 0 before the 5 only places the decimal point. 
(c) 8.2 X 103 has two significant digits. 

(d) 8.200 X 10° has four significant digits. i 


We can now state the multiplication and division rule for approximate num- 
bers as follows: 





For instance, if we wish to convert 6 cm to inches, we note that 1 cm is 
approximately 0.394 in. Therefore, we multiply 


6 X 0.394 = 2.364 


However, 0.394 has only three significant digits, so we must round our answer 
to three significant digits. Our final result is 


6 cm ~ 2.36 in. ~ means “approximately equal to.” 


Notice carefully that the 6 in 6 cm is an exact, not an approximate, number. 


EXAMPLE 11 


EXAMPLE 12 
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Two adjacent sides of a rectangular lot are measured to be approximately 91.5 
and 226.6 ft. Find the area of this lot. 


Solution The area of a rectangle of sides a and b is A = ab. Thus, we have 


A= 91.5 X 226.6 
= 20,733.90 


However, the 91.5 has only three significant digits, so our answer must be 
rounded to three significant digits. This gives 20,700 ft? for the area. A better 
form for the answer is 2.07 X 104 ft?. Use of scientific notation frequently helps 
to display the significant digits of the answer. m 


A computer uses a collection of ones (1s) and zeros (0s) to store information. The 
units used are shown in the table. 


(a) Write the number of bytes in a kilobyte (KB) and a megabyte (MB) in sci- 
entific notation 


(b) Round the decimal part to two decimal places and write the answers in (a) in 
scientific notation. 


Solution 


(a) 1024 = 1.024 x 103 
1,048,576 = 1.048576 x 10° 


(b) To two decimal places, 1.024 = 1.02, so 

1024 ~ 1.02 x 103 = (~ means approximately) 

To two decimal places, 1.048576 = 1.05, so 

1,048,576 ~ 1.05 x 10° al 
By the way, do you recognize the GB. It is usually called a “gig,” and it meas- 


ures the capacity of information that can be stored on the hard drive of your 
computer. 


a 


iT piece of information 
two possible values: “0” or “1” 


8 bits 


1,024 bytes 


1,048,576 bytes 


1,075,741,824 bytes 
1,099,511,627,776 bytes 


1,125,899,906,842,624 bytes 
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A In problems 1—4, write each number in expanded 
notation. 


1. 692.087 
3. 0.00107 


Ze S029 DO 
4. 4.30008 


In problems 5-8, write each number in standard deci- 
mal notation. 


5. (5 X 10°) + (2 x 10!) + B x 107!) + 9 x 10°?) 
6. (4 x 102) + (5 X 10°) + (6 X 107-7) + 9 X 1074) 
7. (4X 1073) + (7 X 1074) + (2 X 10°) 
8. (2 x 107!) + (5 X 1072) + (4 x 1074) 


B In problems 9-12, write each number in scientific 
notation. 


99355 
11. 0.0012 


10,0372 
12. 3,453,000 


In problems 13-16, write each number in standard 
notation. 


13. 8.64 x 104 
15. 6.71 X 1073 


14. 9.01 x 10’ 
16. 4.02 x 1077 


In problems 17-22, simplify and write each answer in 
scientific notation. 


17. 0.0346 + 1,730,000 18. 0.00741 x 225,000 
199GALXK107) 90222107 
20. (4.9 X 1072) X (3.5 X 1074) 


aie : 
4x 10 
S103 aoe. 
99. ( ( . ) 
24 x 10 


23. The most plentiful form of sea life known is the 
nematode sea worm. It is estimated that there are 


40,000,000,000,000,000,000,000,000 


of these worms in the world’s oceans. Write this 
number in scientific notation. 


24. Sir Arthur Eddington claimed that the total num- 
ber of electrons in the universe is 136 x 27° 
It can be shown that 22° is approximately 
1.16 X 1077. Use this result to write Eddington’s 
number in scientific notation. 


In problems 25-30, write each answer in scientific 
notation. 


25. The width of the asteroid belt is 2.8 X 108 km. The 
speed of Pioneer 10 in passing through this belt 
was 1.4 X 10° km/hr. Thus, Pioneer 10 took 


2.8 x 10° ‘ 
14 < 10° 
to go through the belt. How many hours was that? 


26. The mass of the Earth is 6 X 10?! tons. The Sun is 
about 300,000 times as massive. Thus, the mass of 
the Sun is (6 X 102!) x 300,000 tons. How many 
tons is that? 


27. The velocity of light can be measured by know- 
ing the distance from the Sun to the Earth 
(1.47 x 10!! m) and the time it takes for sunlight 
to reach the Earth (490 sec). Thus, the velocity of 
light is 

47 eco" 
490 


How many meters per second is that? 


m/sec 


28. United States oil reserves are estimated to be 
3.5 X 10!° bbl (barrels). We use about 3.2 < 10° 
bbl per year. At this rate, how long will U.S. oil 
reserves last? (Give the answer to the nearest year.) 


29. The world’s oil reserves are estimated to be 
6.28 X 10!! bbl. We use 2.0 < 10!° bbl per year. 
At this rate, how long will the world’s oil reserves 
last? (Give the answer to the nearest year.) 


30. Scientists have estimated that the total energy 
received from the Sun each minute is 1.02 x 1019 
cal. Since the area of the Earth is 5.1 X 108 km2, the 
amount of energy received per square centimeter 
of Earth’s surface per minute (the solar constant) is 


1.02 x 101° 


ei) ORATEN Ae Oa 2 2 ae 10 2 
(5:1 X 10%) x 10°10 Note: 1 km2 = 1019 cm 


How many calories per square centimeter is that? 


In problems 31-38, perform the indicated opera- 


tions. 

31. a. 3.81 + 0.93 bs =3.81,-5-(=0,93) 
32. a. 18.64 — 0.983 b. —18.64 — 0.983 
Donde 2.08.7 10.255 b.. 3.07 — 8.934 

34. a. 2.48 X 2.7 D. (248) (—2.7) 
oeeten(=0:03) X (—1.5) Dos(3-2) -< (0:04) 
36. a. 10.25 + 0.05 b. 2.16 + 0.06 
31.481 001) lid be<G 7009). (4.5) 
39.0a..(—1-8) + (0.09) b.376, = (0.012) 
39. The revenues (in millions) of City Investing 


40. 


41. 


42. 


43. 


44, 


45. 


were derived from the following sources: manu- 
facturing, $926.30; printing, $721.21; interna- 
tional, $488.34; housing, $674; food services, 
$792.45; and insurance, $229.58. Find the total 
revenue. 


Ann rented a car at a cost of $25 per day plus $.15 
per mile traveled. What was her cost for a 2-day 
trip of 700 mi? 


A 6-o0z can of orange juice concentrate costs $.48 
and a 12-0z can costs $.89. How much is saved by 
buying 36 oz of the more economical size? 


A worker was paid $4.50 per hour for a 40-hr 
week. The worker was paid an additional $1.50 
per hour for each hour over 40 hr per week. How 
much did the worker earn in 3 weeks if he worked 
43 hr the first week, 42 hr the second week, and 
45 hr the third week? 


George, Harry, and Joe played poker one evening. 
Joe won $25.75, which was the total amount lost 
by George and Harry. If George lost $7.25 more 
than Harry, how much did each lose? 


A library charged for an overdue book at the 
rate of 10¢ for the first day and 5¢ for each 
additional day. If Mabel paid a fine of 75¢ for an 
overdue book, how many days overdue was the 
book? 


A bookstore ordered 30 books for a certain course. 
Each book, which cost the bookstore $25, was to 
be sold for $31.50. A service charge of $3 was to 
be paid for each unsold book returned. If the 
bookstore sold 28 of the books and returned the 
other 2, what was its gross profit? 


46. 


47. 
48. 


49. 


50. 


51. 


52. 


53: 


54. 


35: 


56. 
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Round the measure of 45.49 m to the nearest 
meter. 


Round 3265 oz to the nearest hundred ounces. 


The sides of a triangular lot are measured to be 
392.1, 307.25, and 507 ft. Find the perimeter of 
the lot to the correct number of decimal places. 


The mileage indicator on a car read 18,327.2 mi at 
the beginning of a trip. It read 18,719.7 at the end. 
How far did the car go? 


A business reported annual sales of $8.5 million. 
If the expenses were reported as $6.52 million, 
find the profit to the correct number of decimal 
places. 


The average weekly circulation of a magazine is 
19,230,000 copies. If each copy is sold for 75¢, 
how much money (on the average) do sales 
amount to each week? 


On October 17, 1965, the New York Times con- 
tained a total of 946 pages. If the thickness of one 
sheet of newspaper is 0.0040 in., find (to the cor- 
rect number of decimal places) the thickness of 
this edition of the paper. 


A light-year is about 5.878  10!? mi. The Great 
Galaxy in Andromeda is about 2.15 million light- 
years away. How many miles is the Great Galaxy 
from us? (Write your answer in scientific nota- 
tion.) By the way, this galaxy is the most remote 
heavenly body visible to the naked eye. 


Lionel Harrison drove the 1900 mi from Oxford, 
England, to Moscow in a Morris Minor fitted with 
a 62-gal tank. If he used all the 62 gal of gas, how 
many miles per gallon did he get? (Round the 
answer to the nearest tenth.) 


Stuart Bladon holds the record for the greatest 
distance driven without refueling, 1150.3 mi on 
19.41 gal of fuel. To the correct number of 
decimal places, how many miles per gallon is 
that? 


The highest average yardage gain for a football 
season belongs to Beattie Feathers. He gained 
1004 yd in 101 carries. What was his average 
number of yards per carry? (Give the answer to the 
nearest tenth of a yard.) 
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57. In 1925, a 3600-rpm (revolution-per-minute) 
motor was attached to a gramaphone with a 46:1 
gear ratio. The resulting speed was 3600 rpm. What 
is this ratio to the nearest whole number? This 
ratio gave birth to a new kind of record, and if you 
find the answer, you will find what kind of record. 


58. The longest and heaviest freight train on record 
was about 21,120 ft in length and consisted of 500 
coal cars. To the nearest foot, how long was each 
coal car? 


= in Other Words 


59. Explain in your own words some of the advan- 
tages of decimals over ordinary fractions. 


60. Explain why, when multiplying two decimals, the 
number of decimal places in the answer is equal to 
the sum of the number of decimal places in the 
two factors. 


@ Using Your Knowledge 


In doing numerical computations, it is often worth 
making an estimate of the answer to avoid bad errors. 
(Even if you use a calculator, you might hit a wrong 
key!) In many instances, a good estimate may be all 
that is needed. For example, suppose you want to find 
the area of a rectangular lot that is measured to be 98.2 
ft wide by 347 ft deep. The area of a rectangle of sides 
aand bis A = ab. If you round 98.2 to 100, and 347 to 
340, then you have a quick estimate of 34,000 ft? for 
the area of the lot. 

Using a calculator to multiply the given dimensions 
yields an answer of 34,075.4. Rounding to three sig- 
nificant digits (to agree with the accuracy of the 
dimensions) gives 34,100 ft. Thus, the estimate is off 
by only 100 ft. 


61. Edie goes to the grocery store and picks up four 
items costing $1.98, $2.35, $2.85, and $4.20. 
Before going to the checkout counter, Edie wants 
an estimate of her total purchases. Which of the 
following is the best estimate? 

a. $9 b. $11 c. $13 d. $8 


62. Jasper has a room that is 15 ft wide and 24.5 ft 
long. He wants to put in flooring that costs $10.25 
per square yard. Which of the following is the best 
estimate of the total cost? 
a. $300 b. $400 


c. $350 d. $3500 


Calculator Corner 


If your calculator has a [sci] key or its equivalent, then 
you can convert numbers to scientific notation auto- 
matically. Thus, to write 270,000 in scientific nota- 


tion, enter [0] [0] [o] [0] [=] and (or 
[sci]). If you do not have a key, you must 
know how to enter numbers in scientific notation by 
using the or the [EE | key. Thus, to enter 270,000, 
you have to know that 


370,000 = 2:7 X 10° 


and enter (a [5]. The display will show 
21 Oa: 

To perform operations in scientific notation (with- 
out a key), enter the numbers as discussed. Thus, 
to find (5 X 104) X (9 X 1077) (as in Example 4), enter 
CO 1] fee} (4) 0) &) CG (2) fexe] 7) 2] DIE! 
The display will give the answer as 4.5 —02, that is, 
4.5 X 10-2. If you have a key or if you can place 
the calculator in scientific mode, then enter 
[9] [=| (no need to use parentheses), 


and the same result as before appears in the display. 


1. Use your calculator to check problems 13, 15, 17, 
and 19 in Exercise 4.4. 


The operations of addition, subtraction, multiplica- 
tion, and division involving decimals are easy to perform 
with a calculator. You just press the appropriate num- 
bers and indicated operations, and the calculator does 
the rest! However, you must know how to round off 
answers using the appropriate rules. Thus, in Example 
9, you enter 26.3 + 7.41 + 20.64, but you have to 
know that the answer must be rounded off to 54.4. 


ae Collaborative Learning 


Do you know what unit pricing is? You should if you 
want to save money. We are ready for the supermarket 
scavenger hunt. Form two or more groups. The pur- 
pose is to determine whether when buying groceries, 
bigger is better and/or generic is cheaper. Many super- 
market items carry a label stating the unit price of the 
item The unit price is the price of the item divided by 
the number of units (ounces, grams, etc.). Your first 
task is to determine whether the unit price given by the 
supermarket is correct. To find the best buy, find the 
unit price for each item and select the best unit price. 
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1. Make a list of ten different items you usually buy at 2. For the same ten items, have a group select one size, 
the supermarket. Have one group select brand name and another group a different size. Compare unit 
items, and another group generic items, each con- prices. Is the bigger size always cheaper? Hint: We 
taining the same amount of units. Record the found two items for which this was not always the 
results. Are brand name items always more expen- case, Sun Maid Raisins and Goya Sardines. 


sive than generic? 





GETTING STARTED 


i 





If you want today’s data, go to 
link 4.5.1 at the Bello Web site. 
By the way, some of the stock 
services give you the option of 
having the results shown as 
fractions or as decimals. 


a Graph It 


_ Can you verify that ; = 0.3 
and; = 0.142857? Enter 1 

. [=] 3; you get a terminating 

(not an infinite) decimal 
approximation as shown. For 
+ the approximation is 

| 0.1428571429 (not infinite 

_ either). Again, the moral is: 
you have to know your math! 





as 
Rational Numbers as Decimals: Percents 





Stock Prices and Fractions 


The fractional part of the price of gas is usually posted in the stock market list- 
ings in newspapers as 7 of accent. Can you imagine the problems that would arise 
if it were + or £? It would be extremely difficult to change 3 or 7 to a decimal to 
find the total price. (Try dividing 3 by 7 or 7 by 11.) Now, look at the fractional 
parts in the stock listing in Figure 4.7. The denominators are 2s, 4s, or 8s. Try 


Sine 12 13 4 1 5e08 3 7 : : : 
writing g, § = 4, 3,3 — 2»3>8 — 4, and as decimals. It is much easier! 


FIGURE 4.7 







Most Active Issues 
VOLUME CLOSE CHANGE 


AT&T 3,122,600 3PB - ig 
PepsiCo 2,811,700 295/8 + V2 


Boeing Co 2,708,800 50 1g 
Tenneco Inc 2,301,700 40!/2 - 21/8 
Heinz (HJ)Co ‘1,912,600 373/4 - Ip 
Marion Merrell 1,832,000 3635/4 + 3 
Syntex Corp 1,669,300 42 - 3/g 
Kemper Corp 1,654,500 30 - 13/8 
IBM 1,587,900 1013/8 + 13/4 
Westinghouse 1,495,300 21/4 + Vig 
Campbell Soup _ 1,449,400 7163/4 + 


1 
General Elec 1,442,900 7103/8 + Ig 
Limited Inc 1,300,800 51/2 + 3/4 
Telefonos Mex 1,239,700 3735/4 + 1/8 
























What do you think the denominators of all the fractions that are easy to con- 
vert to decimals (10, 2, 4, and 8) have in common? The answer is in Theorem 4.4 
of this section. As a matter of fact, after you read and understand Theorem 4.4, 
you will be able to tell whether a fraction has a terminating or a nonterminating 
decimal representation (problems 25-30, Exercise 4.5). You will also learn to 
write this representation and even change a terminating or nonterminating 
repeating decimal to a fraction (problems 43-58, Exercise 4.5). You finish this 


section by studying a special type of decimal, percents. ea 


(Remember to bookmark the Bello book-specific Web site.) ttp://college.hmco.com/mathematics | Seargh | 
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EXAMPLE 1 


As we mentioned in Section 4.4, a rational number can always be written in dec- 
imal form. If the number is a fraction, we divide the numerator by the denomi- 
nator and obtain either a terminating or a nonterminating decimal. 


Terminating and Nonterminating Decimals 


Numbers such as 5, §, and + are said to have terminating decimal representa- 
tions because division of ihe numerator by the denominator terminates (ends). 
However, some rational numbers—for example, +—have infinite repeating 
decimal representations. Such a.representation is BM by dividing the 
numerator of the fraction by its denominator. In the case of , we obtain 


0.333 -°- 
3)1.0 


For convenience, we shall write 0.333 :-: as (0.3. The bar over the 3 indicates that 
the 3 repeats indefinitely. Similarly, 


+ = 0.142857142857 - - - = 0.142857 


Write the following as decimals and state the value in the second decimal place: 
(ai (b) 3 
Solution (a) Dividing 3 by 4, we obtain 


0.75 
4)3.0 
3 
20 
20 


SS 


Thus, 7 = 0.75, and the value in the second decimal place is iw: 


(b) Dividing 2 by 3, we obtain 


0.666 *-: 
3)2.0 
18 
20 
18 
20 
18 


Thus, $ = (.666:-- = 0.6, and the value in the second decimal place 


Aen 
ieee. 
100 Q 


. You should be able to convince yourself of the truth of Theorem 4.4, which 
indicates which rational numbers have terminating decimal representations. 


THEOREM 4.4 


Of the first 20 counting numbers, 
only 7, 17, and 19 have recipro- 

cals with the maximum possible 
number of digits in the repeating 
part of their decimal representa- 


tions: 
5 = 0.142857 

+ = 0.0588235294117647 
ig = 0.052631578947368421 


19 
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_A rational number a/b (in lowest terms) has a terminating decimal 
expansion if and only if b has no prime factors other than 2 and 5. 


Notice that b does not have to have 2 and 5 as factors; it can have only one 
of them as a factor, or perhaps neither, as in the following illustrations: 


1 


25 = 0.04 


Since 25 = 5 X 5, x hasa terminating decimal expansion. 


1 
qos O25 


Since 4 = 2 X 2,; hasa terminating decimal expansion. 


The denominator is 1, which has no prime factors, so § has a terminating deci- 
mal expansion. Of course, if the rational number is given as a mixed number— 
for example, 5;—you can first convert it to > and notice that the denominator 
has only 2 as a factor. Thus 55 = 4 has a terminating decimal expansion. 

The stock markets use the fractions with denominators 2, 4, 8, 16, 32, and 64 
because these fractions have simple terminating decimal forms. The denomina- 
tors are powers of 2 and 


1 n 
an = (0.5) 


so there will be exactly n decimal places. 

It is easy to see that every rational number has an infinite repeating decimal rep- 
resentation. In the case of a terminating decimal, you can simply adjoin an infinite 
string of Os. For example, ? = 0.750, 35 = 0.050, and so on. If the rational number 
a/b has no terminating decimal representation, then it must have a repeating dec- 
imal representation, as you can see by carrying out the division of a by b. The only 
possible remainders are 1, 2,3,..., and b — 1. Therefore, after at most (b — 1) 
steps of the division, a remainder must occur for the second time. Thereafter, the 
digits of the quotient must repeat. The following division illustrates the idea: 


1.692307 
13)22 
13 
90 
78 
120 
117 
30 
26 
40 
39 
100 
91 
9 
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EXAMPLE 2 


cn Graph It 


To change 0.23, to a fraction, 
enter 0.232323232323 


[ENTER] [ MATH ] [1] and 


obtain 53 as shown. 





0.232323232323 
2323232323 
Ans > Frac 


23/99 





EXAMPLE 3 


Notice that the remainder 9 occurs just before the digit 6 appears in the quo- 
tient and again just after the digit 7 appears in the quotient. Thus, the repeating 
part of the decimal must be 692307, and + = 1.692307. 





Changing Infinite Repeating Decimals to Fractions 


The preceding discussion shows that every rational number can be written as 
an infinite repeating decimal. Is the converse of this statement true? That is, 
does every infinite repeating decimal represent a rational number? If the repeat- 
ing part is simply a string of Os so that the decimal is actually terminating, it can 
be written as a rational number with a power of 10 as the denominator. For exam- 
ple, 0.73 = i, 0.7 = 75, and 0.013 = zou. If the decimal is repeating but not ter- 
minating, then we can proceed as in the next example. 


Write 0.23 as a quotient of integers. 


Solution If x = 0.232323 ---, then 100x = 23.232323 --- . Now we can remove 
the repeating part by subtraction as follows: 


100x = 23.232323 :-- 
(Syren 2 Or a2323e 
99x = 23 





Then, dividing by 99, we get 


23 


og 


Here is the procedure. 
Changing an Infinite Repeating Decimal to a Frat 
h. Veta = the given decimal. : 











2. Multiply by a power of 1 
first sequence of digits th 

3. If the decimal point is 

_ digits, multiply by a 





_ Sua theres 


The idea in steps 2 and 3 is to line up the repeating parts so they drop out in the 
subtraction in step 4. 


Write 3.5212121 - - - as a quotient of two integers. 
Solution 
Us 2h eT 
be eex = 3.521212 eae We want the decimal point here. 


2. Since we want the decimal point to the right of the first 21, we multiply by 1000. 
1000x = 3521.212121*=- 





j 

| To write 3.5212121 ---asa 
fraction takes several steps. 
Simce 3.5212121+.. = 3.5 + 
- 0.0212121 ---, let us make 
| the 0.021212121---a 

_ fraction by entering 

| 


| 0.0212121212121 
| [1] [ENTER] we get 


| 339. Add 345 to 3.5 and convert 
| to a fraction by pressing 

| 35 7] 

: [ENTER], getting se as 


_ shown. 


is 
it 
i 
i 
i, 





¢ 
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Oo 


. In this step, we want the decimal point to the left of the first 21 in 
Bolt T2 a Here. 


so we multiply x by 10. 
10% = 35.212121--- 


4. 1000x = 3521.212121--- 
GC) le = 1 B5.20012 1 +: 
990x = 3486 The decimal parts drop out. 


5. We divide by 990 to get 


S996". 3816 S81 a 
= 990 AG5=6 165 
This discussion can be summarized as follows: Every rational number has 


a repeating decimal representation, and every repeating decimal represents 
a rational number. 


If you use the procedure of Examples 2 and 3 for the repeating decimal 
0.999 - -- , you come out with the result 


0.999% vier 1 


If you are bothered by this result, the following examples may convince you of 
its truth: 


f 2 = 0333+ °- 
= 0.666 «*- 


WIN Wil 


What is the result when you add these two equations? 
= 0.444:-- 
= 0.555 25." 


N 
Oln ole 


What is the result when you add these two equations? 
3) 5 = O.112G 


What do you get by multiplying both sides of this equation by 9? (You can try 


it on your calculator! Begin by entering 1; then press [=] [9] [9] [=] and 
watch the display.) 


Percent 


In many of the daily applications of decimals, information is given in terms of 
percents. The interest rate on a mortgage may be 12% (read “12 percent”), the Dow 
Jones stock average may increase by 2%, your savings account may earn interest 
at 6%, and so on. The word percent comes from the Latin words per and centum 
and means “by the hundred.” Thus, 12% is the same as i or the decimal 0.12. 
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EXAMPLE 4 


EXAMPLE 5 


EXAMPLE 6 


EXAMPLE 7 


Write the following as decimals: 

(a) 18% (by eta (c) 0.5% ‘ 

Solution 

(a) 18% = 0.18 (b) 11.5% = 0.115 (c) 0.5% = 0.005 al 


To change a decimal to a percent, just reverse the procedure. 





Change the following to percents: 
(a) 0.25 (b) 1.989 
Solution 


(a) 0.25 = 25% (b) 1.989 = 198.9% Bj 
ws KS 





Write the following as percents. (Give the answers to one decimal place.) 
@ 5 (b)5 


Solution 


(a) 2? = 0.40 = 40% 
as 


5 
(b) 3 = 0.42857 By ordinary division 
= 0.429 Rounded to three decimal places 
= 42.9% ; a 
<P 


When you buy popcorn at the theater, you get popcorn, butter substitute, and a 
bucket. Which of these is the most expensive? The bucket! Here are the approx- 
imate costs to a theater: popcorn, 5¢; butter substitute, 2¢; and bucket, 25¢. 


(a) Find, to two decimal places, the percent of the total cost for each of these 
components. 


(b) If the average profit on this popcorn is 86% of the cost, how much is that? 
Solution 


(a) The cost of the popcorn is 3 = 0.15625, or 15 .63%, of the total cost. 
The cost of the butter substitute is 3 = 0.0625, or 6.25%, of the total cost. 
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The cost of the bucket is 3 = 0.78125, or 78.13%, of the total cost. 
(b) 86% of 32 = 0.86 X 32 = 27.52, or nearly 28¢. o 


EXAMPLE 8 Theater concession stands make 25% of all the popcorn sales in the United 
States. If these stands make about 250 million sales annually, about how many 
popcorn sales are made per year in the United States? 


Solution We know that 25% of all sales is about 250 million. If we let s be the 
total number of sales, then 


0.25s = 250 million 
Thus, dividing both sides by 0.25, we get 





250 million se 
SS enose” = 1000 million 
or about | billion sales per year. el 
To further explore the current Do you owe some money? Most of us do, but not as much as the federal gov- 
debt and the interest paid on it, ernment. As of this writing, the national debt amounts to $5,608,540,076,358, 
access links 4.5.2 and 4.5.3 at about $5.6 X 10!” or about 5.6 trillion dollars. How much interest do we have to 
the Bello Web site. pay on that debt? Go to the next problem and see. 


EXAMPLE 9 The simple interest / for one year on a principal P at a rate r is given by J = Pr. 
If the rate r on the national debt is 6%, what is the annual interest J paid on 
the debt? 


Solution For the national debt, P = 5.6 X 10!2 andr = .06 = 6 X 1072. Thus, 
I= 5.6 X 10! x 6 X 10-2 = 33.6 X 1012-2 = 33.6 X 10!9 = 3.36 x 10!!, or 
$336,000,000,000! f& 


D. Percent Increase or Decrease 


EXAMPLE 10 (a) In a certain company, male engineers’ salaries began at $46,000 while 
female engineers’ salaries began at $31,000. To the nearest percent, how 
much higher were male engineers’ salaries? 


(b) According to the Almanac of Jobs and Salaries, the average starting salary 
offered to bachelor degree candidates in engineering was $30,300, whereas 
to those in computer sciences it was $27,600. To the nearest percent, how 
much more was offered to engineers? 


Solution 


(a) The difference in salaries is $46,000 — $31,000 = $15,000. Thus, the male 
engineers earned 


Difference 15,000 


Original > 37999 9484 WI SIEGE! 






into = http://college.hmco.com/mathematics ] Seach j 





(Remember to bookmark the Bello book-specific Web site.) 
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or a whopping 48% more. (Note that the female engineers’ salary is in the 
denominator of the fraction, because that salary is the basis for comparison.) 


(b) Here, the salary difference is $30,300 — $27,600 = $2700. Thus, the engi- 
neers were offered 


2700 
ser (2) fat fel 





or 9.78%, more than the computer scientists. a 

A In problems 1-24, write each number in decimal 52. 0.017 53. 1.27 54, 2.48 
ApEn 55. 0.4575 56. 0.2315 57. 0.2016 
1. ip 2. io 3. 19 4. i 58. 0.2016 
5. i 6. 75 hoe 8. 2 

Be 143, 1243 25,360 
9+ 7000 10. i000 11. i009 12. “600 [4] In problems 59-67, write each percent as a 
13. 2 14. 3 15. % 16. 3 decimal. 
17. 3 18. 3 19. 3 20. 2 59. 29% 60. 23.4% 61. 0.9% 
21. 4 22. 6; 23. 7; 245 3% 62. 56.9% 63. 45.69% 64. 0.008% 


65. 34.15% 66. 93.56% 7. 0.0234 
Ci In problems 25-30, determine whether each num- 4 ‘ S fe 


ber has a terminating decimal expansion. If it does, 


give the expansion. In problems 68-76, write each decimal as a percent. 


3 2 a 
25. 16 26. i; 27. 64 68. 0.38 69. 3.45 70. 9.998 
ae Bole ON 
28. 95 29. 3125 30. 350 71. 0.567 72. 0.00452 —-73. 9.003 
In problems 31-42, rewrite each repeating decimal, 74, 0.0004 75. 0.0045 76. 0.0008 
using a bar and as few digits as possible. 
31590-55595) 7 >: 32. O.TTTTTT + In problems 77—80, write each fraction as a percent. 
33. 0.646464 - - - B45 O71 37313 er" 77. 2 
355023575. 36. 0.930930 --- 78. 4 (to one decimal place) 
STO 2199599 = 38. 0.7132222-4" 79. 2 (to one decimal place) 
39. 0.079353535 --- 40. 0.23515151--- 80. 2 
41. 5.070707 --- 425923373737 © = 81. Find 13% of 70. 


In problems 43-58, write each number as a fraction (a Be 


quotient of two integers). Reduce if possible. 83. 24 is what percent of 72? 
43. 0.8 44. 0.6 45. 0.31 84. 15 is 30% of what number? 
46. 0.21 47. 0.114 48. 0.102 85. 100 is what percent of 80? 


49. 2.31 50. 5.672 51. 1.234 86. Find 124% of 320. 


87. 


88. 


89. 


90. 


91. 


92. 


93. 


94. 


95. 


96. 


OT: 


98. 


In a recent year, about 16,300,000 cars were sold 
by the U.S. auto industry. Of these, 8,214,671 
were made in the United States. What percent is 
that? (Answer to one decimal place.) 


One of the most expensive British standard cars is 
the Rolls-Royce Phantom VI, quoted at $312,954. 
An armor-plated version was quoted at $560,000. 
What percent more does the armor-plated version 
cost? 


By weight, the average adult is composed of 43% 

muscle, 26% skin, 17.5% bone, 7% blood, and 

6.5% organs. Assume a person weighs 150 lb. 

a. How many pounds of muscle does the person 
have? 

b. How many pounds of skin does the person 
have? 


Refer to problem 89. 

a. How many pounds of bone does the person 
have? 

b. How many pounds of organs does the person 
have? 


A portable paint compressor is priced at $196.50. 
If the sales tax rate is 5.5%, what is the tax? 


The highest recorded shorthand speed was 300 
words per minute for 5 minutes with 99.64% 
accuracy. How many errors were made? 


In a recent year, the United States had 
168,607,000 cars. This represented about 37.9% 
of the total world stock of cars. To the nearest mil- 
lion, how many cars were in the world stock? 


In a recent year, 41.2 million households with tel- 
evisions watched the Superbowl. This represented 
47.1% of homes with televisions in major cities. 
How many homes with televisions are there in 
major cities? 


If 25 is increased to 30, what is the percent 
increase? 


If 32 is decreased to 28, what is the percent 
decrease? 


If you increase 28 by 25% of itself, what is the 
result? 


If you decrease 24 by 165% of itself, what is the 
result? 
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99. 


100. 


101. 


102. 


103. 


104. 


105. 
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Joe Long is a computer programmer. His salary 
was increased by $8000. If his previous salary 
was $28,000, what was his percent increase? 
(Answer to the nearest percent.) 


Felicia Perez received a $1750 annual raise from 
the state of Florida. If her salary was $25,000 
before the raise, what percent raise did she receive? 


Joseph Clemons had a salary of $20,000 last 
year. This year, his salary was increased to 
$22,000. What percent increase is this? 


Here are some professions and the average 
salaries earned by males and females. To the 
nearest percent, how much more did males make 
in each profession? 


Male Female 
a. Doctors and $90,000 $72,000 
dentists 
b. Elementary and $21,600 $17,280 
high school 
teachers 
c. Sales clerks $18,000 $ 9180 


Andy was told that if he switched to the next 
higher grade of gasoline, his mileage would 
increase to 115% of his present mileage of 22 
mi/gal. What would be his increased mileage? 


Gail learned that a new hairdresser’s fees were 
only 80% of her present hairdresser’s fees. If her 
present fees are $25 per month, what would be 
her monthly savings if she changed to the new 
hairdresser? 


A furniture dealer sold two small sets of furniture 
for $391 each. On one set he made 15% and on 
the other he lost 15%. What was his net profit or 
loss on the two sets? 


_ In Other Words 


106. 


Answer true (T) or false (F) for each of the fol- 

lowing statements and give reasons to support 

each answer: 

a. Some repeating decimals are not rational 
numbers. 

b. All counting numbers are rational numbers. 

c. Some integers are not rational numbers. 

d. 0.20200200020000 - - - is a repeating decimal. 

e. All terminating decimals are rational numbers. 
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Discovery 


In this section we developed a procedure for express- 
ing an infinite repeating decimal as a quotient of two 
integers. For example, 


0.3 = 0.333 +" =§ 

0.6 = 0.666 + =5 

020 = 0.212101 eo 3 
0.314 = 0.314314314- +: = 3 


107. From these examples, can you discover how to 
express 0.4 = 0.444: - - as a quotient of integers? 


108. Can you express 0.4321 as a quotient of integers? 


If we have a repeating decimal with one digit as a 
repetend (the part that repeats), the number can be writ- 
ten as a fraction by dividing the repetend by 9. For exam- 
ple, 0.7 =2. If the number has two digits in the repetend, 
then the number can be written as a fraction by dividing 
the repetend by 99. For example, 0.21 = 3. Use this idea 
to check your results in problems 43-48, Exercise 4.5. 


Research Questions 


Calculator Corner 


Most operations in this section can be done with a cal- 
culator. For example, to change a fraction to a decimal, 
divide the numerator by the denominator. But can you 
find the decimal expansion for 7;? If the calculator has 
ten decimal places, then when you divide 3 by 14 the 
answer is given as 0.214285714, and you must know 
that the repeating part is 142857. 

Note that you can check the decimal expansion of a 
fraction by simply leaving your answer in the calcula- 
tor and multiplying by the denominator. 

Some calculators have a key which changes 
percents to decimals. You can determine whether your 
calculator does this by entering 11.5 [%]. The 
answer should appear as 0.115 [Example 4(b)]. 


1. Use your calculator to check problems 59—67 in 
Exercise 4.5. 


2. Use your calculator to show that a 10% increase 
followed by a 10% decrease does not result in the 
original amount. 


In the last sections we have used the horizontal bar to write common fractions. 
Sometimes, instead of a horizontal bar we use the diagonal fraction bar like this: 
alb. Do you know how they wrote the decimal point many years ago or who 
invented the percent symbol? Here are some questions for you. 


1. Who invented the horizontal bar to write common fractions, and who was the 
first European mathematician to use the fraction bar the way we use it today? 


2. Who were the first users of the diagonal fraction bar? From what did the bar 


evolve? 


3. What symbols were used to write the decimal point and by whom? 


4. Who invented the percent symbol and when? 





GETTING STARTED 


eae 


circle; that is, 


Pi (77) Through the Ages 


One of the most unusual and interesting real numbers is 7 (the Greek letter pi, 
pronounced “pie”’), which is the ratio of the circumference to the diameter of a 


Ss 


www: 





To further explore the number 7 
access link 4.6.1 at the Bello 
Web site. 


> 
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What is the numerical value of 7? There have been many versions. In 
1800-1600 B.c. the Babylonians gave 7 a value of 3. The Hebrews used the 
Same approximation in the Old Testament (1 Kings 7:23, written in 650 B.c. 
but dating back to 900 B.c.). It reads, “And he made a molten sea, 10 cubits 
from one brim to the other: it was round all about .. . : and a line of 30 cubits 
did compass it round about.” More recent findings (a tablet in Susa) indicate 
that the Babylonians might have used 3; = 3.125 as the value for 7. The 
Egyptians used the approximation 4 Xx (8)2 = 3.1605 in the Rhind papyrus, writ- 
ten in 1650 B.c. 

In the first century A.p., Liu Hsin used 3.1547, and Chang Hen (78-139 A.D.) 
used the value V/10, which is approximately 3.1623, or the fraction 33, which is 
about 3.1724. In the third century B.c., Archimedes approximated 7 by drawing 
a circle between two polygons of 6, 12, 24, 48, and 96 sides. As the number of 
sides increased, the perimeter of the polygons approximated the circumference 
of the circle and showed that 7 was between 34? and 37. This same method was 
employed by Liu Hui to find his best value for zr, namely, 3.14159. Tsu Chung- 
Chi (430-501 a.D.) refined the method and obtained boundaries of 3.1415926 
and 3.1415727, giving the fraction ¥ as the “inaccurate” value for 7 and 353 a 
value correct to six decimals, as the “accurate” value. (No fraction with a denom- 
inator less than 113 gives a closer approximation for 77.) 

How close can you get to 7? Get a soda can, measure around it and divide 
by the distance across the top. What do you get? What about using computers to 
find a more accurate approximation? Using a Hitachi SR 8000, the latest approx- 
imation for 3.141592654 . . . has 68,719,470,000 decimal places! ze 


In Section 4.2, we presented the usefulness and beauty of the set of integers. The 
Pythagoreans were so certain that the entire universe was made up of the whole 
numbers that they classified them into categories such as “perfect” and “amica- 
ble.” They labeled the even numbers “feminine” and the odd numbers “mascu- 
line,” except 1, which was the generator of all other numbers. (At that time, the 
symbol for marriage was the number 5, the sum of the first feminine number, 2, 
and the first masculine number, 3.) In the midst of these charming fantasies, the 
discovery of a new type of number was made—a type of number so unexpected 
that the brotherhood tried to suppress its discovery. It had found the numbers that 
we call irrational numbers today. 

Here is a general idea of what happened. Suppose we draw a number line 2 
units long (see Figure 4.8). We divide the unit interval into two equal parts and 
graph 4, 5 = 1,3, and = 2. We then proceed in the same way and divide the unit 


FIGURE 4.8 


te W/e 
4 wiv 
+ w/A 
a wln 
WIOdO 
— ij 
NO 
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interval into three parts, marking 12321, 43, and § = 2 as shown in Figure 
4.8. For any whole number g, we can divide the unit interval into g equal parts 
and then graph 1/g, 2/q, and so on. It seems reasonable to assume that this 
process continued indefinitely would assign a rational number to every point on 
the line. 

Now, suppose we construct a unit square and draw its diagonal as shown in 
Figure 4.9. Turn this diagonal (called the hypotenuse of the resulting triangle) 
clockwise to coincide with the number line extending from 0 to a point marked 
P. Which rational number corresponds to P? None! Why? Because the required 
number is not obtainable by dividing any whole number by another whole num- 
ber; it is not a rational number. 

Ironically enough, Pythagoras himself had proved the famous theorem bear- 
ing his name: The square of the hypotenuse of a right triangle is equal to the sum 
of the squares of the other two sides. If we let x be the length of this hypotenuse 
(the diagonal of the square in Figure 4.9), the theorem says that 


ce let 
so that 


v=o Square root of 2, a positive number 
that when squared yields 2 


The Pythagoreans were able to prove that V/2 is not obtainable by dividing 
any whole number by another, that is, that \/2 is not a rational number. To do so, 
they used a method of proof called reductio ad absurdum, meaning “reduction to 
the absurd” (we now call this proof by contradiction). Their proof may have 
gone as follows: 


Proof Assume that V2 is a rational number, say, a/b, in lowest terms; that is, a 
and b have no common factor other than 1. Then we have the following: 


f V2=5 

2. Multiply by b. Vib= a 

3. Square both sides. (V2b)? = a? 

4. Simplify. 2p =a 

5. Thus, a? is an even number, and since only even numbers have squares that 


are even, a is an even number. Suppose a = 2c. 
6. Substitute a = 2c in step 4. 2p = Oe) Ae 
7. Divide by 2. b»= 2+ 


8. This last equation says that b? is an even number, so that b is an even num- 
ber. (If b were odd, b” would also be odd.) 


9. Now, we have a contradiction. Step 5 says that a is even, and step 8 says that 
b is even; this means that a and b would have the common factor 2, contrary 


to our assumption. Hence, our assumption is invalid, and V2 is not a rational 
number. S 


Numbers that are not rational are called irrational. 


EXAMPLE 1 


DEFINITION 4.12 


EXAMPLE 2 
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Square Roots 


The preceding proof can be generalized to show that the only numbers with 
rational square roots are the perfect squares, as follows: 


<1 because lroat 
V4 =) because ?2=4 
NOT s3 because 32 =9 


The square roots of all natural numbers that are not perfect squares are irrational. 


Classify the following as rational or irrational: 
(a) V36 (b) V44 (c) V81 
Solution 


(a) V36 = 6isrational. (b) V44 isirrational. (c)V81 = 9 is rational. 


Irrational Numbers and Decimal Numbers 


Irrational numbers such as V2 can be approximated to any finite number of dec- 
imal places. But these decimal numbers can never repeat (as in +) or terminate 
(as in 5), because if they did, they would be rational numbers. For example, 


V2 = 1.4142:-- or WS A AIAII3 <-- 


_ We use this idea to define irrational numbers. 





For example, 0.909009000 - : - (the successive sets of digits are 90, 900, 
9000, and so on) is nonterminating and nonrepeating, and thus is irrational. 
Another irrational number is the decimal 1.23456789101112 --- , where we con- 
tinue writing the digits of the successive counting numbers. Here again, although 
there is a definite pattern, the decimal is nonrepeating and nonterminating. The 
set consisting of all decimals is called the set R of real numbers. This set 
includes all the numbers we have studied: the natural numbers, the integers, the 
rational numbers, and the irrational numbers. (Keep in mind that rational num- 
bers can be written as quotients of two integers and irrationals cannot.) The ra- 
tionals and the irrationals completely cover the number line: To each point on the 
line, there corresponds a unique real number, and to each real number, there cor- 
responds a unique point on the line. 


Classify the following numbers as rational or irrational: 
(a) 0.35626262 - - - (b) 0.305300530005 - - - (c) 0.12345678 
Gm (ec) V65 (f) V144 
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DEFINITION 4.13 


Solution 

(a) A repeating decimal, therefore rational 

(b) A nonrepeating, nonterminating decimal, therefore irrational 

(c) A terminating decimal, therefore rational 

(d) A fraction, therefore rational . 

(e) Irrational 

(f) V144 = 12, therefore rational a 


Looking at the decimal approximations of V2 given earlier, we can see 
that 1.4 is less than V2 but 1.5 is greater; that is, \/2 is between 1.4 and 1.5. Can 
we always find an irrational number between any two rational numbers? In order 
to answer this question, we must first make the ideas of less than (<) and 
greater than (>) more precise. 





Thus, 3 < 5 because 3 + 2 = 5, —4 < —1 because —4 + 3 = —1,5 > 3 because 
3 <5, and} = 0,.333--: <4 =0.5 because 3 + % = 3. 
A basic property of the real numbers is given by the following statement: 


NiI- 





Thus, if a  b (ais not greater than b), then a S b (ais less than or equal to b). 
If a < b (ais not less than b), then a = b (ais greater than or equal to b). 

It is not difficult to compare two rational numbers, but what about compar- 
ing an irrational number such as V48 and a rational number such as 6.9? We 
know that the numbers are close because V49 = 7, which is close to 6.9, but can 
we fill in the blank with < or > to obtain a correct statement in the following 
expression? 


V48 ___ 6.9 
By squaring both sides, we get the equivalent comparison 
48) 2 (6.9)? = 47.61 


which shows that the > symbol is the correct choice. Thus, 


V48 > 6.9 


EXAMPLE 3 


| 28 Graph It 


_ To test that V30 < 5.5, enter — 
. 30 [:h. Now, for 

. the test, enter 

| [5] and 5.5. Press 

and you get a 1 as shown. 
| This means that the statement 
_ is true. (A 0 value denotes a 


" false statement). 





EXAMPLE 4 
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Insert <, >, or = in the following to make correct statements: 


(W602 24 27 (Bygyo0r 55 


Solution 
(a) As before, we write 5/60 pee TT 
Squaring both sides, 60 28 (7.7)? = 59,29 
Since 60 > 59.29, we have /60 > 77 
(b) Squaring both sides, we get 30 = (55) 3025 
Since 30 < (5.5)? = 30.25, M301 5.5 in 


We now return to the question “Can we always find an irrational number 
between any two rational numbers?” The answer is affirmative. For example, to 
find an irrational number between § and 3, we first write 4 and } as decimals. 


5 = 0.5 
3 = 0.333--- 
Obviously, the number 0.4 is between 0.5 and 0.333 - - - ; however, this number 


is not irrational. We now add a nonrepeating, nonterminating part to this number 
as shown. 
, =0,5 
0.4101001000 - - - Nonterminating, nonrepeating 
= 01333" 


The number 0.4101001000 - - - is bigger than 0.333 - - - , smaller than 0.5, and 
irrational. We could have found infinitely many other numbers using a similar 
technique. Can you find two more? 


Wi 


Find the following: 

(a) Arational number between 0.121 and 0.122 

(b) An irrational number between 0.121 and 0.122 

Solution 

(a) The rational number 0.1215 is between 0.121 and 0.122 as shown. 
0.121 


0.1215 
0,122 


(b) The irrational number 0.121567891011 - - - is between 0.121 and 0.122 as 
shown. 


O21 
0.121567891011 --- Nonterminating, nonrepeating 
0.122 a 


In the preceding discussion we saw that we are able to find an irrational 
number between any two given rational numbers. We can also show that it is 
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EXAMPLE 5 


EXAMPLE 6 


possible to find a rational number poe apy two given rational numbers. For 
example, given the rational numbers 3 and 3, we write 


Ay Ap? d ae 10° 
TOT 1k ie ee 
We can now see by inspection that one rational number between § and 3 is 7 7. If 


the two given rationals do not have the same denominator, then we can proceed 
as in the next example. 


Find a rational number between 0.4, and 73. 


Solution Since 0.4 = §, the problem is equivalent to that of finding a rational 
number between 3 and &. We can do this easily by changing to fractions with 
common denominators. Thus, 


44013 52 0 ee 
9 9018 1 9 Oe 13 so ea 
Therefore, an obvious choice for the number we seek is 7}7. a 


The Number z 


There is one more important irrational number that caused the Pythagoreans fur- 
ther difficulties. The number 7 introduced in Getting Started as the ratio of the 
circumference of a circle C to its diameter d is itself an irrational number, 
3.14159 ---. Use of the symbol 7 was probably inspired by the first letter in the 
Greek word periphereia, meaning “periphery.” Thus, 


or, solving for the circumference, 
C= 1d 


Proving that 77 is irrational is a very difficult mathematical problem, and we shall 
simply accept the fact. As we have already noted, the value of 7 has been approx- 
imated by various people throughout the ages, and different methods have been 
used to calculate the value of 7 to a large number of decimal places. Today, this 
value is known to millions of decimal places. Here is the value to a mere 32 
places. 


tm = 3.141 592 653 589 793 238 462 643 383 279 50 


In most applications, however, we use only two decimal places, 3.14; if greater 
accuracy is desired, we customarily use the value 3.1416. 


A manufacturer of cylindrical tanks wants to put a reinforcing steel strap around 
a 2-ft-diameter tank. The strap is to be 2 in. longer than the circumference to 


allow for riveting the overlap. How long should the strap be? (Answer to the 
nearest 0.1 in.) 


Problem Solving 
Renna sen AT | 


. Read the problem. 


. Select the unknown. 

. Think of a plan. 
We need to find the diameter of a 
circle (the bullring) when we know 


its circumference. 


. Use C = zd and solve for 
d = C/rto find the diameter. 


. Verify the answer. 


TRY EXAMPLE 7 NOW. 





EXAMPLE 7 
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Solution We use the formula C = 7d, taking 7 as 3.14. Thus, 


C = 3.14 X 2 ft 
= 3:14 X 2X 12 in. 
= 75.4 in. 
Adding the 2-in. overlap, we get the required length to be 77.4 in. s 


Circumferences and Diameters 


A bullring in Spain has a fence that is 450 ft long and uses a 20-ft circular gap as 
its gate. What is the diameter of this bullring? 


We want to find the diameter of the bullring. 


Since the fence is 450 ft long and there is a 20-ft gate, the circumference C must 
be 450 + 20, or 470, ft. We also know that C = zd. 


Solve for d = S where C = 470. Thus 


Ca410 


Se or 149.68 


Since the value for 7r has three significant digits, we round the answer 149.68 to 
three significant digits and obtain d = 150 ft. 


The circumference of a circle with a 150-ft diameter is C = 3.14 X 150 = 471, 
or about 470, ft as required. 


Cover the solution, write your own, and then check your work. 


A rectangular piece of silver approximately 0.5 by 6.75 in. is to be formed into a 
circular bracelet. If the band is bent so that a half-inch circular gap is left, what 
will be the diameter of the bracelet? (Use the approximate value 3.14 for 7.) 


Solution The circumference C of a circle is given by C = 7rd, where d is the 
diameter. The total circumference of the bracelet will be 6.75 + 0.5 in. (the 
length of the piece of silver plus the 0.5-in. gap). Since C = ad, solving for d 
gives 

Conn6ao + 0.5. 297.25 


iiimaq 314 Hanae 


Since the 7.25 and 3.14 both have only three significant digits, we round our 
answer to three significant digits and get d = 2.31 in. a 
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Le In problems 1-20, classify each number as 
rational or irrational. 


1. V/120 2 Vital 

37-925 4, V169 

Se 62. = 

7.2 8. —2 

9. -3 10. —0 

11. 0.232323 --- 12. 0.023002300023 - - - 
13. 0.121231234 - - - 14. 0.121231234 

15. 6! 16. V6 

17. 0.24681012--: 18. 0.1122334455 

19. 3.1415 20. 7 


In problems 21-32, evaluate each expression. 


21. V16 22. V49 23. V64 
24.-V144 25. V81 26. V256 
27. -V169 =. 28. — V25 29. V/196 
30. V225 31. —V81 32. —V121 


In problems 33—46 insert <, >, or =, as appropriate. 














Ws ace S4e (ie ee 
35. 4 i 36. 12 + 
37. 3 re 38. 13 8 
B97 0 AS 

AOA TT VIS 

41. 0.333 --- ____ 0.333444 -- - 

42. 0.101001000 _____ 0.1101001000- - - 
43. 0.999---____1 

44, 0.333---+0.666---__ 1 

45. 3(0.333--:) ___ 1 

46. 0.112233 ____ 0.111222333 - - - 


47. Find a rational number between 0.31 and 0.32. 


48. Find a rational number between 0.28 and 0.285. 


49. Find an irrational number between 0.31 and 0.32. 
50. Find an irrational number between 0.28 and 0.285. 


51. Find a rational number between 0.101001000 - - - 
and 0.102002000 : : - 


52. Find a rational number between 0.303003000 - - - 
and 0.304004000 - - - 


53. Find an irrational number between 0.101001000 
--+ and 0.102002000 - - - 


54. Find an irrational number between 0.303003000 
-- + and 0.304004000 : - - 


55. Find a rational number between 7; and i. 
56. Find a rational number between 5 and i. 
57. Find an irrational number between § and 5. 
58. Find an irrational number between 7; and jj. 
59. Find a rational number between 0.5 and §. 


60. Find a rational number between 0.1 and Ore 


In problems 61 and 62, list the given numbers in order 
from smallest to largest. 


61. 0.24,-0721211211--7 02121 02s 
0.21212 


62. 3.14, 3.1414, 3.141411411---, 3.141, 3.1 


In problems 63-68, use the approximate value 
3.14 for 7. 


63. The largest circular crater in northern Arizona 
is 5200 ft across. If you were to walk around 
this crater, how many miles would you walk? 
(1 mi = 5280 ft) 


64. The Fermi National Accelerator Laboratory has a 
circular atom smasher that is 6562 ft in diameter. 
Find the distance in miles that a particle travels in 
going once around in this accelerator. (1 mi = 
5280 ft) 


65. The U.S. Department of Energy is studying the 
possibility of building a circular superconductiv- 
ity collider that will be 52 mi in diameter. How far 
would a particle travel in going once around this 
collider? Give your answer to the nearest mile. 


66. The smallest functional phonograph record, a ren- 
dition of “God Save the King,” is 1} in. in diame- 
ter. To the nearest hundredth of an inch, what is the 
circumference of this record? 


67. The diameter of a circular running track is 
increased from 90 to 100 yd. By how many yards 
is the length of the track increased? Give your 
answer to the nearest yard. 


68. You are asked to build a circular running track of 
length i km. To the nearest meter, what radius 
would you use? (Recall that 1 km is 1000 m.) 


"in Other Words 


69. Explain in your own words how you can tell a 
rational from an irrational number. 


70. If the rational numbers were used to mark the 
points on a straight line, what points would be 
missed? Give three examples. 


G Using Your Knowledge 


The diagram below shows an interesting spiral made 
up of successive right triangles. This spiral can be used 
to construct lengths corresponding to the square roots 
of the integers on the number line. For example, the 
second triangle has sides 1 and V2, so if the 
hypotenuse is of length x, then 


1 (v2) 
=1+2=3 


Therefore, x = V3. 


2 


Xx 





71. Verify that the ray OB is of length V6. 
72. Verify that the ray OD is of length V8. 
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73. Find the length of the hypotenuse of the triangle 
shown in color. 


74. If the triangles are numbered 1, 2, 3, .. . , starting 
with the lowest triangle in the diagram, what 
would be the number of the triangle whose 
hypotenuse is of length V/17? 


fe Calculator Corner 


If your calculator has a pi (77) key, then calculations 
involving 7 can easily be done on it. For example, to 
find the radius of a circle with a circumference of 96 ft, 
you need to find 96/277. All you need do is key in 


bél-I-EIRIE! 


Most calculators will show the answer 15.278875, 
which, to the nearest 0.01 ft, rounds to 15.28 ft. 


1. Use the 7 key on your calculator to check the 
answers to problems 63-68, Exercise 4.6. 


a> 
aa Collaborative Learning 


The real numbers are an example of a mathematical 
system: a set R of elements with one or more opera- 
tions (+, —, X, and +), one or more relations to com- 
pare the elements in the set (< and >), and some rules, 
axioms, and laws that the elements in the set satisfy. 
Form two or more groups of students. Each group is to 
develop a new mathematical system, and each group 
can call its system anything it wishes! Here are some 
guidelines. 


1. Use the set {0, 1}. 


2. The operations will be binary addition, subtraction, 
multiplication, and division. 


3. The relations will be > and <. 


4. Each group will develop the rules of the system but 
will try to end up with a system similar to the real 
numbers. 


You already know how to write whole numbers in the 
binary system. What about the integers? Half of the 
work is done, since all the whole numbers are integers, 
but what about negative integers? First, use 8 columns, 
or 8 bits, to describe an integer in base 2. The leftmost 
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column indicates the sign of the number, a 0 for posi- (again, the leftmost column in this group indicates 
tive and a 1 for negative, and the 7 columns to the right the sign of the number). 
are used to display the number. Each group writes 1.19, 3/4, —5/2, and — 11.2 using 


this idea. Do their answers agree? 
1. Write 7, —7, 80, and —80 using this new system. cans g 


3. Now, here is the fun part. Go back to Section 4.2 
and look at the properties for addition and multipli- 
cation listed there. How many of the properties 
does this new system have? 


2. To write rational numbers, write the numbers as 
two groups of 8 columns, or 8 bits. First, write the 
rational number in scientific notation, that is, in the 
form m X 10”. The first group of 8 numbers (on the 


left) represent m (remember, the leftmost column in 4. Can you find at least one rule for the real numbers that 
this group indicates the sign of the number). The does not work in the new system? Can you find a 
second group of numbers indicate the exponent n way to define irrational numbers in the new system? 


Research Questions 


In this section we proved that V2 is irrational. Ours was a proof by contradiction. 


1. Go to the Bello Web site and click on link 4.6.2 to construct your own proof that 
V55 is irrational. 





2. On this same site there is a proof that V2 is irrational. How does it differ from 
the one given in the text? Explain! 


3. Can you prove that V2 is irrational using a different method from the ones we 
have used? 


4. In Example 4 we found a rational number between 0.121 and 0.122. How do we 
know such a number even exists? Go to link 4.6.3 on the Bello Web site. Write 
your own proof of the first part of Lemma 1: 





Between any two different rational numbers a and b there is at least one other 
rational number. 





GETTING STARTED The “Radical” Notion of Supersonic Speed 


yt. How fast can this plane travel? The answer is classified information but it 
—S— ___ exceeds twice the speed of sound (747 mph). It is then said that the plane’s speed 
is more than Mach 2. The formula for calculating the Mach number is 


7 pe 
M aie 
V2 Py 





| Info | | zh & (Remember to bookmark the Bello book-specific Web site.) 
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where P, and P, are air pressures. This expression can be simplified by multi- 
plying both radical expressions and rationalizing the denominator. 

In this section you will add, subtract, multiply, and divide radical expres- 
sions, that is, expressions containing radicals. Se 





In the preceding section, we studied irrational numbers of the form Vn, where n 
is a positive number but not a perfect square. We did this with the help of the 
Pythagoreans, who solved the equation x? = 2. Irrational numbers of the form 


A plane breaking the sound 


barrier f : : . 
V/n are called radicals. We study next some simple operations on radicals. 
A. Simplifying Radicals 
pid The velocity v (in feet per second) of an object in free fall depends on the dis- 
a tance d that it has fallen. The formula is 
www: v = V32d 


If you want to find many facts 
about square roots, access link 
4.7.1 at the Bello Web site. 


Thus, after an object has fallen 1 ft (d = 1), its velocity is 32 ft/sec, and after 
2 ft (d = 2), it is V/64 ft/sec. The number 32 is an irrational number, because 
32 is not a perfect square, but 64 is a perfect square (8* = 64), so V64 = 8 isa 
rational number. Note that 32 is positive. We interpret Vn to mean the posi- 
tive square root of n. Can we simplify V/32? We say that Vn is in simplest form 
if n has no factor (other than 1) that is a perfect square. Using this definition, we 
can see that 32 is not in simplest form, because the perfect square 16 is a fac- 
tor of 32. The simplification can be done using the following property: 





Thus, 
V0 "VW 1Oe = Vib v= 47/2 


In general, the simplest form of a number involving the radical sign Vis 
obtained by using the perfect squares 1, 4, 9, 16, 25, 36, 49, 64, 81, 100, and so 
on, as factors under the radical and then using the multiplication property, as in 
the next example. 





EXAMPLE 1 Simplify the following if possible: 
(ay VID (b) V70 
Solution 


(a) The largest perfect square dividing 75 is 25. Thus, we write 


N/V 5B = N/V 3 = V3. 





(Remember to bookmark the Bello book-specific Web site.) J Info | ¢ J] http://college.hmco.com/mathematics 
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EXAMPLE 2 


EXAMPLE 3 


(b) There is no perfect square (except 1) that divides 70. (Try dividing by 4, 9, 
16, 25, and 36.) Thus, 70 cannot be simplified any further. & 


The property Va-b = Va- Vb can be used to rationalize the denomina- 
tor of certain expressions, that is, to free the denominator of radicals. Thus, if we 
wish to rationalize the denominator in the expression 6/3, we use the funda- 
mental principle of fractions and multiply the numerator and the denominator of 
the fraction by V3, as follows: 

G4. 03. Vor pig Oin NO ERO aS 


Vi VaeV3* yagi alana d 





Rationalize the denominator in the expression 5/V 10. 


Solution We multiply the numerator and the denominator by V/10 and then 
simplify. 
5 5 Vv 10 SV LO Se VAL0 s AALO 


NiO IOC ae Ue ne OD 7 








Multiplication and Division of Radicals 


Can we simplify Vi? (This is one of the two answers you will get if you solve 
the equation x2 = 3.) This time, the perfect square 4 appears in the denominator, 
so to simplify the expression, we use the following property: 





Thus, 


fg 


Simplify the following: 

32 36 
(a) \/ 55 (b) J > 
Solution 


| 5 


2 V32 
@ [2 -¥® va 


ji 





& 
aw tS 
N 





Nn 


EXAMPLE 4 
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- [2-- 6 
YAR AES 10/7 


But now we must rationalize the denominator by multiplying the numerator 
and the denominator of the fraction 6/7 by V7 to obtain 


6-V7 
7 





as our final answer. An easier way to get this result would be to multiply the 
numerator and the denominator of the original fraction * by 7 first to obtain 


(36 _ [36-7 _ V36-7_ 6V7 
a. Doth VII 7 


Keep this in mind when doing the exercises! td 





The two properties we have presented are used to do multiplication and divi- 
sion of radicals. Thus, 


VGn V2 = 4/12 Using multiplication of radicals 
SiN 43 = 21/3 Using multiplication of radicals 


Similarly, 


V32 [32 
ees = V16=4 Using division of radicals 
V2 2 


Perform the indicated operations and simplify: 


(a) V6-V3 (b) V40/\V/5 


Solution 
(AQeve N32 V1i8=— VOD =3V2 
ve. /R- Se 
Oe Teil 5 V8 LED m= FD a 


Addition and Subtraction of Radicals 


The addition and subtraction of radicals can be accomplished using the distribu- 
tive property. Note that radicals can be combined only when their radicands (the 
quantities under the radical signs) are the same. Thus, to add 5V2 + 3V2 or 
subtract 5V/2 — 32, we write 


5A 43N/2— (123) ON 
or 
51/2 — 3°72 = 6 —3)V2 =2V2 


Sometimes, we may have to use the multiplication and division of radicals men- 
tioned earlier before the additions or subtractions can be accomplished. Thus, to 
add V48 + 27, we use the first property to write V/48 = V16-3.= 43 and 
V27 = V9 -3 = 3V3. We then have 


V48 + V27 = 4V3 + 3V3 =7V3 
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EXAMPLE 5 Perform the indicated operations. 
(a) V50 — V8 (6) Vila VAR V 147 Te 


Solution 
(a) V50— V8= V5-2 4-0 
SV eee ae 
30/2 ; 
(b) V75 + V48 — V147 = V25-3 4+ V16-3 — V49-3 
= 5V3 + 43-73 
=v a 


D. Applications 


EXAMPLE 6 _ The greatest speed s (in miles per hour) at which a bicyclist can safely turn a cor- 
ner of radius r ft is s = 4Vr. Find the greatest speed at which a bicyclist can 
safely turn a corner with a 20-ft radius, and write the answer in simplest form. 


Solution 
s=4Vr = 4V20 =4V4-5 = 4-2 V5 =8V5 mph 
This is slightly less than 18 mph. if 


This completes our discussion of the relationship of the various sets of num- 
bers that we have studied. In particular, we see that 


NCWCICQCR 


as shown in Figure 4.10. 


FIGURE 4.10 





EXAMPLE 7 
Set 


Natural numbers 
Integers 

Rational numbers 
Irrational numbers 
Real numbers 
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Classify the following numbers by making a check mark in the appropriate row: 


V4 0.3 ND —3 0 


Solution The correct check marks are shown below. 


Set 


Natural numbers 
Integers 

Rational numbers 
Irrational numbers 
Real numbers 


Ly In problems 1-12, simplify as much as possible. 


1. V90 Jan ie 3. V122 
4. V175 5. V180 6. V162 
7. 200 8. V191 9. 384 
10. V486 11. V588 12. 5000 


In problems 13-18, rationalize each denominator. 


3 
ign = y= pre 
7. 5 wi 
fee 17. ge 
A) V8 V27 


oi In problems 19-27, simplify each expression. 


19. V3 20. Vz 2s 
1G rae 24, V8 
25, VB 26. V2 ieee 


In problems 28-36, perform the indicated operations 
and simplify. 


28. V7-V8 29. V5- 50-30. V10- V5 


V4 0.3 V2 -3 0 

v 

v Vv 

v Vv Vv 

Vv 

v Vv Vv ai 
31. abies 32. wee 33. oan 

V2 V2 V250 
Ae DO ry: ae ERE 56. 

V/490 A/D V2 


In problems 37-50, perform the indicated opera- 
tions and simplify. 


37. V3+V12 38. V32 — V8 
39. V/125 + V80 40. V24 — V150 
41. V3* + 4 


A/S aeloy 

43. V3)? — 2 

44. V/(25) — (24) 

45. 6V7 + V7 -2V7 

46. V3 + 11V3 - 3V3 
47. 5V'7 — 3V28 — 2V63 
48. 3/28 — 6V7 — 2V175 
49, —3V/45 + V20 —- V5 
50. —5V27 + V12 — 5V48 
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52. 


53. 


54. 


55. 


56. 
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A playing field is 80 m wide and 100 m long. 
If Marcie ran diagonally across this field from 
one corner to the opposite corner, how far did 
she run? Leave your answer in simplest radical 
form. 


The hypotenuse of a right triangle is 10 in. long 
and one of the sides is 7 in. long. Is the other side 
longer or shorter than the 7-in. side? Justify your 
answer. 


The time ¢ (in seconds) it takes an object dropped 
from a certain distance (in feet) to hit the ground is 


___/ distance in feet 
bis 16 


Find the time it takes an object dropped from a 
height of 50 ft to hit the ground, and write the 
answer in simplified form. 


The time f (in seconds) it takes an object dropped 
from a certain distance (in meters) to hit the 
ground is 


fi. distance in meters 
= \ 5 


Find the time it takes an object dropped from a 
height of 160 m to hit the ground, and write the 
answer in simplified form. 


The compound interest r that is paid when you 
borrow $P and pay $A at the end of 2 years is 


eh fo 4 
ALP 


Find the rate when $100 is borrowed and the 
amount paid at the end of the 2 years is $144. 


When you are at an altitude of a ft above the Earth, 
your view V,, (in miles) extends as far as a circle 
called the horizon and is given by 
Vp, iN 
The greatest altitude reached in a manned balloon 
is 123,800 ft and was attained by Nicholas 
Piantanida. 
a. In simplified form, what was the view in miles 
from this balloon? 
b. If V1857 ~ 43, what was the view in miles? 


If air resistance is neglected, the terminal velocity v of 
a falling body in meters per second is given by 


= V20h + vo 
57. Find v if h = 10 and vy = 25 m/sec. 


58. Find v if a body is dropped (vg = 0) from a height 
of 45 m. 


59. If the velocity as measured in feet per second is 
= V64h + vo 
h = 12 ft, and Vo = 16 ft/sec, find v. 


60. Find v if a body is dropped (vj = 0) from a height 
of 25 ft. 


In Problems 61—66, evaluate Vb? — 4ac. 
61. a=1,b=5,c=4 


62. a=1,b=3,c=2 

63. a= 2,b = —3,c = —20 
64. a=5,b=-a,c=-1 
65. a=T.b=5.0=-1 
oe 


In problems 67-76, classify each number by making a 
check mark in the appropriate row. 


Sun nro n eer steehte Le CSe SIR ee le SCa RN eFes erica ned sQaraandvan@uenriasschvarent@uasvereseeiuesces meer cncenteres terete 


67., | 68. 09. : 70. : 71. (724! 73. 74. 75. 176. 

Set 42\-3 | va 5 086 Luvaale 

: Natural 

jc numbers| ee ee 

Whole ‘i £8 27S) ag (EA ee 
numbers 





: 
Yen maneannpneawscngasscnconstecnsnsagesennenwannepeccseca 


: Rational 
: numbers 





iIrrational ; 
numbers : 


SRBEREERSTEARCAURUSSCEACIS Ye tasavereatesSaerscuasduenyonvaubavun§spatasansnasetSennsaseassurmsaTteeeePerente Teeter 


@™"” In Other Words 


77. Explain why we cannot use the definition 
Va» Vb = Vab when a and b are negative 
numbers. 


78. Explain why every integer is a rational number. 


ee) Using Your Knowledge 


At the beginning of the next section we shall see that 
after the man in the picture had fallen 1 ft, his velocity 
was V32 = 4V2 ft/sec. Can you estimate what V32 
is? Mathematicians use a method called interpolation 
to approximate this answer. Since we know that V/25 
= 5 and V36 = 6, V32 should be between 5 and 6. 
If we place V25, V32, and V36 ina column, the 
interpolation is done as shown in the diagram. 





36> 25 = 11 


Thus, V32 is approximately 575. If we wish, we can 
write this answer as a decimal by dividing 7 by 11, 
obtaining 0.63 and writing the approximation as 5.63. 
(if you use a calculator to find the square root of 32, 
the answer is 5.6569.) 





GETTING STARTED 


zt 


48 
Number Sequences 


“The Twelve Days of Christmas” and Progressions 
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Use this knowledge to approximate the following 
square roots. Give each answer as a mixed number and 
then as a decimal to two places. 


79, \/40 80. V68 
81. V85 82. /108 





To learn how Babylonians used an averaging method to 
find the square root of a number, access link 4.7.2 at the 
Bello Web site. 


aa Collaborative Learning 


It is said that the Babylonians used an averaging 
method to find the square root of a number. Here is 
how the method worked. Suppose you want to find the 
square root of 4, that is, V4. Start with the first guess. 
Say the guess is 1. Now, take the average of 4 and 1, 
which is 2.5. Now, the second guess is the average of 
2.5 and 5, which is 2.05. Your next guess will be the 
average of 2.05 and 5%, that is, 2.0006098. If you keep 
this procedure going, you will reach the conclusion 
that V4 is 2. 

Now, form two or more groups, and each group find 
V/10, V867, and 900. 

Now use the Babylonian method to approximate the 
numbers approximated in problems 79-82. Which is the 
better approximation? Which method do you prefer? 





Do you know the song “The Twelve Days of Christmas”? How many gifts do 
you get each day? What is the total number of gifts you receive? If you sing 


along you will recall that the song goes like this: 


Day | 
Day 2 


(Remember to bookmark the Bello book-specific Web site.) 


A partridge in a pear tree 1 gift 
A partridge in a pear tree 
and two turtle doves 


1 + 2 gifts 





‘Tnfo | jj http://college.hmco.com/mathematics _ 





Seagh 





256 4 Number Theory and the Real Numbers 





How far will the skydiver fall in 
the first 5 sec? 


Day 3 A partridge in a pear tree, Pe 2 er syoifes 
two turtle doves, and 
three French hens 


On the twelfth day, you get 1 + 2,.+ 3 + +--+ 11 + 12 gifts. This sum is an 
arithmetic progression. Can you add it quickly? 

According to a story told by E. T. Bell, in late eighteenth-century Germany, 
a precocious boy of ten was admitted to the class in arithmetic in which none of 
the children were expected to know about progressions. It was easy for the heroic 
Buttner (the teacher) to give out a long problem in addition whose answer he 
could find by a formula in a few seconds. The problem was to add 


PP 2 Se Be Dor oo LOO 


The student who first got the answer was to lay his slate on the table; the next to 
lay his slate on top of the first’s, and so on. Buttner had barely finished stating 
the problem when a boy flung his slate on the table. Ligget se (“there it lies’’), he 
said in his peasant dialect. The rest of the hour, while the class worked on the 
problem, the boy sat with his hands folded, favored now and then by a sarcastic 
glance from Buttner, who imagined the boy to be just another blockhead. At the 
end of the period, Buttner looked over the answers. On the boy’s slate there 
appeared but a single number. Do you know what that number was? 
In later years, the boy confessed to having recognized the pattern 


De ese Po A 07 98 99-2 100 
eee) 


eee Re eee ee, 


ey 
ST 


101 


in which the sum of each pair of numbers is 101. Since there are 50 pairs of num- 
bers, the total sum would be 50 X 101 = 5050, the number on the boy’s slate. 
In this section you will see the magic formula so you too can add arithmetic 
progressions! By the way, you will get 6 X 13 gifts on the twelfth day of 
Christmas (if you have been good). What about the boy? Karl Friedrich Gauss 
became one of the most renowned European mathematicians of his time. es 


The photograph shows a skydiver plunging toward the ground. Do you know 
how far he will fall in the first 5 sec? A free-falling body travels about 16 ft in 
the first second, 48 ft in the next second, 80 ft in the third second, and so on. The 
number of feet traveled in each successive second is 


16, 48, 80, Ti; 144, 


This list of numbers is an example of a number sequence. In general, a list of 
numbers having a first number, a second number, a third number, and so on, is 
called a sequence; the numbers in the sequence are called the terms. The fol- 
lowing are examples of sequences: 


1. The odd positive integers Dest) eee 
2. The positive multiples of 3 2.69 |e 


EXAMPLE 1 


EXAMPLE 2 
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3. The powers of 10 10!, 102, 103,... 


4. The interest on the first three payments on a 58.33, $8) 11; $7.89. 35 
$10,000 car being paid over 3 years at 12% 
annual interest 


Arithmetic Sequences 


The sequences (1), (2), and (4) on the preceding page are arithmetic sequences. 
An arithmetic sequence, or arithmetic progression, is a sequence in which 
each term after the first is obtained by adding a quantity called the common dif- 
ference to the preceding term. Thus, 


16, 48, 80, 112, 144, 


is an arithmetic sequence in which each term is obtained by adding the common 
difference 32 to the preceding term. This means that the common difference for 
an arithmetic sequence is just the difference between any two consecutive terms. 


Find the common difference in each sequence. 

(TES T7I67 597 2 CONT ORS TOs 5) tex. 

Solution 

(a) The common difference is 37 — 7 = 30 (or 67 — 37, or 97 — 67). 

(b) the commonrdifterence 1s 5 = 10 = —S (or. 0)— 5;.0r —S)— 0); Bi 
It is customary to denote the first term of an arithmetic sequence by a, (read 

“a sub 1”), the common difference by d, and the nth term by a n Lhus, in the 


sequence 16, 48, 80, 112, 144,..., we have a, = 16 and d = 32. The second 
term of the sequence, Ay, 18 


On, 92 = 1613) — 48 
Since each term is obtained from the preceding one by adding 32, 


Gp Gy 32 — (her Ld 32 = ay dt 2982180) 
n= Ga 32 — (G, 1 2732) + 32 = Git seoe = 2 
dg = G, 32. — (Gy 13 32) 432 = 6) 4 eae 


By following this pattern, we find the general term a, to be 


Gp = Oy ita ih) 


Consider the sequence 7, 10, 13, 16, .... Find the following: 


(a) a,, the first term (b) d, the common difference 
(c) a,,, the eleventh term (d) a,, the nth term 
Solution 


(a) The first term a, is 7. 


(b) The common difference dis 10 — 7 = 3. 


258 


4 Number Theory and the Real Numbers 


(c) The-eleventh temas — 7 Cie 3 er 10-3 = 37. 
(ras Sa) aie eo ii 


Sum of an Arithmetic Sequence 


Let us go back to our original problem of finding how far the skydiver falls in 
5 sec. The first five terms of the sequence are 16, 48, 80, 112, and 144; thus, we 
need to find the sum . 


16 + 48 + 80 + 112 + 144 


Since successive terms of an arithmetic sequence are obtained by adding the 
common difference d, the sum S , of the first n terms is 


S, =a, + (a, +d) + (a, + 2d) + (a, + 3d) + +a, (1) 


We can also start with a, and obtain successive terms by subtracting the common 
difference d. Thus, with the terms written in reverse order, 


Sie Gye (Ad) AG a) ere (2) 
Adding equations (1) and (2), we find that the d’s drop out, and we obtain 


2S o> (ays ah) (ay aa Ce Heh (as ehay) 


n 


= n(a, + a,) 


Thus, 





We are now able to determine the sum Ss, the distance the skydiver dropped in 
5 sec. The answer is 


_ 5(16 + 144) 


5 = 400 ft 


Ss 


Geometric Sequences 


The sequence 10, 100, 1000, and so on, is not an arithmetic sequence, since there 
is no common difference. This sequence is obtained by multiplying each term 
by 10 to get the next term. Such sequences are called geometric sequences. A 
geometric sequence, or geometric progression, is a sequence in which each 
term after the first is obtained by multiplying the preceding term by a number r, 
called the common ratio. Thus, the common ratio r can be found by taking the 
ratio of two successive terms. For example, in the sequence 8, 16, 32,..., the 
first term a, is 8 and the common ratio is = 2 (or 32), Thus, the first n terms in 
a geometric sequence are 


a), ar, ar, are and Grae 


i 


EXAMPLE 3 





(Wa) craph 1 


| To find the sum of a sequence 
_ tell your grapher you are 

: doing some math involving 

_ sums (press 

. [5 ]) of sequences 


| (press 5). 


_ To do Example 4(b), you 

_ have to enter the expression 

. for the sequence, the name of | 
"the variable, and where you 
_ want to begin and end the 

sum, so we enter .2 X .5 *% 


| (N-1),N, 1,5). Note that to _ 


- enter the variable N you have 
~ to press | ALPHA| N. Now 


: press | ENTER} and make the 


_ answer a fraction by pressing © 


-‘[arit] [1] [ENTER] 


_ obtaining 35 as before. 
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Consider the sequence 1, 75, 74. iq - - - - Find the following: 
(a) a, (b) r (c) a, 
Solution 


(a) a, is the first term, 1. 


(b) ris the common ratio of any two successive terms. Thus, 


gaiiao sil! If 
i =10 
ne 1 
— =| oa = 
eae By eae : 


Sum of a Geometric Sequence 


Can we find the sum S_, of the first n terms in a geometric sequence? 


By definition 

Multiplying by r 
Subtracting 

By the distributive property 
Dividing by 1 — r 


Skah Gree aire ee hare 
iS, = ar +a A ae ee age 
— = = n— ba n 

Sc TS, = Oe Api Gelert) 


SL — 1) = Gailmeeeian) 





Thus, the sum of the first three powers of 10, that is, 10 + 102 + 107, can be 
found by noting that a, = 10, r = 107/10 = 10, and 
_ 1011 — 10’) _ (10)(—999) 


ey eo eo 





= 1110 


as expected. 








EXAMPLE 4 The first term of a geometric sequence is $, and r = 4. Find the 
following: 
(a) a, the fifth term (b) S,, the sum of the first five terms 
Solution 
(a) The nth term in a geometric sequence is Gave thus, 
ype Le pla OGY yy ya ae 
PANSY D) cat N 5 2k we NST ALG)) = SO 
(b) The sum of the first n terms of a geometric sequence is 
ole re 
ROS i ) 
n Ci=7) 
so 
joe SEG) ] Gp) 7 62 31 - 
5 


ited 5 160 80 
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FIGURE 4.11 
What do you think is the sum of 
the sequence} +; +5+---? 





EXAMPLE 5 


Infinite Geometric Sequences 


Let us now return to the repeating decimals we discussed in Section 4.5. These 
decimals can be written using an infinite geometric sequence. Thus, the deci- 
mal 0.333 - - - can be written as 





3 3 3 
0.333 --- =49 * 799 * Too * 
where the common ratio is 75. The sum of the first n terms of this sequence is 
acl ule ae a, ; a A 
ee aller resign - 


where a, = 75 and r = 35. 

If we want to find the sum of all the terms, we note that as n increases, 
(4)" becomes smaller and smaller. Thus, S,, approaches (becomes closer and 
closer to) 








3 3 
fits; tees 10 yeu 
= ie 
LS Pah li oe 
that is, 0.333 --- = 3. Figure 4.11 gives a good graphic representation of the sum 
of an infinite geometric progression approaching a limit. We can generalize this 
discussion to obtain the following result: 





Use the sum of an infinite geometric sequence to write the following repeating 
decimals as fractions: 











(a) 0.666 --- (DBO ore (C) 3.2220 
Solution 
(a) 0.666 --- = 75 + 709 + 7m + °*:. This is a geometric sequence with first 
term a, = 7 and ratio r = 75. The sum of this sequence is 
Cag nate Bir lO tee 
Ah (pee oe Oe 
Thus, 0.666: -- = 3. 
(b) 0.121212--- = + on +--+. This is a geometric sequence with 
a, = io 1 = zy, and sum 
a _ wo _ i _12_ 4 
re ee 100 im 99 33 


Thus; 0.121212 -+ =. 


Problem Solving 


. Read the problem. 
. Select the unknown. 


. Think of a plan. 

Find the amount job A pays at the 
end of 14 days. Then find the 
amount job B pays at the end of 
14 days. 


. Use the formulas for the sum of an 
arithmetic and for the sum of a 


geometric progression to find the 
amount each job pays for 14 days. 


. Use a calculator to find 2"! 


. Verify your answer. 


TRY EXAMPLE 6 NOW. 
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(c) 3.222---=3 +75 + 7 + Tap +--+. The repeating part, 0.222---,isa 
geometric sequence with a, = P= ip» and sum 
Cow y: i0 ns i0 _2 
Larne tyes + 5 ? 
Thus, 3.222 --- = 33 = 2. a 


Number Sequences 


Suppose you have two job offers for a 2-week (14-day) trial period. Job A starts 
at $50 per day with a $50 raise each day. Job B starts at $.50 per day and your 
salary is doubled every day. Find the total amount paid by each of the jobs at the 
end of the 14 days. 


You need to find the total amount each of the jobs pays. 


The pay for job A starts at $50 (a, = 50) and increases by $50 each day (d = 50). 
The salary for the fourteenth day is a,, = 50 + 13 - 50 = 700. The pay for job 
B starts at $.50 (a, = 0.50) and doubles every day (r = 2). 


For job A the sum of the arithmetic progression for 14 days is 


_ nla, +a,) _ 14-750 


3 ar $5250 


Sig 


For job B the sum of the geometric progression for 14 days is 


a1 —r") 0.5001 — 2") 
oe Ta 





a7: 


050 Cpe 2"*) 
x 

= 0,50(2!* ~ 1) 

= 0.50 (16,383) 

= $8191.50 


Job B pays much more! 
The verification is left for you. 


Cover the solution, write your own, and then check your work. 
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The game of chess is said to have originated in Persia. Legend has it that the shah 
(or king) was so happy that he offered the inventor of the game anything he 
wanted. The inventor asked that one grain of wheat be placed on the first square 
of the chessboard, two grains on the second, four on the third, and so on. There 


are 64 squares on a chessboard. 


(a) How many grains were to be placed on the 64th square? 


(b) What is the total number of grains the inventor would receive? 


Solution 


(a) List the number of grains in each square. 


Square 1 Square 2 Square 3 Square 4 Square 64 
1 4= 723-1 8 = 24-1 763 = 964-1 
(b) The sum of the geometric progression 1, 2, 4,..., 2°, where a, = 1 and 


r = 2 (since the number of grains is doubled for each successive square), is 


Sea = 
a 


£10 +2) Lies 
1=2 





=i 


By the way, since 2! is about 1000, 26 = (2!°)® is about (1000)°, or 
1,000,000,000,000,000,000 (1 quintillion). 


Exercise 4.8 


A In problems 1-10, find the following: 
a. The first term 
b. The common difference d 
c. The tenth term 
d. The nth term 


eT, 19,05... 5. 236 Oe. 
3743.34, 25, 16... 4, 3, -1,-5, -9,... 
S723, 8, 13;... 16, seoeiee 

Tae es 8. Giger 

9. 0.6, 0.2, —0.2, —0.6,... 


LOMO 022-05. —0:8. 


E} In problems 11-20, find S,, and S, for the 
sequences given in problems 1-10. 


In problems 21-26, find the following: 
a. The first term 
b. The common ratio r 
c. The tenth term 
d. The nth term 


DIV Ar OO Aen 
23 Roe 
25. 16, —4, 1, —},... 


22. 515 e 45 alone 
24S Seo 
26. 3, -1,4, -3,... 


Dp In problems 27-32, find § 19 and S, tor the 
sequences given in problems 21-26. Give answers in 
simplified exponential form. 


GB In problems 33-36, find the sum of each infinite 
geometric sequence. 


SRG ae ee 
35. —8, —4,-2,-1,... 


34. 12,4,4,4,... 
365 93 


In problems 37-40, use sequences to write each 
repeating decimal as a fraction. 


37. 0.777 --: 38. 1.555--- 
39. 2.101010: - 40. 1.272727: -- 


41. A property valued at $30,000 will depreciate 
$1380 the first year, $1340 the second year, $1300 
the third year, and so on. 

a. What will be the depreciation the tenth year? 
b. What will be the value of the property at the 
end of the tenth year? 


42. Strikers at a plant were ordered to return to work 
and were told they would be fined $100 the first 
day they failed to do so, $150 the second day, 
$200 the third day, and so on. If the strikers stayed 
out for 10 days, what was their fine? 


43. A well driller charges $50 for the first foot; for 
each succeeding foot, the charge is $5 more than 
that for the preceding foot. Find the following: 

a. The charge for the tenth foot 
b. The total charge for a 50-ft well 


44. When dropped on a hard surface, a Super Ball 
takes a series of bounces, each one about 4 as high 
as the preceding one. If a Super Ball is dropped 
from a height of 10 ft, find the following: 

a. How high it will bounce on the tenth bounce 
b. The approximate distance the ball travels 
before coming to rest. (Hint: Draw a picture.) 


45. If $100 is deposited at the end of each year in a 
savings account paying 10% compounded annu- 
ally, at the end of 5 years the compound amount of 
each deposit is 


100, 100(1.10), 100(1.10)2, 
100(1.10)?, and 100(1.10)* 


How much money is in the account right after the 
last deposit? [Hint: (1.10)? = 1.61051.] 


46. Saily’s father told her that if she behaved well, he 
would put a nickel in her piggy bank at the end of 
1 week, two nickels at the end of 2 weeks, four 
nickels at the end of 3 weeks, and so on, doubling 
the number of nickels each successive week. At 
this rate, in how many weeks would a single 
deposit amount to over $6? 


47. In the Getting Started section for this part, we dis- 
cussed the pattern 


ee eae = 97 + 98. +99 7 100 


Se 
EE EE 


ee 
NY 
101 
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where the sum of each pair is 101 and there are 
10 = 50 pairs. Thus, the total sum is 50 X 101. 


Generalize this idea to find 
Wei a ate ee hh (ge dee 
48. a. Use the ideas of problem 47 to find the sum 
eee at Ost et 2n = 2G en 


b. You can check the answer to part (a) by dou- 
bling the answer you get for problem 47. Why? 
Did you get the same answer? 


In Other Words 


49. What is the difference between an arithmetic 
sequence and a geometric sequence? 


50. Explain why the Fibonacci sequence 1, 1, 2, 3, 
5,. . . is neither an arithmetic sequence nor a geo- 
metric sequence. 


Ge Using Your Knowledge 


According to the Health Insurance Association of 
America and the American Hospital Association, 
the average daily hospital room charge has been as 
follows: 


1980 1985 1990 
$127 $212 $297 


Consider the sequence127, 212, 297. &. 


51. Is this sequence an arithmetic sequence, a geo- 
metric sequence, or neither? 


52. What is the first term of the sequence? What is 
the fourth term of the sequence and what does it 
represent? 


53. Write the nth term of the sequence. 


54. On the basis of the pattern found in problems 
52 and 53, estimate what the average daily room 
cost would be in the year 2000 and in the year 
2010. 
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Section 
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4.1B 
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4.1E 
4.1E 


4.2A 


4.2A 
4.2A 
4.2B 
4.2B 


4.2B 
4.2B 
4.2B 


4.2B 


4.2B 


4.2B 


4.2B 


Item 


NN = {Alton et 


n(A) 
Ste nO OG wae 
123-45-6789 


Prime number 


Composite number 


12 =27-3 
GGE 
LCM 


W enon 
O+a=at0=a 


PPO apogee 


(ee ett 
cael Ole do 


n+ (—n) =0 
a-—-b=a+(-b) 


Closed set 


at+b=b+a 
a-b=b-a 
at+(b+c)= 


(a+ Dec 
a:(b-c)=(a-b)-c 
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Meaning 


The natural numbers 


The cardinal number of A 
Ordinal numbers 
Number used for identification 


A number with exactly two 
divisors, | and itself 


A number with more than 
two divisors 


Prime factorization of 12 
Greatest common factor 


Least common multiple 


Identity property for 
multiplication 


The set of whole numbers 
Identity property for addition 
The set of integers 


The number line 


Additive inverse property 
Definition of subtraction 


A set with an operation defined 
on it such that when the 
operation is performed on 
elements of the set, the result 
is also an element of the set 


Commutative property of 
addition 


Commutative property of 
multiplication 


Associative property of 
addition 


Associative property of 
multiplication 


Example 


All counting numbers such as 
10, 27, 38, and so on 


If A = {a, b}, then n(A) = 2. 
This is the first one. 
A Social Security number 


915 2, 2 eel eo (ome 


4, So OMe 


18 is the GCF of 216 and 234. 


252 is the LCM of 18, 21, 
and 28. 


1 -97 = 97 and 83 - 1 =,83 


0+ 13 = 13 and 84 + 0 = 84 


3 Hi 3) 10 

So =e) 

The natural numbers are closed 
under multiplication. The 


integers are closed under 
subtraction, but the natural 


numbers are not. (3 — 5 = —2 
is not a natural number.) 
Basen 

627 =7,.6 


—44+(2+5)=(-442)+5 


2. (4-7) = (=2-4)-7 


Section 


4.2B 


4.3A 


4.3B 


4.4A 


4.4B 


4.5A 


4.5C 


4.6 


4.6B 


4.6B 


4.6C 
4.7A 
4.7A 


4.7B 


4.8 


4.8A 


4.8B 


4.8C 





Item 

a-(b+ c)= 
a-b+a-c 
o-4) r=o 
a be1Lb #0} 
b 

mer 


1 
OES mo 0 


m X 10", where m is 
greater than or equal to 
1 and less than 10, and 


nis an integer 


0.142857 


% 
Irrational number 


Irrational number 


R 

C= 7d 

We 

Va "b= Va- Vb 


ae 
lI 
SiS 


Gay (i= 1) ~d 


- n(a, gas) 


a 


Meaning 


Distributive property 


The set of rational numbers 


The reciprocal, or 
multiplicative inverse, 
of a/b 


Definition of negative exponents 


Scientific notation 


A nonterminating, repeating 
decimal 


Percent sign 
A number that is not rational 


A number that has a 
nonterminating, nonrepeating 
decimal representation 


The set of real numbers 


Circumference of a circle 
Radical sign 


Multiplication of radicals 


Division of radicals 

The common difference of 
an arithmetic sequence 

The nth term of an arithmetic 


sequence 


The sum of the first n terms of 
an arithmetic sequence 


The common ratio of a 
geometric sequence 
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Example 
3:-(44+7)=3-4+3.-7 


Saag . 
5, —3, 33 are rational numbers. 


3 4 . 
4 and 3 are reciprocals. 


TAX 10° 


0.142857 = 
0.142857142857 -- - 


3% 
V2,3V5, 7 
0.101001000 - : - 


3, —8, 0, 4, 0.5 and V2 are 
real numbers. 


V2 

V/32 = V 16-2 = 
VI6- V2 = 4V2 
j2-4 

fe 7 

In the sequence, 4, 9, 
(At 5) 


In the above sequence, 
(Oh a7 Nias rae aes | a 


In the above sequence, 


5(4 + 24) _ 
£1 baer areas 
The common ratio of 5, 10, 
20,...isr = 2. 
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Section Item Meaning Example 
4.8C Go ants The nth term of a geometric In the sequence 5, 10, 
sequence 20,2. Ga = 52 ee. 
4.8D S.= ae = m) The sum of the first n terms of For the sequence 5, 10, 20,..., 
a a geometric sequence S(t a2") 1 
Sc eee 
4.8E > = 1 2 The sum of the infinite The sum of the sequence 2, 1, 
f geometric sequence a,, Lt Riss = 4. 
AT) Oi? ia ee WHOLE 11S 1-34 


between —1 and 1 


Research Questions 


Sources of information for these questions can be found in the Bibliography at the 
end of the book. 


1. Write a report about the introduction of the terms googol and googolplex in 
mathematics. 


2. Write a report about the discovery of the largest known prime number (see the 
Guinness Book of World Records). 


3. Write a report about the discovery of negative numbers and the popularization of 0. 


4. The first perfect number is 6 and the next is 28. Write a report about the religious 
implications of perfect numbers and find out what the next two perfect numbers are. 


5. Write a report on Euclid’s formula for perfect numbers. 


6. Trace the evolution of different approximations for zr including the early Hebrew 
approximations and the approximation of 7 using the perimeter of a polygon. 


7. In the Discovery section in Exercise 4.3 we have a diagonalization process that 
shows that there are as many natural numbers as there are rational numbers. 
This development is due to Georg F. L. P. Cantor. Write a report on Cantor’s 
diagonalization process. 


9. In Section 4.1 we stated several divisibility rules. Find the rules for divisibility 
by 7 and by 11. 


10. Write a report on the Golden Ratio and its mathematical and aesthetic 
significance. 


Chapter 4 PRACTICE TEST 


1. Tell whether the underlined item is used as a cardinal number, an ordinal 
number, or for identification. 
a. Sally came in third in the 100-yd dash. 
b. Bill’s lottery ticket won two dollars. 
c. Jane’s auto license number was 270-891. 


A nan > w&W XN 


“I 


10. 


11. 
12. 
13. 


14. 


15. 


16. 
7. 


18. 


19. 


20. 


21. 


22. 


23. 


24. 
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a. A prime number is 
b. Acomposite number is ____ 


- Write 1220 as a product of primes. 
- Write the prime numbers between 50 and 70. 
. Is 143 prime or composite? 


. Of the numbers 2345, 436, 387, and 1530, identify those divisible by 


ala: Ds: C25. 


- Find the GCF of 216 and 254 and reduce the fraction 348 to lowest terms. 
- Find the LCM of 18, 54, and 60 and evaluate # + 4 — 3. 


. A father left } of his estate to his daughter, 5 to his wife, and ; to his son. If the 


rest went for taxes, what fraction of the estate was that? 


Change the following to equivalent addition problems and give the results: 
a. O° 19 Deo (Gal9) ¢.:—8 — 19 dt 8-5 (19) 


Evaluate 4 x 12 + 3 X 10° — 2(-6 + 4) x 10+. 
Find a rational number with a denominator of 16 and equal to 3. 


Find the reciprocals of the following: 
a. 3 b. —3 ce. 22 d. —8 


Perform the indicated operations. 
7 5 ee 5 
a. 3 X (—i6) b. —3 + (3%) 


a. Write 23.508 in expanded form. 
b. Write (8 X 107) + (3 X 10°) + (4 X 107) in decimal form. 


Calculate (6 X 10*) X (8 X 10~°) and write the answer in scientific notation. 


Perform the indicated operations. 
Bg05/ 3-3 2.8 b. 9.34 — 4.71 c. 0.29 X 6.7 d. 1736 +.3:1 


The three sides of a triangle are measured to be 18.7, 6.25, and 19.63 cm, 
respectively. What is the perimeter of the triangle? 


The dimensions of a college basketball court are 93.5 by 50.6 feet. What is the 
area of this court? 


Write the following as decimals: 
3 1 
a. 4 b. 15 


Write the following as quotients of two integers: 
a. O12 bs <2,6955 6 


Write the following as decimals: 
a. 21% b. 9.35% c. 0.26% 


Write the following as percents: 
a. 0.52 b. 2.765 c. 2 d. 7 (to one decimal place) 


A 2-L bottle of soda sells for 86¢ and costs the store 48¢. Find, to two decimal 
places, the percent of profit on the cost. 
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25. 


26. 


27. 


28. 


29. 
30. 


31. 


32. 


35. 


34, 


35. 


36. 


Je 
38. 
a2 


40. 


About 4 million women make between $25,000 and $50,000 annually. This 
represents 15% of all working women. About how many working women are 
there? 


Classify the following as rational or irrational: 


a. V49 b. V45 Caw 
d..041252525< = C0221 ee f. 0.246810: -- 
Find the following: 


a. A rational number between 0.2 and ORS 
b. An irrational number between 0.2 and 0.25 


The diameter of a circular hamburger is 4 in. To the nearest tenth of an inch, 
what is the circumference of this hamburger? (Use 7 = 3.14.) 


The circumference of a basketball is 29.5 in. Find the diameter. (Use 77 = 3.14.) 


Simplify the following if possible: 
a. V96 b. V58 


Simplify the following: 
a ate b a 
* 1/20 “ \ 49 


Perform the indicated operations and simplify. 


V56 
a. V8-V6 Dea 


Perform the indicated operations. 


a. V90 — V40 bors? V8 50 


The length c of the hypotenuse of a right triangle is given by c = Va’ + b’, 
where a and b are the lengths of the other two sides. If a right triangle has sides 
measuring 4 and 6 in. respectively, what is the length of the hypotenuse? 
Simplify the answer. 


Classify the given numbers by making check marks in the appropriate rows. 
a. b. C d. €: 


Set V16. cor cath nV ona oe Sem 


Natural numbers 
Integers 

Rational numbers 
Irrational numbers 
Real numbers 


Classify the following as arithmetic or geometric sequences: 
Fig ss il eee b:-5, 5 Hie 4a 


Find the sum of the first ten terms of 9, 13, 17,21,.... 


Peel 


Find the sum of the first five terms of the sequence 1,5,4,3,.... 


The first term of a geometric sequence is 3 and r = 4. Find the following: 
a. ds, the fifth term b. S., the sum of the first five terms 


Use the sum of an infinite geometric sequence to write the following repeating 
decimals as fractions: 
a. 0.444 --- beO2212 Ize C2, Doe 





PEELE ERE LILLIE SANE GIES 


ea RS 


SEL ERTL 


SRSA LOHR HRI NR I 


LAGU: 


RRS TTI 


eminem see: 


Answers to Practice Test 


i 


2. 


Nm 


wean 


11. 
13. 
14. 
15. 


16. 
17. 
18. 
20. 
21. 
22. 
23. 


24. 
26. 


27. 


28. 
30. 


31. 
32. 
33. 
34. 


Answer 


(a) Ordinal number (b) Cardinal number 

(c) Identification 

(a) a natural number with exactly two distinct 
divisors 

(b) a natural number with more than two 
distinct divisors 


oe 5X Ol 4. 53, 59, 61, and 67 
- Composite (143 = 11 X 13) 
- (a) 436 and 1530 are divisible by 2. 


(b) 387 and 1530 are divisible by 3. 
(c) 2345 and 1530 are divisible by 5. 


SNGCH(216,254) = 9: 26 = 108 
. LCM(18, 54, 60) = 540; +4-4=35 
1 


8 
. (a) 8-19 =8 + (19) = -11 


(b) 8 — (—19) = 8-+ (+ 19) = 27 

(Cee oe 19 = 8 (19) = 27 
Ges (19) 8 F(+°19)= 11 
56,000 12. #2 

CeO. Oy dd) 3 
(a) ~~ (b) 5 


(a) 2X 10+3+5x107!+8 x 1073 

(b) 803.04 

a8< 1071 

(a) 9.53 (b) 4.63 (c) 1.943 (d) 5.6 


44.6 cm 19. 4731.1 ft? 

(a) 0.75 (b) 0.0666: : - 

@ 3 6) 

(a) 0.21 (b) 0.0935 (c) 0.0026 
(a) 52% (b) 276.5% 

(c) 60% (d) 18.2% 

79.17% 25. 26.7 million 

(a) Rational (b) Irrational 

(c) Rational (d) Rational 

(e) Irrational (f) Irrational 

(a) 0.24 (Other answers are possible.) 
(b) 0.23456 : : - (Other answers are possible.) 
12.6 in. 29. 9.39 cm 

(a) 4V6 

(b) V58 is in simplest form. 

@ 2 (b) 4 

(a) 4V3 (b) 2V2 

(a) V10 = (b) 2V2 

2V13 


eee eC SSE eS SSR IE SIE 2 AI TERRIER TN SRO EI TNT RIS TN TI TRE 


If You Missed 


HAn bh WwW 


©oonr 


11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 


27 
28 
29 
30 


31 
32 
33 
34 


4.1 


4.1 


4.1 
4.1 
4.1 
4.1 


4.1 
4.1 
4.1 
4.2 


4.2 
4.3 
4.3 
4.3 
4.4 
4.4 
4.4 
4.4 
4.4 
4.5 
4.5 
4.5 
4.5 
4.5 
4.5 
4.6 


4.6 
4.6 
4.6 
4.7 


4.7 
4.7 
4.7 
4.7 
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Review 


Table 4.1 
3 
4 


rnona 


nahn sb 


—_ 


2-4 
5-7 


11 


ZS 





4,5 


= IA” 


An bY 





180 


180 


182 
183 
182 
183 


185 
186 
186 
197 


200 
207 
209 
211-212 
218 
218-219 
220-221 
223 
225 
230 
232-233 
234 
234 
234-235 
235 
241-242 


243, 244 
244-245 
245 
249 


250-251 
251 
252 
252 
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Answer If You Missed Review 


35: 


36. 


Se 
38. 
39. 
40. 
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(a) Check natural numbers, integers, rational 
numbers, and real numbers. 

(b) Check rational numbers and real numbers. 

(c) Check irrational numbers and real numbers. 

(d) Check rational numbers and real numbers. 

(e) Check rational numbers and real numbers. 

(a) A geometric sequence 

(b) An arithmetic sequence 

270 

31 

16 

@s Ob % 

(a) 5 63 © 


36 


37 
38 
39 
40 


4.7 


4.8 
4.8 
4.8 
4.8 


Def., part C 


GS, Formula 
4 
4 
5 


ae 


253 


258 


255-256 
259 
259 

260-261 
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Solutions of First- 
Fa CTY Cah 


CIRM elie 
Sentences 


RYT 4 
Absolute Values 


Quadratic Equations 


Oram cH Cai 
STOTT 


Equations, Inequalities, 
and Problem Solving 


We are now ready to begin the study of algebra. The word 
algebra is the European derivation of al-jabr, part of the title 
of al-Khowarizmi’s treatise Hisab al-jabr w’al muqabalah, 
“The Science of Reunion and Reduction.” The study of alge- 
bra starts with its foundations: open sentences, statements, 
equations, and inequalities. 

We will consider how to solve first-degree equations and 
inequalities (Section 5.1) and how to graph the solutions of the 
inequalities (Sections 5.2-5.3). Next, we study quadratic 
equations and their methods of solution, factoring and the 
quadratic formula, and then use this information to solve 
different types of word problems. We end the chapter by 


examining ratio, proportion, and variation, emphasizing appli- 
dies cations to consumer problems such as unit pricing. 

Ur Lt) Now, remember that precocious boy of ten who amazed 
his teacher by adding 1 + 2 +3 + --- + 100 with lightning 
speed? In his doctoral dissertation he provided the first proof 
of the fundamental theorem of algebra. You can read more 
about him in the Human Side of Mathematics. 


Ratio, Proportion, and 





arl Friedrich Gauss, who has been called the Prince of Mathematicians, was born in 

Brunswick, Germany, in 1777. His father was a poor laborer who did nothing to 
promote his son’s talents. It was only by accident that Gauss became a mathematician. 

Throughout his life, Gauss was noted for his ability to perform stupendous mental 
calculations. Before he was 3 years old, while watching his father make out a weekly 
payroll, he noted an error and told his father what the answer should be. A check of the 
account showed that the boy was correct. 





Karl Friedrich Gauss 
(1777-1 855) 


For links to various Internet sites related to topics and sections throughout Chapter 5, 
please access the Bello, Topics in Contemporary Mathematics, Web site at 
http://college.hmco.com/mathematics 
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At age 10 he met a mathematician named Johann M. Bartels, who taught the boy some 


mathematics and brought his young friend to the attention of the Duke of Brunswick. The ee eee 
Duke was so impressed by Gauss that he made the boy his protégé. ' os Sate ee noe 
Gauss entered Caroline College in Brunswick at the age of 15, and in a short time civ denn TierereTe 
began his research into higher arithmetic. When he left the college in 1795, he had already mathematicians, and it 
invented the method of least squares. He entered the University of Gottingen, where he is not for ordinary 
spent 3 years completing his Disquisitiones Arithmeticae (Arithmetical Researches). |n mortals to ORE T PAG 
1798, he went to the University of Helmstedt, where he was awarded his Ph.D. His doctoral FO ee in the order 
thesis gave the first proof of the fundamental theorem of algebra, that every algebraic Olmert. _BT Be 





equation has at least one root among the complex numbers. 

His Disquisitiones, published in 1801, is regarded as the basic work in the theory of 
numbers. During his life he also made great contributions to astronomy, geodesy (the 
measurement of the Earth), geometry, theoretical physics, and complex numbers and 
functions. Along with his masterful theoretical research, he was also a well-known inventor; 
among other things, he made significant contributions to the invention of the electric 
telegraph in the early 1830s. 


Looking Ahead: Much of Gauss’s work in pure mathematics dealt with number theory, the concept of complex 
numbers, and the solutions to algebraic equations, which is the focus of this chapter. 


54 
Solutions of First-Degree Sentences 


GETTING STARTED Crickets, Ants, and Temperatures 





Does temperature affect animal behavior? You must know about bears hibernat- 
ing in the winter and the languid nature of students in the spring. But what about 
the behavior of crickets and ants? Can you tell whether crickets will stop chirp- 
ing before ants stop crawling? In the Discovery section, you will find that the 
number N of chirps a cricket makes per minute satisfies the equation 
N = 4(F — 40), where F is the temperature in degrees Fahrenheit. What happens 
as the temperature increases? In problem 109, Exercise 5.1, you will find that the 
speed S (in cm/sec) for certain types of ants is S = 4(C — 4), where C is the tem- 
perature in degrees Celsius (see photo). What happens as the temperature 
decreases? The relationship between Fahrenheit and Celsius temperature is 
given by F = 2C + 32. Armed with this information, can you tell whether crick- 
ets stop chirping before ants stop crawling? eg 


Elementary algebra was first treated in a systematic fashion by the Arabs during 
the period before the Renaissance, when Europe was almost at a standstill intel- 
lectually. By the early 1600s, algebra had become a fairly well developed branch 
of mathematics, and mathematicians were beginning to discover that a marriage 
For some types of ants, the speed of algebra and geometry could be highly beneficial to both subjects. 

at which they move varies directly It has been said that algebra is arithmetic made simple, and it is true that a 
with changes in temperature. small amount of elementary algebra enables us to solve many problems that 
would be quite difficult by purely arithmetic means. In this chapter we shall con- 
sider some of the simpler algebraic techniques that are used in problem solving. 





EXAMPLE 1 
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We have already made frequent use of various symbols, usually letters of the 
alphabet, as placeholders for the elements of a set of numbers. For example, we 
wrote 


at+b=b+a, a, b real numbers 


as a symbolic way of stating the commutative property of addition. Of course, 
we mean that a and b can each be replaced by any real number. In this case the 
set of real numbers is the replacement set for a and b. A symbol that can be 
replaced by any one of a set of numbers is called a variable. 

Letters of the alphabet as well as symbols such as [_] are often used to indi- 
cate variables in arithmetic. The study of sentences and expressions involving 
variables is, however, a part of algebra. 

In algebra, as in arithmetic, the commonly used verb phrases are 


= is equal to # is not equal to 
> is greater than = is greater than or equal to 
<_ is less than = is less than or equal to 


By using these verb phrases along with specific numbers and variables joined by 
the usual operations of arithmetic, we can form many types of sentences. Some 
examples of simple algebraic sentences are 


r= IS 3 tee aad x— 123 x+7< —9x 


The parts that are added or subtracted in these algebraic sentences are called 
terms. Thus, the terms in 3x — 2 are 3x and —2. The numerical part of the term 
3x, 3, is its numerical coefficient, or simply its coefficient. Terms that differ 
only in their numerical coefficients are called like terms. For example, —7x and 
3x are like terms; 2y” and —Sy? are like terms. 


Equations and Inequalities 


In the four preceding sentences, x is a variable, that is, a placeholder for the num- 
bers by which it can be replaced. Until x is replaced by a number, none of these 
sentences is a statement, because it is neither true nor false. For this reason, we 
call such sentences open sentences. Because only one variable is involved, we 
refer to the sentences as open sentences in one variable. Sentences in which the 
verb phrase is “=” are called equations; if the verb phrase is any of the others 
we have listed, then the sentence is called an inequality. 

In order to study an open sentence in one variable, we obviously must know 
what the replacement set for that variable is. We are interested in knowing for 
which of the possible replacements the sentence is a true statement. The set of 
elements of the replacement set that make the open sentence a true statement is 
called the solution set for the given replacement set. To solve an equation is to 
find its solution set. 


Suppose the replacement set for x is {2, 4, 6}. For each of the following open 
sentences, find the solution set: 


(a) «<—1-=3 (b) 3x —2 #4 
(Cay Lle3 (Cee ATES = OX 
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Solution 


(a) We substitute the elements of the replacement. set into the open sentence 
V3: 


For x = 2, we get 2 — 1 = 1, not 3. 
For x = 4, we get 4 — | = 3, which makes the sentence a true statement. 
For x = 6, we get 6 — 1 = 5, not 3. 


Thus, x = 4 is the only replacement that makes the sentence x — 1 = 3 a true 
statement, so the solution set is {4}. 


(b) We make the permissible replacements into the open sentence 3x — 2 # 4. 


For x = 2, we get 3(2) — 2 = 4, which is equal to 4, so the sentence is a 
false statement. 

For x = 4, we get 3(4) — 2 = 10, which is not equal to 4, so the sentence 
is a true statement. 

For x = 6, we get 3(6) — 2 = 16, which also satisfies the ““ # 4,” so the 
sentence is a true statement. 


Thus, the solution set is {4, 6}. 
(c) We make the permissible replacements into x — 1 = 3. 


For x = 2, we get 2 — 1 = 1, which is less than 3, not greater than or 
equal to 3. Hence, the sentence is a false statement. 

For x = 4, we get 4 — 1 = 3, which satisfies the “= 3,” so the sentence is 
a true statement. 

For x = 6, we get 6 — 1 = 5, which satisfies the “= 3,” so the sentence is 
a true statement. 


The solution set is thus {4, 6}. 
(d 


wa 


We make the permissible replacements into x + 7 < —9x. 


For x = 2, we get 2 + 7 = 9, which is not less than —9(2) = —18, so the 
sentence is a false statement. 

For x = 4, we get 4 + 7 = 11, which is not less than —9(4) = —36, so the 
sentence is a false statement. 

For x = 6, we get 6 + 7 = 13, which is not less than —9(6) = —54, so the 
sentence is a false statement. 


Since none of the replacements makes the sentence x + 7 < —9xa true state- 
ment, the solution set is @. a 


Now that we have examined how to determine whether a certain number sat- 
isfies an equation or inequality, we consider how to find these numbers, that is, 


how to solve equations or inequalities by finding equivalent equations or 
inequalities whose solutions are obvious. 


Solving Equations 


First, we consider which operations can be performed on a sentence to obtain an 
equivalent sentence, that is, one with exactly the same solution set as the origi- 
nal sentence. Such operations are called elementary operations. 


U8) craph It 


Your grapher can solve 
equations by using the 
EQUATION SOLVER. Press 
[0]. If there is 
nothing entered, the display 
will show 
















If an equation has been 
entered, press [A\] [CLEAR]. 
There are many optional 
steps, but we will only cover 
the basics. To solve 

x =, subtract 5 from 
both sides and enter x — 3 


[ENTER] [ALPHA] [SOWVE] to 


obtain the answer 3 as shown. 


EXAMPLE 2 


EXAMPLE 3 
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Briefly stated, we can add or subtract the same number on both sides, or multiply 
or divide both sides by the same nonzero number. To solve an equation, we use 
the elementary operations as needed to obtain an equivalent equation of the form 


Xn or hia X 


where the number n is the desired solution. 
For example, to solve the equation 


55 = 0.20m + 25 


we must isolate m, that is, get m all by itself on one side of the equation. Hence, 
we proceed as follows: 


Subtract 25: So or 020m 25-25 
or 30 = 0.20m 
ae : 30 _ 0.20m 
Divide by 0.20: 020020 
or 150 =m 


Thus, the solution set of 55 = 0.20m + 25 is {150}. 


Solve the equation x + 2 = 5. 


Solution To solve the equation, we first want to get the variable x by itself on 
one side. Therefore, we subtract 2 from both sides to eliminate the +2 on the left- 
hand side. 


Mato 2 ed, 
This simplifies to 
x=3 


The solution set is {3}. We used elementary operation 2. iy 


Solve the equation 2x — 8 = 5x — 6. 
Solution Because the coefficient of x on the right is greater than that on the left, 
we subtract 2x on both sides and get 


oy — 8 — 2k = 5x — 6 — 2x or —§ =3x-6 
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| Graph It 


To do Example 3, subtract 
(5x — 6) from both sides of 
the equation to obtain 


—3x — 2 = 0. Press 
[0] [4] | CLEAR |. Enter 


—3x — 2 to the right of the 0. 
(Recall that the — in —3x is 
entered as [(—)].) To obtain 


the answer, press 
lg Ee and get 


—0.666 - ++, or —3. 







-3X-2=0 
= X=-. 6666666666... 

bound=8-1e939.1... 
® left-rt=O0 


fe 


| | Graph It 


Is there an easier way? Yes, 
graphically. To solve 2x — 8 = 
5x — 6, call the left side Y, 
and the right side Y,. We want 
to find the values for which 
tea Yenb tess and enter 
2x — 8 for Y, and 5x — 6 for 
Y,. Press [6]. The 
two lines shown represent all 
the possible values for x in 

Y, = 2x — 8 and Y, = Sx — 6. 
What we need is the x value 
that makes Y, = Y,. This 
happens when the lines 
intersect. Ask the grapher for 


that x by pressing 
ea The grapher asks 


three questions, but just go 

ahead and press | ENTER 

three times. The intersection 

occurs when x is —0.666--:-, 
2 : 

Ors, continued 








To eliminate the —6 on the right side, we add 6 to both sides and obtain 
—$: + G6 — 3% OO or =), = She 


Since the 3 on the right multiplies the x, we divide both sides by 3. 





arene 
That is, 
2_ Lae 
oy ee or Lia 
The solution set is { —2), and we used elementary operations 1, 2, and 4. El 


The equations in Examples 2 and 3 are called linear or first-degree equa- 
tions in one variable because the highest exponent of the variable is 1. In gen- 
eral, we have the following: 


An expression of the form ax + b, where a and b are real numbers and 
a # 0, is called a first-degree (or linear) expression in x, and an equation 
of the form 


is called a first-degree (or linear) equation in x. 


To help in solving linear‘equations, we suggest the following procedure: 


Procedure to Solve Linear Equations 


1. If there are fractions, multiply each term on both sides of the equation 
by the LCD of the fractions. 


2. Simplify both sides of the equation if necessary (remove parentheses 
and combine like terms). 


3. Add or subtract the same expression (terms) on both sides so that the 
variable is isolated on one side. 


4. Add or subtract the same numbers (constants) on both sides so that the 
variable is isolated on one side. 


5. If the coefficient of the variable is not 1, divide both sides by this 
coefficient. 


6. The resulting equation is in the form x = 
ber a is the solution of the equation. 


a (or a = x), where the num- 


7. Check the answer by substituting it into the original equation. Both 
sides must simplify to the same number. 
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EXAMPLE 4 _ Solve the equation 


(+1) @-2) 9 
oe Meth 5 


Solution We use the suggested procedure for the given equation. 


1. Multiply each term by the LCD 10. 


taal cae 


5 2 5 
2. Simplify by removing parentheses and combining like terms. 


2x + 1) = 5@ — 2) + 18 
oi =x — 10 8 or Ze 2—= 95x + 8 


3. Since the coefficient of x is greater on the right side than on the left, we 
subtract 2x on both sides and get 


Nate ae Ot te or 2=3x+8 


solve equations by graphing? < ; : ; 
Let us see. To do Example 4, | 4. To eliminate the 8 on the right side, we subtract 8 on both sides. 


what will you let Y, be? What 
about Y,? Be careful with the _ 
parentheses! If you get the 
graph shown using a standard | 
window, you are on the right : 


track. Press 2nd | 
and three times 


as before. Did you get —2 as 


shown? 





Do ae really know how to 
: 
| 
| 


De On ict eee or —6 = 3x 


5. To make the coefficient of x equal 1, we divide both sides by 3. 


| 
oO 
Wo 
s 


6. We get 
=) = 56 
Thus, the solution is x = —2. 


7. Check: For x = —2, the left side of the given equation becomes 








ee 9 
Kea ee es 
ibe 9 iat 
ee sae ess 
Since the two sides agree, the solution checks. a 
EXAMPLE 5 Solve for p. 
3(2p) 


ea 
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Solution First we simplify the given equation by using the correct order of oper- 
ations in doing the indicated multiplications and divisions. 








3 (2p) 
DD ae Given. 
P 3p 
cages sch tein ect MU ee 
1+6p=7+ > __ Simplify, since po ee 
1+ 6p.=7 +. 4p 
1+2p=7 « Subtract 4p from both sides. 
2p =6- Subtract 1 from both sides. 
p=3 Divide both sides by 2. 
Check: For p = 3, the left side becomes 
1+3x6=19 
and the right side becomes 
2 
pO a 0 
9 3 
Since the two sides agree, the answer p = 3 is correct. a 


C. Solving Formulas for a Variable 


Sometimes we are asked to solve for a variable in a literal equation containing 
several variables. To solve the literal equation H = 2.89h + 70.64 relating a 
man’s height H and the length of his humerus bone h for h, we use a procedure 
similar to the one used for solving linear equations (page 276). Here are some 
suggestions to follow when solving for a specified variable. 





EXAMPLE 6 Anthropologists know how to estimate the height of a man (in centimeters) using 
only a bone. They use the formula 


H = 7.39 4 710,64 


Height of Length of 
the man the humerus 
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a. Solve for h. b. Aman is 157.34 cm tall. How long is his humerus? 
Solution 
a. We have to solve for (f), so we isolate h on one side of the equation. Given 


H=2.89h + 70.64 


H — 70.64 = 2.89(@) + 70.64 — 70.64 70.64. 
H — 70.64 = 2.89) 

H — 70.64 

ieee a Eee 


Now we can find h for any given value of H. 
b. Substitute 157.34 for H to get 


_ 157.34 — 70.64 86.7 _ 


C= 2.89 = 7.99 30 


The man’s humerus is 30 cm long. gs 


Solving Inequalities 


An inequality of the first degree in x is an inequality of the form 
: a#O0 

or of the form 
: a#O 


Note: If < is replaced by = and > is replaced by =, the results are still 
inequalities of the first degree in x. 


We can solve such inequalities by means of elementary operations that pro- 
duce equivalent inequalities that are easily solvable, that is, inequalities with 
exactly the same solution sets. These operations are as follows: 


For the inequality 
aad 


the following elementary operations yield inequalities equivalent to the 
original inequality: 


1. Addition atcop+ 
2. Subtraction ae ah— 
3. Multiplication ae =e, forc >0 
ac > be, fore <0 
2 


4. Division forc >0 


2S, forc <0 
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FIGURE 5.1 


EXAMPLE 7 


Briefly stated, we can add or subtract the same number on both sides. The sense 
(direction) of the inequality is unchanged if both sides are multiplied or divided 
by the same positive number. The sense (direction) of the inequality is reversed 
if both sides are multiplied or divided by the same negative number. For 
instance, if both sides of —2 < 1 are multiplied by —3, we get 6 > —3. Similarly, 
if both sides of —9 < —6 are divided by —3, the result is 3 > 2. 

The preceding operations have been stated for the inequality a < b, but the 
same operations are valid for a > b. You can convince yourself of the validity of 
these operations by noting that the geometric equivalent of a < b is a precedes 
b on the number line. (Figure 5.1 clarifies this idea.) Note: Since a = b means 
a < bora = b, the elementary operations listed on page 279 may also be used 
for inequalities of the type a = banda= b. 








(a ees a<b 
a b at+c b+t+e atc<bte 
f+ 
a<b 
Se  —— —_————_e—_e—_@—___@—_» 2a < 2b 
—2b -2a 0 Cea 2b 2a Soh 


Linear (first-degree) inequalities can be solved by a procedure similar to that 
used for equations. This is illustrated in the next examples, where x represents a 
real number. 


Solve the inequality 3x + 2 >x+ 6. 

Solution 

1. The two sides are already in simplified form. 
2. Subtract x from both sides. 


3x +2-—-x>x+6-x 
2 16 


3. Subtract 2 from both sides. 


25) et 6 a) 
2 eae 


4. Divide both sides by 2. 
2x _ 4 


2 
5S. The solution set is {x | x > 2}. 


6. A partial check can be made by substituting a number from the proposed solu- 
tion set into the original inequality. For instance, 3 is in the set (ial ce 
For x = 3, the left side becomes 


3(3) +2 = 11 


EXAMPLE 8 


eestor ernment nN Neer 


wa Graph It 


Tosolve2x 3) = x 7, let 

Vers and Yo Sx Ais 

Press [6]. Y, is 

_ below Y, to the right of the 

| point at which the lines 
intersect. This intersection is 


| 
| 
| 
| found by pressing 
| 
: 
! 


[5] and ! 
three times. Thus, Y, < Y, to 
the right of —3.333---, that 


is, when x > —3, = —?2. | 





EXAMPLE 9 
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and the right side becomes 
3+6=9 


Since 11 > 9, x = 3 does satisfy the inequality. Because the solution set con- 
tains infinitely many numbers, we cannot check by substituting one number 
at a time. However, if the number selected did not check, then something 
would be wrong, and we could check the work to find the error. a 


Solve the inequality 2x — 3 <5x +7. 

Solution 

1. The two sides are already in simplified form. 
2. Subtract 5x from both sides. 


2x —3 —5x<5x+7 —5x 
=O ae aT, 


3. Add 3 to both sides. 
—=3y— 3 +4:3<. 743 


a= 0) 
4. Divide both sides by —3. 
ideas 
Er CAG 


5. The solution set is {x | x > —“2}. Be sure to notice that division by —3 
reversed the sense (direction) of the inequality. 


6. The check is left for you to do. An easy number to use is 0. 


If, in step 2, you were to subtract 2x from both sides of the inequality, you 
would avoid dividing by a negative number later. However, in this case, the 
answer would be — 2 < x. If you are asked what x is, then you must write the 
equivalent answer x > —% Which way should you do it? Whichever way you 
understand best! a) 


Solve the inequality —}x <3 +x. 


Solution This time we want to eliminate the fractions and the negative sign on 
the left. This is done by multiplying both sides by —2. Since this multiplier is 
negative, the inequality sign is reversed. Here are the steps. 


Reverse the inequality sign! 
(—2)(—3)x > (-2)(2 + 2) 
or 
Ko aa lige OX 
Now we add 2x to both sides to get 


3y7 SS = 1 
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EXAMPLE 10 


Then we divide both sides by 3 (do not reverse the inequality, since 3 is positive) 
and obtain the answer 


1 
x>-} 


: : I 
The solution set is {x | x is a real number and x > —3}. ia 


Applications 


One of the most important ideas in elementary mathematics is that of percent. 
Basically, there are three types of problems involving percent. These may be 
illustrated as follows: 


Statement Translation 

1. 40% of 60 is what number? 0.40 x 60 =n 
2. What percent of 50 is 10? rx 50= 10 
3. 20 is 40% of what number? 20 = 0.40 X n 


All these problems (which, incidentally, can be stated in different ways) can be 
solved easily by using what we have studied in this section. The basic idea is that 
“r% Of n is p” translates into the equation 


0.01 rn = p Recall that r% = aan = 0.01 r. (1) 


Each type of percent problem can be solved by substituting the known data into 
equation (1) or by translating the problem into an equation, and then solving for 
the unknown. 


(a) 40% of 60 is what number? (b) What percent of 50 is 10? 
(c) 20 is 40% of what number? 
Solution 
(a) Here, r = 40, n = 60, and p is unknown. Equation (1) becomes 
0.01 x 40 X 60 = p or 0.40 x 60 = p 
This gives p = 24, so 40% of 60 is 24. 
(b) Here, r is unknown, n = 50, and p = 10. Equation (1) becomes 
0.01 X 50r = 10 or 0.50r = 10 
To find r, divide both sides by 0.50 and get r = 20, so 10 is 20% of 50. 
(c) Here, r = 40, p = 20, and n is unknown. Equation (1) becomes 
0.01 X 40n = 20 or 0.40n = 20 
Dividing by 0.40, we find that n = 50, so 20 is 40% of 50. & 
Algebra is used in many ways in our daily lives. For example, do you know 


the exact relationship between your shoe size S and the length L of your foot? 
Here are the formulas used in the United States. 


S=3L—22 Formen S=3L—21 Forwomen 


We use these ideas next. 
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EXAMPLE 11 (a) If aman wears a size 12 shoe, what is the length L of his foot? 


(b) If you know that a woman’s shoe size is not bigger than 6, what can you say 
about the length of her foot? 


Solution 
(a) The formula for men is Die OL 222. 
Since the man wears a size (2a Si 22: 


We would like to solve for L. 


Add 22. 22 Ad = 3h = 22, + 22 
Simplify. 34 = 3L 
Divide both sides by 3. Sta 


Thus, the man’s foot is +! = 114 in. long. By the way, the man in the photo 
has an 18-in.-long left foot. 


(b) If the woman’s size S is not bigger than 6, then 


Sy 2 eG 


Add 21. Ol lee =O 

Simplify. Sas Oy 

Divide both sides by 3. L=9 

Thus, the woman’s foot is less than 9 in. long. ial 


at To futher explore solving equations, inequalities, and word problems, access links 5.1.1, 
a 5.1.2, and 5.1.3 at the Bello Web site. 
www: 


Ly In problems 1—4, determine which of the given 6. Determine which of the following are solutions of 
numbers are solutions of the given inequality. (3x — 2) = 2. 
an k b. 0 Came d. 4 
ese k= 2 =X 
Be Le cre Be? Ci In problems 7-32, solve each equation. 
Dee elit 4 nA = 
7. #4 10 ="15 8. x-5=8 
a. t b. 4 c. 0 d. 3 i s 
9. 25 I 10. 3x + 1=4 
Sea ee aid 
a. 0 b. 3 C2 dvi 16.2% ee 2a 4 120 3x x=3 
ae at 13. 3x +1=4x-8 1425 3 = 3x = 
Oe 18, 7=3x+4 16. 22 =4x +2 
5. ae of the following are solutions of 7. 4=3x-2 Tae ees 
Di ley 
a. | b. | Cake d. 0 19. 7n + 10 — 2n = 4n — 2 + 3n 





(Remember to bookmark the Bello book-specific Web site.) 





| Info | #  http://college.hmco.com/mathematics 


Beagh 
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ZO 3a— © Ga Aad 

21. 2(x + 5) = 13 22. 6(x + 2) =17 
23-54 —2)=5 24. $(5x — 4) =1 
Baer Li it el Ore) 

26. 14y — 14 — 3y = 10y — 6(1 — y) 

27. 8x -—1l)=x+2 28. x + 6 = 6(x — 1) 
29, F(x — 2) =1«-4) 

30. 5(3x — 1) = 23x + 1) 


2 








1 Detes ape 
Si. 3X 2p = op 
32, I+ =3x3r-5 


[}) Find the solution set for each of the following if 
the replacement set is the set of real numbers. 


S35 = 4,02 =) 

353 hi 4] 365-0 oe? 
aula at eerie 309 Se al 
39) 23S OD PSR 40.x+8=2x-1 
41.x+1>}x-1 42.x-1<4x+2 
43. x=4+ 3x 44.x-155+ 3x 
45. 3x-22=3x+1 46. jxt+1s3x-1 
AT 2 2 yal AS. 3% ee Dye 
49.x+3>4x4+1 50. x+1<4x+4 
Sle oe Ae Soe ae Oi 
Boe tee De 54. Sx =5x+4 


Sou. 0k t= St 4) 56. 
S130 + 4)> —5x—4 458. 
59. —2(4+ 1)=3x-4 60. 


9x +3 = 4x + 2) 
3 2) == 3 2 
ae rk) eno re 
61. a(x — 1) S a(2x + 3), witha <0 

GZ 00 2) oh 4b. with b <0 

In problems 63-68, solve the given formula for 
the indicated letter. 

63. V = mr’h forh 

65. V = LWH for W 

67. P= aspchagtabfowb 


64. V =4ar7h forh 
66. V = LWH for H 


68. 
69. 


70. 


ae 


72. 


PHS ISS + s, + b for s, 


The distance D traveled in time T by an object 

moving at rate R is given by D = RT. 

a. Solve for T. 

b. The distance between two cities A and B is 220 
mi. How long would it take a driver traveling at 
55 mph to go from A to B? 


The.ideal height H (in inches) of a man is related 
to his weight W (in pounds) by the formula 
W = 5H — 190. 

a. Solve for H. 

b. If a man weighs 160 lb, how tall should he be? 


The number of hours H a growing child should 

sleep is H = 17 —4, where A is the age of the child 

in years. 

a. Solve for A. 

b. At what age would you expect a child to 
sleep 8 hr? 


The area A. of a 

A= sh(a +b). 

a. Solve for b. 

b. If the area of a trapezoid is 60 square units, its 
height h is 10 units, and side a is 7 units, what 
is the length of side b? 


trapezoid is given by 


A Applications 


13: 
74. 
ae 
76. 
le 
78. 
79. 
80. 
81. 


82. 


40% of 80 is what number? 
Find 15% of 60. 

315 is what percent of 3150? 
8 is what percent of 4? 

What percent of 40 is 5? 

20 is what percent of 30? 
30% of what number is 60? 
10 is 40% of what number? 


North America has approximately 7% of the 
world’s oil reserves. If the North American 
reserves represent 47 billion bbl of oil, what are 
the world’s oil reserves? (Round your answer to 
the nearest billion.) 


In a recent year, about 280 million tons of pollu- 
tants were released into the air in the United 
States. If 47% of this amount was carbon monox- 
ide, how many tons was that? 


83. 


84. 


85. 


86. 


On a 60-item test, a student got 40 items correct. 
What percent is that? (Round to the nearest 
percent.) 


The price of an article on sale was 90% of the reg- 
ular price. If the sale price was $18, what was the 
regular price? 


Two stores sell an item that they normally price at 
$140. Store A advertises a sale price of 25% off 
the regular price, and store B advertises a sale 
price of $100. Which is the lower price? 


ABC Savings & Loan loans the Adams family 
$40,000 toward the purchase of a $48,000 house. 
What percent of the purchase price is the loan? 


As you recall from Example 11, the relationship 
between your shoe size S and the length of your foot L 
(in inches) is given by 


87. 


88. 


89. 


90. 


91. 


92. 


o3. 


94. 


§ = 3L 522 
Sel, 21 


For men 
For women 


If Tyrone wears size 11, what is the length L of his 
foot? 


If Maria wears size 7, what is the length L of her 
foot? 


Sam’s size 7 tennis shoes fit Sue perfectly! What 
size women’s tennis shoe does Sue wear? 


The largest shoes ever sold was a pair of size 42 
made for the giant Harley Davidson of Avon Park, 
Florida. How long is Mr. Davidson’s foot? 


How long a foot requires size 14, the largest stan- 
dard shoe size for men? 


How long is your foot when your shoe size is the 
same as the length of your foot and you are 
a. aman? b. a woman? 


In 1951, Eric Shipton photographed a 23-in. 

footprint believed to be that of the Abominable 

Snowman. 

a. What size shoe would the Abominable Snow- 
man need? 

b. If the Abominable Snowman turned out to be a 
woman, what size shoe would she need? 


When the variable cost per unit is $12 and the 
fixed cost is $160,000, the total cost for a certain 
product is C = 12n + 160,000 (n is the number of 
units sold). If the unit price is $20, the revenue 
R is 20n. What is the minimum number of units 


95. 


96. 


97. 
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that must be sold to make a profit? (You need 
R > C to make a profit.) 


The cost of first-class mail is 33¢ for the first 
ounce and 22¢ for each additional ounce. A deliv- 
ery company will charge $4 for delivering a pack- 
age weighing up to 2 lb (32 oz). When would the 
U.S. Post Office price, P = 0.33 + 0.22(x — 1) 
(where x is the weight of the package in ounces), 
be cheaper than the delivery company’s price? 


The parking cost at a garage is C = 1 + 
0.75(h — 1), where h is the number of hours you 
park and C is the cost in dollars. When is the cost 
C less than $10? 


Do you follow major league baseball? When do 
you think the average number of runs per game 
was highest? It was in 1996. The average number 
of runs scored per game for the National League 
can be approximated by N = 0.165x + 4.68. For 
the American League the approximation is 
A = —0.185x + 5.38, where x is the number of 
years after 1996. When will N > A; that is, when 
will the National League run production exceed 
that of the American League? 


o™” In Other Words 


98. 


99. 


100. 


101. 


102. 


In your own words define the replacement set for 
an equation. 


In your own words define the solution set for an 
equation. 


If a real number a is in the replacement set of an 
equation, will it always be in the solution set? 
Explain. 


If a particular number s is in the solution set of an 
equation, will it always be in the replacement 
set? Explain. 


Can you think of an equation in which the 
replacement set and the solution set are the 
same? 


Ge Using Your Knowledge 


You can use your knowledge and the facts you have 
learned in this section to solve problems like this one. 
Of the calories in a McDonald’s biscuit with sausage 


and 


eggs, 60% are fat calories (calories derived from 
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the fat in the food). If there are 351 fat calories in this 
product, what is the total number of calories in a 
McDonald’s biscuit with sausage and eggs? Let this 
number be c. Since 60% of c is 351, we have 





60% c= 351 
0.60c = 351 
60c = 35,100 Multiplying both 
35,100 sides by 100 
eeoeay 585 Dividing by 60 


Thus, there are 585 total calories in a McDonald’s bis- 
cuit with sausage and eggs. (See the Fast-Food Guide 
for a wealth of nutritional information on fast foods.) 


103. Of the total calories in a McDonald’s apple pie, 
50% are fat calories. If there are 125 fat calories 
in a McDonald’s apple pie, how many total calo- 
ries are there in the apple pie? 


104. Of the total calories in a Big Mac, 55% are fat 
calories. If 313.5 of the calories in a Big Mac are 
fat calories, how many total calories are there in 
a Big Mac? 


105. The Burger King Whopper also contains 55% fat 
calories. If 343.75 of the calories in a Whopper 
are fat calories, how many total calories are there 
in a Whopper? 


Discovery 


106. The number of chirps N that a cricket makes per 
minute satisfies the equation 


N = 4(F — 40) 


where F is the temperature in degrees Fahren- 
heit. A farmer claimed that a cricket chirped 150 
times a minute when the temperature was 80°F. 
Is this possible? 


107. Referring to problem 106, if the temperature 
were 77.5°F, how many chirps per minute would 
the cricket make? 


Research Questions 


108. At what temperature will the cricket of problem 
106 stop chirping? 


109. The speed S (in centimeters per second) at which 
a certain type of ant crawls is S = 7(C — 4), 
where C is the temperature in degrees Celsius. 
Find the ant’s speed when the temperature is 
10°C: 


110. At.what temperature will the ant in problem 109 
stop crawling? Now, does the cricket stop chirp- 
ing before the ant stops crawling? 


ae Collaborative Learning 


Form two groups of students: the Ants and the 
Crickets. 


1. The Ants group has to find some ants! Record the 
temperature C in degrees Celsius. Place two meter 
sticks parallel on the floor about 3 in. apart and let 
ants walk in between the two meter sticks. Record 
the distance a single ant travels (in centimeters) 
and the time it takes it to travel that distance (in 
seconds). Do this several times as temperatures 
vary (maybe morning and noon). 

Do your results satisfy the equation 

S = %(C — 4), where S is the speed of the ant in 

centimeters per second and C is the Celsius tem- 

perature? How close are your results to the ones in 
the formula? Explain why results may differ. 


2. The Cricket group has to find some crickets! 
Record the temperature F in degrees Fahrenheit. 
Time the number of chirps c a cricket makes in 
I min. (You have to try to isolate the chirps of a 
single cricket!) Do this several times at different 
temperatures (early after sunset and later in the 
evening). Do your results satisfy the equation 
c = 4(F — 40), where F is the temperature in 
degrees Fahrenheit? How close are your results 
to the ones in the formula? Explain why results 
may differ. 


1. When was the first time that the word equation was used in a book written in 


English, and what was the name of the book? 


2. We have mentioned that al-Khowarizmi used al-jabr, or “restoring,” in his work. 


Find out what inspired al-Khowarizmi to write his book. 


5.2 Graphs of Algebraic Sentences 287 


3. In his work, al-Khowarizmi noted six types of equations that can be written 
using squares, square roots, and constants. What were the six types of 


equations? 


4. The work of al-Khowarizmi was continued in the Islamic world. In the first 
decade of the eleventh century, a major work dealing with algebra, entitled The 
Marvelous, was written. Who was the author of this book, what was its original 
title, and what topics did it cover? 
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In King Solomon’s Garden 


It is said that in ancient times King Solomon was the wisest of men. There is a 
legend that goes like this: One day when he was resting in his palace garden, 
Solomon, who was so wise that he could even understand the language of all ani- 
mals and plants, heard gentle voices close to him. On further inspection he dis- 
covered two snails in a solemn meeting. 


The first snail said, “Brother, see’st thou yon straight pole that riseth 
upright from the ground 30 cubits high?” And the second snail answered, 
“Yea, even so do I.” 

“Tt is my desire,” said the first snail, “to climb to the very top of it. 
How long thinketh thou it will take me?” 

“That certainly shall depend on the speed with which thou climbest.” 

“Tt is not as simple as that,” said the would-be climber. “I can ascend 
but 3 cubits during the day, but in the evening I fall asleep and slip back 
2 cubits so that, in effect, I move up but one cubit every 24 hours.” 

“Tis plain then,” said the second snail, “that thou will take 30 days to 
reach the top of the pole. Why dost thou plague me with such a simple 
problem? Prithee be silent and allow me to sleep.” 

King Solomon smiled. He alone knew whether the second snail was 
right. 


What do you think? (Hint: It will obviously take the snail 25 days to reach 25 
cubits of height. From then on, draw a graph on the number line in Figure 5.2 
and find the number of days it took the snail to get to the top.) 

In this section you learn how to graph algebraic sentences (equations and 


inequalities) on the number line. i 


Graphs of Algebraic Sentences 


The solution set of an open sentence in one variable can always be represented 
by a set of points on the number line. This set of points is often called the graph 
of the equation or the inequality, as the case may be. We illustrate various types 
of graphs in the following examples. 
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EXAMPLE 1 


FIGURE 5.3 
The singleton set { —1} 
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EXAMPLE 2 


FIGURE 5.4 
(ess = 1} 
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EXAMPLE 3 


FIGURE 5.5 
The set {x |x < —1} 
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EXAMPLE 4 


FIGURE 5.6 
The set {x | x # 3} 
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EXAMPLE 5 


FIGURE 5.7 
the set {x | —2’= x <1} 
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Graph the solution set of the equation x + 1 = 0, where the replacement set is 
the set of integers. 


Solution Subtracting 1 from both sides, we see that the solution set is the sin- 
gleton set {—1}. The graph consists of the single point —1 on the number line. 
We draw a solid dot to indicate this graph (see Figure 5.3). i 


Graph the solution set of the inequality x + 1 = 0, where the replacement set is 
the set of integers. 


Solution Subtracting | from both sides yields the equivalent inequality x < —1. 
Thus, the solution set is the set of all integers that are less than or equal to —1, 
that is, the set {..., —3, —2, —1}. To show this graph, we draw dots at the cor- 
responding points on the number line (see Figure 5.4). i] 


Graph the solution set of the inequality x + 1 <0, where x is a real number. 


Solution Proceeding as in Example 2, we see that the solution set is the set of all 
real numbers less than or equal to —1, that is, {x | x < —1, x real}. We display 
this set by drawing a heavy line starting at —1 on the number line and going to 
the left. The point at —1 is marked with a solid dot to show that it is included in 
the set (see Figure 5.5). A 


Graph the solution set of the inequality x + 2 # 5, where x is a real number. 


Solution The number 3 is the only replacement for x such that x + 2 = 5, so the 
solution set is all real numbers except 3, that is, {x | x # 3, x real}. The graph 
consists of the entire number line except for the point 3. In Figure 5.6, the graph 
is shown as a heavy line and the point 3 is marked with an open circle to indicate 
its exclusion from the solution set. g 


Graph the solution set of the inequality -2 < x < 1, where the replacement set 
is the set of real numbers. 


Solution The solution set consists of all the real numbers between —2 
and 1, with the —2 included and the 1 excluded. The graph is shown in 
Figure 5.7. ia 


A piece of the number line such as that in Figure 5.7 is called a finite inter- 
val (or a line segment). The endpoints in Figure 5.7 are —2 and 1. We call the 
interval closed if both endpoints are included, open if both endpoints are 
excluded, and half-open if only one of the endpoints is included. The interval in 
Figure 5.7 is half-open. 

If a and b are real numbers with a < b, the various types of finite intervals 
and how they are written in interval notation are as shown in Figure 5.8. The 
notation for infinite intervals is discussed in the Using Your Knowledge 
section of Exercise 5.2. 

In this section we consider compound algebraic sentences consisting of two 
or more simple sentences of the type that occurred in the preceding sections. We 
are concerned with the connectives and and or used in exactly the same sense as 
in Chapter 2 and with how to graph the compound algebraic sentences. 


FIGURE 5.8 
Finite intervals 
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asx<b_ Closed interval >_$§—————4—__> [a,b] 
a b 

a<x<b_ Open interval —_ >_> (a, b) 
a b 

Gave b —__!|_!§|oe—$ $1 — > [a, b) 
} Half-open intervals { a b 

ea CoS + > dD] 
a b 


Sentences with and 


As we work with finding the solution sets of compound sentences, note that if no 
replacement set is specified, we assume that the replacement set consists of all 
real numbers for which the members of the inequalities are defined. 


Consider the sentence x + 1 < 3 and x — 1 > —1. Find its solution set. 


Solution The sentence given here is a compound sentence of type p /\ q (p and 
q), Where p is x + 1 <3 andqisx — 1 > —1. Sucha sentence as p /\ q is true 
only when both p and gq are true. Consequently, the solution set of the compound 
sentence is the intersection of the solution sets of the two components. 

We have 


Bact ley and ial 
Xa aie lal and x ee lS 1 1 
a and x>0 


Rewriting the second inequality, we see that x must satisfy the conditions 
Oi—<ex and Laws 
Thus, the solution set can be written in set notation as 
{x Oo) Oi (x |< 24 
or, more efficiently, {x | 0 <x < 2}. 
This result is most easily seen in Figure 5.9. B 


We can also obtain this result by first graphing x + 1 < 3, or equivalently 
x < 2 (see Figure 5.9), then graphing x — 1 > —1, or equivalently x > 0. The 
intersection of these two graphs consists of all numbers between 0 and 2, as 
shown in Figure 5.9. 


Find the solution set of x — 1 > 4andx+2<5. 


Solution We have 


art and x+2<5 
x-1+1>4-+1 and x+2—2<5-2 
eens and wa 


Since there are no numbers satisfying both of these conditions (see Figure 5.10), 
there are no solutions; the solution set is empty. B 
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EXAMPLE 8 


FIGURE 5.11 


EXAMPLE 9 


FIGURE 5.12 
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D. 
EXAMPLE 10 
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Find the solution set of the sentence x = 5 and x + 1 = O if x is an integer. 


Solution If x is an integer, then the solution set of x = 5 is the set of all 
integers less than or equal to 5. Similarly, the solution set of x + 1 = 0 is 
the set of all integers greater than or equal to —1. The intersection of these 
two sets is the set {—1, 0, 1, 2, 3, 4, 5}, which is the desired solution set (see 
Figure 5.11). a 


Sentences with or 
Find the solution set of the sentence x + 1 <5orx—1>6. 


Solution The replacement set is the set of all real numbers. (Why?) Because this 
is a sentence of the type p V q (p or q), we know that the solution set is the union 
of the solution sets of the two components. We have 


een aC 
cei, 


acto lates) or 
x<4 or 
Thus, the required solution set is 
ie oO ela 7} 
or stated in another way, 
(xl x= Aloex = 7} 


The graph in Figure 5.12 illustrates the solution. a 


Applications 


The number of music cassettes C sold each year is decreasing and can be approxi- 
mated by C = —33¢ + 272 (in millions), where ris the number of years after 1995. 
There is enough shelf space in music stores for the cassettes as long as their num- 
ber does not exceed 150 million. (Source: Recording Industry Association of 
America.) 


(a) Write an inequality that models these conditions. (Do not solve it!) 


(b) On the other hand, the number of single compact discs S sold each year is 
increasing and can be approximated by § = 15¢ + 22 (in millions). If the 
number of single compact discs that can be produced is at most 100 million, 
write an inequality that models these conditions. (Do not solve it!) 


(c) Write and solve a compound inequality describing the years in which the 
conditions in (a) and (b) are met. 


Solution 

(a) Since C cannot exceed 150 million, C < 150, that is, 
OL Troe, = TOU) 

(b) Since S can be at most 100 million, S < 100; that is, 
15¢-F 22:= 100 
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(c) Since both inequalities must be satisfied, we want 


—S3f a 2/2 = 150 
2/2 50 -33t and 
I. = NS) SS BBy 
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33 


www: 
e Ad St 
To futher explore inequalities, 


access links 5.2.1 and 5.2.2 at 
the Bello Web site. 


Le In problems 1-8, take x to be an integer and 
graph the solution set of each sentence. 


lx+2=4 2X3 
Saye =. 2 Ate eK 5 
Sex 38 1 6 = 3"< = 2 
I) = y= A S$.) <4 =< 4 


In problems 9—26, take x to be a real number and graph 
the solution set of each sentence. 


9.x<4 106 = 2 

CNAs 2 0 234-224 
2x = 4 14.4 —3 £4 

isn 7 2 > 5 16.x-2=1 
eles xD 18. x =3 

19. x+4<5 202% FS: 4 

hit t eX 22 yp Xe ten lye x. 

2B tS xl DAS aero 
Dot = 1, 261 a Die 


In problems 27 —34, let each replacement set be 
the set of integers. Give the solution set by listing its 
elements. 


Dae = and x — == —2 


(Remember to bookmark the Bello book-specific Web site.) 


and tt 22100 
156100 = 22 
and 15t = 78 

78 

ie 

78 

15 

5) 


and tx 


and ts 


This means between 1998.7 ~ 1999 and 2000.2 ~ 2000 the conditions in 
parts (a) and (b) will be met. a 


28. x > Oandx =5 

26 tie Sond 2 
30.4 > —5 andy 0) 
Siok hand eH a4 
32) 1F<o Tt ors et 
33. X= =5 Ore =D 


34) «= Oiorni= 2 


In problems 35-52, let each replacement set be the set 
of real numbers. Graph the solution set unless it is the 
empty set. 


35s ced (and x4 
36.°x = Sands 1 

37am 2 :andxises2 
38.1 +2 =40r7t 226 
39 Orandie eS 
40. x=O0orx>3 

Al. x =x Vandx = 2 
42.x+2=-—2o0rx <0 
AS. 4) <= 2.and x = 0 
44 xe = Corn 6 


| Info'} & § http://college.hmco.com/mathematics | Seagh | 





292 5 Equations, Inequalities, and Problem Solving 


A530 = Oand, — b= 7 
46.07 — Oand*s — t= 2 
AT scx 0. orn Le 2 
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495 oF) and yee eS 
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53. The average annual cost C of operating a com- 
pact car is $4520 plus $.10 per mile. (Source: 
Runzhaimer for AAA.) 

a. Write an expression that models the average 
annual cost of operating a compact car for m mi. 

b. Acompany budgets between $6000 and $6500 
for each car in the company pool. Write an 
inequality to describe the number of miles m 
that a compact car in the company pool can be 
driven. 

c. Solve the inequality in part (b) and interpret the 
solution. 


54. The average annual cost C of operating a full 
size car is $6660 plus $.12 per mile. (Source: 
Runzhaimer for AAA.) 

a. Write an expression that models the average 
annual cost of operating a full-size car for m mi. 

b. A company budgets between $7000 and $7500 
for each car in the company pool. Write an 
inequality to describe the number of miles m 
that a full-size car in the company pool can be 
driven. 

c. Solve the inequality in part (b) and interpret the 
solution. 


55. A computer manufacturer finds that when 1000 
chips are produced, the average number of defec- 
tive P-1 chips is 1.2 times the number of defective 
P-2 chips. On a given day, the total number of 
defective chips is between 22 and 66. Write an 
inequality indicating how many P-2 chips are 
defective that day. 


56. A plumber charges a $35 flat fee for a service call 
plus $25 per hour for his time. If you get a repair 
estimate between $85 and $110, write an inequal- 
ity that estimates the plumber’s time. 


= in Other Words 


57. Use the word between to indicate which numbers 
are represented in the following graphs: 


a. <--> 
-1 2 


ee 
—l yy 


. ——_—_—$>_> 
| 2 


d. <—_¢————_e—__> 
-1 2 


58. Write in words the sets of numbers represented in 


the following graphs: 

a O_o 
1 4 

b. <—¢—_____.—> 
1 4 

Cc. <——¢—___o—> 
1 4 

d. <—o—______o—> 
1 4 


59. Write in words the sets of numbers represented in 


the following graphs: 

G5 0 
-l Dy 

b -——_———__——__+_> 
-1 2 

C. <—_—o—$—$—$ > 
-1 2 

d. Oe 
-1 Z 


Ge Using Your Knowledge 


The graph of the inequality x = —1 in Example 3 is an 
infinite interval on the number line and can be written 
as (—°, —1] using interval notation. The symbol —c° 
(read “negative infinity”) does not represent a number; 
it simply means that the interval includes all numbers 
less than or equal to —1. The square bracket on the 
right indicates that — 1 is part of the interval. The inter- 
val (—°%, —1] is called a half-open interval. If —1 were 
not included, we would write the open interval as fol- 
lows: (—%, —1). Note that the interval notation for 
{x |x > —2} is (—2, ©), where the © (read “infinity”) 
symbol indicates that the interval includes all numbers 
greater than —2 (—2 itself is not included in the inter- 
val). The interval is an open interval. The following are 
some types of infinite intervals, their notation, and 
their graphs. 


Set Interval 
Notation Notation Graph 


eae eee eS ee 
{x|x<b} (—~, 5) <———o—______ > 
{x|x =a} [a, +0) +—__»—__» 


{elas b} (-~2b]) ——¢—___—__= 





b 

Use interval notation to write the following: 

60. {x|x = —4} 61. (a) 

62. {x |x < —6} 63. {x|x>9} 
647.103 <4 <7} 65. {x|-4<x<-1} 
66. {x|0<x <8} 67. {x | —h=x=10} 

> Discovery 

Let J be Joe’s height. Let F be Frank’s height. 
Let B be Bill’s height. Let S be Sam’s height. 


What can you conclude from the information in the 
cartoon? To find the answer, you have to know how to 
translate the given information into symbols. 


68. The second panel says that Bill is taller than Frank 
and Frank is taller than Joe. Write a compound 
inequality indicating these relationships. 


Now, translate each of the following statements into an 
equation or an inequality: 


69. Joe is 5 ft (60 in.) tall. 





5.3 Sentences Involving Absolute Values 


Question No.2: ill is ta 
Joe is five feet tall. eee es 
3 inches shorter 
than Sam but taller 





Reprinted with special permission of North America 
Syndicate, Inc. 


15% 


. Bill is taller than Frank. 
. Frank is 3 in. shorter than Sam. 
. Frank is taller than Joe. 
73. 
74, 


Sam is 6 ft 5 in. (77 in.) tall. 
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According to the statement in problem 70, Bill is 
taller than Frank, and according to the statement 
in problem 72, Frank is taller than Joe. Write these 
two statements as an inequality of the form 


De 


On the basis of the answer to problem 74 and the 
fact that you can obtain Frank’s height by using 
the results of problems 70, 71, and 73, what can 


you say about Bill’s height? 


bee: 
Sentences Involving Absolute Values 


GETTING STARTED Budget Variance and Absolute Value 


Have you ever been on a budget? Businesses and individuals usually try to pre- 
esas dict how much money will be spent on certain items over a given period of time, 
but it is almost impossible to know exactly the final expenditures in different cat- 
egories. For example, suppose you budget $120 for a month’s utilities. Any heat 
wave or cold snap could make your actual expenses jump to $150. The $30 dif- 
ference, representing a 25% increase (3 = 25%), might be an acceptable vari- 
ance. To keep your budget “on target,” you can make several variance checks 
during the year, possibly at the end of each month. Now, suppose b represents 
the budgeted amount for a certain item, a represents the actual expense, and you 
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Budgeting expenses is an 
important family activity. 


FIGURE 5.13 
2 units 2 units 
FF 
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want to be within $10 of your estimate. The item will pass the variance test if the 
actual expenses a are within $10 of the budgeted amount J, that is, if 


Oe pa 0) 


Is there a way to write this information using a single inequality? You can if 
you use absolute values. The absolute value of a number x, denoted by | x | (read 
“the absolute value of x”) is its numerical value with the sign disregarded. For 
example, | —3| = 3 and| + 7| = 7. Thus, —10 = b — a S 10 is equivalent to 
|b — a| < 10. Do you see why? 

In general, if a and b are as before, a certain item will pass the variance test 
if |b — a| Sc, where c is the variance. The quantity c can be a definite amount 
or a percent of the budget. Now, suppose you budget $50 for gas and you want 
to be within 10% of your budget. How much gas money can you spend and still 
be within your variance? Intuitively, you can see that if you spend between $45 
and $55 you will be within your 10% variance. 

The amount of variance is given by 


0.10-50 =5 





and |b — a| Sc becomes |50 — a| <5, or 
SIS Ua 5 

Subtracting 50 from each member, 
BIDET =\—45 

Multiplying each term by —1, 
55 2=a=45 

or 
AX G55 


The answer that you expected! 
In problems 37-39 of Exercise 5.3, you will solve some more problems hay- 


ing to do with variance. 


Sometimes we need to solve equations or inequalities that involve absolute values. 
The absolute value of a number x is defined to be the distance on the number line 
from 0 (the origin) to x and is denoted by |x| (read “absolute value of x”). For 
example, the number 2 is 2 units away from 0, so |2| = 2. The number —2 is also 
2 units away from 0, so | —2| = 2 (see Figure 5.13). Similarly, we see that |8 |=8, 
|3|=,|-5| =5,and|—+| = +. In general, if xis any real nonnegative number 


Absolute Value 





(x = 0), then | x | is simply x itself. But if x is a negative number (x < 0), then |x| 
is the corresponding positive number obtained by reversing the sign of x. Thus, 





EXAMPLE 1 


FIGURE 5.14 
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EXAMPLE 2 


FIGURE 5.15 
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EXAMPLE 3 


FIGURE 5.16 
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EXAMPLE 4 


[A] craph re 


: To graph |x — 1| < 4, let Y, 
be the absolute value of x — 1 


_ by pressing 

) [i] and x — 1. Let Y, be 

_ 4 by pressing [v] and 4. 

Press [6]. When is 

_ |x — 4\, the V-shaped curve, 
below 4? Between —3 and 5! 





EXAMPLE 5 
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Equations and Inequalities with Absolute Values 


Find and graph the solution set of |x| = 2. 


Solution We look for all numbers that are 2 units away from the origin (the 0 
point). Since 2 and —2 are the only two numbers that satisfy this condition, the 
solution set of the equation |x| = 2 is {2, —2}. The graph of this set is shown in 
Figure 5.14. Note that this solution set can be described by the compound sen- 
tence x = 2 orx = —2. a 


Find and graph the solution set of the inequality |x| < 2. 


Solution Here we look for all real numbers x that are less than 2 units away from 
0. Since 2 and —2 are each exactly 2 units away from 0, we need all points 
between —2 and 2, that is, all numbers that satisfy the inequality 


=D SSD 


The solution set is thus {x | —2 <x < 2}. The graph appears in Figure 5.15. @ 





Graph the solution set of |x| < 4. 


Solution Since |x| < 4 is equivalent to —4 < x S 4, the graph of the solution 
set is as Shown in Figure 5.16. i 


Find the solution set of the inequality |x — 1| < 4. 
Solution Since |x| < a is equivalent to —a < x <a, 
— 4S od 


|x-1|<4 is equivalent to 


As in the case of equations, we still want to have x alone; so in the middle mem- 
ber of the inequality, we need to add 1. Of course, we must do the same to all the 
members. Thus, we get 


Ate ee ee tee etl 
or 
aa <i) 


Thus, the solution set is {x | — 3 <x <5}, or (—3, 5) in interval notation. M& 


Find and graph the solution set of |x| = 3. 


Solution The solution set of |x| = 3 consists of all points that are exactly 3 units 
away from 0. Hence, the solution set of |x| = 3 consists of all points that are 3 
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FIGURE 5.17 
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_ To get a graph similar to the : 
_ one in Example 5 using your — 


grapher, enter 
[1] to get the absolute 


value; then enter x [)]. Now 


press [2nd] [MATH] [4] 3 to 


_ enter = 3, and finally press 


[6]. Same graph! 
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FIGURE 5.18 
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or more units away from 0. As you can see from Figure 5.17, these points can be 
described by the compound sentence 


23 or BSA 
We can therefore write the solution set of |x| = 3 in the form 


in |e 3 Walia s} 


Note that the answer can also be written in the form {x | x = 3 or x S —3} or in 
interval notation (— ©, —3] U [3, ©). B 


The idea in Example 5 can be generalized as follows: 





Note: Be sure to remember to reverse the inequality sign for —a, as in the 
next examples. 


Graph the solution set of |x| > 2. 


Solution |x| > 2 is equivalent to the compound sentence x > 2 or x < —2. The 
graph of the solution set appears in Figure 5.18. a 


Graph the solution set of |x + 1| = 2. 


Solution |x| = a is equivalent to x = a or x < —a. Therefore, |x + 1| = 2 is 
equivalent tox + 1 =2orx + 1S —2; that is, x = 1 orx < —3. The graph of 
the solution set is shown in Figure 5.19. a 





Applications 


Absolute value inequalities are used when the difference between two quantities 
is less or greater than a fixed amount. For example, an average male 5 ft 10 in. 
tall should weigh between 144 and 154 Ib inclusive. Ideally, 149 is the desired 
weight for a small-framed person, 25—59 years of age (source: Metropolitan Life 
Insurance Co.). This means a person in this category should be within 5 Ib (above 


or below) of 149; that is, |w — 149| <5, where w is the weight of the person. 
Do you see why? 


lw — 149|=5 
Adding 149, 





is equivalent to —J=Wwi— 149 S35 
149-S5=ws5+ 149 


144=w= 154 


EXAMPLE 8 


a 


www 


To find some Web sites that may 
help you with this section, access 
links 5.3.1 and 5.3.2 at the Bello 
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This still means that the person should weigh between 144 and 154 lbs, 
inclusive. 


When surveys or polls are taken, the margin of error is usually stated. For exam- 
ple, a Roper Starch worldwide poll indicated that 62% of Americans picked out 
a “letdown in moral values” as one of the “major causes of our problems today.” 
The margin of error e was given as + 4 points. 


(a) Write an absolute value inequality that represents the percentage p of people 
that believes the statement. 


(b) Write an inequality giving a range for the percentage p of people that 
believes the statement. 


Solution 





(a) Since the margin of error is 4 points, | p — 62| < 4. 


(b) The inequality in (a) is equivalent to 


Web site. —4<=p-—6254 
Adding 62, 
58 = p = 66 
This means that between 58 and 66% of the people, inclusive, believes the 
statement. a 
EX In problems 1-10, evaluate each expression. [EJ In problems 13-18, find the set of integers for 
ie 10) Bevis 320) =1| which each sentence is true. 

4. |3| Bais 6 Gua) Sep (EE Neal a0) 15. |x| =5 
Pee) B= 2 | 1-3 ene 16. |x| <3 17 eh= 1 18. |x| <4 
10. — [3] + |—4| In problems 19-36, graph the solution set of each sen- 
11. Determine which of the following are solutions of tence (if possible) and write the solution set in interval 

| — 3x| > 3: notation. 
1 
Pines mor eee 8 rats © oP 19. |xj/=1 20. |x| =2.5 21. |x|=4 
12. ee ea of the following are solutions of Pe OSes AA 
Ce —< 2; 
a. 0 b. 1 Cu ds? 25 ale: leeezOr in| = DT ee 


(Remember to bookmark the Bello book-specific Web site.) 


| Tato | ¥ http://college.hmco.com/mathematics 
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ISPS |= 41 29, |2x|<4 
30. |3x| <9 31. |3x| = 6 
32. |2x|> 5 33.\2%-— 3 =3 
34. |3x+1| <8 35. |2x —3|>3 


36. |3x+1|>8 


In problems 37-39, use |b — a| S c, where b is the 
budgeted amount, a is the actual expense, and c is the 
variance. 


37. Acompany budgets $500 for office supplies. How 
much money can it spend if its variance is $50? 


38. A company budgets $800 for maintenance. How 
much money can it spend if an acceptable vari- 
ance is 5% of its budgeted amount? 


39. George budgets $300 for miscellaneous monthly 
expenses. His actual expenses for one month 
amounted to $290. Was he within a 5% budget 
variance? 


40. Write the absolute value inequalities that corre- 
spond to the following graphs: 
A a 


1 4 

bs ~——_¢—— 9 
1 4 

ee 
1 4 

d. <——¢—___.——» 
1 4 


41. An average female, medium frame, 5 ft 6 in. tall 
should weigh between 130 and 144 Ib, inclusive. 
Using w for the weight, 

a. write an absolute value inequality representing 
this situation. 
b. simplify the inequality. 


42. An average male, large frame, 5 ft 8 in. tall should 
weigh between 152 and 172 lb, inclusive. Using w 
for the weight, 

a. write an absolute value inequality representing 
this situation. 
b. simplify the inequality. 


43. A plumber wants to cut a 12 ft length of pipe with 
no more than a 2% error. If L is the length of the 
actual cut, 

a. write an absolute value inequality representing 
the situation. 
b. simplify the inequality. 


44. A machinist has to build a | in. long bushing with 
no more than a 1% error in the length L. 
a. Write an absolute value inequality representing 
the situation. 
b. Simplify the inequality. 


45. In arecent year the score s on the verbal portion of 
the SAT for males was 505. If the margin of error 
on this test is + 4 points, 

a. write an absolute value inequality representing 
the average score for males on the SAT. 
b. simplify the inequality. 


46. Ina recent year the average cholesterol level c for 
20-34 year olds was 186. According to Mosby’s 
Diagnostic and Laboratory Test Reference 
(© 1997), this value can vary by as much as 15%. 
a. Write an absolute value inequality representing 

the situation. 
b. Simplify the inequality. 


@® In Other Words 


47. Write in words: |x|<a is equivalent to 
Se CTs 


48. Write in words: |x| > a is equivalent to x > a or 
Xe OP 


49. What is the solution of |x — 2| > —5? Explain. 
Can you generalize these results? 


50. What is the solution of |x — 1] < 0? Explain. Can 
you generalize these results? 


PA Skill Checker 


Next section: Quadratic equations! To solve them 
using the quadratic formula you need to review 
Sections 4.2 (Order of Operations) and 4.7 
(Simplifying Radicals). Do that first and then try these 
practice problems. 


/V(-27 = 41) 2 VP = 48-5) 
-V(-22 = 4@)F1) 4. V3? = 42) 
V3? — 4(2)(-5) 6. V5? = 4-7) 
. V(-6)? = 49)(=2) 8. V(—82) — 42)6) 
V8? — 4(4)(-5) 10. V22 — 4(2)(—5) 


—_ 


eo. Sl - on 0 





GETTING STARTED 





Firefighters use high-pressure 
hoses to bring a fire under 
control. 


54 
Quadratic Equations 
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Fire Fighting and Factoring Quadratics 


How much water is a fire engine pumping if the friction loss is 36 lb/in.2? You 
can find out by solving the equation 


2¢° + g-—36=9 (g inhundreds of gallons per minute) 


This equation is a quadratic equation in standard form. It can be solved by 
factoring, that is, by undoing the multiplication that yielded 22 + g — 36, writ- 
ing (2g + 9)(g — 4) = 0, and then reasoning that if the product of (2g + 9) and 
(g — 4) is 0, at least one of the factors must be 0; that is, 2g + 9 =O org —4=0. 
The first equation gives g = —3, an impossible answer, since g represents hun- 
dreds of gallons per minute. The second equation gives g = 4 (hundred gallons 
per minute), an acceptable answer. But wouldn’t it be nice if you had a formula 
that you could use to give you the answer? Fortunately, there is such a formula. 
It is called the quadratic formula, and you will use it in this section to solve quad- 


ratic equations. me 


In the preceding sections we considered the solution of first-degree sentences. 
We now turn our attention to a certain type of second-degree sentence that is 
called a quadratic equation. 


A quadratic equation is a second-degree sentence with standard form 
ax +bxt+c=0 


where a, b, and c are real numbers and a # 0. 


We first consider quadratic equations where the second-degree expression 
ax? + bx + c can be written as a product of two first-degree expressions. 
Suppose that we have the product (x + p)(x + q). Then, by the distributive prop- 
erty a(b + c) = ab + ac, witha =x +pandb+c=x+q, we get 
(x + p)(x + q) = (x + p)x + & + p)q 
= x7 + px + qx + pq 
=x* + (p+ gx + pq 
A good way to remember this multiplication is to remember the FOIL 
method. To multiply (x — 1)(x + 2), we write the following: 
xX" X 
o a anes 9) 
1. Multiply First terms. (Gat ONC clea) — 0 
Xoo 
Cate TT 9 
2. Multiply Outside terms. (Cy al Xr, Cte 2 
3. Multiply Inside terms. C= I) OD) = +2 
—] ay: 
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EXAMPLE 1 





4. Multiply Last terms. (= DG@ +2) 3" + 2x a= 2 
ae, SEO 
alee. 
5. Combine like terms. GHG +2) =x +x — 2 


Factoring Quadratic Expressions 


These ideas can sometimes be “reversed” to write a quadratic expression in the 
product (factored) form. For example, in order to write x? + 5x + 6 in factored 
form, we try to find two integers p and q such that pg = 6 and p + q = 5. By 
inspection (looking in the table), we see that p = 2 and gq = 3 will work. Therefore, 


x* + 5x +6 =(x + 2x + 3) 


To factor an expression means to write it as a product of lower-degree expres- 
sions using integers as coefficients, as in the above illustration. We will use the 
fact that x? + 5x + 6 = (x + 2)(x + 3) in Example 3. Note that x? — 2 is not 
factorable using integers since we cannot find integers a and b such that 
x* —2=(« + a(x + b). However, x2 — 2 = (x + V2)(x — V2)! 


Factor the following: 
(a) x7 +x-2 (b) x2 — 2x — 8 
Solution 


(a) We must find two numbers whose product is —2 and whose sum is 1. By 
inspection or from the table, we see that these numbers are 2 and —1. Thus, 
x*+x—-2=(¢4+ 2)(x- 1) 

(b) Here we need two numbers whose product is —8 and whose sum is —2. By 
inspection or from the table we see that these numbers are —4 and 2. Thus, 


x*—2x-8=(« — 4x +2) a 


To factor 2x? — 5x — 3, we need to find integers a, b, c, and d such that 
ac = 2 
2x? — 5x —3 =(axt+ b)(cx + d) 

[over tet: 

bd = -3 
Using FOIL to multiply the right side, ac must be 2 (the coefficient of the first 
term) and bd must be —3 (the last term in 2x” — 5x — 3). The positive factors of 
ac = 2 are 2 and 1. The possible factors of bd = —3 are —1, 3 or 3, = Ore se 


1 or 1, —3. We try different arrangements of these factors until we obtain the 
correct middle term, — 5x, as follows: 


(ax + b)(cx + d) 
b=-l1,d=3 (2x — 1)@+ 3) = 2x* + 6x = 1x = 3 Incorrect 
b=3)¢d=—1 (2x + 3)(x — 1) = 2x? — 2x + 3x —3 Incorrect 
b==3.-di=a (2x — 3)@-+-1) = 2x2 + 2x — 3x7 — 3 Incorrect 
bed — 3 (2x + 1)(% — 3). = 2x? — 6x + Ix —3 Correct! 
DK; 


Thus, 2x? — 5x —3 = Ox DG oy 


EXAMPLE 2 


EXAMPLE 3 





enter Y, = x? + Sx + 6 and 


[6]. Where is 

Y, = 0? Press 
[2]. When the grapher asks | 
for the left bound, use [4] to 


side of the curve. Press 


[ ENTER ]. Use [>] to move 


below the curve to find the 


right bound. Press ENTER 
twice. One of the roots is —3 
as shown. | 


| move the cursor to the left 


Pa RA eee 
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Factor 6x2 — 7x — 3. 
Solution We need to find integers a, b, c, and d such that 

6x* — 7x — 3 = (ax + b\(cx + d) 


The positive factors of ac = 6 are 6, 1 or 3, 2. The factors of bd = —3 are al 
or 1, —3. After trying different possibilities, a = 3, c = 2, b = 1, andd = —3 
will yield 6x? — 7x — 3 = (3x + 1)(2x — 3). ia 


What if the expression is not factorable? We use the ac rule to determine 
whether an expression factors. 





Using this idea, 6x7 — 7x — 1 and 3x2 + 2x — 4 are not factorable. Do you see 
why? 


Solving Quadratic Equations by Factoring 


The next examples show how factoring can sometimes be used to solve quad- 
ratic equations. 


Solve the following equations: 

(a) x7 +5x+6=0 (b) 5x? — 14x =3 

Solution 

(a) We have already shown that x? + 5x + 6 = (x + 2)(x + 3). Thus, 
(x + 2)(x + 3) =0 


With 0 on one side of the equation, we can make use of the property of the real 
number system that says that a product of two real numbers is 0 if and only 
if at least one of them is 0. Thus, the preceding equation is true if and only if 
x+3=0 

x= 3 


Xt 10 or 
iy or 


The solution set of the given equation is {—3, —2}. 


Check: By substitution in the left side of the given equation, we find for 
x= —3,x2 + 5x + 6 = (—3)* + 5(—3) + 6 = 9 — 15 + 6 = 0. This checks 
the solution x = —3. For x = —2, we get x2 + 5x + 6 = (-2)? + 


5(—2) + 6 = 4 — 10 + 6 = O, which checks the solution x = —2. 
(b) Subtract 3 from both sides of the equation to obtain 


5x2 —- 14x -3 =0 


— 


The positive factors of 5 are 5 and 1, whereas the factors of —3 are —3, | or 
iL, = 3), INOS, 


5x2 — 14x — 3 = (5x + 1) — 3) = 0 
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Hence, 

5x+1=0 or x-3=0 
That is, 

x=—} or Limes 


Therefore, the solution set of ae — 14x = 31s {3, —%). Make sure that you 
check that this is correct! a 


EXAMPLE 4 _ Solve the equation x? — 9 = 0. 


Solution The equation x2 — 9 = 0 can be solved by factoring since the differ- 
ence of two squares, x* — p*, can always be written as the product 
(x — p)(x + p). Checking this multiplication, we get 


CPO Pra BA tr Dea 
0 
Thus, x2 — 9 = 0 becomes 
(x—3)G + 3) =0 


which gives the solution set {—3, 3}. 
We could have avoided factoring by adding 9 to both sides to obtain 


x27 =9 
Taking the square roots of both sides, we have 
x= +43 


so the solution set is {—3, 3}, as before. @ 


EXAMPLE 5 _—_ Solve the equation 3x? + 2 = 50. 
Solution We first subtract 2 from both sides to obtain 
3x? = 48 
We then divide both sides by 3 to get 
x* = 16 


As in Example 4, we find the solution set by taking square roots of both sides. 
This gives the solution set {—4, 4}. i 


C. The Quadratic Formula 








Problem Solving 


a 


2 


5: 


Read the problem. 
Select the unknown. 


Think of a plan. 

Is the equation a quadratic 
equation? If it is, write it in 
standard form. Can you factor it? If 
not, use the quadratic formula to 
solve it. 


. Use the quadratic formula to carry 


out the plan. 
Find a, b, and c and substitute their 
values in 


How many solutions should you 
get? 


Make sure the final answer is 
simplified. 


. Verify the answer. 


TRY EXAMPLE 6 NOW. 


EXAMPLE 6 


5.4 Quadratic Equations 303 


The derivation of this formula is given in Exercise 5.4, problem 55. The sym- 
bol + in the formula means that there are two solutions, one with the plus sign 
and the other with the minus sign. If the quantity under the radical sign, 
b2 — 4ac, is positive, there are two real number solutions. If b? — 4ac is 0, the 
two solutions are the same, so that there is actually just one solution, —b/2a. If 
the quantity b* — 4ac is negative, there are no real number solutions. 


Quadratic Equations 


Solve the equation x” — 2x = 1. 


Find the values of the variable x such that x2 — 2x = 1. 


The equation x? — 2x = 1 is a quadratic equation. To write it in standard form, 
subtract 1 from both sides to obtain x? — 2x — 1 = 0. Since you cannot factor 
this equation, you write 1x* — 2x — 1 = 0 and compare it with ax? + bx + c = 0. 
Thus, a = 1,b = —2,andc = —1. 


Substituting these values in 


—b+ Vb2 — 4ac 


2a 


you obtain 


ee ee Ge FO) 
se 2(1) 
DNA VS 2 VAL? 


See 
2 2 Lie eR 





This answer is not simplified. Divide each number in the numerator and denom- 
inator by 2 to obtain | + V/2. Thus, 


etre or rei V/2 
The verification is left to you. Note that (1 + V2)? = 1 + 2V2 +4 2. 


Cover the solution, write your own, and then check your work. 


Use the quadratic formula to solve x* — 4x — 12 = 0. 


Solution To obtain the correct values of a, b, and c, we rewrite the equation in 
standard quadratic form as 


1x2+ (—4)x + (—12) =0 
which we compare with | { | 


axz+ bx + c =0 
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EXAMPLE 7 


EXAMPLE 8 


Now, we see that a = 1, b = —4, and c = —12. Thus, 


=(-4) + V(-4 = DCL) 
we 














(2)(1) 
4+vV16+48 4+ V64 4+8 
7 2 be 2 ID SQ 
so that 
Ao. ole 
Cae OS 
or 
4—8 -4 
1 5) alana 
Hence, the solution set is {—2, 6}. 


Note: The instructions in the preceding problem required the use of the quad- 
ratic formula. In general, however, try to factor the equation first. 


Solve the equation 3x? + x — 5 = 0. 


Solution This equation is not factorable, since we are unable to find two integers 
whose product is 3(—5) = —15 and whose sum is 1, so we use the quadratic for- 
mula. We compare 


ax* + bx +c=0 and 3x2 + 1x-5=0 


and see that a = 3, b = 1, andc = —5. Hence, 


—-1+ VI? -—43)(-5) -1+ V6l 


x= = 


2(3) 6 





The solution set is 
ThA 61h Alakwvo6l 
6 ; 6 
These numbers cannot be expressed exactly in any simpler form. By using the 


table of square roots in the back of the book (or a calculator), we find that 
V61 ~ 7.81. This gives the approximate solutions —1.47 and 1.14. & 


Solve the equation 2x? — 2x = 1. 


Solution In order to use the quadratic formula, we must first write the equation 
in standard quadratic form. We can do this by subtracting 1 from both sides of 
the given equation to obtain 2x? — 2x — 1 = 0. This equation is not factorable, 
since there are no two integers whose product is 2(—1) = —2 and whose sum is 
—2, So we use the quadratic formula. To find a, b, and c, we write 

2 20) 
which we compare with | | | 


ax? +bx+c=0 


FIGURE 5.20 





EXAMPLE 9 
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Thus, a = 2, b = —2, andc = —1. Now, we can substitute into the quadratic for- 
mula to find 


Pee eee MOE1) 2+ V4 2s Vi12 


2(2) 4 4 
pW A oe VS 
mi 4 | 2 
so the solutions are 
se ys 
eto 
The solution set is 
14+V31-V3 2 
SO: 2 


Examples 6-8 display the tremendous advantage of the quadratic formula 
over other methods of solving quadratic equations. It is not necessary to attempt 
to write the left side as a product of first-degree expressions. You need only rec- 
ognize the values of a, b, and c and make direct substitutions into the quadratic 
formula. Note that if the equation is easily factorable, it is easier and faster to 
solve it by factoring. 


The Pythagorean Theorem 


Quadratic equations can be used to find the lengths of the sides of right triangles 
using the Pythagorean theorem. 





It is interesting to note that there are infinitely many triples of whole numbers 


(a, b, c) that satisfy the equation c? = a? + b?. Such triples are called 


Pythagorean triples, and we will find some of them next. 


The lengths of the three sides of a right triangle are consecutive integers. What 
are these lengths? 


Solution Let the length of the shortest side be x. Since the lengths of the sides 
are consecutive integers, we have the following: 


Length of the shortest side x 
Length of the next side Oe 
Length of the hypotenuse Gate 
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FIGURE 5.21 


x+1 
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EXAMPLE 10 


See Figure 5.21. By the Pythagorean theorem, 


(x + 2)? = (x + 1)% + x? ; 
x2 +4x+4=x2+2x+1+x2 Multiply. 


x2 +4x+4=2x2+2x4+ 1 Simplify. 
O=x*-2x-3 Subtract x2, 4x, and 4 from both sides. 
x? —2x-3=0 Write in standard form. 
(x — 3)(x+ 1) =0 Factor. 
x-—3=0 or x+1=0 Use the zero-factor property. 
x=3 or vl Solve x —3 =Oandx +1=0. 


Since the lengths of the sides must be positive, we discard the negative answer, 
—1. Thus, the shortest side is 3 units, so that the other two sides are 4 and 5 
units. a 


Note that if we have one Pythagorean triple of the form (a, a + 1, c), we can 
find another by substituting the a and c of the original triple into 


Gare" Pil saa 2642, dor bea) 
This is because using c* = a? + (a + 1)?, we can show that 
(3a + 2c + 1)? + Ga + 2c + 2)? = (4a + 3c + 2)? 


This proves that there are infinitely many Pythagorean triples of the form 
(a,a + 1, c). For instance, if we let a = 3, b = 4, andc = 5, we find 


(3 > Sa 2 Se 133 42 GR A 3S 2) 019) 


as another such triple. If we now let a = 20, b = 21, and c = 29, we get the next 
such triple: (119, 120, 169), and so on. 


Applications 


Many problems can be studied by using quadratic equations. For example, do 
you use hair spray containing chlorofluorocarbons (CFCs) for propellants? A 
U.N.-sponsored conference negotiated an agreement to stop producing CFCs by 
the year 2000 because they harm the ozone layer. Can we check to see whether 
the goal will be reached if current levels of production continue? We shall see in 
Example 10. 


The production of CFCs for use as aerosol propellants (in thousands of tons) can 
be represented by P(t) = —0.4t? + 22¢ + 120, where t is the number of years 
after 1960. When will production be stopped? 


Solution Production will be stopped when P(t) = 0. We need to solve the 
equation 


P(t) = —0.4¢2 + 22¢ + 120 =0 


—4r? + 220t + 1200 = 0 Multiply by 10 (to clear decimals). 
t* — 55t — 300 = 0 Divide by —4 (to obtain t2). 
(E= 60) 5). =0 We need two numbers whose 


product is —300 and whose sum 
is —55 (—60 and 5). 


a 


t—60=0 or 
t = 60 or 


t+5=0 
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By the zero-factor property 


t= 5 Solve each equation. 


Since ¢ represents the number of years after 1960, production will be zero 
(stopped) 60 years after 1960 or in 2020 (not in the year 2000 as promised!). The 
answer t = —5 has to be discarded since it represents 5 years before 1960, but 
the equation applies only to years after 1960. 


If you know how to write a quadratic equation in standard form as we did in Examples 
6-8, you can explore finding solutions as decimals, solving by factoring, or using the 
quadratic equation by accessing links 5.4.1, 5.4.2, and 5.4.3 at the Bello Web site. 


Ly In problems 1-14, factor each expression. 33, 47 — "8x = 20 34, x? — 9x = 36 

1. x7 + 6x+8 2. x* + 7x + 10 35. 10x27 + 7x+1=0 36. 6x2+17x+5=0 

3. x* x= 12 4. x* — 3x— 10 S31. 3k or 5D 38. 2x? —x=6 

en ix 18 O.eto ah leoe i 

istais =a oS 8. x* — 8x + 16 In problems 39—54, solve each equation by using 

9. x2 + 10x + 25 10. x2 + 16x + 64 the quadratic formula. 

(feo? Fy 3 2) 37 10c + 3 39. 2x2 + 3x -—5=0 40. 3x2 —7x+2=0 

135i6nh= Sxdol 4: 6c 1x3 41. 2x7 +5x-7=0 42. 4x?-7x-15=0 
7 ce i ete eA) 44, 2x* + 7x-4=0 

|B In problems 15-38, solve each equation. AS. 5x2 — Br ED =0 46 3 


15. 
17. 
19. 
20. 
21. 
22. 
23. 
25. 
27. 
28. 
29. 
aE 


(x — 2)x-—4)=0 16. 2) +3) = 0 
(x+2)a-—3)=0 18. (x + 5)\(x — 6) = 0 


49, 
x(x — 1(x + 1) =0 

51. 
(x + 1)(x + 2)(x — 3) = 0 

53. 
(2x — 1)(x + 2) =0 

55. 
(3x + 5)(4x + 7) =0 
x*— 16=0 24. 3x2 -27=0 
5x2 = 125 26. 4x2 + 1 = 65 
(3x — 6)(2x + 3)(5x — 8) =0 
2x(x + 7)(2x — 3) =0 
6x2 — 1 = 215 30. 4x2 + 1 = 50 


47. 


x27 —12x+27=0 32. x7-6x+8=0 


(Remember to bookmark the Bello book-specific Web site.) 


Ix? = 6x = -1 48. 
9x? — 6x -2=0 50. 
Ix? +2x=1 52. 
Ay 8x 5 54. 


Tx? — 12x = —5 
2x? — 8x +5=0 
2x2 — 6x = 5 


2x2 = 2x +5 


The following procedure can be used to obtain the 
quadratic formula. Suppose that the quadratic 
equation is given in standard form. 


ax? +bx+c=0,a#0 


Then 


ax bx = —¢ Why? 


Now we multiply both sides by 4a to get 


4a2x2 + 4abx = —4ac 
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By adding b? to both sides, we get 
4a2x2 + 4abx + b* = b? — 4ac 


The left side of this equation is the square of 
(2ax + b). (Verify this!) Thus, we have 


(2ax + b)? = b? — 4ac 

Next, we take the square roots of both sides to get 
2ax +b = + Vb? = 4ac 

From this equation, we get 


2ax = —b + Vb2 — 4ac 


Explain. 
and 
—b+ Vb? — 4ac : 
SS Explain. 


2a 


(These solutions can be checked in the original 
equation.) 


D Solve problems 56-60 using the Pythagorean 
theorem. 


56. 


ai 


58. 


59. 


60. 


The sides of a right triangle are consecutive even 
integers. Find their lengths. 


The hypotenuse of a right triangle is 4 cm longer 
than the shortest side and 2 cm longer than the 
remaining side. Find the dimensions of this 
triangle. 


The hypotenuse of a right triangle is 16 in. longer 
than the shortest side and 2 in. longer than the 
remaining side. Find the dimensions of this 
triangle. 


The hypotenuse of a right triangle is 8 in. longer 
than the shortest side and | in. longer than the 
remaining side. Find the dimensions of this 
triangle. 


People have been interested in right triangles for 
thousands of years. The right triangle relationship 
a? + b? = c* seems to have been known to the 
Babylonians and the ancient Egyptians. Among 
the interesting problems about right triangles is 
this one: Find the right triangles with integer 
sides, such that the hypotenuse is 1 unit longer 
than one of the legs. You can solve this problem by 
letting the legs be x and y units long, so the 
hypotenuse is y + 1 units long. Then, you have 


x? + y2=(y + 1p 


a. Solve this equation for x*. You should find 
x? = 2y + 1. Since x and y are to be positive 
integers, 2y + 1 is an odd integer. This means 
that x? is an odd integer, so that x must also be 
an odd integer. You can see that x # 1, because 
this would make y = 0 (no triangle!). However, 
if x is any odd integer greater than 1, there is a 
right triangle with the desired relationship 
between the sides. If you choose x = 3 and 
solve x” = 2y + 1 for y, you find y = 4. This 
gives you the well-known 3-4-5 right triangle. 

b. Make a table of the next four triangles of this 


type. 


| E | In Problems 61-64, use 


h = 5t? + Vot 


where h is the distance (in meters) traveled in t sec by 
an object thrown downward with an initial velocity Vo 
(in meters per second). 


61. 


62. 


63. 


64. 


65. 


66. 


67. 


68. 


An object is thrown downward with an initial 
velocity of 5 m/sec from a height of 10 m. How 
long does it take the object to hit the ground? 


An object is thrown downward from a height of 28 
m with an initial velocity of 4 m/sec. How long 
does it take the object to reach the ground? 


An object is thrown downward from a building 
15 m high with an initial velocity of 10 m/sec. 
How long does it take the object to hit the ground? 


How long would it take a package thrown 
downward from a plane with an initial velocity 
of 10 m/sec to hit the ground 175 m below? 


It costs a business (0.1x* + x + 50) dollars to 
serve x customers. How many customers can be 
served if $250 is the cost? 


The cost of serving x customers is given by 
(x* + 10x + 100) dollars. If $1300 is spent serv- 
ing customers, how many customers are served? 


A manufacturer will produce x units of a product 
when its price is (x? + 25x) dollars per unit. How 
many units will be produced when the price is 
$350 per unit? 


When the price of a ton of raw materials is 
(0.01x? + 5x) dollars, a supplier will produce x 
tons of it. How many tons will be produced when 
the price is $5000 per ton? 


69. To attract more students, the campus theater 
decides to reduce ticket prices by x dollars from 
the current $5.50 price. 

a. What is the new price after the x dollar 
reduction? 

b. If the number of tickets sold is 100 + 100x and 
the revenue is the number of tickets sold times 
the price of each ticket, what is the revenue? 

c. If the theater wishes to have $750 in revenue, 
how much is the price reduction? 

d. If the reduction must be less than $1, what is 
the reduction? 


70. Anapartment owner wants to increase the monthly 
rent from the current $250 in n increases of $10. 

a. What is the new price after the n increases of 
$10? 

b. If the number of apartments rented is 70 — 2n 
and the revenue is the number of apartments 
rented times the rent, what is the revenue? 

c. Ifthe owner wants to receive $17,980 per month, 
how many $10 increases can the owner make? 

d. What will be the monthly rent? 


In Other Words 


The solutions of the quadratic equation 
ax? + bx +c = 0(a # O) are 


De V b2 — 4ac 


9 2a 


71. Which type of solution do you get if b? — 4ac = 0? 
72. Which type of solution do you get if b? — 4ac > 0? 
73. Which type of solution do you get if b? — 4ac < 0? 


G@ Using Your Knowledge 


Have you been to a baseball game lately? Did anybody 
hit a home run? The trajectory of a baseball is usualiy 
very complicated, but we can get help from The 
Physics of Baseball, by Robert Adair. According to Mr. 
Adair, after t sec, starting 1 sec after the ball leaves the 
bat, the height of a ball hit at a 35° angle, rotating with 
an initial backspin of 2000 revolutions per minute 
(rpm), and hit at about 110 mph is given by 


H(t) = —80t2 + 340r — 260 (in feet) 


74. How many seconds will it be before the ball hits 
the ground? 
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The distance traveled by the ball is given by 
D(t) = —5t? + 115t — 110 (in feet) 


75. How far will the ball travel before it hits the 
ground? 


76. How far will the ball travel in 6 sec, the time it 
takes a high fly ball to hit the ground? 


Discovery 


Charlie Brown received a chain letter. Several days 
later, after receiving more letters, he found that the 
number he had received was a perfect square. (The 
numbers 1”, 27, 3”, and so on, are perfect squares.) 
Charlie decided to throw away some of the letters, and 
being very superstitious, he threw away 137 of them. 
To his surprise, he found that the number he had left 
was still a perfect square. 


77. What is the maximum number of letters Charlie 
could have received before throwing any away? 
(Hint: Let x? be the initial number of letters 
and let y? be the number he had left. Then 
x2 = y? + 13%. Remember that x and y are inte- 
gers, and you will want to make y as large as pos- 
sible relative to x because you want x to be as large 
as possible.) 


“ COPY THIS LETTER SIX 
TIMES AND SEND IT TO 
SIX OF YOUR FRIENDS ” 





Peanuts. Reprinted by permission of UFS, Inc. 


puSciay 
Ea Calculator Corner 


Your calculator can be extremely helpful in finding the 
roots of a quadratic equation by using the quadratic 
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formula. Of course, the roots you obtain are being 

approximated by decimals. Itis most convenient to start 

with the radical part in the solution of the quadratic 

equation and then store this value so you can evaluate 

both roots without having to backtrack or copy down 

any intermediate steps. Look at the following equation: 
2x2 +7x-—4=0 


Using the quadratic formula, the solution is obtained 
by following these key strokes. 


Wel EAI eI Bde] 
[vx] [sto] [7] 7] 4] Ret] (=) 4) 2) EI 2) EE) 


The display will show 0.5. To obtain the other root, 
key in 


[7] 7] ] Ret] [=] [=] (2) ) 2) E) 


which yields —4. In general, to solve the equation 
ax* + bx + c = 0 using your calculator, key in the 
following: 


[5] 4) 4 J eI fe) 
[vx] [sto] (6) E/-] 4] Ret] EE) E) 2) Ee) 


and 


[6] ¢7-) ) Rey [=] =) 2) E) ) E] 


1. If your instructor allows it, do problems 39-54 
using a calculator. 


o> 
aa Collaborative Learning 


Wouldn’t it be nice if we looked at a factorable quad- 
ratic equation of the form x* + bx + c = 0 and we 


Research Questions 


knew what the solution was? We are going to see how 
to do just that! 


1. Form three groups. The first group does the first 
three problems, the second group the next three, 
and the third group the last three. 


Factors Solutions 


1. x2+3x+2=0 
2. x7 +°5x+6=0 
3. x2+7x+12=0 
4. x*7-3x+2=0 
5. x27 -5x+6=0 
6. x2 —-7x+ 12=0 
7. x*-x-2=0 

8. x7-x-6=0 

9. x*?-x-12=0 


Each group should determine the relationship between 
the factors and the solutions and then make a conjec- 
ture regarding the solution of factorable quadratics of 
the form 


x*+ bx +c=0 
Do all groups reach the same conjecture? 


2. What about ax? + bx + c = 0? Here is a hint. Look 
at the ac rule. Find the two integers whose product 
is ac and whose sum is b. In Example 3(b), 
5x* — 14x — 3 = 0, ac = 5(—3) = —15, and the 
two integers whose product is —15 and whose sum 
is —14 are 1 and —15. The solutions for the equa- 
tion [as shown in Example 3(b)], are —+ and 3. Do 
you see any pattern linking 1 and —15 to —4 and 3? 
If you do not, look at Exercises 35-38. Do you see 
any pattern now? 


1. Find out what techniques the Babylonians used to solve quadratic equations. 


2. Discuss the method used by Euclid to solve quadratics. 


3. How did the Hindu mathematician Brahmagupta solve quadratics? 


We have shown several Pythagorean triples in the text. 


4. Access link 5.4.4 at the Bello Web site to find how to generate Pythagorean 
triples. Does the formula generate the ones given in the text? 
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5. A proof of the Pythagorean theorem can be found by accessing link 5.4.5 at the 
Bello Web site. Write your own proof based on the one you have been shown. Ss 


6. Access link 5.4.6 at the Bello Web site to find the Pythagorean theorem and its 
proofs (“29 proofs of the Pythagorean Theorem”). Write three different proofs of | Www: 


the Pythagorean theorem. 









GETTING STARTED 





The Columbia, one of three 
active space shuttles in the 

NASA program, lifts off from 
Cape Kennedy, Florida. 


Problem Solving 


1. Read the problem carefully and 
decide what it asks for. 


2. Select a variable to represent the 
unknown. 


Modeling and Problem Solving 


Putting on the Brakes 


Do you remember the RSTUV procedure that you studied in Chapter 1? You are 
certainly going to need it in this section, but with a small modification. The most 
difficult task in solving word problems is translating the problem into the lan- 
guage of algebra so that you obtain an accurate mathematical model represent- 
ing all the conditions of the problem. Because of this, the third step of the pro- 
cedure will emphasize this idea of translation. What types of problems will you 
be working? There are many of them, including some that may save your life! 
For example, do you know what the stopping distance d is for a car traveling 
v mph if the driver has a reaction time of t sec? Now, suppose you are driving a 
car at 20 mph and you are 42 ft away from an intersection. If your reaction time 
is 0.6 sec, can you stop the car in time? See Example 3 and problems 27-34 in 
Exercise 5.5, and you will be able to tell! ze 


A. Problem Solving 


In the preceding sections, we considered how to solve certain kinds of equations. 
Now, we are ready to apply this knowledge to solve problems. These problems 
will be stated in words, and are consequently called word or story problems. 
Word problems frighten many students, but you should not panic. We have the 
RSTUV procedure, a surefire method for tackling such problems. 

Let us start with a problem that you might have heard about. Do you know 
the name of the heaviest glider in the world? It is the space shuttle Columbia! 
Here is a problem concerning this glider. 


Word Problems 


When fully loaded, the space shuttle Columbia and its payload (cargo) weigh 
215,000 lb. The Columbia itself weighs 85,000 lb more than the payload. What 
is the weight of each? 


The problem asks for the weight of each, that is, the weight of the Columbia and 
the weight of the payload. 





Let p represent the weight of the payload in pounds. Since the Columbia weighs 
85,000 lb more than the payload, the Columbia weighs p + 85,000. 


continued 
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3. Think of a plan. 
Can you translate the information Translate the first sentence in the problem into an algebraic statement. 


into an equation or inequality? 


The Columbia and its payload weigh 215,000 Ib <—This is a verbal model 
x ~ 7 eae for the problem. 


4. Use algebra to solve for the (p + 85,000) + p = 215,000 eestor eae 
unknown. p + 85,000 + p = 215,000 
2p + 85,000 — 85,000 = 215,000 — 85,000 
2p = 130,000 
p = 65,000 
Thus, the payload weighs 65,000 lb, and the Columbia 65,000 + 85,000 = 
150,000 Ib. 


5. Verify the answer. To verify the answer, note that the combined weight of the Columbia and its pay- 
: load is 150,000 + 65,000 = 215,000 Ib, as stated in the problem. 


TRY EXAMPLE 1 NOW. Cover the solution, write your own, and then check your work. 





EXAMPLE 1 Angie bought a 6-month, $10,000 certificate of deposit. At the end of the 6 months, 
she received $650 simple interest. What rate of interest did the certificate pay? 


Solution 
1. Read the problem. It asks for the rate of simple interest. 
2. Select the variable r to represent this rate. 


3. Translate the problem. Here, we need to know that the formula for simple 
interest is 


[= Prt < This is an algebraic model for the problem. 


where / is the amount of interest, P is the principal, r is the interest rate, and 
tis the time in years. For our problem, J = $650, P = $10,000, 7 is unknown, 
and t = } year. Thus, we have 


650 = (10,000)(7)(3) or 650 = 5000r 


4. Use algebra to solve the equation 


650 = 5000r 
‘ae C00 
Divide by 5000: 5000 >” 
Express decimally: r= 0.13 


Hence, the certificate paid 13% simple interest. 


5. Verify the answer. Is the interest earned on a $10,000, 6-month certificate at 
a 13% rate $650? Evaluating Prt, we have 


(10,000)(0.13)(4) = 650 


Since the answer is yes, 13% is correct. @ 


EXAMPLE 2 
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The next problem may save you some money. When you rent a car, you may 
be able to choose either a mileage rate or a flat rate. For example, if you wish to 
rent an intermediate sedan for 1 day, you can pay $25 plus $.20 for each mile 
traveled, or a $50 flat rate. Which is the better deal? That depends on how far you 
plan to go. To be more specific, how many miles could you travel for $50 if you 
used the mileage rate? You will find the answer in the next example. 


Jim Smith rented a car at $25 per day plus $.20 per mile. How many miles can 
Jim travel for $50? 


Solution Again, we proceed by steps as follows: 


1. Read the problem carefully. We are looking for the number of miles Jim can 
travel for $50. 


2. Select m to represent this number of miles. 


3. Translate the problem into an equation; that is, make a model that represents 
the conditions of the problem. To do this, we must realize that Jim is paying 
$.20 for each mile plus $25 for the day. Thus, we have the following for Jim’s 
travels: 


1 mi The cost is 0.20(1) + 25. 
2 mi The cost is 0.20(2) + 25. 
m mi The cost is 0.20m + 25. < Algebraic model 


Because we want to know how many miles Jim can drive for $50, we must put 
the cost for m miles equal to $50; this gives the equation 


0.20m + 25 = 50 
4. Use algebra to solve the equation 


0.20m + 25 = 50 


Subtract 25. 0.20m = 25 

Multiply by 100. 20m = 2500 This gets rid of the decimal. 
% _ 2500 _ 

Divide by 20. Hi ays 125 


Thus, Jim can travel 125 mi for $50. 
5. Verify that (0.20)(125) + 25 = 50. (This is left for you to do.) a 


From this information, you can deduce that if you want to rent an intermedi- 
ate sedan for 1 day and plan to drive over 125 mi, then the flat rate is the better 
of the two options. 

Talking about distances, the next example could even save some lives. Have 
you seen the Highway Patrol booklet that indicates the braking distance b (in 
feet) that it takes to stop a car after the brakes are applied? This information is 
usually given in a chart, but there is a formula that gives close estimates under 
normal driving conditions. The braking distance formula is 


b = 0.06v? < Algebraic model 
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EXAMPLE 3 


EXAMPLE 4 


where v is the speed of the car (in miles per hour) when the brakes are applied. 
Thus, if you are traveling 20 mph, you will travel 


b = 0.06(207) = 0.06(400) = 24 ft 
after you apply the brakes. 


Acar traveled 150 ft after the brakes were applied. (It might have left a skid mark 
that long.) How fast was the car going when the brakes were applied? 


Solution 
1. Read the problem carefully. 
2. Select the variable v to represent the velocity. 


3. Translate: The braking distance b = 150, and the braking distance formula 
reads b = 0.06v*. Thus, we have the equation 


0.06v? = 150 «Algebraic model 


4. Use algebra to solve the last equation: 


Multiply by 100. 6v? = 15,000 This gets rid of the decimal. 
15,000 

Divide by 6. ve= get oO 

Take square roots. v= 50 or 50) 


Since the —50 makes no sense in this problem, we discard it. Thus, the car was 
going 50 mph when the brakes were applied. 


5. Verify the answer by substituting 50 for v in the braking distance formula. I 
You have probably noticed the frequent occurrence of certain words in the 

statements of word problems. Because these words are used frequently, Table 5.1 

presents a brief mathematics dictionary to help you translate them properly. 


The next example shows how some of these words are used in a word 
problem. 


If 7 is added to twice the square of a number n, the result is 9 times the number. 
Find n. 


Solution 
1. Read the problem. 
2. Select the unknown, n in this case. 


3. Translate the problem. 


If 7 is added to twice the square of a number n, 2n*+7 


«Algebraic 
the result is 9 times the number. = 9n model 


TABLE 5.1 Mathematics Dictionary 


More than 
Sum 
Increased by 
Added to 


Subtract 

Less than 
Minus 
Difference 
Decreased by 
Subtracted from 


Of 

The product 
Times 
Multiply by 


Divide 
Divided by 
The quotient 


The same, 
yields, gives, 
is, equals 
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Translation 


Add n to 7. 

7 more than n 

The sum of n and 7 
n increased by 7 

7 added to n 


Subtract 9 from x. 

9 less than x 

x minus 9 

Difference of x and 9 
x decreased by 9 

9 subtracted from x 


5 of a number x 

The product of 5 and x 
3 times a number x 
Multiply 5 by x. 


Divide 10 by x. 


10 divided by x 
The quotient of 10 and x 


x equals 12. 


4. Use algebra to solve the equation 


2n*+7=9n 
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Since this equation has both a squared term and a first-degree term, we solve it 
as a quadratic equation, first putting it in the standard form ax? + bx +c=0. 
Hence, we subtract 9n from both sides to get 


2n2 —-9n+7=0 


Then, we use the quadratic formula with a = 2, b = —9, and c = 7 to get the 


value of n. 


peli Co) 








2(2) 


9+ V81—56 9+ V25 
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EXAMPLE 5 


EXAMPLE 6 


5. Verify n = 4. 
Ne Td oe On Oe 
2(F) +7=2x3xh47= 947-5 
and 
i103 
uA ad 12 


Thus, we see that if 7 is added to twice the square of 3, the result is 9 times 4. The 
verification for n = 1 is left for you to do. We have now shown that the number 
n can be either 3 or 1. 3 


Sometimes we do not have to find a numerical answer to a problem, but only 
an algebraic model that the answer will satisfy, as shown in the next example. 


A certain two-digit number is equal to 7 times the sum of its digits. If the tens 
digit is x and the units digit is y, what equation must x and y satisfy? 


Solution 
1. Read the problem. 
2. The unknowns are x (the tens digit) and y (the units digit). 


3. Translate the problem. Since the tens digit is x and the units digit is y, the two- 
digit number must be 10x + y. The sum of the digits is x + y, and 7 times the 
sum of the digits is 7(x + y), so the required equation is 








10x + y = 7(x +’y) < Algebraic 
Nt model 
Gacwu ens 
A two-digit is equal 7 times the 
number to sum of its digits. 
Note: There are many solutions to this problem. Can you find one? al 


The Better Business Bank has two types of checking accounts, A and B. Type A 
has a monthly service charge of $3 plus $.25 for each check written. Type B has 
a monthly service charge of $5 plus $.10 for each check written. What is the 
greatest number of checks that can be written before type A becomes the more 
expensive of the two? 


Solution Let x be the number of checks written. The cost of each account is as 
follows: 


Type A 3 + 0.25x dollars 
Type B 5 + 0.10x dollars 


Hence we need to find the greatest value of x such that 
3 0.254 = 5+ 0100 <Algebraic 


seco et ap Rearen Ss 85 
model 


TypeA Type B 


EXAMPLE 7 
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This inequality can be solved as follows: 


Given. Shier wone = 5) ae OsilOys 
Subtract 3 from both sides. 02572 0M 0x 
Subtract 0.10x from both sides. OSS 2 
Divide both sides by 0.15. i a 

x = 13} 


Since x must be a whole number, it follows that 13 is the required answer. M& 


Mathematical Modeling 


In the preceding problems we have translated verbal sentences into algebraic 
equations that include all the conditions of the problem. This procedure is called 
mathematical modeling. Intuitively, we say that a model is a replica or copy of 
the situation at hand. Thus, a mathematical model is a structure that displays the 
features of the problem being solved. Some structures that lend themselves to 
modeling are equations or formulas, inequalities, and graphs. Now we shall 
explore a situation that leads to a more sophisticated mathematical model than 
those previously studied. 


It has been predicted that one of the most radical changes in the way educational 
material is presented will involve what is called distance learning. One of the 
models for distance learning involves television broadcasts (cable or regular 
channels) of lessons that students can view at home. From the point of view of an 
educational institution, is this a cost-effective method of presenting (teaching) a 
3-credit-hour course? The following information is needed to solve this problem: 


The primary costs to the institution are 


(S) Salary of the instructor, $500 for each credit hour 

(L) Licensing fee for using copyrighted materials on TV, $500 
(F) Fee per student paid to the copyright holder, $15 

(N) Number of students 


The revenues to the institution are 


(T) Tuition, $40 per credit hour 

(C) Contribution by state [In Florida, the state provides about 
$2800 per FTE (1 Full-Time Equivalent = 40 credit hours) at 
the community college level and more at the university level. ] 


Solution To solve this problem, we use the RSTUV procedure. This time, how- 
ever, there is no formula or “back of the book” to tell us when we are correct. 


1. Read the problem. Notice that we are referring to only one type of distance 
learning: television instruction. 


2. Select the unknown. The question is: from the institution’s standpoint, is this 
a cost-effective method of presenting a mathematics course? A first step 
might be to define what is meant by cost-effective. We can start by looking at 
the break-even point, the point at which the revenue to the school equals the 
expense for the course. 
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x 


To learn more about problem 
solving, access links 5.5.1 and 
5.5.2 at the Bello Web site. 


3. Think of a plan. Find the cost and the revenue for the institution, based on NV 


students taking the course. Equate the two expressions and solve for N. This 
will tell us the number of students needed to break even. 


. Use the model to carry out the plan. Let us figure out the costs. How much is 


the instructor’s salary? $500 per credit hour. For a 3-credit-hour course, we have 


Instructor’s salary (S) 3 - 500 = $1500 
Licensing fee (L) $ 500 
Copyright holder fee (F’) for N students 15-N=15N 

Cost to the institution 1500 + 500 + 15N = 2000 + 15N 


The revenues to the institution are 


Tuition (7) for N students 40-N = 40N 
State contribution (C) for N students 

taking a 3-credit-hour course (Multiply 

the number of students N by 3 and 

divide by 40 to find the number of FTEs. ( aN 


Then, multiply the result by $2800.) ae) - 2800 = 210N 


Revenue to the institution 4ON + 210N = 250N 


Cost = revenue 
2000 + 15N = 250N 


The break-even equation 


Solving for N, 2000 = 235N 
2000 _ 
35/ay 

8.51064 = N 

To the nearest whole number, 9=N 


Note that 9 is the smallest number of students for which the institution will 
incur no loss. Thus, using this model, if 9 students register for the course, the 
institution makes a small amount of money. Try this problem using the perti- 
nent information (S, L, F, T, C, and FTE) for your state! 

How would the break-even point be affected if there were more expenses 
(for example, utilities, building construction, maintenance, equipment) than 
the ones detailed here? 


. Verify the answer. Try the problem for 9 students and see whether the institu- 


tion does make a small amount of money above the break-even point. S 


1. Write an equation that is equivalent to this 
description: The product of 4 and a number m is 
the number increased by 18. 


2. Given three consecutive, positive, even integers, 
write an inequality that is equivalent to the state- 
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ment: The product of the smallest integer, say 2n, 
and the largest integer is always less than the 
square of the middle integer. 


. The tens digit of a two-digit number is 3 more than 


the units digit. If the number itself is 26 times the 


(Remember to bookmark the Bello book-specific Web site.) 


units digit, write an equation to find x, the tens 
digit. 


. The square of a number x, decreased by twice the 


number itself, is 10 more than the number. Write 
an equation expressing this statement. 


In problems 5—14, write each statement as an equation, 
and then solve it. 


os 


10. 


11. 


12. 


13. 


14. 


If 4 times a number is increased by 5, the result is 
29. Find the number. 


. Eleven more than twice a number is 19. Find the 


number. 


- The sum of 3 times a number and 8 is 29. Find the 


number. 


. If 6 is added to 7 times a number, the result is 69. 


Find the number. 


. If the product of 3 and a number is decreased by 2, 


the result is 16. Find the number. 


Five times a certain number is 9 less than twice the 
number. What is the number? 


Two times the square of a certain number is the 
same as twice the number increased by 12. What 
is the number? 


If 5 is subtracted from half the square of a number, 
the result is 1 less than the number itself. Find the 
number. 


One-third the square of a number decreased by 2 
yields 10. Find the number. 


One-fifth the square of a certain number, plus 2 
times the number, is 15. What is the number? 


A In problems 15-37, use the RSTUV method to 
obtain the solution. 


15. 


16. 


The space shuttle Columbia consists of the orbiter, 
the external tank, two solid-fuel boosters, and 
fuel. At the time of liftoff, the weight of all these 
components was 4.16 million Ib. The tank and the 
boosters weighed 1.26 million Ib less than the 
orbiter and fuel. What was the weight of the or- 
biter and fuel? 


The external tank and the boosters of the 
Columbia weighed 2.9 million lb, and the boosters 
weighed 0.34 million lb more than the external 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


25. 


26. 
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tank. Find the weight of the tank and of the 
boosters. 


Russia and Japan have the greatest number of 
merchant ships in the world. The combined total is 
15,426 ships. If Japan has 2276 ships more than 
Russia, how many ships does each have? 


Mary is 12 years old and her brother Joey is 2 
years old. In how many years will Mary be just 
twice as old as Joey? 


The cost of renting a car is $18 per day plus $.20 
per mile traveled. Margie rented a car and paid 
$44 at the end of the day. How many miles did 
Margie travel? 


In baseball, the slugging average of a player is 
obtained by dividing his or her total bases (1 for a 
single, 2 for a double, 3 for a triple, and 4 for a 
home run) by his or her official number of times at 
bat. José Catafia has 2 home runs, | triple, 2 dou- 
bles, and 9 singles. His slugging average is 1.2. 
How many times has he been at bat? 


Peter buys a $10,000, 3-month certificate of 
deposit. At the end of the 3 months, he receives 
interest of $350. What was the rate of interest on 
the certificate? 


A loan company charges $588 for a 2-year loan of 
$1400. What simple interest rate is the loan com- 
pany charging? 


The cost of renting a sedan for 1 day is (0.25m + 

20) dollars, where m is the number of miles 

traveled. 

a. How many miles could you drive for $71? 

b. If you plan to make a 60-mi round trip, should 
you use a $40 flat rate or the mileage rate? 


The Greens need to rent a station wagon to move 
some furniture. If the round trip distance is 50 mi, 
should the Greens use a $50 flat rate or a rate of 
$40 per day plus $.22 per mile? 


If P dollars are invested at r percent compounded 
annually, then at the end of 2 years, the amount 
will have grown to 

A=P(i+7r)? 
At what rate of interest will $1000 grow to $1210 
in 2 years? 


Use the formula in problem 25 to find at which rate 
of interest $1000 will grow to $1440 in 2 years. 
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As given in the text, the braking distance b (in 
feet) for a car traveling v mph is 


b = 0.06v? 


After the driver applied the brakes, a car traveled 
54 ft. How fast was the car going when the brakes 
were applied? 


The reaction distance r (in feet) is the distance a 
car travels while the driver is moving his or her 
foot (reacting) to apply the brakes. The formula 
for this distance is 


r = 1.5tv 


where f is the driver’s reaction time (in seconds) 
and v is the speed of the car (in miles per hour). A 
car going 30 mph travels 22.5 ft while the driver is 
reacting to apply the brakes. What is the driver’s 
reaction time? 


Use the following information in problems 29-34 mph. 
The stopping distance d (in feet) for a car traveling v 
when the driver has a reaction time of t is given by 


29. 


30. 


31. 


32. 


33: 


34. 


d= 1.5tv + 0.06v2 


A car is traveling 30 mph. If the driver’s reaction 
time is 0.5 sec, what is the stopping distance? 


The reaction time of a driver is 0.5 sec. If the stop- 
ping distance is 187.5 ft, how fast is the car going? 


An automobile going 20 mph is 42 ft away from 
an intersection when the traffic light turns red. If 
the automobile stops right at the intersection, what 
is the driver’s reaction time? 


You may have heard about the reflecting collars 
that can save the life of a dog or a cat. If your car’s 
headlights will illuminate objects up to 200 ft 
away and you are driving 50 mph when you see a 
dog on the road at the edge of the illuminated dis- 
tance, what must be your reaction time if you can 
stop just short of hitting the dog? 


Loren, who has a reaction time of Z sec, was tak- 
ing a driving test. When the examiner signaled for 
a stop, she stopped her car in 44 ft. How fast was 
she going at the instant of the stop signal? 


Pedro reacts very quickly. In fact, his reaction 
time is 0.4 sec. When driving ona highway, Pedro 
saw a danger signal ahead and tried to stop. If his 
car traveled 120 ft before stopping, how fast was 
he going when he saw the signal? 


35. 


36. 


7 


Two consecutive integers are such that 6 times the 
smaller is less than 5 times the larger. Find the 
largest integers for which this is true. 


A wallet contains 20 bills, all $1 and $5 bills. If the 
total value is less than $80, what is the greatest 
possible number of $5 bills in the wallet? What is 
the largest total value possible? 


Americans use about 60 billion aluminum cans 
each year. Approximately two-thirds as many of 
these cans are either thrown away or left to litter 
the landscape as are recycled. About how many 
billion aluminum cans are not recycled? 


Gi In problems 38—48, make models to solve the 
problems. 


38. 


39. 


Referring to Example 7, the office of Institutional 

Research claims that the break-even point for a 

3-credit-hour course is 15 students. This means 

that other costs O, perhaps utilities, maintenance, 
and so on, have been added to the costs to the 
institution. 

a. Find O. 

b. Repeat Example 7 using the costs for your col- 
lege or university. Assume that the licensing 
fee and the fee paid to the copyright holder are 
still $500 and $15 per student, respectively. 

c. Find the amount of other expenses O your 
institution has. 


Another and more expensive type of distance 
learning involves transmitting the contents of a 
lesson to other sites via satellite. The primary 
costs to the institution in this case are 
(s) studio time, $100 per hour 
(U) Uplink satellite service, $150 per hour 
(G) GTE connection fee and satellite rental 
time, $1000 per hour 
(S$) Salary of instructors, $1000 per credit hour 
The revenues for the institution are 
(T) Tuition (cost per credit hour X number of 
credit hours X number of students) 
(C) Contribution of state, $2800 per FTE 
(1 FTE = 40 credit hours) 


If the class carries 3 credit hours, meets 40 hr dur- 

ing the term, and projected enrollment is N stu- 

dents, do or answer the following: 

a. Write an expression for the revenue to the 
institution. 

b. What is the cost to the institution? 


41. 


c. Write the break-even equation for this model. 

d. Solve for N in terms of T. 

e. If the tuition per credit hour is $40, what is the 
least number of students needed to incur no 
loss? 


- Should you consider fuel efficiency, measured in 


miles per gallon, when buying a new car? Suppose 
that car A costs $20,000 and gets 20 mi/gal, 
whereas car B costs $25,000 but gets 25 mi/gal. 
Further, assume that the price of gasoline is $1/gal 
and that you plan to drive the car for m mi. Taking 
into account price and fuel efficiency only, do or, 
answer the following: 
a. Write an expression C, for the cost of car A. 
b. Write an expression Cy for the cost of car B. 
c. How many total miles m would you have 
to drive so that the cost is the same for both 
cars? 
d. On the basis of this information, how would 
you make your decision on which car to buy? 


A paint contractor needs to find short-term (2 
months) storage for 5-gal containers of Evermore 
Stucco Paint at minimum expense. Each container 
is a right circular cylinder with a diameter of | ft 
and a height of 15 in. All 350 containers must be 
stored in an upright position. It is not advisable to 
have more than five containers in each layer 
(stack). Storage units are available in three sizes 
as follows: 


Identical Row Alignment 
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Size A: 5 X 5 X 4 ft high for $25 a month 

Size B: 5 X 10 X 8 ft high for $90 a month 

Size C: 10 X 10 X 8 ft high for $128 a month 

a. How many containers will fit into each storage 
area? (Hint: How many containers can you put 
in each row; how many rows and how many 
layers can you have? Note that you can store 
the containers in identical rows as shown in 
the first diagram or staggered as shown in the 
second diagram. To answer (a), complete the 
following tables.) 
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42. 


43. 
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b. What is the least expensive way to store the 
containers? 

c. What is the next-thriftiest choice? 

d. If the containers could be layered (stacked) as 
high as you wished, what would be the least 
expensive way to store the containers? 


Is there a relationship between the amount of time 

you study and your grade point average (GPA)? 

Of course there is! This problem will show you 

how to maximize GPA on the basis of study time. 
Suppose you are taking mathematics, science, 

and English. Each of the classes is worth 3 credit 
hours. At the present time you have C’s in all 
classes, but you know the following: 

Your mathematics grade can be improved by one 
letter for each additional 3 hr per week of 
studying mathematics. 

Your science grade can be improved by one letter 
for each additional 2 hr per week of studying 
science. 

Your English grade can be improved by one 
letter for each additional | hr per week of 
studying English. 


If you decide to spend 10 extra hours per week 
studying mathematics, science, and English, how 
many hours should you spend studying each of the 
three subjects to maximize your GPA? (Hint: 
Organize the possibilities using a table like the fol- 
lowing; then find the resulting GPA for each strat- 
egy. The GPA for each course is calculated by 
multiplying the number of points for each grade 
(A = 4, B = 3, C = 2, D = 1, F = 0) times the 
number of credits the course carries. For example, 
a C in a 3-credit course is worth 6 grade points 
(2-3 = 6), whereas aB ina 4-credit course is worth 
12 grade points (3-4 = 12). The GPA is then found 
by adding the total grade-point values for all courses 
and dividing by the total number of credit hours.) 





2 = 3.33 


6(A) 4(A) O(C) 
Referring to problem 42, suppose you have D’s in 
all your classes but your mathematics and science 
courses are 4-credit-hour courses. If you decide to 
spend 12 extra hours per week studying mathe- 
matics, science, and English, how many hours 


44. 


45. 


46. 


should you spend studying each of the three sub- 
jects to maximize your GPA? 


Do you rent movies often? How much is the 
charge for returning them late? Rock-Busters 
charges $3 to rent a movie as long as you return it 
by 2.p.M. the second day after you check it out. If 
you return it late, however, you are charged an 
additional $2.50 per overdue day for new releases 
and $1.50 per overdue day for other movies. 

Video Renters charges $2.50 per movie as long as 

the movie is returned by 3 P.M. of the second day 

after you check it out. If you return it late, you are 
charged $2 for each day the movie is overdue, 
regardless of whether the movie is a new release. 

a. Make a table for new and old movies overdue 
1, 2, and 3 days at each store. 

b. Write an algebraic model representing the total 
cost of having both a new release and an old 
movie overdue for n days at Rock-Busters; 
then do the same for Video Renters. 

c. How muchare the total charges when you return 
anew release and an old movie 5 days overdue? 


At Blockbusters in Tampa, it costs $3 to rent a 
movie. New releases are due the next day at mid- 
night, but you can keep old movies for 2 days 
without incurring additional charges. Overdue 
charges are $2 per movie per day. At Red Rabbit, 
new releases are $3 per day and they must be 
returned by 7 P.M. the next day. Overdue charges 
are $3 per movie per additional day. Old movies 
are $1.60 for 2 days and overdue charges are $1.50 
per movie per day. 

a. Make a table for new and old movies returned 
after 2, 3, and 4 days at each store. 

b. Construct an algebraic model representing the 
total cost of having a new movie and an old 
movie returned after n days at Blockbusters; 
then do the same for Red Rabbit. 

c. At each of these stores, what are the total 
charges when you have a new movie and an old 
movie returned after 5 days? 


On Saturdays, the cost of parking at Park and 

Shop is $5 for the first hour and $.50 for each 

additional hour. Safe Park charges $4.75 for the 

first hour and $.60 for each additional hour. 

a. Make a table to compare the costs for 1, 2, 3, 4, 
and 5 hr of parking at each location. 

b. Write an algebraic expression representing the 
cost of parking 7 hr at each location. 


47. When traffic lights are installed, planning must 
include the duration of the green and the yellow 
lights. How can we determine the duration of the 
yellow light assuming that the intersection is 80 ft 
wide and the speed limit is 45 mph? 

a. The stopping distance d (in feet) for a car trav- 
eling v mph when the driver has a reaction time 
of f sec is 


d= 1.5tv + 0.06v2 


Reaction times vary from 0.3 to 1 sec but the 
average is about 0.6 sec. With this additional 
information, what is d? 

b. On the basis of the answer to part (a), what is 
the nearest a car traveling 45 mph can be to the 
intersection and still stop safely? 

c. The total maximum distance a car must travel 
through the intersection is the width of the 
intersection plus the distance from the intersec- 
tion. What is this distance? 

d. On the basis of the previous information, what 
should the minimum duration for the yellow 
light be? Answer to the nearest hundredth of a 
second. (Hint: d = rt, where ris rate, but watch 
your units!) 


48. If the reaction time of the driver is | sec, what should 
the minimum duration for the yellow light be? 


@™” In Other Words 


49. When reading a word problem, what is the first 
thing you should try to determine? 


50. How can you verify a word-problem answer? 


i) Using Your Knowledge 


Have you ever heard of Chamberlain's formula, which 
claims to be a model that tells you how many years you 
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should drive your present car before you buy a new 
one? If y is this number of years, then Chamberlain’s 
formula reads 


_ GMC 
GE M)DP 


where G is the new car’s gas mileage, M is your pres- 

ent car’s gas mileage, C is the cost in dollars of the new 

car, D is the number of miles you drive in a year, and 

P is the dollar price of gasoline per gallon. 

For instance, suppose that the new car’s gas 
mileage is 24 mi/gal, the old car’s mileage is 12 
mi/gal, the price of the new car is $6400, you drive 
12,000 mi per year, and the cost of gasoline is 
$1.40/gal. This means that G = 24, M = 12, C = 6400, 
D = 12,000, and P = 1.40, so 

— _(24)02)(6400) 64 | 
00) a 

Thus, according to the formula, your old car should 

have been driven about 9.1 years before the purchase 

is justified. 

Now try these problems. 

51. Suppose the new car’s gas mileage is 32 mi/gal, 
the old car’s gas mileage is 10 mi/gal, the price of 
the new car is $7000, you drive 15,000 mi/year, 
and the cost of gasoline is $1.30/gal. How many 
years should your old car have been driven to jus- 
tify buying the new one? 


52. Suppose that G, M, D, and P have the same values 
as in problem 51 and you have driven your pres- 
ent car for 5 years. What price (to the nearest $10) 
would you be justified in paying for the new car? 


53. Disregarding such factors as depreciation, mainte- 
nance, replacement cost, and so on, under which 
conditions does Chamberlain’s formula yield 
unrealistic values for y? 


You have probably heard the term junk food, but do you know what foods fall 
into this category? The U.S. Department of Agriculture suggests looking at the 


ratio of nutrients to calories and multiplying the result by 100. The procedure 
adds the RDAs (recommended daily allowances) for the first eight nutrients 
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FIGURE 5.22 
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CEREAL — VITAMIN 

: | THAMIN 
CALORIES 100 RIBOFLAVIN 
PROTEIN ag. 
CARBOHYDRATE 24g 
FAT 00 
CHOLESTEROL 0 mg VITAMIN D 
SODIUM 5 mg VITAMIN Bg . 
POTASSIUM 80 mg FOLIC ACID | 








listed on the label, divides by the number of calories in one serving, and multi- 
plies by 100. 

For instance, the sum of the first eight nutrients for the cereal label shown in 
Figure 5.22 is 139, and the number of calories in one serving is 100. Thus, the 
ratio of nutrients to calories is 

139 
100 x 100 = 139 
If the answer is less than 32, the nutritional value of the food is questionable. 

In this section, you will study many kinds of ratios and their uses. For exam- 
ple, you will study unit pricing (see Example 2) to make you a more aware con- 
sumer. You will then learn how to compare ratios by studying proportions, and 
you will end the section by looking at different types of variation. ae 


Ratios 


Many quantities can be compared by using ratios. You have probably heard of 
the student-teacher ratio or the gear ratio in your automobile. Here is the defini- 
tion of a ratio. 


- A ratio is a quotient of two numbers. The ratio ofa number a to another 
La eag b can be ee a 





_ ; 
atob Or ab eo . 


The last form is used most often, but is frequently written as a/b. 





EXAMPLE 1 





Unit pricing allows shoppers to 
quickly compare relative costs of 
the same or similar products 
when they are sold in different 
weights or volumes. 


EXAMPLE 2 
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Write the ratio of nutrients (139) to calories (100) in three different ways. 


Solution 


139 
139 to 100 139:100 T00 & 


Of course, if the ratio in Example | had been 140 to 100, you could write it 
in reduced form as 


7 to5 or ISS) or i 


You probably encounter many ratios in your everyday life. For example, the 
expression miles per gallon is a ratio, the ratio of the number of miles traveled 
to the number of gallons of gas used. Thus, if your car travels 294 mi on 12 gal 
of gas, your miles per gallon ratio is 2 = 2 = 245. 

Ratios can also be used to compare prices. For example, most people have 
the misconception that the more you buy of an item, the cheaper it is. Is this 
always true? Not necessarily. The photo shows two cans of Hunt’s tomato sauce, 
bought in the same store. The 15-o0z can costs 68¢, while the 8-oz can costs 32¢. 
Which can is the better buy? To compare these prices, we need to find the price 
of 1 oz of tomato sauce; that is, we need the unit price (the price per ounce). This 
unit price is given by the ratio 


Price 
Number of ounces 


For the 15-oz can For the 8-oz can 
& — 453 iS 


Thus, the 15-oz can is more expensive. (Note that you could buy 16 0z, two 
8-oz cans, for only 64¢, instead of the 15-o0z can for 68¢!) 


A 4-oz can of mushrooms costs $.74, while an 8-oz can of the same brand costs 
$1.44. Find the cost per ounce for 


(a) the 4-oz can. (b) the 8-oz can. 
(Round answers to the nearest tenth of a cent.) 
Solution 

(a) For the 4-oz can, the cost per ounce is 


74 
ae 18.5¢ 


(b) For the 8-o0z can, the cost per ounce is 


144 
= a 
gn 18¢ 


Note that if we wish to find which of the two cans in Example 2 is the better 
buy, we do not have to look at the unit prices. Two 4-oz cans would cost us $1.48 
for 8 oz, while the 8-0z can costs only $1.44. 
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DEFINITION 5.2 


EXAMPLE 3 


Proportion 


Let us return to the problem of the car that traveled 294 mi on 12 gal of gas. How 
many miles would this car go on 10 gal of gas? The ratio of miles per gallon for 
the car is San or 2. If we let m be the number of miles the car would travel on 10 
gal of gas, the ratio of miles per gallon would be m/10. Since the two ratios must 
be equal, 


49 _m 
eo 


This equation is an equality between two ratios; it is called a proportion. 





To solve the proportion 
49 =m 


2 10 
which is simply an equation involving fractions, we proceed as before. 
1. Multiply both sides by 10 so that the m is by itself on the right. 


49 m 
ras ia 


2. Simplify: 245 = m 


10 


3. Thus, the car can go 245 mi on 10 gal of gas. 


Proportions can often be solved by a shortcut method that depends on the 
following definition of equality of fractions: 





Thus, to solve the proportion 


sama 


4 x 


we use the cross products and write 


3°-x= 15-4 
3x = 60 
x = 20 


The ratio of your foot length to your height (in inches) is 1 to 6.7. In 1951, Eric 
Shipton published photographs of what he thought were the Abominable 


Snowman’s footprints. Each footprint was 23 in. long. How tall is the 
Abominable Snowman? 


DEFINITION 5.3 


EXAMPLE 4 
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Solution We use the five-step procedure outlined in Section 5.5 as follows: 
1. Read the problem carefully. 


2. Select a variable to represent the unknown. Here, we let h be the height of the 
Abominable Snowman. 


3. Translate the problem. Since the original ratio is 1/6.7, the ratio for the 
Snowman is 23/h. But these ratios must be equal, so 


Ee 


Otlaa th 
4. Use cross products to solve the equation. 


1-h=6.7- 23 
h = 154.1 in. = 12 ft 10.1 in. 


5. Verify your answer. If we substitute h = 154.1 in the original proportion, we 
obtain 


fee 
6m Aad 


which is a true statement since 1 - 154.1 = 6.7 - 23. Bo 


Variation 


Sometimes we say that a variable is proportional to or varies directly as 
another variable x. For example, the number m of miles you drive a car is pro- 
portional to, or varies directly as, the number g of gallons of gas used. This 
means that the ratio m/g is a constant, the miles per gallon the car attains. In gen- 
eral, we have the following definition: 





The length L of a moustache varies directly as the time f. 
(a) Write an equation of variation. 


(b) The longest moustache on record was owned by Masuriya Din. His mous- 
tache grew to 56 in. (on each side) over a 14-year period. Find k and explain 
what it represents. 


Solution 


(a) Since the length L varies directly as the time f, 


L=kt 
(b) We know that when L = 56, t = 14. Thus, 
56=k.- 14 
4=fk 


This means that the moustache grew 4 in. each year (on each side). z 
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DEFINITION 5.4 


EXAMPLE 5 


EXAMPLE 6 


Sometimes, as a quantity increases, a related quantity decreases proportion- 
ately. For example, the more time we spend practicing a task, the less time it will 
take us to do the task. In this case, we say that the quantities vary inversely as 


each other. 





The speed s that a car travels is inversely proportional to the time f¢ it takes to 
travel a given distance. 


(a) Write the equation of variation. 

(b) If a car travels at 60 mph for 3 hr, what is k, and what does it represent? 
Solution 

(a) The equation is 


eek 
sans 


(b) We know that s = 60 when t = 3. Thus, 


k 
60 = 3 
k = 180 
In this case, k represents the distance traveled. a 


Have you ever heard one of those loud “boom” boxes or a car sound system that 
makes your stomach tremble? The loudness L of sound is inversely proportional 
to the square of the distance d that you are from the source. 


(a) Write an equation of variation. 


(b) The loudness of rap music coming from a boom box 5 ft away is 100 dB 
(decibels). Find k. 


(c) If you move to 10 ft away from the boom box, how loud is the sound? 


Solution 


(a) The equation is 


k 
i 7) 
(b) We know that L = 100 ford = 5, so that 
100 =e 
52-25 


Multiplying both sides by 25, we find that k = 2500. 


5.6 Ratio, Proportion, and Variation 329 


(c) Since k = 2500, 


ie 2500 
d2 
When d = 10, 
2500 
L=—>=25d 
102 E ~ 


D. Application 


EXAMPLE 7 Figure 5.23 shows the number of gallons of water, g (in millions), produced by 
an inch of snow in different cities. Note that the larger the area of the city, the 
more gallons of water are produced, so g is directly proportional to A, the area of 
the city (in square miles). 


FIGURE 5.23 


Snow brings needed water 






Source: Copyright 1994. USA TODAY. 


a. Write an equation of 
variation. 


b. If the area of St. Louis is 
about 62 mi2, what is k? 


i 

a c. Find the amount of water 
:; produced by 1 in. of snow 

By falling in Anchorage, 

= Alaska, with an area of 
eattle © 1700 mi?. 






Aza 


Boston Denver Chicago 


Solution 


Since g is directly proportional to A, g = kA. 


b. From Figure 5.23, we can see that g = 100 (million) is the number of gal- 





“WWW: 


To futher explore ratio, 


proportion, and variation, access c. 


link 5.6.1 at the Bello Web site. 


(Remember to bookmark the Bello book-specific Web site.) 


lons of water produced by 1 in. of snow in St. Louis. Since it is given that 
A = 62, g = kA becomes 
SS OOMLL 50 


100k 62 or Lmien eae 


For Anchorage, A = 1700, thus g = x0 - 1700 ~ 2742 million gallons of 
water. By 
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. Voyager was the first plane to fly nonstop around 
the world without refueling. At the beginning of 
the trip, the fuel in the 2000-lb plane weighed 
7000 Ib. Write the ratio of fuel to plane weight in 
three different ways. 


. During the last 6 years of his life, Vincent Van 
Gogh produced 700 drawings and 800 oil paint- 
ings. Write the ratio of drawings to oil paintings in 
three different ways. 


. The first suspension bridge built in England has a 
70-ft span. The world’s longest suspension bridge, 
the Verrazano Narrows Bridge in New York, is 
4260 ft long. Write the ratio of the span of the first 
suspension bridge to that of the Verrazano 
Narrows Bridge in three different ways. 


- Awoman has a 28-in. waist and 34-in. hips. Write 
the waist-to-hip ratio in three different ways. (If 
the waist-to-hip ratio is over 1.0 for men or over 
0.8 for women, the risk of heart attack or stroke is 
five to ten times greater than for persons with a 
lower ratio.) 


. The reduced transmission ratio in an automobile is 
the ratio of engine speed to drive-shaft speed. Find 
the reduced transmission ratio for an engine run- 
ning at 2000 rev/min when the drive-shaft speed is 
600 rev/min. 


- Most job seekers can expect about 6 job leads 
and/or interviews for every 100 résumés they mail 
out. What is the ratio of job leads and/or inter- 
views to résumés? 


- The average U.S. car is driven 12,000 mi per year 
and burns 700 gal of gas. How many miles per gal- 
lon does the average U.S. car get? (Give the 
answer to the nearest whole number.) 


. Are generic products always cheaper than name 

brands? Not necessarily! It depends on where you 

buy. On comparing two cans of mushrooms, the 

name brand 8-o0z can costs $1.09 and the generic 

4-0z can costs 53¢. 

a. To the nearest tenth of a cent, what is the cost 
per ounce of the name brand 8-oz can? 


10. 


11. 


14. 


17. 


b. To the nearest tenth of a cent, what is the cost 
per ounce of the generic 4-0z can? 

c. Which can is the better buy? 

d. In Example 2, the 4-oz can cost 18.5¢ per 
ounce. Which is the better buy, the generic can 
here or the 4-o0z can of Example 2? 


. As aconsumer, you probably believe that cheaper 


is always better. But be careful. Here is a situation 

that should give you food for thought! 

a. Dermassage dishwashing liquid costs $1.31 for 
22 oz. To the nearest cent, what is the cost per 
ounce? 

b. White Magic dishwashing liquid costs $1.75 
for 32 oz. To the nearest cent, what is the cost 
per ounce? 

c. On the basis of price alone, which is the better 
buy, Dermassage or White Magic? 


But how much do you use per wash? Consumer 
Reports estimated that it costs 10¢ for 10 washes 
with Dermassage and 18¢ for the same number of 
washes with White Magic. Thus, Dermassage is 
more economical. 


Is cheaper still better? Here is another problem. 

A&P Wool Washing Liquid costs $.79 for 16 oz. 

Ivory Liquid is $1.25 for 22 oz. 

a. To the nearest cent, what is the price per ounce 
of the A&P Wool Washing Liquid? 

b. To the nearest cent, what is the price per ounce 
of the Ivory Liquid? 

c. On the basis of price alone, which is the better 
buy? 

But wait. How much do you have to use? 

According to Consumer Reports, it costs 17¢ for 

10 washes with the A&P Wool Washing Liquid, 

but Ivory Liquid is only 12¢ for 10 washes! 


In problems 11-16, solve each proportion. 


ae, 2 oe oe) 
9-3 ea ee 
618 2110 359 
05 15, 5 == 16, === 


A machine manufactures 9 toys every 2 hr. Let n 
be the number of toys it completes in 40 hr. Write 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


a proportion using this information and the ratio of 
n to 40. 


A woman has several rectangular flower beds that 
she wants to be of equal area. If L ft is the length 
of a bed that is 3 ft wide, and the length is 10 ft 
when the width is 2 ft, write a proportion using the 
ratio of L to 10. 


When flying a hot-air balloon, you get + hr of 
flight time for each 20-Ib tank of propane gas. 
How many tanks of gas do you need for a 3-hr 
flight? 


When serving shrimp, you need 3 lb of cooked 
shrimp without the shell to make 3 servings. How 
many pounds of cooked shrimp do you need for 90 
servings? 


The official ratio of width to length for the U.S. 
flag is 10 to 19. If a flag is 35 in. wide, how long 
should it be? 


Do you like tortillas? Tom Nall does. As a matter 
of fact, he ate 74 tortillas in 30 min! How many 
could he eat in 45 min at that rate? 


A certain pitcher allowed 10 runs in the last 32 
innings he pitched. At this rate, how many runs 
would he allow in 9 innings? (The answer is called 
the ERA, or earned run average, for the pitcher 
and is usually given to two decimal places.) 


Do you know what a xerus is? It is a small rodent 
that looks like a cross between a squirrel and a 
chipmunk. The ratio of tail to body length in one 
of these animals is 4 to 5. If the body of a xerus is 
10 in. long, how long is its tail? 


A zoologist tagged and released 250 fish into a 
lake. A few days later, 53 fish were taken at ran- 
dom locations from the lake and 5 of them were 
found to be tagged. Approximately how many fish 
are there in the lake? 


The amount of annual interest J received on a sav- 

ings account is directly proportional to the amount 

of money m you have in the account. 

a. Write an equation of variation. 

b. If $480 produced $26.40 in interest, what is k? 

c. How much annual interest would you receive if 
the account had $750? 


27. 


28. 


29. 


30. 


SL. 


32. 


BRE 
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5.6 Ratio, Proportion, and Variation 


The number of revolutions R a record makes as it 

is being played varies directly with the time ¢ that 

it is on the turntable. 

a. Write an equation of variation. 

b. A record that lasted 2} min made 112.5 revolu- 
tions. What is k? 

c. If a record makes 108 revolutions, how long 
does it take to play it? 


The distance d an automobile travels after the 

brakes have been applied varies directly as the 

square of its speed s. 

a. Write an equation of variation. 

b. If the stopping distance for a car going 30 mph 
is 54 ft, what is k? 

c. What is the stopping distance for a car going 
60 mph? 


The weight of a person varies directly as the cube 
of the person’s height / (in inches). The threshold 
weight 7 (in pounds) for a person is defined as the 
“crucial weight, above which the mortality risk for 
the patient rises astronomically.” 

a. Write an equation of variation relating T and h. 
b. If T = 196 when h = 70, find k. 

c. To the nearest pound, what is the threshold 

weight for a person 75 in. tall? 


To remain popular, the number S of new songs a 

rock band needs to produce each year is inversely 

proportional to the number y of years the band has 

been in the business. 

a. Write an equation of variation. 

b. If, after 3 years in the business, the band needs 
50 new songs, how many songs will it need 
after 5 years? 


When a camera lens is focused at infinity, the 

f-stop on the lens varies inversely with the diame- 

ter d of the aperture (opening). 

a. Write an equation of variation. 

b. If the fstop on a camera is 8 when the aperture 
is 5 in., what is k? 

c. Find the f-stop when the aperture is j in. 


Boyle’s law states that if the temperature is held 
constant, then the pressure P of an enclosed gas 
varies inversely as the volume V. If the pressure of 
the gas is 24 lb/in.? when the volume is 18 in.*, what 
is the pressure if the gas is compressed to 12 in.>? 


For the gas of problem 32, if the pressure is 
24 Ib/in.2 when the volume is 18 in.*, what is the 
volume if the pressure is increased to 40 Ib/in.?? 
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The weight W of an object varies inversely as the 
square of its distance d from the center of the 
Earth. 

a. Write an equation of variation. 

b. An astronaut weighs 121 lb on the surface of 
the Earth. If the radius of the Earth is 3960 mi, 
find the value of k for this astronaut. (Do not 
multiply out your answer.) 

c. What will this astronaut weigh when she is 880 
mi above the surface of the Earth? 


One of the manuscript pages of this book had 

about 600 words and was typed using a 12-point 

font. If the average number of words w that can be 

printed on a manuscript page is inversely propor- 

tional to the font size s: 

a. Write an equation of variation. 

b. What is k? 

c. How many words could be typed on the page if 
a 10-point font was used? 


The price P of oil varies inversely with the supply 
S (in million barrels per day). In the year 2000, the 
price of one barrel of oil was $26.00 and OPEC 
production was 24 million barrels per day. 

a. Write an equation of variation. 

b. What is k? 

c. In 2005 OPEC plans to increase production 
to 28 millions barrels per day. What would 
the price of one barrel be? Answer to the near- 
est cent. 


According to the National Center for Health 

Statistics, the number of births b (per 1000 

women) is inversely proportional to the age a of 

the woman. The number b of births (per 1000 

women) for 27-year-olds is 110. 

a. Write an equation of variation. 

b. What is k? 

c. What would you expect the number b of births 
(per 1000 women) to be for 33-year-old 
women? 


The number of miles m you can drive in your car 
is directly proportional to the amount of fuel g in 
your gas tank. 

a. Write an equation of variation. 

b. The greatest distance yet driven without refuel- 
ing on a single fill in a standard vehicle is 
1691.6 miles. If the twin tanks used to do this 
carried a total of 38.2 gal of fuel, what is k? 

c. How many miles per gallon is this? 


39. The distance d (in miles) traveled by acar is directly 


40. 


41. 


42. 


43. 


proportional to the average speed s (in miles per 

hour) of the car, even when driving in reverse! 

a. Write an equation of variation. 

b. The highest average speed attained in any 
nonstop reverse drive of more than 500 mi is 
28.41 mph. If the distance traveled was 501 mi, 
find k. 

c. What does k represent? 


Have you called in on a radio contest lately? 

According to Don Burley, a radio talk-show host 

in Kansas City, the listener response to a radio 

call-in contest is directly proportional to the size 
of the prize. 

a. If 40 listeners call when the prize is $100, write 
an equation of variation using N for the number 
of listeners and P for the prize in dollars. 

b. How many calls would you expect for a $5000 
prize? 


The number of chirps C a cricket makes each 

minute is directly proportional to 37 less than the 

temperature F in degrees Fahrenheit. 

a. If a cricket chirps 80 times when the tempera- 
ture is 57°F, what is the equation of variation? 

b. How many chirps per minute would the cricket 
make when the temperature is 90°F? 


According to George Flick, the ship’s surgeon of the 
SS Constitution, the number of hours H your life is 
shortened by smoking cigarettes varies jointly as 
Nand t + 10, where N is the number of cigarettes 
you smoke and fis the time in minutes it takes you 
to smoke each cigarette. If it takes 5 min to smoke 
a cigarette and smoking 100 of them shortens your 
lifespan by 25 hr, how long would smoking 2 
packs a day for a year (360 days) shorten your 
lifespan? (Note: There are 20 cigarettes in a pack.) 


The concentration of carbon dioxide (CO,) in the 

atmosphere has been increasing due to human 

activities such as automobile emissions, electric- 

ity generation, and deforestation. In 1965, CO, 

concentration was 319.9 parts per million (ppm), 

and 23 years later, it increased to 351.3 ppm. The 

increase I, of carbon dioxide concentration in the 

atmosphere is directly proportional to number n of 

years elapsed since 1965. 

a. Write an equation of variation for I. 

b. Find k. 

c. What would you predict the CO, concentration 
to be in the year 2000? 


44. The increase I in the percent of college graduates 
in the United States among persons 25 years and 
older between 1930 and 1990 is proportional to 
the square of the number of years after 1930. In 
1940, the increase was about 5%. 

a. Write an equation of variation for J if n is the 
number of years elapsed since 1930. 

b. Find k. 

c. What would you predict the percent increase to 
be in the year 2000? 


45. The simple interest I in an account varies jointly 
as the time ¢ (in years) and the principal P (in dol- 
lars). After one quarter (3 months), an $8000 prin- 
cipal earned $100 in interest. How much would a 
$10,000 principal earn in 5 months? 


46. At depths of more than 1000 m (a kilometer), 
water temperature T (in degrees Celsius) in the 
Pacific Ocean varies inversely as the water depth 
d (in meters). If the water temperature at 4000 m 
is 1°C, what would it be at 8000 m? 


47. Anthropologists use the cephalic index C in the 
study of human races and groupings. This index is 
directly proportional to the width w and inversely 
proportional to the length L of the head. The width 
of the head in a skull found in 1921 and named 
Rhodesian man was 15 cm, and its length was 
21 cm. If the cephalic index of Rhodesian man 
was 98, what would the cephalic index of Cro- 
Magnon man be, whose head was 20 cm long and 
15 cm wide? 


&®™ In Other Words 


48. Explain the difference between a ratio and a 
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49. Explain the difference between direct variation 
and inverse variation. 


ae Collaborative Learning 


Health professionals use many ratios to detect abnor- 
malities. Form three different groups: Library, 
Internet, and Other. What is the leading cause of death 
in the U.S.? Heart disease! Let each of the groups find 
the answers to the following questions: 


1. How many deaths a year are attributed to heart dis- 
ease? What is the total number of annual deaths? 
What is the ratio of deaths attributed to heart dis- 
ease to the total number of deaths? Do the answers 
of the groups agree? Why or why not? 


There are several ratios associated with heart disease. 
Let us look at some of them. 


2. Let each of the groups find out what the 
HDL/Cholesterol ratio measures. What is the rec- 
ommended value of this ratio? 


3. There is another noninvasive way to measure your 
cardiac health (see problem 4 of Exercise 5.6). This 
time, divide the groups into males and females. 
Complete the following table: 





As you recall, for women, the risk of heart disease 


proportion. increases when w/h > 0.8, for men, when w/h > 1. 
Chapter5 SUMMARY 
Section Item Meaning Example 
Sl Variable A symbol that may be replaced MV ee 
by any one of a set of numbers 
oA Open sentence A sentence in which the we eel 


variable can be replaced by a 


number 


SAN Equation 
is = 


A sentence in which the verb 


x+7=9 
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Section 


OLA 


5.1A 


S15 


5.2A 


3.3A 


5.4 


5.4C 


5.4D 


Item 


Inequality 


Solution set 


First-degree 
equation 


Elementary 
operations 


First-degree 
inequality 


Finite intervals: 
Closed interval 


Open interval 


Half-open 
intervals 


Absolute value 


Quadratic equation 


Quadratic formula 


Pythagorean 
theorem 


5 Equations, Inequalities, and Problem Solving 


Meaning 


A sentence in which the verb 
IS =) — 7. =, OL = 


The set of elements of the 
replacement set that make the 
open sentence a true statement 


An equation that can be written 
in the form ax + b=0;a #0. 
The unknown quantity x (or m) 
has an exponent of | only. 


Operations that can be 
performed on a sentence to 
obtain an equivalent sentence 


An inequality that can be 
written in the form ax + b <0 
or ax + b > 0 (> can be 
replaced by = and < by S and 
we still have a first-degree 
inequality.) 


The distance on the number 
line from 0 to the number 


A second-degree sentence that 
can be written in the form 
ax? + bx +c=0,a#0 


For the equation 
ax? + bx +c=0, 
nite —b+ Vb? — 4ac 


2a 


In any right triangle, the 
square of the hypotenuse c is 
equal to the sum of the squares 
of the other two sides. 


Example 


Xe teh Ses Bate. 


{3} is the solution set of x + 2 = 5 
when the replacement set is the set 
of whole numbers. 


x+7=8 — 2x; 20 = 3m 


Addition (or subtraction) of the same 
number on both sides of an equation 


35D, 1 ON ON te tel 


+—__o——o—__ > [a, b| 
a b 


tH (a, dD) 
a b 


+—§!|__e——) — > [a, b) 
a b 


s—_-——e— (a, )] 
a b 





| =3 
TUT 


Ble Silie the 


x? — Tx = 6; 8x2 — 3x -—4=0 


For the equation x2 — x — 1 =0 
_12V1=4MED 
2 
LenS 
REA, 
If a and b are the sides of a right 


triangle and c is the hypotenuse, 
a2 + b2=¢?. 


Chapter 5 Practice Test 


Section Item Meaning Example 





5.6A Ratio A quotient of two numbers 3 
5.6B Proportion An equality between two ratios z= 1 
5.6C Varies directly y varies directly as x if y = kx 

5.6C Varies inversely y varies inversely as x if y = k/x 


Research Questions 

Sources of information for these questions can be found in the Bibliography at the 
end of the book. 

1. Write a short essay about Gauss’s childhood. 


2. Write a report about Gauss’s proof regarding regular polygons in his 
Disquisitiones Arithmeticae. © 


Write a short paragraph about Gauss’s inventions. 


° 


Aside from being a superb mathematician, Gauss did some work in astronomy. 
Report on some of Gauss’s discoveries in this field. 


5. In 1807, a famous French mathematician paid Gauss’s involuntary 2000-franc 
contribution to the French government. Find out who this famous mathematician 
was and the circumstances of the payment. 


6. Another French mathematician asked the general commanding the French troops 
to send an officer to see how Gauss was faring during the war. This mathematician 
had submitted some results in number theory to Gauss under a pen name. Write 
a report on this incident; include the circumstances and the pen name and real 
name of the mathematician. 


Chapter 5 PRACTICE TEST 


1. If the replacement set is the set of integers, solve the following equations: 
aa xet J 22, b x-—4=9 
2. If the replacement set is the set of integers, find the solution set for each of the 


following inequalities: 
a4 39.24 hg ie 
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3: 


15. 


16. 
a7 
18. 


19. 
20. 
21. 


22. 


23. 
24. 


25. 


Solve 
Liisa phe Gael 
Sle vars 





6 
ee On b. +s 


. For women, the relationship between shoe size S and length of foot L is 


S= 3) — 2h 
a. Solve for L. 
b. If a woman wears a size 6 shoe, what is the length of her foot? 


. Solve 
xs =(¢¢ =F il) 
aot = eee 


. Graph the solution set of 


ab es = DSO. D2 4 eee 


. Graph the solution set (if it is not empty) of 


Ae) orang 4 big So Pandha=0) 


. Graph the solution set of 


mh se Voies, = YD < il. lis s8ar 4 < Sarge al So), 


. Solve the equation | x | = 3. 
10. 
Lt: 
12. 
13. 
14. 


Graph the solution set of | x | < 2. 
Graph the solution set of | x — 2 | < 2. 
Graph the solution set of | x | > 2. 
Graph the solution set of | x — 2| > 3. 


Factor 
a. x2 + 3x +2. b. x2 — 3x — 4. 


Solve 
BAX =) 2 =): b. x(x — 1) = 0. 


Solve, by factoring, x? + 7x + 10 = 0. 
Solve, by factoring, x? — 3x = 10. 


Solve 
a. 9x2 — 16 =0. b. 25x? -4=0. 


Use the quadratic formula to solve 2x2 + 3x — 5 = 0. 
Use the quadratic formula to solve x2 — 2x = 2. 


The hypotenuse of a right triangle is 9 cm longer than one of the legs and 2 cm 
longer than the other leg. Find the dimensions of the triangle. 


Suppose you rent a car for | day at the rate of $21 per day plus $.21 per mile. 
How many miles could you drive for a rental charge of $63? 


Three times the sum of two consecutive integers is 45. What are the integers? 


A pair of consecutive integers is such that 12 times the smaller is more than 
9 times the larger. What is the least pair of integers for which this is true? 


A certain two-digit number is equal to 5 times the sum of its digits. If the tens 
digit is x and the units digit is y, write an equation that x and y must satisfy. 


26. 


27. 


28. 


29. 


30. 


| 
; 
‘ 
i 
; 
| 
i 
i 
5 


ea 


.— 10 
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On a certain day, the New York Stock Exchange reported that 688 stocks went 
up, 801 went down, and 501 were unchanged. 

a. Write the ratio of losers to gainers in three different ways. 

b. What is the ratio of losers to the total number of stocks? 


A supermarket is selling a certain kind of cracker for 50¢ for an 8-0z box and 
76¢ for a 12-0z box. 

a. Find the unit price for each box. 

b. Which is the better buy? 


We know that corresponding sides of similar rectangles are proportional. One 
rectangle is 5 by 8 ft, and the short side of a similar rectangle is 9 ft long. 

a. Write a proportion for the length x of the long side of the second rectangle. 
b. Find the missing length. 


The cost C of fuel per hour for running an airplane is directly proportional to 
the square of the speed x. 

a. Write an equation of variation. 

b. If the cost is $100 per hour for a speed of 150 mph, find the value of k. 

c. Find the cost per hour for a speed of 180 mph. 


The time t of exposure to photograph an object at a fixed distance from the 
camera is inversely proportional to the intensity J of the illumination. 

a. Write an equation of variation. 

b. If the correct exposure is 3 sec when J is 300 units, find the value of k. 
c. If Jis increased to 600 units, what is the correct exposure time? 


Answers to Practice Test 


Answer If You Missed Review 












ta) x= =5 (b) x = 13 1 : 273-274 
Denar 3. a3} (Diet On? 35} 2 5.1 1 273-274 
3. (a) x =4 (b) x = —2 i 3 5.1 2-4 275-277 
4. (a) ste (b) 9 in. | 4 5.1 6 278-279 
Be a= 3} 5 5.1 7-9 280-282 
6. (a) 6 5.2 1-5 288 


33-9 1 Ol 23 4 5 


(b) <—————$—+——3 + +44 
=327- 0. 1 2, 394-5 i 
7. (a) <+—o—-——++—_o_ + > ‘ i : 5.2 6-8 289-290 
Ofmly 2) 13 94 4°55 : 
1 et is empty. : 
5 . The solution s pty ! ! os 5 aon 
te cOpelaa?) 3 4 4 ' i 


(b) <a 
Str 0. 12 3>4+°5 


x= +3 9 5.3 1 295 
ie 5.3 ans 295 





338 5 Equations, Inequalities, and Problem Solving 


Answer If You Missed Review 






295 





5,6 295-296 
-4-32-10123 4 


13. aoe ' 1B 5.3 7 296 


“ 2 
HES AH GED BEES AS STN EGRESS ENN 





10.023 Asien : J 
_ 14. (@) @ + DG +t 2) (b) @& + I) — 4) ‘ 14 5.4 1,2 300-301 
' 6. @a=—20rx= 1 (b)- x=00re=1 f 15 i 5.4 3 301-302 
16. x = —S5orx = —2 i 16 ' 5.4 3 301-302 
17. x= —2orx=5 j 17 ; 85.4 3 301-302 
18. (@)x=+3 9 (b) x= 45 ; is) asa 4,5 302 
19. x= —Sorx=1 2 i 19 | 5.4 6,7 303-304 
20.x=1+130rx=1- 13 : 20 : 5.4 8 304-305 
21. 8m, 15cm, 17cm ker ey a 9 305-306 
22. 200 mi ( 22 : 55 2 313 
} 23. 7and8 i 23 j 5.5 4 314-316 
24. 4 and 5 24 i 5.5 4 314-316 
25. 10x + y= 5(x + y) * ' 25 : 5.5 5 316 
26. (a) 801 to 688; 801:688; Ss (b) 7590 i 26 i 5.6 1 325 
27. (a) 6;¢ per oz for the 8-oz box; 6;¢ per oz for i 27 i 5.6 2 325 
the 12-0z box i i 
(b) The 8-0z box ‘ i 
Xa wo, § | 
| 28 @o=% (b) 14.4 ft ; 28 : 5.6 3 326-327 
| 29. (a) C=kx?— (b) k= Hs 29 i 5.6 4 327 
i (c) $144 per hour | ' 
| 30. (a) t=K/I (b) k= 10 (c) & sec 30 5.6 5, 6 328-329 
; 
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Functions and Graphs 


In Chapter 5 we studied first- and second-degree equations 
with one variable. In this chapter, we shall study similar equa- 
tions with two variables. The main feature here, however, is an 
introduction to some simple ideas that belong to the area that 
is called analytic geometry, a blend of algebra and geometry 
in which algebra is used to study geometry and geometry is 
used to study algebra. The key to this combination is a work- 
able system of associating points in the plane with ordered 
pairs of numbers. 

We start the chapter by studying sets of ordered pairs 
called relations, concentrating on a special type of relation 
called a function. We examine function notation and how to 
represent relations and functions by means of graphs. We also 
study the formula giving the distance between any two points 
in the Cartesian plane and the slope (inclination) of a line pass- 
ing through these two points. We explore the ways to write the 
equations of a line depending on the information that is given 
and the ways to solve systems of linear equations with two 
unknowns by using algebraic or graphical methods. 

We use graphing to represent linear inequalities and to 
solve systems of inequalities. We also use graphing to study 
linear programming and maximizing or minimizing profits 
or losses by means of the simplex algorithm, a method of solu- 
tion for systems of linear inequalities developed by George B. 
Dantzig in the late 1940s. 


ené Descartes was born on March 31, 1596, near Tours, France. Frail health caused 
Ree. formal education to be delayed until he was 8. His father enrolled him in a Jesuit 
school, where it was noticed that the boy needed more than normal rest and he was 
advised to stay in bed as long as he liked in the morning. Descartes followed this advice, 
and made a lifelong habit of staying in bed late whenever he could. 


For links to various Internet sites related to topics and sections throughout Chapter 6, 
please access the Bello, Jopics in Contemporary Mathematics, Web site at 
http://college.hmco.com/mathematics 
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Descartes was trained to be a gentleman, educated in Latin, Greek, and rhetoric. 
However, he soon developed a healthy skepticism toward all he was taught. He left school 
at 17, so disenchanted with his studies that he took an interlude of pleasure, settling in 
Paris. He then moved to the suburb of St. Germain, where he worked on mathematics for 
2 years. 

At the age of 32, Descartes was persuaded to prepare his research for publication. At 
38, he compiled what was to be one grand treatise on the world, but fear of ecclesiastic 
displeasure with his conclusions caused him to refrain from having it printed. 

In 1637 at age 41, his friends persuaded him to print his masterpiece known as The 
Method. It included an essay on geometry, which is probably the single most important 
thing that Descartes ever wrote. His Analytic Geometry (a combination of algebra and 
geometry) revolutionized the realm of geometry and made much of modern mathematics 


René Descartes 
(1596-1650) 


possible. 

In the spring of 1649, Queen Christine of Sweden summoned Descartes. He arrived in 
Sweden to discover that she expected him to teach her philosophy every day at five o’clock Butthere ate Ouicrnien 
in the morning in the ice-cold library of her palace. He soon caught “inflammation of the who attain greatness 
lungs,” from which he died on February 11, 1650, at the age of 54. because they embody the 


potentiality of their own 
day and magically 
reflect the future. They 
express the thoughts that 
will be everybody’s two 
or three centuries after 


: ; : them. Such a one was 
Looking Ahead: The Cartesian coordinate system, a legacy of the work of René Descanee 


Descartes, is introduced in Section 6.1 and used throughout this chapter in studying —Thomas Huxley 
functions and graphs. 


6 
Graphing Relations and Functions 


GETTING STARTED Functions for Fashions 








yt. Did you know that women’s clothing sizes are getting smaller? According to a 
J. C. Penney Catalog, “Simply put, you will wear one size smaller than before.” 
Is there a relationship between the new sizes and waist size? Look at Table 6.1. 
It gives a 13-in. leeway for waist sizes. In Table 6. 1, consider the first numbers 
in the waist sizes corresponding to different dress sizes, that is, 30,32, 34. 36: 
For dress sizes 14 to 22, the waist size is 16 in. more than the dress size. To 
formalize this relationship, you can write 


w(s) = s + 16 (read “w of s equals s plus 16”) 

What would be the waist size of a woman who wears size 14? It would be 
w(14) = 14 + 16 = 30 

For size 16, 


w(16) = 16 + 16 = 32 
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TABLE 6.1 Women’s Sizes 


Women’s 14WP 22WP 24WP 26WP 28WP 30WP 32WP 
petite 


size 


Women’s 16W 
size 

Bust 40-415 

Waist 32-335 

Hips 425-44 





and so on. It works! Can you do the same for hip sizes? If you get 
h(s) = s + 26.5 


you are on the right track. Examples 5 and 6 and problems 28 and 29 in Exercise 
6.1 will give you more practice with relationships between number pairs. age 


The word relation might remind you of members of your family—parents, 
brothers, sisters, cousins, and so on. You have already studied mathematical rela- 
tions such as “is a subset of,” “is less than,” and “is equivalent to.” Relations can 
be expressed by using ordered pairs. In this section, you first examine relations 
Ce Rta in general and then concentrate on a very important type of relation called 

erm a function and its applications. To help understand these concepts, you end 
the section by learning how to make pictures, or graphs, of these relations and 
functions. 


CLL 





The first J. C. Penney store opened 
in 1902 in Kemmerer, Wyoming. 


A. Relations and Functions 


DEFINITION 6.1 





For instance, the set R = {(4, —3), (2, —5), (—3, 4)} is a relation in which 
all the pairs have been specifically listed. Notice that the set of first members, the 
domain, is {—3, 2, 4} and the set of second members, the range, is {=o eo; 
4}. The listing in the relation R shows how the elements of the first set are asso- 
ciated with the elements of the second set to form the ordered pairs of the given 
relation. Different ways of associating the elements of the two sets will, of 
course, result in different relations. Thus, 


D3, 2), (253), (4,4)] 


is an example of a relation different from R but formed from the same two sets 
of first and second numbers. 
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EXAMPLE 1 


DEFINITION 6.2 





For example, if 


Oy) ya 


then we may substitute any nonnegative real number for x and obtain a real num- 
ber for y. But x cannot be replaced by a negative number. (Why?) Thus, the 
domain is the set of all nonnegative real numbers, and the range, in this case, is 
the same set. Why? 


Find the domain and the range of 
(a) R= {(x, y)|y = 2x}. (b) S= {(%, y)|y= 3? + 1}. 
Solution 


(a) The variable x can be replaced by any real value, because 2 times any real 
number is a real number. Hence, the domain is {x | x a real number}. The 
range is also the set of real numbers, because every real number is 2 times 
another real number. Thus, the range is {y | y a real number}. 


(b) The variable x can be replaced by any real value, because the result of squar- 
ing a real number and adding 1 is again a real number. Thus, the domain of 
S is {x | x a real number}. The square of a real number is never negative, 
x? = 0, so x? + 1 2/1. Hence, the rule y = x2 + 1 implies y = 1. 
Consequently, the range of Sis {y|y = 1}. & 





In many areas of mathematics and its applications, the most important 
kind of relation is one for which to each element in the domain, there corre- 
sponds one and only one element in the range. The relation in Example 1, 
R = {(x, y) | y = 2x}, is an illustration of such a relation. It is clear here that for 
each x value there corresponds exactly one y value, because the rule is y = 2x. 
On the other hand, the relation x = y? is not this type of relation, because to each 
of the x values 1, 4, and 9, there corresponds more than one y value, as the fol- 
lowing shows: 


For x = 1,y= +1 ory = —1, denoted by y = +1, since 1 = (+1)? 
For x = 4, y = +2, since 4 = (+2)? 
For x = 9, y = +3, since 9 = (+3)? 





You bump into functions every day: the correspondence between the weight 
of a letter and the amount of postage you pay; the correspondence between the 
cost of a piece of meat and the number of pounds it weighs; the correspondence 
between the number of miles per gallon that you get and the speed at which you 


EXAMPLE 2 





Your grapher evaluates | 
functions! First, enter 
ES [6] and then 
| press [1]. Next, 
enter the desired x value, say 


| 1, and | ENTER]. The y value 5 


| is shown. 








| 

1 } 

If you press [<], | 
| you can evaluate at other | 
points. If your points (x’s) are | 
integers, press . 
and [4] or | 
[>] to evaluate the function | 
when x is an integer. Try 
when x is 0, —6, or 4. 


as 





EXAMPLE 3 
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drive. These are all simple examples of functions. You can undoubtedly think of 
many more. 


(a) Is the relation {(x, y) | y = 2x + 3, xa real number} a function? Explain. 
(b) Is the relation {(x, y) |x = y? + 1} a function? Explain. 


Solution 


(a) If x is a real number, then y is the unique real number 2x + 3. For instance, 
if x = 2, then y = 2(2) + 3 = 7; ifx = —}, then y = 2(—}) + 3 = 2. Clearly, 
for each real x value, the expression 2x + 3 gives one and only one y value. 
Thus, the given relation has exactly one range value corresponding to each 
domain value and is therefore a function. 


(b) For this relation the domain is {x | x = 1}. Why? If x = 5, then the rule 
x = y2 + 1 gives 5 = y? + 1, or y* = 4. Thus, y = 2 or —2, because 
2? = (—2)? = 4. So the pairs (5, 2) and (5, —2) are both elements of this rela- 
tion. The fact that there are two range values, 2 and —2, for the domain value 
5 shows that the given relation is not a function. [Fl 


How do we denote functions? We often use letters such as f, F, g, G, h, and 
H to do this. Thus, for the relation in Example 2(a), we use set notation to write 


7 Ay res) 


because we know this relation to be a function. Another very commonly used 
notation to denote the range value that corresponds to a given domain value x is 
y = f(x). (This is usually read “f of x.”) 

The f(x) notation, called function notation, is quite convenient, because it 
denotes the value of the function for the given value of x. For example, if 


f(x) = 2x +3 
then 


fC) = 20) +3 =5 

f) = 20) +3 =3 
di-O).eq 2(-6) ct 3 =9 

f4 =24+3=11 

f@ =2@+3=2a+3 

fw 2) =2w+2)+3=2wt+7 
and so on. Whatever appears between the parentheses in f() is to be substituted 
for x in the rule that defines f(x). The result is y; that is, f(x) = y. 

Instead of describing a function in set notation, we frequently say “the func- 
tion defined by f(x) =---,” where the three dots are to be replaced by the 
expression for the value of the function. For instance, “the function defined by 
f(x) = 2x + 3” has the same meaning as “the function f=, y)|y= 2 ot 


Let f(x) = 3x + S. Find 


(a) f(4). (b) f(2). (d) f(x + I). 


(c) f(2) + f(A). 
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| ee Graph It 


_ To do Example 3, enter 
and 3x + 5. Since we want to | 
evaluate at integral values, 


enter 
; [TRACE ]. Now, use the [>] or 


[<] to see different values for — 
_ x and y. Find f(4) and f(2). 





EXAMPLE 5 


Solution 
(a) Since f(x) = 3x + 5, 
f(4) =3-44+5=124+5=17 
(b) f(2)=3-2+5=6+5=11 
(c) Since f(2) = 11 and f(4) = 17, 
f(2) + f(4& = 11 + 17 = 28 
(d) fa + 1) =3@+4+1)+5=3x+8 (6 


EXAMPLE 4 
A function g is defined by g(x) = x3 — 2x? + 3x — 4. Find 
(a) g(2). CD) (Gee). (c) g(2) — g(—3). 
Solution 
(a) 9(2) = 23 — 22%) + 32) -4=8 -8 +6 -4=2 
(Dye 3) ae Se (cas) a(S) ca 
= -27 = 18 =9 = 4 = +58 
(C) FeO 28a 2 (58) 00 i 


In the preceding problems, we evaluated a specified function. Sometimes, as was 
the case in Getting Started, we must find the function as shown next. 


Consider the ordered pairs (2, 6), (3, 9), (1.2, 3.6), and (2, g). There is a linear 
functional relationship, y = f(x), between the numbers in each pair. Find f(x) and 
use it to fill in the missing numbers in the pairs ( wale , 3.3), and 
(5,3): 








Solution The given pairs are of the form (x, y). A close examination reveals that 
each of the y’s in the pairs is 3 times the corresponding x; that is, y = 3x, or 











f(x) = 3x. Now, in each of the ordered pairs ( ee) , ono), ald 
(teh ), the y value must be 3 times the x value. Thus, 

(ee 12) = Gal?) 

(Se = Ole 8-3) 


7 aoe tS) = 


Applications of Functions 


In recent years, aerobic exercises such as jogging, swimming, bicycling, and 
roller blading have been taken up by millions of Americans. To see if you are 
exercising too hard (or not hard enough), you should stop from time to time 
and take your pulse to determine your heart rate. The idea is to keep your rate 
within a range known as the target zone, which is determined by your age. The 


next example explains how to find the lower limit of your target zone by using 
a function. 


Roller bladers benefit from a low- 
impact, highly aerobic workout. 


EXAMPLE 6 


FIGURE 6.1 
Cartesian coordinate system 
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The lower limit LZ (heartbeats per minute) of your target zone is a function of your 
age a (in years) and is given by 


L(a) = —3a + 150 
Find the value of L for people who are 
(a) 30 years old. (b) 45 years old. 
Solution 
(a) We need to find L (30), and because 


L(a) = —%a + 150 
L(30) = —3(30) + 150 
—20 + 150 = 130 


lI 


This result means that a 30-year-old person should try to attain at least 130 
heartbeats per minute while exercising. 


(b) Here, we want to find L(45). Proceeding as before, we obtain 


L(45) = —3(45) + 150 
= —30 + 150 = 120 


(Find the value of L for your own age.) a 


Graphing Relations and Functions 


We shall now study a method for drawing pictures of relations and functions. 
Figure 6.1 shows two number lines drawn perpendicular to each other. The hor- 
izontal line is labeled x and is called the x axis. The vertical line is labeled y and 
is called the y axis. The intersection of the two axes is the origin. We mark a 
number scale with the 0 point at the origin on each of the axes. The four regions 
into which the plane is divided by these axes are called quadrants and are num- 
bered I, I, II, and I'V, as shown in Figure 6.1. This diagram forms a Cartesian 
coordinate system (named after René Descartes). We can make pictures of rela- 
tions on such a coordinate system. 

Figure 6.1 shows the usual way in which the positive directions along the 
axes are chosen. On the x axis, to the right of the origin is positive and to the left 
is negative. On the y axis, up from the origin is positive and down is negative. To 
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EXAMPLE 7 


FIGURE 6.2 





FIGURE 6.3 
y 





EXAMPLE 8 


locate a point (x, y), we go x units horizontally along the x axis and then y units 
vertically. For instance, to locate (—2, 3), we go 2 units horizontally in the neg- 
ative direction along the x axis and then 3 units up; parallel to the y axis. Several 
points are plotted in Figure 6.1. 

The Cartesian coordinate system furnishes us with a one-to-one correspon- 
dence between the points in the plane and the set of all ordered pairs of numbers; 
that is, corresponding to a given ordered pair there is exactly one point, and cor- 
responding to a given point there is exactly one ordered pair. The graph of a rela- 
tion is the set of points corresponding to the ordered pairs of the relation. 


Graph the following relations: 

(a) R= {(x, y) | y = 2x, x an integer between —1 and 2, inclusive} 
(b) T= {(x, y)| y? = x, y an integer between —3 and 3, inclusive} 
Solution 


(a) The domain of R is {—1, 0, 1, 2}. By using the rule of R, y = 2x, we can find 
the ordered pairs (—1, —2), (0, 0), (1, 2), and (2, 4) that belong to R. Note 
that since y = 2x, the y coordinate is always twice the x coordinate. The 
graph of the relation is shown in Figure 6.2. 


(b) We are given the range {y | y an integer between —3 and 3, inclusive}, and 
by squaring each of these integers, we find the domain, {0, 1, 4, 9}. The set 
of pairs {(0, 0), (1, 1), (1, —1), (4, 2), (4, —2), (9, 3), (9, —3)} is thus the 
relation T. The graph of the relation consists of the seven dots shown in 
Figure 6.3. If the domain of this relation had been all nonnegative real num- 
bers (x = 0), the graph would have been a curve called a parabola (shown 
dashed in Figure 6.3). a 


Since a function is simply a special kind of relation, a function can also be 
graphed on a Cartesian coordinate system. It is customary to represent the x val- 
ues along the horizontal axis and the f(x), or y, values along the vertical axis and 
graph the resulting ordered pairs (x, y). 

Because a function has just one value for each value of x in the domain, the 
graph of the function cannot be cut in more than one point by any vertical line. 
Thus, we have a simple vertical line test for a function. If the graph of a relation 
is known, we can tell by inspection whether the relation is a function. For exam- 
ple, the parabola in Figure 6.3 is the graph of a relation, but that relation is nota 
function because any vertical line to the right of the y axis cuts the graph in two 
points. On the other hand, if we had defined the range of the relation so that its 


graph were only the lower (or only the upper) portion of the parabola, then the 
relation would be a function. 


Graph the function f defined by f(x) = 2 — 3x if the domain is the set 
(LEO a 


Solution We calculate the values of the function using the rule f(x) = 2 — 3x to 
obtain the values in Table 6.2. Figure 6.4 shows the graph. i 


FIGURE 6.4 





FIGURE 6.5 





EXAMPLE 10 
TABLE 6.4 





; Aditonal 


minute | 
san é a 
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TABLE 6.2 





There is something remarkable about the set of points graphed in Figure 6.4. 
Can you see what it is? The points all lie on a straight line! We shall study func- 
tions whose graphs are straight lines (linear functions) in the next section. 


EXAMPLE 9 


Graph the function g defined by g(x) = 2 — x? if the domain is the set of real 
numbers. 


Solution The rule g(x) = 2 — x? tells us that to find the range value corresponding 
to an x value, we must square the x value and subtract the result from 2. Using this 
procedure for integral values of x between —3 and 3 inclusive, we obtain the val- 
ues in Table 6.3. We then graph the ordered pairs and join them with a smooth 
curve as shown in Figure 6.5. Notice that the graph is a parabola, as in Example 7. 


TABLE 6.3 


Applications of Graphs 


Long-distance telephone costs are functions of time. The dial-direct rate for a 
Tampa to Los Angeles call made during business hours is given in Table 6.4. Of 
course, if you talk for a fraction of a minute, you will be charged for the whole 
minute, so the words “or fraction thereof” should be understood to be included 
in each column. Find the costs of calls lasting the following amounts of time: 


(a) 1 min or less 
(b) More than 1 min but not more than 2 min 


(c) More than 2 min but not more than 3 min 
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FIGURE 6.6 
Cc 


$1.50 


$1.00 


$0.50 





EXAMPLE 11 
FIGURE 6.7 





To further explore graphing, 
access links 6.1.1, 6.1.2, and 
6.1.3 at the Bello Web site. 





(d) More than 3 min but not more than 4 min 


(e) Draw a graph showing the results of parts (a), (b), (c), and (d). 


Solution Make a table of values (Table 6.5), as in Examples 8 and 9. Table 6.5 
gives the answers for parts (a), (b), (c), and (d). 


TABLE 6.5 


$364 18.28) = $0.64 
| $36 + Q)8.28) = $0. 
| $36-+ GV$.28) 











(e) The graph is shown in Figure 6.6. The open circles in Figure 6.6 indicate that 
the left-hand endpoints of the line segments are not included in the graph. 
The solid dots mean that the right-hand endpoints are included. a 


Referring to Figure 6.7, 


I 
iS 





per person annually 
SD 
So 





at commercial restaurants 





Number of meals purchased 





"84-""85 86°87 *88. 289° *90 791 °92 793" 204 795 "0G 207, 

On-premise 69 70 68 68 68 66 64 64 63 62 62 64 63 64 

Off-premise. .43 45, 48: 51.53 155) 55) 56s 57.059) m6) ese nes anaes 
SS OOOO OO 


Source: NPD Group’s CREST service. 


(a) what is the domain for both graphs? 
(b) what is the range for on-premise dining? 


(c) what is the exact year in which the number of off-premise meals (take-out 
food) surpassed the number of on-premise meals purchased? 


Solution 
(a) The domain is the set of all possible x values {84, 85, 86, Ae Fe 


(b) The range is {62, 63, 64, 66, 68, 69, 70}, the set of all possible y values for 
the on-premise dining line. 


(c) 1995 (In 95 on-premise beat off-premise 64 to 63 but in 96 on-premise lost 


63 to 65, so we can conclude that off-premise surpassed on-premise during 
1995.) | 


(Remember to bookmark the Bello book-specific Web site.) 


Ly In problems 1-14, find the domain and the range 
of each relation. (Hint: Remember that you cannot 
divide by 0.) 


T. i278), G4) — 2. (GB, 1), 2, 1); d, D} 
Set inna) 4. 141). 2). ©, 1)} 
5. {(x, y) |y = 3x} 6. 1 y) (Wau 1} 
7. (@yly=x +) 8.4(@;9) | y= 1S 2x} 
9 





- {@, y)|y = x?} 10. {(x, y)|y=2 + x7} 

11. {(x, y)|y? =x} 12. {@, y)|x=1+y7} 
1 

13. fessyly a +} 14. {enol ae a5 


In problems 15-22, decide whether each relation is a 
function. State the reason for your answer in each case. 


152609) | 5x 6} 16, {@, y) | y = 3-=— 22} 
Wien Gsy) (sy) 1 Gy) at ye} 
Toto. y) y= Vx, x = 0) 

20. {(,y) |x = Vy, y = 0} 

PE) a yo) 22; (Gey) |(y—>} 


23. A function fis defined by f(x) = 3x + 1. Find 
a. f(0). b. f(2). Cope): 


24. A function g is defined by g(x) = —2x + 1. Find 
a. 9(0). b. g(1). Cg 1); 


25. A function F is defined by F(x) = Vx — 1. Find 
ane (ls), b. F(5). c. F(26). 


26. A function G is defined by G(x) = x? + 2x — 1. 
Find 
a. G(0). b. G(2). CuGiG)): 


27. A function fis defined by f(x) = 3x + 1. Find 
a {G1 2) be fia) =f) 
_, fe +») = fe) 


h h#F#0 


28. Given are the ordered pairs (2, 1), (6, 3), (9, 4.5), 
and (1.6, 0.8). There is a simple functional rela- 
tionship, y = f(x), between the numbers in each 
pair. What is f(x)? Use this to fill in the missing 
numbers in the pairs ( MiGs —*-,2.4), 
and ( 





7): 
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29. Given are the ordered pairs (3, 1), (1.2, 1.44), 
(5, 25), and (7, 49). There is a simple functional 
relationship, y = g(x), between the numbers in 
each pair. What is g(x)? Use this to fill in the miss- 








ing numbers in the pairs (4, ), Ol =). 
and ( , 64). 
30. Given that f(x) = x3 — x* + 2x, find 
aa (1), bif(—3); C. fi@): 
31. If g(x) = 2x3 + x” — 3x + 1, find 
a. 2(0). baie(=2): cue). 


32. The Fahrenheit temperature reading F is a func- 
tion of the Celsius temperature reading C. This 
function is given by 


F(C) =2C + 32 


a. If the temperature is 15°C, what is the 
Fahrenheit temperature? 

b. Water boils at 100°C. What is the correspond- 
ing Fahrenheit temperature? 

c. The freezing point of water is O°C or 32°F. 
How many Fahrenheit degrees below freezing 
is a temperature of — 10°C? 

d. The lowest temperature attainable is —273°C; 
this is the zero point on the absolute tem- 
perature scale. What is the corresponding 
Fahrenheit temperature? 


33. Refer to Example 6. The upper limit U of your tar- 
get zone when exercising is also a function of your 
age a (in years) and is given by 


U(a) = —a+ 190 


Find the highest safe heart rate for people who are 
a. 50 years old. b. 60 years old. 


34. Refer to Example 6 and problem 33. The target 
zone for a person a years old consists of all the 
heart rates between L(a) and U(a), inclusive. 
Thus, if a person’s heart rate is R, that person’s tar- 
get zone is described by L(a) = R S U(a). Find 
the target zone for people who are 
a. 30 years old. b. 45 years old. 
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35. The ideal weight w (in pounds) of a man is a func- 
tion of his height / (in inches). This function is 
defined by 


w(h) = 5h — 190 


a. What should the weight be for a man 70 in. tall? 
b. What should the height be for a man who 
weighs 200 Ib? 


36. The cost C in dollars of renting a car for 1 day is a 
function of the number m of miles traveled. For a 
car renting for $20 per day and $.20 per mile, this 
function is given by 


C(m) = 0.20m + 20 


a. Find the cost of renting a car for 1 day and driv- 
ing 290 mi. 

b. If an executive paid $60.60 after renting a car 
for 1 day, how many miles did she drive? 


37. The pressure P (in pounds per square foot) at a 
depth d ft beiow the surface of the ocean is a func- 
tion of the depth. This function is given by 


P(d) = 63.9d 
Find the pressure on a submarine at a depth of 
a. 10 ft. b. 100 ft. 


38. If aballis dropped from a point above the surface of 
the Earth, the distance s (in meters) that the ball falls 
in t sec is a function of t. This function is given by 


s(t) = 4.912 


Find the distance that the ball falls in 
a. 2 sec. b. 5 sec. 


39. The function S(t) = 3gt? gives the distance that an 
object falls from rest in t sec. If Sis measured in feet, 
then the gravitational constant g is approximately 
32 ft/sec. Find the distance that the object falls in 
a. 3)sec: b. 5 sec. 


40. An experiment, carefully carried out, showed that 
a ball dropped from rest fell 64.4 ft in 2 sec. What 
is a more accurate value of g than that given in 
problem 39? 


i In problems 41-S0, graph each relation. 


41. {(x, y) |» = x, x an integer between —1 and 4, 
inclusive} 


42. {(x, y)|y = —x, x an integer between —1 and 4, 
inclusive} 


43. {(x, y)|y = 2x + 1, x an integer between 0 and 5, 
inclusive } 


44. {(x, y)|x + 2y = 3, x an odd integer between 0 
and 10} 


45. {(x, y)|2x — y = 4, x an integer between —2 and 
2, inclusive } 


46. {(x, y) | y = x2, x an integer between —3 and 3, 
inclusive} 


47, {a ly = Wa, = 0) 1, 45 9) 16, 25, or 36) 


48. {(x, 'y) | x= Vy x an integer between 0 and 3, 
inclusive} 


49. {(x, y)|x + y <5, x, y nonnegative integers} 


50. {(x, y) | y > x, x and y positive integers less 
than 4} 


In problems 51-54, graph the given function for each 
domain (replacement set for x). 


51. f(x) = x + 1, x an integer between —3 and 3, 
inclusive 


52. f(x) = 3x — 1, x an integer between —1 and 3, 
inclusive 


53. 9(x) = x2 + 1, x an integer between —3 and 3, 
inclusive 


54, h(x) = —x*, x an integer between —3 and 3, 
‘inclusive 


55. Anthropologists can determine a person’s height 
in life by using the person’s skeletal remains as a 
clue. For example, the height (in centimeters) of a 
man with a humerus bone of length x cm can be 
obtained by multiplying 2.89 by x and adding 
70.64 to the result. 

a. Find a function h(x) that gives the height of a 
man whose humerus bone is x cm long. 

b. Use your function h from part (a) to predict the 
height of a man whose humerus bone is 34 cm 
long. 


56. A plumber charges $25 per hour plus $30 for the 
service call. If c(h) is the function representing 
the total charges, and h is the number of hours 
worked, find the following: 

a. c(h) 

b. The total charges when the plumber works for 
2, 3, or 4 hours 

c. Graph the points obtained in part (b). 


57. A finance company will lend you $1000 for a 
finance charge of $20 plus simple interest at 1% per 
month. This means that you will pay interest of 
0.01 of $1000, that is, $10 per month, in addition 
to the $20 finance charge. The total cost of the loan 
can be expressed as a function F(x), where x is the 
number of months before you repay the loan. 

a. Find F(x). 
b. Find the total cost of borrowing the $1000 for 
8 months. 


58. A bank charges 2% per month on a high-risk loan. 
If this is simple interest, describe the function that 
gives the cost C(x) of borrowing $5000 for x 
months. (Compare problem 57.) 


59. One of the depreciation (loss-of-value) methods 
approved by the IRS is the straight-line method. 
Under this method, if a $10,000 truck is to be fully 
depreciated in 5 years, the yearly depreciation will 
be ¢ of $10,000, that is, $2000. 

a. Write an equation that defines the depreciated 
value V of the truck as a function of the time ¢ 
in years. 

b. Draw a graph of this function. 


60. The rates for a Tampa to Atlanta dial-direct tele- 
phone call during business hours are 33¢ for the 
first minute or fraction thereof, and 27¢ for each 
additional minute or fraction thereof. Find the cost 
C of calls lasting 
a. | min or less. 

b. more than 1 min but not more than 2 min. 

c. more than 2 min but not more than 3 min. 

d. Draw a graph of the results of parts (a), (b), 
and (c). 


61. The cost of a Boston-to-Nantucket dial-direct tele- 
phone call during business hours is given for pos- 
itive integer values of f (in minutes) by 


C(t) = 0.55 + 0.23(¢ — 1) 


a. Draw a graph of C(t) forO <tS5. 

b. Santiago made a call from Boston to his friend 
Jessica in Nantucket. If the call cost Santiago 
$3.31, how long did they talk? 


—_ In Other Words 


62. Consider the function f(x) = 





. What num- 
iA 
bers are excluded from the domain and why? 


6.1 Graphing Relations and Functions 351 


63. Consider the function g(x) = Vx — 1. What 
numbers are excluded from the domain and why? 


64. Consider the function h(x) = FH What 
x 


numbers are excluded from the domain and why? 
65. What is the graph of a function? 


66. Is every relation a function? Explain why or why 
not. 


67. Is every function a relation? Explain why or why 
not. 


68. Why does the vertical line test work? 


G Using Your Knowledge 


69. There are many interesting functions that can be 
defined using the ideas of this section. Let’s return 
to the cricket from Section 5.1 whose chirping 
frequency is a function of the temperature. The 
table below shows the number of chirps per 
minute and the temperature in degrees Fahrenheit. 
Find a function that relates the number c of chirps 
per minute and the temperature x. 








70. The function relating the number of chirps per 
minute of the cricket and the temperature is given 
by f(x) = 4 — 40). If the temperature is 80°F, 
how many chirps per minute will you hear from 
your friendly house cricket? 


71. An interesting function in physics was discovered 
by the Italian scientist Galileo Galilei. This func- 
tion relates the distance an object (dropped from a 
given height) travels and the time elapsed. The 
following table shows the time (in seconds) and 
the distance (in feet) traveled by a rock dropped 
from a tall building. Find the relationship between 
the number t of seconds elapsed and the distance 
f(t) traveled. 
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16=16x1 


64 = 16x 4 
144= 16x 9 
256 = 16 X 16 
400 = 16 x 25 
576 = 16 X 36 





72. Assume that a rock took 10 sec to reach the ground 
when dropped from a helicopter. Using the results 
of problem 71, find the height of the helicopter. 


Discovery 


Have you ever seen a pendulum clock? Galileo Galilei 
also made various discoveries about swinging weights, 
and these discoveries led to the invention of the pendu- 
lum clock. Galileo discovered that there was a rela- 
tionship between the time of the swing of a pendu- 
lum and its length. The table shows corresponding 
values of these two quantities. (The unit length is about 
DCm) 





73. Judging from the table, what is the rule connecting 
the time f(x) of the swing and the length x of the 
pendulum? 


74. From the pattern given in the table, find the length 
of a pendulum that takes 6 sec for a swing. 


75. Find the length of a pendulum that takes 100 sec 
for a swing. 


76. The University of South Florida has a Foucault 
pendulum in its physics building. This pendu- 
lum takes 7 sec for a swing. Find the length of the 
pendulum. 





This Foucault pendulum is on display in 
the visitors’ entrance lobby of the United 
Nations General Assembly building in 
New York. 


aa Collaborative Learning 


Many decisions in business and other areas are made 
on the basis of information provided in the form of a 
graph. For example, suppose you have a restaurant and 
you have examined the graph in Example 11. Form 
two teams and answer the following questions within 
your team and then discuss them with the entire group. 


1. On the basis of the graph, would you expand dining 
facilities or kitchen facilities? 


2. How can you predict the number of annual on- 
premise and off-premise meals per person in the 
year 2000? Can you use the same technique to pre- 
dict the number for any year? 


3. Select a local restaurant with both take-out and on- 
premise facilities. One team makes a graph of the 
number of persons purchasing take-out, and the 
other team makes a graph of the number of persons 
purchasing on-premise meals during a 3-hr period. 
Label your x axis 1, 2, and 3 and your y axis with 
the number of meals purchased. Are the graphs 
similar? Would the graphs differ if a different 3-hr 
period were chosen? Explain. (If you have enough 
students to form several teams, the teams can select 
different 3-hr periods and see if there is a difference 
between graphs.) 


= 


On the basis of your graphs, can you predict 
how many take-out and how many on-premise 
meals are sold annually at this particular restau- 
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rant? What about the number of take-out and on- is it close to the one given in the graph of Example 
premise meals per person? If you have a prediction, 11? Why or why not? 


Research Questions 


1. Nicole Oresme is credited with developing a “graphical representation akin to 
our analytical geometry.” Find out what Oresme did with “latitudes,” 
“longitudes,” and the law for falling bodies. 


2. The idea of a function was discussed by Euler in his book Introduction to 
Analysis of the Infinite. Find out how Euler defined a function and how many 
basic classes of functions he considered. 


3. Who invented the notation f(x) to represent a function? 


nea 
Linear Functions and Relations 


GETTING STARTED Fitness and Graphing Functions 









yt. Have you been to a fitness center lately? Some of them display a graph showing 
your desirable hear rate target zone based on your age. The idea is to elevate your 
heart rate so that itis within a prescribed range. If your heart races during exercise, 
TABLE 6.6 the consequences may be fatal. Thus, itis recommended that your heart rate (pulse) 
not exceed 190 beats per minute regardless of age. For a 70-year-old, the recom- 
mended upper limit is 120 beats per minute. This information is shown in Table 6.6. 
Now, suppose U(a) is the upper limit in heartbeats per minute for a person 
whose age is a; can you find U(a)? Assume that U(q) is linear; it must be defined 
by an equation of the form U(a) = ma + b. Now find m and b. According to 
Table 6.6, when a = 0, U(a) = 190. Thus, 


UO) =m:0+ b= 190 





and 
b = 190 
Also from the chart, 
FIGURE 6.8 U(70) = 120 
U(@) Thus, 
180K U(10) = m-70 + 190 = 120 


Subtracting 190, 
70m = —70 


Solving for m, 


Pulse upper limit 


m= —l 


Since m = —1 and b = 190, U(a) = —1la + 190; that is, U(a) = —a + 190. To 
graph U(a) between 10 and 70, let a = 10; then U(10) = =10 + 190 = "180: 
Age Graph (10, 180). The point (70, 120) is in Figure 6.8, so plot it and draw a 
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FIGURE 6.9 
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FIGURE 6.10 














straight line through (70, 120) and (10, 180). The result is the graph for U(a). 
Why do you think the domain is between 10 and 70? 

In Section 6.7C, Example 6, you will also graph L(a), the lower limit in 
heartbeats per minute. The region between the two graphs is the target zone for 
the heart rate while exercising. You will explore more problems like this one in 


problems 29-31 of Exercise 6.2. ee 


A relation of the form 


{@, y)|y = ax +B} 


where a and b are real numbers, always defines the function f(x) = ax + b. 
(Why?) A function of this special form is called a linear function, because its 
graph is a straight line. In this section you will learn how to draw the graph of a 
linear function. 


Vertical and Horizontal Lines 


Let us look first at the case in which a = 0 in y = ax + b. Then the rule of the 
function is y = b for all real values of x. Note that x is unrestricted (any real num- 
ber) but for any value of x, y = b. This means that the graph consists of all points 
such as (0, b), (—1, b), (1 2, b), (10.26, b), and so on. Thus, the graph is a straight 
line parallel to the x axis and b units from this axis. If b > 0, the line will be above 
the x axis; and if b < 0, the line will be below the x axis. (What if b = 0?) Figure 
6.9 shows the graphs of {(x, y) | y = b} for b = —3 and for b = 2. 

A relation such as {(x, y) |x = c}, where c is a real number, is not a function, 
because y can have any real value. For instance, if R = {(x, y) | x = 2}, then 
(2, —1), (2, 0), (2, 1.75), and so on, are all ordered pairs belonging to R. 
Because x has the fixed value 2, all these points are on the line parallel to and 
2 units to the right of the y axis. In general, the equation x = c (or the relation 
{(x, y) | x = c}) has for its graph a vertical line, that is, a line parallel to and 
c units from the y axis. 

In summary, 





EXAMPLE 1 
Graph 


(a) y = —2. (b) x =2. 
Solution 


(a) The graph of y = —2 is a horizontal line parallel to the x axis and two units 
below it. Note that for any x you choose, y is always —2. The graph is shown 
in Figure 6.10. 


(b) The graph of x = 2 is a vertical line parallel to the y axis as shown in Figure 
6.10. 
a 


. Read the problem. 


. Select the unknown. 
What are we looking for? 


. Think of a plan. 

Is the graph a straight line? If it is, 
we know that two points will 
determine the line. 


. Use the preceding idea to carry out 
the plan. Find two points and then 
join them with a line. (Try to use 
points that are easy to graph.) 


. Verify the answer. 
How can we do this? 


FIGURE 6.11 


TRY EXAMPLE 2 NOW. 
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Graphs of Linear Functions and Equations 


We will now examine the general procedure that can be used to draw the graph 
of a linear function in the form f = {(x, y) | = ax + b}, or equivalently, 
f(x) = ax +b. 


Graphing Linear Functions 
Graph the function defined by f(x) = 3x — 6. 


We want to draw the graph of f(x) = 3x — 6. To do this, we need to find ordered 
pairs (x, y) that satisfy the relation f = {(x, y) | y = 3x — 6}. 


The function is of the form y = ax + b, so its graph is a straight line. To graph 
this function, we find two points on the line and draw the line through them. The 
result will be the graph of the function. 


For ease of computation, we let x = 0, to obtain y = 3 - 0 — 6, or y = —6. Thus, 
(0, —6) is one of the points. For y = 0, we have 0 = 3x — 6, or 6 = 3x; that is, 
x = 2. This makes (2, 0) another point on the line. Now we graph (0, —6) and 
(2, 0) as in Figure 6.11 and draw a line through them. The result is the graph of 
fs) —3r— 6! 


Select a point on the line, say (3, 3), and verify that it satisfies the equation 
y = 3x — 6. If x = 3andy = 3,3 = 3- 3 — 6isa true statement. 


The x coordinate of the point where the line crosses the x xis is called the x inter- 
cept of the line. Similarly, the y coordinate of the point where the line crosses the 
y axis is called the y intercept. For f(x) = 3x — 6, the x intercept is 2 and the y 
intercept is —6. Note that, in general, we may say either “graph the function f, 
where f(x) = ax + b,” or “graph the equation y = ax + b.” 


Cover the solution, write your own, and then check your work. 
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EXAMPLE 2 


FIGURE 6.12 





FIGURE 6.13 
y, 





EXAMPLE 3 


EXAMPLE 4 


Graph the equation y = —2x + 4 using the intercepts. 


Solution Since the equation is of the form y = ax + b, its graph is a straight line. 
We find the y intercept by letting x = 0 to obtain y = —2-0 + 4, ory = 4. We 
then graph the point (0, 4). For y =0, we haveO = — 2x + 4, or x = 2. We graph 
the point (2, 0) as in Figure 6.12. We then draw a straight line through (0, 4) and 
(2, 0) to get the graph of y = —2x + 4. For verification, we select a point on the 
line, say (1, 2). Substituting x = 1 and y = 2 into y == 2s ewe tave 
2 = —2(1) +14, a true statement... a 
Now that we have graphed some particular straight lines, we may wonder about 
the other relations whose graphs are straight lines. We can show that the relation 
described by {(x, y) | ax + by = c}, where a and b are not both 0, is always a lin- 
ear relation. If b # 0, we can solve the equation ax + by = c for y and obtain 


by = -ax +c 
a € 
Vet ar er 


Because a, b, and c are all real numbers, this equation is the rule for a linear func- 
tion. If b = 0 in ax + by = c, then 


ax=C 
so that 

c 

J ti 


which is the rule for a linear relation (not a function) corresponding to a ver- 
tical line c/a units from the y axis. Because of these facts, the equation 
ax + by = c, with a and b not both 0, is called a linear equation; its graph is 
always a straight line, which can be drawn using our familiar intercept proce- 
dure, as shown next. 


Graph the equation 2x + 3y = 6. 


Solution Because the equation 2x + 3y = 6 is a linear equation, we know that its 
graph is a straight line. Thus, any two points on the line will determine the line. For 
x = 0, we have 3y = 6, or y = 2, so the point (0, 2) is on the line. For y = 0, we 
get x = 3, so (3, 0) is a second point on the line. We graph these two points and 
draw a straight line through them to get the graph shown in Figure 6.13. & 


Applications 


In order to make sensible decisions in problem solving and in certain consumer 
problems, it is helpful to be able to make a quick sketch of a linear function. Such 
a situation is illustrated in the next example. 


Suppose the cost of cellular telephone service from company A is $200 for the 
telephone plus $.25 per minute of air time (the time spent talking on the tele- 


FIGURE 6.14 





FIGURE 6.15 
y 





6.2 Linear Functions and Relations 357 


phone). If m is the number of minutes of air time and C ,(™m) is the corresponding 
cost in dollars, then 


C,(m) = 200 + 0.25m 


For company B the cost is $100 for the telephone plus $.50 per minute of air 
time. If C,(m) is the corresponding cost, then 


C,(m) = 100 + 0.50m 
(a) Graph C, and C, on the same set of axes. 
(b) When will the cost be the same for these two companies? 


(c) If cost were the only consideration, from which company would you get the 
service if you are planning to have more than 400 min of air time per month? 


Solution 


(a) Since C, and C, are both linear functions of m, their graphs are straight lines. 
For m = 0, C,(0) = 200, so (0, 200) is on the graph of C,. For m = 100, 
C,(200) = 200 + 0.25(200) = 250, so (200, 250) is also on this graph. We 
draw a line through these two points as shown in Figure 6.14. Similarly, for 
m = 0, C,(0) = 100, and for m = 200, C,(200) = 200. Thus, the two points 
(0, 100) and (200, 200) are on the graph of C,. Again, we draw a line through 
these two points as shown in Figure 6.14. 


(b) Since both lines pass through the point (400, 300), it is clear that the cost is 
the same for both companies when 400 min of air time are used. 


(c) You can see from the graph that company A will cost less if you are planning 
to use more than 400 min of air time per month. i 


Distance Between Two Points 


In this section we have noted that the line y = b 1s a line parallel to the x axis and 
b units from it (see Figure 6.9). Similarly, the line x = a is a line parallel to the 
y axis and a units from it (see Example 1). It is not difficult to find the distance 
between two points on a horizontal or on a vertical straight line, that is, on a line 
y = boronaline x = a. 

Suppose that we have two points, say A and B, on the same horizontal line, 
the line y = b in Figure 6.15. Then their coordinates are (x,, b) and (x,, b), as in 
Figure 6.15. Because x, and x, are the directed distances of the respective 
points from the y axis, the length of AB is | x, — Xy |. Denoting this length by 
| AB |, we have the formula 


| AB | = |x, —x;| (1) 


Similarly, if the two points C and D are on the same vertical line, their coor- 
dinates are (a, y,) and (a, y,), and the length of CD is 


|CD|=|y, —y,| (2) 


To obtain a formula for the distance between any two points, we use the 
Pythagorean theorem. 
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FIGURE 6.16 





Gee en 


FIGURE 6.17 
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|AB| = V(x, — x)? + (2 — 4)? 


y 





EXAMPLE 5 


EXAMPLE 6 


EXAMPLE 7 





The Pythagorean theorem will be discussed in greater detail in Section 7.6. 

In Figure 6.17, A(x,, y,) and B(x,, y,) represent two general points. The line 
BC is drawn parallel to the y axis and the line AC is drawn parallel to the x axis, 
so ABC is aright triangle with right angle at C. Because A and C are on the same 
horizontal line, they must have the same y coordinates. Likewise, B and C are on 
the same vertical line, so they have the same x coordinates. Thus, the coordinates 
of C must be (x5, y,). By the Pythagorean theorem, the length of AB is given by 
|AB| = Vac)? + |BC|2. By equations (1) and (2), |AC| = |x, — x,| and 
|BC | = |y, — y,|. Thus, we have the following: 





Find the distance between the points A(2, —3) and B(8, 5). 


Solution By equation (3), 
|AB| = V(8 — 22 + [5 — (-3)? 
= V6 + 8 = V36 + 64 = V/100 = 10 


The distance between A and B is 10 units. |_| 


Find the distance between the points A(—1, —4) and B(—3, 5). 
Solution As in the preceding example, we find 
|AB| = V[-3 — (DP + (5 — Cap 
= Va + 8 = Var Bl = VE 


With the aid of a table of square roots (or a calculator), we could express this 
result in decimal form. However, the indicated root form, V’85 units, is adequate 
for our purposes. B 





One of the most destructive forces in nature is a hurricane. In the grid each unit 
represents 100 mi. At 3 P.M. the center of the hurricane was at (2, —1). Hurricane 
force winds extend 150 mi out from the center, and it is predicted that the center 
will be at (1, —1) in 5 hr. Computer models indicate that after that the hurricane 
will move directly NW toward Tampa at the same speed. 


ga 

www: 

If you do not have a graphing 
calculator and want to use one, 
access link 6.2.1 at the Bello 
Web site. To further explore 
points and lines, or the distance 
formula, access links 6.2.2 and 
6.2.3 at the Bello Web site. 
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(a) How fast is the hurricane moving? 


(b) How far is the hurricane from Tampa at 8 P.M.? 
(c) Will Tampa feel hurricane force winds at 8 P.M.? 
Solution 


(a) The hurricane moved from (2, —1) to (1, —1), a distance of 100 mi (see the 
grid in the figure) in 5 hr. Thus, the hurricane is moving at 20 mph. 


(b) At 8 P.M. the center of the hurricane is at (1, —1), so we have to find the dis- 
tance from (1, —1) to (0, 0). Let (x, y) = (O, 0) and (x), y;) = C1, —1). Sub- 
stituting in the distance formula, d = V(0 — 1)2 + [0 — (-1)}? = v2. 
Since each unit represents 100 mi, the actual distance from Tampa is 
100V2 ~ 141 mi. 


(c) Yes. Theoretically at least, hurricane force winds extend 150 mi from the 
center and the hurricane center is 141 mi from Tampa. & 


2. In the table, the entries in the two columns have a 


common, simple quadratic relationship, y = ax?. 


1. In the table, the entries in the two columns have a Find the missing entry. 
common, simple linear relationship, y = ax. Find 


the missing entry. 





(Remember to bookmark the Bello book-specific Web site.) 





| Info | = j] http://college.hmco.com/mathematics ] Seayeh 
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In problems 3-18, graph each linear function or 
equation. 


3: j (x) = Sx +16 4. f(x) =2x+5 
5. f(x) =3 6. f(x) = -2 
1% 1 8. x=4 

iG) = =x +2 10. f(x) = -—2x -—4 
et) = — 3x 0 12. g(x) = —2x + 6 
13. 3x + 2y = 6 14. 4x + 3y = 12 
iSi4eop oy = 6 16. =3x- 2y = 12 
17. 4x — 3y = 12 18. 3x — 5y = 15 


In problems 19-28, find the distance between the 
given points. 


19. (2, 4) and (—1, 0) 20. (3, —2) and (8, 10) 
21. (=4;.—5) and (—1, 3).22. (S, 7) and (—2, 3) 
23. (4,.—8) and (1, —1). 24. (—2)=2) and(6; —4) 
25. (3, 0) and (3, —2) 26. (4, —1) and (6, —1) 
ZH 2, 3) anidi(= 27-7) (28: (1, = 5) ands) 


29. Elite Catering charges $500 to plan a banquet plus 
$25 per plate. Society Catering’s charges are 
$1000 for the planning and $20 per plate. Let E(x) 
and S(x) represent the cost of a banquet for x per- 
sons catered by Elite and Society, respectively. 

a. Find E(x) and S(x). 

b. Graph E(x) and S(x) on the same set of axes. 

¢c. Find the number of persons for which the cost 
is the same with either company. 


30. The costs (in dollars) of a repair call taking 
x hr or fraction thereof from companies A and B 
are, respectively, 


C,(x) = 20x + 30 and C(x) = 10x%4+-750 


a. Graph C, and C, on the same set of axes. 
b. For how many hours is the cost the same for 
either company? 


31 


Economy telephone calls to Spain from Tampa, 
Florida, have to be made between 6 P.M. and 7 A.M. 
The rates for calls dialed direct during those hours 
are $1.16 for the first minute or fraction thereof and 
$.65 for each additional minute or fraction thereof. 


a. Let ¢ (in minutes) be the duration of a call, and 
make a table of the cost C(t) forO <t 5. 
b. Draw a graph of C(t) forO <¢ = 5. 


32. Use the rates described in problem 31. 

a. José wanted to call his dad in Spain during the 
economy hours, but José had only $5. How long 
a‘call could he make without exceeding his $5? 

b. Maria called her mother in Spain during the 
economy hours and was charged $7.01. How 
long was Maria’s call? 


33. Does your area have an evacuation map? In the 
case of floods, for example, persons in low-lying 
areas are ordered to evacuate. Suppose an evacua- 
tion order is issued for all people living within a 
radius of 10 mi from an area with coordinates 
(2, —3). If your house is located at (—2, 3), do you 
need to evacuate? (Coordinate units are in miles.) 


34. When a train carrying poisonous gas derails, 
authorities order all people living within a 5-mi 
radius to evacuate the area. The derailment loca- 
tion has coordinates (—3, 5) and your location is 
at (2, 7). How far are you from the derailment, and 
are you in the evacuation zone? (Coordinate units 
are in miles.) 


Teenage drinking 
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Source: U.S. Center for Disease Control. 


35. The percent of 12—17-year-olds who consumed 
alcohol in the past month is as shown (in above 
figure) and can be approximated by D(t) = -3 
t + 50, where t is the number of years after 1975. 
According to this model, 

a. what was that percent in 1975? 

b. what would it be in the year 2000? 

c. in which year would there be no 12—17-year- 
olds who consumed alcohol in the past month? 


Number of children home educated in the United States 
(estimated) 


1,400 ee 
1,200 


1,000 + 


38. 
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d. Are y = Vand y = M functions? How do you 
know? 


The table shows the mean English and math ACT 
scores from 1995 to 1998. 


Thousands 


800 + 
600 + 
400 + 


200 





°83 785 "88°90 92 9S) SAI 95 196 97. 
Year (fall of school year) 


Source: National Home Education Research Institute, Salem, Oregon. 


36. Would you like to attend school at home? The esti- 


a7 


mated number of children C(t) doing so (see 
above figure) is given by C(t) = 131t + 684 (thou- 
sand), where ¢ is the number of years after 1992. 
a. According to this model, what would the num- 
ber be in 2002? 
b. Find the number of children added each year. 
c. Compare your answer with the coefficient of t. 
d. For the 50 years before 1992, would you 
expect the shape of C(f) to differ from the pres- 
ent graph of C(f)? Explain. 


The table shows the mean verbal and math SAT 
scores from 1995 to 1998. 





Source: The College Board. 


a. Graph the points representing the data for both 
the verbal and the math portions. 

b. Calculate the average verbal score V and the 
average math score M for 1995-1998. 

c. Graph y = Vand y = M in the same coordinate 
system. How well do y = V and y = M model 
the data you graphed? 





a. Graph the points representing the data for both 
the English and the math portions. 

b. Calculate the average English score E and the 
average math score M for 1995-1998. 

c. Graph y = E and y = M in the same coordinate 
system. How well do y = E and y = M model 


the data you graphed? 
d. Are y = E and y = M functions? How do you 
know? 


@™  1n Other Words 


39. Suppose the three vertices of a triangle are 
A(d,, ay), B(b,, b,), and C(c,, ¢c,). Explain in 
detail how you can determine whether the triangle 
is a right triangle. 


40. Explain in detail how you can use the Problem 
Solving procedure given in this section to graph 
y=b. 


41. Explain in detail how you can use the Problem 
Solving procedure given in this section to graph 
x=. 


42. Explain in detail the steps you would use in graph- 
ing f(x) = ax + Db, then look at the Discovery 
problem and see if your steps are similar. 


- Discovery 


The ideas developed in this section for graphing lines 
can be summarized by means of a flowchart. A flow- 
chart is a pictorial representation showing the logical 
steps that have to be taken in order to perform a task. 
The basic component of a flowchart is a box that 
contains a command. For example, says to take 
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x, a previously given quantity, and let it be equal to 0. 
In mathematics, this instruction is given as 


Let x a 0. 


The figure shows a flowchart that can be used to find 
the graph of any line not passing through the origin. 


Flowchart for graphing a line 


For y = 2x + 6, 
y=2-0+6=6 
y= 6 
Graph the point 
(0, y) 
0=2x+6 
x=-3 


Graph the point 
(x, 0) 


Join the two 


points with a line 





An example of how it works for the line y = 2x + 6 
follows. 





GETTING STARTED 


meee 





nee 
Equations of a Line 





Use the flowchart technique to graph the linear relations 
you graphed in the following problems of Exercise 6.2: 


43. Problem3 44. Problem4 45. Problem 9 

46. Problem 10 47. Problem11 48. Problem 12 
49. Problem 13 50. Problem 14 51. Problem 15 
52. Problem 16 53. Problem 17 54. Problem 18 


a Calculator Corner 


You can use a calculator to find the distance between 
two points. For example, to find the distance between 
(2, —3) and (8, 5), you must use equation (3). Here are 
the steps you need. Press 


(IEIZIDIRI-EILOEIEIBIEID I 
[=]L1 (or [2nd][2 x) 
Note that in this case the answer appears as 10. If you 


work Example 6 using a calculator, your _answer will 
be 9.219544457, an approximation for 1 85. 


1. Do problems 19, 21, 23, 25, and 27 with your 
calculator. 





A Graphic Look at Engine Deposits 


Study the advertisement in Figure 6.18. It shows that engine deposits increase 
if you do not use Texaco gasoline and decrease if you do. How fast do the 


deposits increase or decrease? To find out, you can look at the ratio of deposit 
weight (in milligrams) to tanks of gas. Without Texaco gas, the deposits 
increased from 250 to 400 mg after using approximately one tank of gas. Thus, 


Mg of deposit «400 =250 


mg 





Tanks of gas 


i = 150 rr 


— 


FIGURE 6.18 

In the BMW test, Texaco’s new 
System? gasoline removed 
performance-robbing deposits 
left by ordinary gasoline. 


FIGURE 6.19 
$20,000 invested at 8% per year 
in three ways 
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450 + 
400 + 


350 


Deposit weight, mg 


300 





250 


Tank Tank Tank 
1 5) 13 


How fast did the deposits decrease? They went from 400 to 300 mg after using 
about 12 tanks of Texaco. The ratio of decrease is given by 
Mg of deposit 300-400 100 <1 mg 


Tanks ofgas "13-1 °° “12° “3 tank 


The ratio of milligrams of deposit to tanks of gas, or in general the ratio of 
rise (difference in y values) to run (difference in x values) for a line, is called the 
slope of the line. The slope of the increasing line is 150 mg per tank while the 
slope of the decreasing line is — 8} mg per tank. Note that the slope of an increas- 
ing line (rising from left to right) is positive and the slope of a decreasing line 
(falling from left to right) is negative. Now, one more point. The two lines look 
almost perpendicular to each other, so if one has slope m, the other one must have 


slope —1/m (see problem 46 in Exercise 6.3). Is this the case? If not, what is 


wrong? Think of how you can redraw the graph more accurately to reflect the 


actual situation. ee 


Obviously, the best investment in the graph in Figure 6.19 is the tax-exempt 
account. Can you tell when the account produces the most money? Since the line 


$200,000 
$180,000 
$160,000 
$140,000 - 
$120,000 
$100,000 
$80,000 
$60,000 
$40,000 
$20,000 





5 10 15 20 25 30 
Years 


Note: Life-insurance policy is single-premium, variable-life coverage for a 35- 
year-old-male. Assumes interest on other accounts is reinvested. 
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DEFINITION 6.3 





is steeper during the last 5 years, that is when the account will produce the most. 
The annual amount produced in the last 5 years is approximately 


‘ 
* 


200,000 — 140,000 _ 60,000 


30 — 25 yaar 


That is, the rate of change in the account over the last 5 years is about $12,000 
per year. In general, when you look at a line graph and speak of its “rate of 
change,” you are referring to the slope of the line. 


é 


Slope 


In mathematics, an important feature of a straight line is its steepness. We can 
measure the steepness of a nonvertical line by means of the ratio of the vertical 
rise (or fall) to the corresponding horizontal run. We call this ratio the slope. 
For example, a staircase that rises 3 ft in a horizontal distance of 4 ft is said to 
have a slope of 3 (see Figure 6.20). By the way, most building codes specify that 
the maximum safe slope for stairs is 0.83. Is this staircase safe? 

In general, we use the following definition: 





Figure 6.21 shows the horizontal run x, — x, and the vertical rise y, — y, 
used in calculating the slope. We do not define slope for a vertical line because 
X, — x, = 0 and division by 0 is not defined. The slope of a horizontal line is 
obviously 0, because all points on such a line have the same y values. 


FIGURE 6.20 FIGURE 6.21 
Slope = The slope of a line: 
Eera sey] 
m= X= x," # X, 
yy 


an es 





FIGURE 6.23 
Line with negative slope 


ey) 
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EXAMPLE 1 
Find the slope of the line that goes through the points (0, —6) and (3, 3). 


Solution The two given points are shown in Figure 6.22. Suppose you choose 
(X;, ¥,) = (0, —6) and (x,, y,) = (3, 3). Then you get 


py AO) 
=> oe 


If you choose (x,, y,) = (G, 3) and (x,, yy) = (0, —6), then 


Oe wo <9 
0-3 -3 





m= =3 


FIGURE 6.22 
Line with positive slope 


y 





As you can see, it makes no difference which point is labeled (x,, y,) and which 
is labeled (x,, y). Since an interchange of the two points simply changes the sign 
of both the numerator and the denominator in the slope formula, the result is the 
same in both cases. a 


EXAMPLE 2 


Find the slope of the line that goes through the two points (3, —4) and (—2, 3). 
See Figure 6.23. 


Solution We take (x,, y,) = (—2, 3), so that (x,, yy) = (3, —4). Then 


—AlaA3 i, 
Tay oS = 
Examples 1 and 2 are illustrations of the fact that a line that rises from left to 
right has a positive slope and one that falls from left to right has a negative 
slope. Note that the slope of a line gives the change in y per unit change in x. 
A summary for slopes follows on page 366. 
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Slope Summary 

A line that falls from The slope of a vertical _A line that rises from + A horizontal line has zero 

left to right has anega- _line is undefined. Since left to right has a posi- _ slope. piece 50 is 4 = 0, 

tive slope. ko 0; “five slope. a yo oO 

y ne or Yoo 7 eo - c a . fy Co 
te, oe, 5 : . 





Positive _ 
slope 






Negative 
slope 








so m is undefined. 


A y 






AGL yp {J Q 12 
x2 -x1 =0 | AQ], y)) — 





undefined. | B(x, y2) 





B. Equations of Lines 


FIGURE 6.24 The slope of a line can be used to obtain an equation of the line. For example, 
suppose the line goes through a point P,(x,, y,) and has slope m. See Figure 6.24. 
We let P(x, y) be any second point (distinct from P,) on the line. Then, by 
Definition 6.3, the slope of the line in terms of these two points is 
Vay 
ey 





ang 


Multiplying both sides by (x — x,), we get y — yy San (x — x,). 





The point-slope form of the equation of a line with slope m oe passing 
through the pe (X1, Y)) is 





Yume 7 
This equation must be satisfied by the coordinates of every point on the line. 


EXAMPLE 3 Find an equation of the line that goes through the point (2, —3) and has slope 
m= —4, 


FIGURE 6.25 
y=-4 +5 
y 





EXAMPLE 4 





| To find the x or y intercept of 
) a line, solve for y, press 
) and enter y = (5 — em 
_ To get integral values, press 
| [TRACE]. ITRACE}. Use the [>] or [<] 


| buttons to find the y intercept — | 
| 1.6666667 as shown. 
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Solution Using the point-slope equation (1), we get 
y—(—3) = -4@ - 2) 
yt3 = 44+ 8 
Ni Ani a 
An important special case of equation (1) is that in which the given point is 


the point where the line intersects the y axis. Let this point be denoted by (0, bd); 
bis the y intercept of the line. Using equation (1), we obtain 


y—b=m(x- 0) 
and, by adding b to both sides, we get y = mx + b. 





Notice that the answer to Example 3 was given in the slope-intercept form. This 
form is convenient for reading off the slope and the y intercept of the line. Thus, 
the answer to Example 3 immediately tells us that the slope of the line is —4 and 
the y intercept is 5 (see Figure 6.25). | 

| 


Find the slope and the y intercept of the line with equation 6x + 3y = S. 


Solution By equation (2), the slope-intercept form of the equation of a line is 
y = mx + b, where mis the slope and b is the y intercept. We can solve the given 
equation for y by subtracting 6x from both sides and then dividing by 3 and 
obtaining 


5 

y= ae 3 
an equation in the slope-intercept form, y = mx + b with m = —2 and b = 2 
Thus, the slope m of the given line is —2 and the y intercept b is 3. a 


The procedure of Example 4 can be followed for any equation of the form 
Ax + By = C, where B # 0, to obtain an equation in the slope-intercept form. If 
B = 0, then we can divide by A to get x = C/A, an equation of a line parallel to 
the y axis. Thus, we see that every equation of the form 


Ax + By=C 


where A, B, and C are real numbers and A and B are not both 0, is an equation 
of a straight line. 

On the other hand, we can show that every straight line has an equation 
of the form Ax + By = C. Any line that is not parallel to the y axis has a slope- 
intercept equation y = mx + b, which can be written in the form mx — y = —b 
by subtracting b and y from both sides. This last equation is of the form 
Ax + By = C, with A = m, B = —1, and C = —b. For example, the equation 
y = 2x + 5 can be written in the form 2x — y = —S by subtracting 5 and y from 
both sides. This equation is the special case of Ax + By = CwithA = 2,B= —1, 
and C = —5. Aline parallel to the y axis has an equation x = a, which is already 
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of the form Ax + By = C, withA = 1, B = 0, and C = a. Thus, we see that every 
straight line can be described by the equation Ax + By =C. 





EXAMPLE 5 _ Find the general form of the equation of the line that passes through (6, 2) and 
(3, —2). 


Solution We first find the slope of the line. 
=D De ee te A 


BeOS 


m= 


Then, using the point-slope form, we find the equation 


y—2=3(x— 6) 
3y — 6 = 4x — 24 
4x — 3y = 18 


We can check this answer by seeing that (6, 2) and (3, —2) are both solutions of 
the equation. & 


The ideas of Example 5 can often be used to obtain a simple formula that 
summarizes a group of data in a convenient form. For example, Table 6.7 shows 
the desirable weight range corresponding to a given height for men and for 
women. 


TABLE 6.7 


Height Men 
(in.) 


108-134 98-123 
112-139 102-128 
116-144 106-133 
120-149 110-138 
124-154 114-143 
128-159 118-148 
132-164 122-153 
136-169 126-158 
140-174 130-163 
144-179 134-168 
148-184 138-173 
152-189 

156-194 

160-199 

164-204 





EXAMPLE 6 


EXAMPLE 7 
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Can we find an equation giving the relationship between height and weight? 
First, we must realize the following two things: 


1. Men are heavier, so there will be one equation for men and another equation 
for women. 


2. The table gives only weight ranges. For instance, a 76-in. (6-ft 4-in.) man 
should weigh between 164 and 204 lb. 


Hence, to write an equation requires ideally that we be more specific, as in the 
next example. 


Find an equation that gives the relationship between a man’s height h (in inches) 
and his weight w (in pounds) using the lower weights in Table 6.7 as the desir- 
able ones. 


Solution If we examine the heights and the corresponding weights in Table 6.7, 
we see that the heights increase by | in. from one entry to the next and the cor- 
responding weights increase by 4 lb. This means that all the points (62, 108), 
(63, 112), ..., (76, 164) lie on one straight line, because the slope of a line con- 
necting any consecutive pair of these points is the same as the slope of the line 
connecting any other consecutive pair. Thus, we want to find the equation of this 
line. The slope of the line is easily obtained by using the first pair of points 
(62, 108) and (63, 112). 

tel? eS 4 

van MOS oan 


Then, we can use the point-slope form of the equation to obtain 


w — 108 = 4(h — 62) 
w — 108 = 4h — 248 
w = 4h — 140 


We can check this against entries in Table 6.7. For example, for a 72-in. (6-ft) 
man, the equation gives 


w = 4(72) — 140 
= 288 — 140 = 148 


which agrees with the table entry. | 


Parallel Lines 


Since the slope of a line determines its direction, you can see that two lines with 
the same slope and different y intercepts are parallel lines. The next example 
makes use of this idea. 


Show that 3y = x + 2 and 2x — 6y = 7 describe parallel lines. 
Solution Solve each equation for y and obtain 
y=ax+3 and y=4x-% 


These equations show that both lines have slope +. The y intercepts are different, 
so the lines are parallel. # 
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TABLE 6.8 


Two points (x,, y,) and (%, y5), Two-point form: 
Mere ks — yay, = m& — x,), where 


Ly (¥2 — Yq — X1) 
A point (x,, y,) and the slope m Point-slope form: 
yy, = mx — x) 
The slope m and the y intercept b Slope-intercept form: 
y=mxt+b 





You have learned how to identify and work with many of the properties of 
lines. At this point, many students ask, “Which formula should we use in 
the problems?” Table 6.8 tells you which formula to use, depending on what 
information is given. Study Table 6.8 before you attempt the problems in 
Exercise 6.3. The resulting equation can always be written in the general form 
Ax + By =C. 


Problem Solving 


Rowe ecto ene ra 
Finding the Equation of a Line 


. Read the problem. Find the equation of the line parallel to 2y = 6x + 5 and passing through (1, 2). 
. Select the unknown. You are asked to find the line parallel to 2y = 6x + 5 and passing through (1, 2). 


. Think of a plan. If the new line is to be parallel to 2y = 6x + 5, or equivalently, y = 3x + 2, the 
Find the slope of the given line and new line must have slope m = 3. Since the line passes through the point (1, 2) 
use it in finding the equation of the and has slope m = 3, use the point-slope formula 
new line. 

. Use one of the formulas to find the 
equation. with m = 3 and (x,, y,) = (1, 2) to obtain 
Which formula can you use? y=2 = 30 


y— y, = mx — x;) 


. Verify the solution. To verify your answer, solve for y in y — 2 = 3(x — 1) to obtain y = 3x — 1. This 
equation has slope 3, thus is parallel to the given line, and passes through (1, 2) 
since 2.— 2 =3( lal), 


TRY EXAMPLE 8 NOW. Cover the solution, write your own, and then check your work. 





EXAMPLE 8 Find the equation of a line parallel to 3y = —6x + 8 and with y intercept —3. 


Solution The line 3y = —6x + 8 has slope —2. (Why?) Since we want to find a 
line parallel to 3y = —6x + 8, the new line must also have slope m = —2. We 
now have the slope and y intercept of the line we want. Using the slope-intercept 


form y = mx + b with m = —2 and b = —3, we obtain the desired equation 
y= 2x = 3, ai 


FIGURE 6.26 
Teenage drinking 


EXAMPLE 9 


www: 
To further explore lines and 


slopes, access links 6.3.1 and 
6.3.2 at the Bello Web site. 


(Remember to bookmark the Bello book-specific Web site.) 
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Applications 


In Exercise 35, Section 6.2, we approximated the percent of 12—17-year-olds 
who consumed alcohol in the past month by D(t) = —3t + 50. Now we are ready 
to show you how we did it so you can do it too! 


N Ww £ Nn 
3 SS Oo 'S 


= 
ce) 





© 


Percentage of 12- to 17-year-olds who 
consumed alcohol in the last month 


1975 1980 1985 1990 1995 


Source: U.S. Center for Disease Control. 


(a) Find the equation of the line shown in Figure 6.26. 
(b) How can you interpret the slope of the line? 


Solution We can find the equation of a line if we know the slope m and the y 
intercept b. The slope m of the line in the graph is 
tiser™ 30. 3 


mi 20° 2 


m= 


and the y intercept b = 50 (see Figure 6.26). Thus, the equation of the line is 


y= —3t + 50, or in function notation, D(t) = —3t aa 
The slope of the line indicates that the percent of 12—17-year-olds who con- 
sumed alcohol in the past month is decreasing at an annual rate of 1.5%. a 


| wal | eer It 2 


| We can use a grapher to find the equation of a 
| line given two points. To do Example 1, press 

: [1] and enter 0 and 3 under L1 and —6 
| and 3 under L2; then press [>] [4] 

: to get the equation y = ax + b, with 

| a = 3 and b = —6 that is, the line y = 3x — 6. | 
Graph this line. Now graph the two points we inn Ba 


) entered in the table by using 
[GRAPH]. Does the line pass 


} 


| through the two points? (See Window 1.) 


; 
: 
i 
i 





continued | 


; 





| Info | = J http://college.hmco.com/matnematics 
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Ly In problems 1-10, find the slope of the line that 
passes through the two given points. 


- (1, 2) and (3, 4) 

. (0, 5) and (5, 0) 
sears =p and, 4) 
- (0, 0) and (12, 3) 
15 1) and (= 107 10) 
=(6, ))jand (—2. 5) 

(4. = 3) and (2.—3) 


ae (1,2) and =sn=4) 
4. (3, —6) and (5, —6) 
6. (—2,=5)and (| 1-6) 


Gi In problems 11-16, find the slope-intercept form 
(if possible) of the equation of the line that has the 
given properties (m is the slope). 


11. 
12. 
13: 
14. 
aS: 
16. 


Passes through (1, 2); m = 4 
Passes through (—1, —2); m = —2 
Passes through (2, 4); m = —1 
Passes through (—3, 1); m = 3 
Passes through (4, 5); m = 0 


Passes through (3, 2); slope is not defined (does 
not exist) 


In Example 3, we are given the point (2, —3). 4B 
Since the slope is —4 = 54, move | unit right and =, | * yp. 
4 units down to reach the point (3, —7). We now 
have two points. So we use the same procedure 
and find the equation of the line y = ax + b, with 
a= —4and b = 5, that is, the line y = —4x + 5S. 
(See window 2.) In the Problem Solving section 
we are given the point (1, 2) and we want a line 
parallel to 2y = 6x + 5, that is, y =", which 
has slope 3 = }. This means that the change in x 
is | and the change in y is 3. Starting at the point 
(1, 2), we go 1 unit right and 3 units up, ending at 
(2, 5). We now have two points, (1, 2) and (2, 5), 
so we can follow our previous steps to make two 
lists and get an equation of the form y = ax + b. 
For (1, 2) and (2, 5), a = 3 and b = —1; that is, 

y = 3x — 1 as before. Now check Example 8. 





Window 2 
y=-4x+5 








Window 3 
y=3x-1 


Sn eee rT RYN A ETT RNP Stn ef Renee einen 


In problems 17-26, find the following for the graph of 
the given equation: 


a. The slope b. The y intercept 
WY. y=x2 18. 2x + y=3 
19. 3y = 4x 20. 2yv=x+4 
21.x+y=14 22, y—4x=8 
23. y=6 24. 2y = 16 

25. x =3 26. 3x = —6y + 9 


In problems 27-32, find the general form of the equa- 
tion of the straight line through the two given points. 


27. 
29. 
31. 
SBF 


34. 


CL > byrand:(242) 
3)2) andQ73) 
(0, 0) and (1, 10) 


28. (—3, —4) and (—2, 0) 
30. (3, 0) and (0, 5) 
32. (—4, —1) and (—4, 3) 


Use Table 6.7 to find a formula relating the height 
h of aman and his ideal weight w given by the sec- 
ond number in the weight column. See Example 6. 


Use Table 6.7 to find a formula relating the height 
h of a woman and her weight w as given by 
the first number in the weight column. See 
Example 6. 


35; 


36. 


Repeat problem 34 using the second number in the 
weight column. 


On the basis of your answer to problem 35, if a 
woman weighs 183 pounds, how tall should she 
be? (This is not given in Table 6.7.) 


In problems 37—42, determine whether the given 
lines are parallel. 


Sf: 
38. 
a2. 
40. 
41. 
42. 
43. 


44. 


45. 


Voto. ax — Ly =") 
y=4-—5x; 15x + 3y =3 
ZT Ook — 2y = —9 
3s + 4y = 4; 2x — 6y = 7 
Ler Ps 2x + t4y = 21 
y=5x-12;y=3x-8 


Find an equation of the line that passes through the 
point (1, —2) and is parallel to the line 4x — y = 7. 


Find an equation of the line that passes through the 
point (2, 0) and is parallel to the line 3x + 2y = 5. 


It is shown in analytic geometry that two lines, 
a,x + byy = c, and a,x + byy = Cc, are perpen- 
dicular if and only if 


aa, + bib, =0 


that is, two lines are perpendicular if and only if 
the sum of the products of the corresponding 
coefficients of x and y in the general form of the 
equations is 0. This leads to a very easy way of 
writing an equation of a line that is perpendicular 
to a given line. For instance, if the given line is 


Graph for Exercise 48 
(on page 374) 


46. 


47. 
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3x + Sy = 8, then for each real number c, 
5x — 3y = c is a line perpendicular to the given 
line. This is obvious because (3)(5) + (5)(—3) = 
0. Notice that all we need to do to form the left 
side of the second equation is interchange the 
coefficients of x and y in the first equation and 
change the sign of one of these coefficients. If we 
wish to have the second line pass through a speci- 
fied point, we select the value of c so that this hap- 
pens. Thus, if the second line is to pass through 
(3, 2), then c has to be selected so that (3, 2) is in 
the solution set of the equation. Hence, 


5(3) — 3(2) =c or c=9 


The line 5x — 3y = 9 passes through (3, 2) and is 
perpendicular to the line 3x + S5y = 8. In each of 
the following problems, find an equation of the 
line that is perpendicular to the given line and 
passes through the given point: 

aia oy 7 32,0)) (Day =e: (G1) 
Cok = 2y = 3; O..42). 2s 4x oe Sy = 9. (Ie) 


If the lines y = mx + b,, m, # 0, and 
y = m,x + b, are perpendicular, then 
m, = —I1/m,. Show this by referring to problem 
45. This leads to the simple statement that the 
slopes of perpendicular lines are negative 
reciprocals of each other. Why do we need the 
condition m, # 0? 


A line passes through the two points (0, 0) and 
(100, 200). A second line passes through the two 
points (0, 10) and (790, —405). Can you see how 
to determine whether these are perpendicular 
lines? (Hint: Look at problem 46.) 


U.S. Resident Pleasure Travel Volume 


Person-trips of 100 mi or more, 
one-way (in millions) 
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48. The graph on page 373 shows the U.S. resident 
travel volume from 1986 to 1997. Assume that the 
graph is a straight line. 

a. The slope of the line is rise/run. Find the slope 
from 1986 to 1996. 

b. What is the slope-intercept equation of the 
line? 

c. If P(t) represents a function indicating the 
number of millions of person-trips, where t is 
the number of years after 1986, what is P(t)? 

d. The slope of the line is simply a ratio. What 
does the ratio represent? 

e. How many millions of person-trips would you 
predict for the year 2006? 

f. Note that the trips are one-way! How would 
you predict the total number of millions of 
person-trips? 


49. Suppose the graph of net unit sales (below) is a line. 
a. What is the slope of the line and what does it 
represent? 
b. What is the y intercept? 
c. If U(t) represents the number of unit sales (in 
millions) after 1993, what is U(t)? 
d. What are the projected unit sales for 2010? 


@®™” In Other Words 


50. Explain why it is impossible to find the slope of a 
vertical line. 


51. Explain why the slope of any horizontal line is 0. 


Graph for Exercise 49 


52. Refer to problem 46. If m, = 0, then the first equa- 
tion becomes y = b,. What lines are perpendicular 
to this line? Explain. What are the equations of 
these perpendicular lines? 


Ge Using Your Knowledge 


The accompanying table will be used in problems 
53-57. 


Building Codes Standards for Slope and Safety 


Ramps—wheelchair 
- Ramps—walking © 
Driveway or street parking 





53. The steepest street in the world is Baldwin Street 
in Dunedin, New Zealand, with a rise of 1 m for 
every 1.266 m. 

a. What is the slope of this street? (Answer to two 
decimal places.) 
b. Is it safe to park on this street? 


54. Filbert Street, in San Francisco, has a rise of 10 ft 
- for every 31.7 ft. 
a. What is the slope of this street? (Answer to two 
decimal places.) 
b. Is it safe to park on this street? 


Book publishers’ net dollar sales and net unit sales* 


$30,000 
25,000 
20,000 
15,000 
10,000 
5,000 


Book publishers’ net dollar 
sales (in millions) 


0 
1993 





194. 895 96 707, 





30,000 
25,000 
20,000 
15,000 
10,000 
5,000 


sales (in millions) 


Book publishers’ net unit 






* . a o 
Includes trade, mass market, professional, educational, and university press publishers. 


Source: Book Industry Study Group. 


55. A walking ramp to the library has a run of 1.6 ft 
and a rise of 0.4 ft. 
a. What is the slope of this ramp? 
b. According to the standards, is this a safe ramp? 


56. A wheelchair ramp connecting the street to the 
ticket office at the Sun Dome ends 8 ft above street 
level. What is the shortest run this ramp can have 
and still meet safety standards? 


57. An architect is designing a driveway. When a grid 
is placed over the plans, the top of the driveway 
has coordinates (124, 20) and the bottom of the 
driveway has coordinates (108, 16). Will this 
driveway meet safety specifications? If the bottom 
of the driveway has coordinates (x, 16), what 
should x be so that the slope is the maximum 
allowable? 


Discovery 


We’ ve mentioned that graphs could be used to make an 
algebraic model when solving problems. Make a 
model to solve problems 58-60. 


58. The Home Show at the Fairgrounds charged a flat 
parking fee and an additional amount for admis- 
sion to the show. Study the chart and discover the 
parking fee and the admission price. 


Total Paid 


Number of Persons 





59. Garcia’s Plumbing charges a fixed fee for making 
a service call plus an hourly rate for each hour the 
plumber spends making the call. Study the table 
and discover the fixed fee and the hourly rate for 
each service call. 


Total Paid $110 $60 $160 


Number of Hours 3 1 5 





60. A cellular calling plan charges a monthly fee plus 
an additional amount for each minute of air time 
(the time spent talking on the phone). Study the 
table and discover the monthly fee and the charge 
per minute of air time. 
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@ @ 
ae Collaborative Learning 


Divide the class into teams of males and females. Place 
a ruler on the floor, take off your shoes, step on the 
ruler and measure the size L of your foot (in inches). 
Now measure your height H (in inches). 


1. Record the results as ordered pairs of the form 
(L, H). 


2. Graph the ordered pairs in a coordinate system. 
Each unit should be 1 for L and 10 for H. 


3. Average all the L’s and all the H’s in each group and 
form the ratio 


Average of H’s _ rise _ 
Average of L’s run 


4. Graph the equation y = mx on the same coordinate 
system you used in problem 2. Is it a close fit? 


5. What would be the formula for finding the height of 
a male or a female based on foot size? 


6. How would you state your result in terms of 
variation? 


7. What would the constant of variation be for males? 


8. What would the constant of variation be for 
females? 


PA Skill Checker 


Do you remember how to graph relations and func- 
tions? We will need this concept in the next section! 
Here are some practice problems for you. 


1. If f(x) = x2, find and graph f(0), f(1), f(-D, £2), 
and f(—2). 


2. If f(x) = (« — 1)? — 2, find and graph f(0), f(1), 
f( 1), £2), and f(— 2). 


If you need further practice, go to Section 6.1. 
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Quadratic Functions and Their Graphs 





GETTING STARTED 


er. 


FIGURE 6.27 
Parabola 





FIGURE 6.28 














The Fountain of Parabolas 


Have you seen any parabolas lately? They are as near as your fountain: The 
streams of water follow the path of a quadratic function called a parabola. 
Parabolas, ellipses, circles, and hyperbolas are called conic sections because 
they can be obtained by intersecting (slicing) a cone with a plane, as shown in 
Figure 6.27. As you will see later, these conic sections occur in many practical 
applications. For example, your satellite dish, your flashlight lens, and your tel- 
escope lens have a parabolic shape, we study parabolas next. 


=F 


Graphing the Parabola y = f(x) = ax? + k 


In Section 6.2 we studied linear functions like f(x) = 2x + 5 and g(x) = —3x —4 
whose graphs were straight lines. In this chapter we shall study equations (func- 
tions) defined by a quadratic (second-degree) function of the form 


f(x) = ax* + bx+c 


These functions are called quadratic functions, and their graphs parabolas. 

Just as the simplest line to graph is y = f(x) = x, the simplest parabola to 
graph is y = f(x) = x. To draw this graph, we select values for x and find the 
corresponding values of y. 





17 


x Value 





=y Value — 





f(-2) = (-2P = 4 
A=) =(-1P=1 


f) = 0 =0 
iL) = P= 
f2Q=@yP=4 


Then we make a table of ordered pairs, plot the ordered pairs on a coordinate Sys- 
tem, and draw a smooth curve through the plotted points as in Figure 6.28. 


FIGURE 6.29 








EXAMPLE 1 
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A very important feature of this parabola is its symmetry to the y axis. This 
means that if you folded the graph of y = x? along the y axis, the two halves of 
the graph would coincide because the same value of y is obtained for any value 
of x and its opposite —x. For instance, x = 2 and x = —2 both give y = 4 (see 
the preceding tables). Because of this symmetry, the y axis is called the axis of 
symmetry or simply the axis of the parabola. The point (0, 0), where the 
parabola crosses its axis, is called the vertex of the curve. Note that the arrows 
on the curve in Figure 6.28 mean that the parabola goes on without end. 


Graph y= —x?. 


Solution We could make a table of x and y values as before. However, note that 
for any x value, the y value will be the negative of the y value on the parabola 
y = x’. (If you don’t believe this, go ahead and make the table and check it, but 
it’s easier to copy the table for y = x? with the negatives of the y values entered 
as shown.) Thus, the parabola y = —x” has the same shape as y = x?, but it is 
turned in the opposite direction (opens downward). The graph of y = —x 
shown in Figure 6.29. 


2 is 


As you can see from the two preceding examples, when the coefficient of oa 
is positive (as in y = x? = 1x7), the parabola opens upward (is concave up), but 
when the coefficient of x2 is negative (as in y = —x* = —1x’), the parabola 
opens downward (is concave down). In either case, the vertex is at (0, 0). To 
determine the effect of a in f(x) = ax? in general, let’s plot some points and see 
how the graphs of g(x) = 2x? and h(x) = 3x? compare to the graph of f(x) = x2, 
All three graphs are shown in Figure 6.30. 


378 


6 Functions and Graphs 


EXAMPLE 2 








Note that the graph of g(x) = 2x? is narrower than that of f(x) = x”, while 
the graph of h(x) = 3x? is wider. The vertex and line of symmetry are the same 
for the three curves. In general, we have the following: 





Using this information, you can draw the graph of any parabola of the form 


g(x) = ax?, as we illustrate in Example 2. 

Graph 

(a) f(x) = 3x2. (b) g(x) = —3x?. (c) h(x) = }x?. 
Solution 


(a) By looking at the properties of the parabola y = ax2, we know that the ver- 
tex of the parabola f(x) = 3x? is at the origin and that the y axis is its line of 
symmetry. Since 3 > 0, we also know that the parabola f(x) = 3x2 opens 
upward and is narrower than the parabola y = x2. We pick three easy points 
to complete our graph, which is shown in Figure 6.31. 


FIGURE 6.31 


FIGURE 6.32 





FIGURE 6.33 





FIGURE 6.34 
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(b) The parabola g(x) = —3x? opens downward but is still narrower than the 
parabola y = x. As a matter of fact, the parabola g(x) = —3x? is the reflec- 
tion of the parabola f(x) = 3x? across the x axis. Again, we pick three points 
to complete the graph, which is shown in Figure 6.32. 





(c) The parabola h(x) = }x? opens upward, since + > 0, but is wider than the 


parabola y = x. This time, instead of selecting x = —1, 0, and 1, we select 
x = —3, 0, and 3 for ease of computation. The completed graph is shown in 
Figure 6.33. 


What do you think will happen if we graph the parabola y = x* + 2? Two 
things: First, the parabola opens upward since the coefficient of x? is understood 
to be +1. Second, all of the points will be 2 units higher than those for the same 
value of x on the parabola y = x”. Thus we can make the graph of y = x* + 2by 
following the pattern of y = x. The graphs of y = x? + 2, y = x7 + 4, 
y = x? — 2, and y = x? — 4 are shown in Figure 6.34. The points used to make 
the graphs are listed in the following table: 
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FIGURE 6.35 Note that adding or subtracting a positive number k on the right-hand side of the 
equation y = x? raises or lowers the graph (and the vertex) by k units. 


EXAMPLE 3 
x Graph y = —x? — 2. 


Solution Since the coefficient of x? (which is understood to be — 1) is negative, 
the parabola opens downward. It is also 2 units lower than the graph of y = —x?. 
Thus the graph of y = —x? — 2 is.a parabola opening downward with its vertex — 
at (0, —2). Letting x = 1, we get y = —3, and for x = 2, y = —6. Graph the two 
points (1, —3) and (2, —6) and, by symmetry, the points (— 1, —3) and (—2, —6). 
The parabola passing through all these points is shown in Figure 6.35. i 





B. Graphing a Parabola of Form y = f(x) = a(x — h)? +k 


So far, we have graphed only parabolas of the form y = ax? + k. What do you 
think the graph of y = (x — 1)? looks like? As before, we make a table of values. 


or 


y intercept 
Vertex 





The graph appears in Figure 6.36. 

Note that the shape of the graph is identical to that of y = x2 but it is shifted 
1 unit to the right. Thus the vertex is at (1, 0) and the line of symmetry is as 
shown in Figure 6.36. Similarly, the graph of y = —(x + 1)? is identical to that 
of y = —x? but shifted 1 unit to the left. Thus the vertex is at (—1, 0) and the line 
of symmetry is as shown in Figure 6.37. Some easy points to plot are x = 0, y = 
—(1)? = —-1 and x = 1, y = —(1 + 1)? = =—22 = —4, When we plot the points 
(0, —1) and (1, —4), by symmetry the points (—2, —1) and (—3, —4) are also on 
the graph. 


FIGURE 6.36 FIGURE 6.37 





EXAMPLE 4 
FIGURE 6.38 





I 
Line of 
symmetry 


FIGURE 6.39 
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Graph y = (& — 1)? — 


Solution The graph of this equation is identical to the graph of y = x? except for 
its position. The new parabola is shifted 1 unit to the right (because of the — 1) 
and 2 units down (because of the —2). Thus the vertex is (1, —2). Note the line 
of symmetry. Figure 6.38 indicates these two facts and shows the finished graph 
Oy = (« — 1)? = 2: 


=(x - * —2 
Opens os ES Shifted 
upward 1 unit 2 units 
(positive). right down 
Vertex (1, —2) ® 


From these examples we can see that 


1. The graph of y = —x* — 2 (Example 3) is exactly the same as the graph of 
y = —x? (Example 1) but moved 2 units down. In general, the graph of 
y = ax? + kis the same as the graph of y = ax? but moved vertically k units. 
The vertex is at (0, k). 


2. The graph of y = (x — 1)? is the same as that of y = x? but moved | unit right. 
The vertex is at (1, 0). 


3. The graph of y = (x — 1)? — 2 (Example 4) is exactly the same as the graph 
of y = (x — 1)? but moved 2 units down. The vertex is at (1, —2). 


Here is the summary of this discussion. 





In conclusion, follow the given directions to graph an equation of the form 


le ore sas) 


y=ax—h)y +k Vertex (h, k) 


Opens upward Shifts the . Moves the 


fora > 0, graph right graph up 
downward for _ or left. or down. 
a0) 


The graphs of y = 2(x — 1)? + 1,y = 2@— 1° + 3,y = —2@— 1)? — 1, and 
y = —2(x — 1)? — 3 are shown in Figure 6.39. 
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C. Graphing the Parabola y = f(x) = ax? + bx + c 


How can we graph f(x) = ax? + bx + c? If we learn to write f(x) = ax? + bx +c 
as f(x) = a(x — h)? + k, we can do it by using the techniques we just learned. 
We do this by completing the square. Here’s how. 


f(x) = ax? +bxt+e Given. 
= (ax? + bx) +c Group. 
= a(x + = + ) +e Factor a. 


hy Ae b\2 To complete the square, add 
2 eee and subtract 
al =e ax =r () (£) | aia ( oy i (by 
2'Ga JAM \2a 


inside the brackets. 


De bY Use the distributive property 
le aaa Wag) aac and factor inside the 
brackets. 
b 2 b2 
fet eat CDa nae Square = 
2 2 
= a(» a 2) -% a yo Cc Multiply —a ae = = 
ed b\  4ac — b? Find the LCD of —b2/4a 
=F ae 2a | is Ee anda 
Thus to write 
2 ey 
fo) = a» - (+) re b 


as 
fa) =ax—h? + k 
we must have 


b 4ac — b? 
Nea, and Reig. oi 


the coordinates of the vertex. Note that you do not have to memorize the y coor- 
dinate of the vertex. After you find the x coordinate, substitute in the equation 
and find y. 

Here is a summary of our discussion. 
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We demonstrate this procedure in Example 5. 


EXAMPLE 5 Graphy = x* + 3x+2. 
Solution 
1. We first find the vertex using either of the two methods. 
Method 1 Method 2 


Use the vertex formula for Complete the square. 


the x coordinate. Since yee, 
a= 1,b=3, and c = 2, Y= eo Sy ce 


me EO @ 


2a 2, 
b 3 9 
Substituting for x in the pe Pye aq 
equation gives 
: 3 "i 3 al 
Ve ae eon ae EBs ea 
BM 3 awed 
ere te a, sree The vertex is at (—3, —4) 
9 69 
FIGURE 6.40 oh wow 2 
ee gee iL 
prAslodAan Au () 4 


The vertex is at (-3, —). 
2. Let x = 0; then y = x” + 3x + 2 becomes y = 2. The y intercept is 2. 
3. By symmetry, the point (—3, 2) is also on the graph. 
x AD Weta =0ay =x4 + 3x cb 2. becomes 
| O=x2 + 43x42 
="(y tet ol) 


Thus x = —2 or x = —1. The graph intersects the x axis at (—2, 0) and 
(iy: 0): 


5. Since the coefficient of x? is 1, a > 0 and the parabola opens upward. 





We draw a smooth curve through these points to obtain the graph of the parabola 
C zs aa as shown in Figure 6.40. a 
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EXAMPLE 6 Graph y = —2x? + 4x — 3. 





Solution 
a 1. To find the vertex, we can use either of these methods: 
Method 1 Method 2 

To further explore graphing 
polynomials and quadratics, Use the vertex formula. ; Complete the square. 
access links 6.4.1 and 6.4.2 at Herea = —2andb=4,so . Re ee 
the Bello Web site. ; 

eee, = -2(x27-2x+ )-3 
FIGURE 6.41 so = a E 942 eee ee 

ee = I= 1)? =4 

2(—2) 


4 The yertex 1s.au (eat): 


If we substitute x = 1 in 
Vi ONO Ay 8) 





y = —201)* + 401) — 3 
= 2a 
=-] 
Tine Of Thus the vertex is at (1, —1). 
ee 2. Ifx = 0, y = —2x* + 4x — 3 = —3, the y intercept. 
FIGURE 6.42 3. We graph the vertex (1, — 1) and the y intercept —3. To make a more accurate 
f(x) has a minimum at the graph, we need some more points. Since the parabola is symmetric, we can 
vertex (x, y). find a point across from the y intercept by letting x = 2. Then 
y = -20)? + 4(2) -3 
SS io es = 8 


as expected. 


4. Fory =0,0 = —2x?+ 4x — 3. However, the right-hand side is not factorable 
and the vertex (1, —1) is below the x axis. This means that this equation has 
no solution and there are no x intercepts; the graph does not cross the x axis. 





FIGURE 6.43 a ae 
f(x) has a maximum at the 5. Since ae 2 < 0, the parabola opens downward. The completed graph is 
vertex (x, y). shown in Figure 6.41. 


D. Solving Applications Involving Parabolas 


Every parabola of the form y = ax? + bx + c that we have graphed has its ver- 
tex at either its maximum (highest) or minimum (lowest) point on the graph. If 
the graph opens upward, the vertex is the minimum (Figure 6.42), and if the 
graph opens downward, the vertex is the maximum (Figure 6.43). 

Thus if we are dealing with a quadratic function, we can find its maximum 
or minimum by finding the vertex of the corresponding parabola. This idea can 
be used to solve many real-world applications. For example, suppose that a CD 
company manufactures and sells x CDs per week. If the revenue is given by 








: @ http://college.hmco.com/mathemati J (Remember to bookmark the Bello book-specific Web site.) 
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R = 10x — 0.01x?, we can use the techniques we’ ve just studied to maximize the 
revenue. We do this next. 


EXAMPLE 7 If R = 10x — 0.01x?, how many CDs does the company have to sell in order to 
obtain maximum revenue? 


Solution We first write the equation as R = —0.01x* + 10x. Since the coeffi- 
cient of x? is negative, the parabola opens downward (is concave down) and the 
vertex is its highest point. Letting 


b 10 
ES = 2s 3-90.02 0 





R = 10(500) — 0.01(500)? = 5000 — 2500 = 2500. Thus when the company 
sells x = 500 CDs a week, the revenue is a maximum: $2500. G 


We close this section by presenting a summary of the material we have stud- 
ied in Table 6.9. 


TABLE 6.9 Summary of Parabolas 


f@wM= axe +k 
A parabola with vertex at (0, k). 


When |a| > 1, the graph is narrower 
than the graph of y = x”. When 
0 <|a| <1, it is wider. 


For a > 0, the parabola 
opens upward. 


For a < 0, the parabola 
opens downward. 


f@ = ax - hy? +k 
A parabola with vertex at (A, k). 


When |a| > 1, the graph is narrower Vertex 


t (h, k 
than the graph of y = x*. When at (h, k) 


0 <|a| <1, it is wider. 


For a > 0, the parabola 
opens upward. 


For a < 0, the parabola 
opens downward. 
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AL In problems 1-8, graph the given equations on the 
same coordinate axes. 
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Ray ae 
b. y = 2x2 +2 
c. y = 2x" —2 
Dh vy ox ed 
b. y= 3x2,.4+:3 
c. y = 3x7 -2 
Bs0.an yy = —2x" 
b. y = —2x? +1 
c. y= —2x2-1 
4. a. y = —4x? 
b. y= —4x2 + 1 
c. y= —4x7 — 1 
1 
5. a. y =x" 
petit» 
b. y= qr 
1 
6. a. y= gx? 
1 
b. y= —=x” 
1 
7. a. y= 3x $1 
Dayo een +1 
ym a 


1 
8. ayaa +1 


1 
DS ean a 


CG In problems 9-16, graph the given equations on 
the same coordinate axes. 


9 a. y=(x+2)*+3 
b. y=(@+ 2)" 
c y=@a+2K~ =2 
a. y=(x-—2)2+2 
b. y= (x - 2° 
y=(x-2)-2 


10. 


& 


11. 


12. 


13. 


14. 


iS: 


16. 


a. y= —(¢+2)?-2 
b. y = —(x + 2)? 
C= 6 
a y= —(x- 1) +1 
b. y= —(« - 1)? 
c y= —(x—- 1)? +2 


ay = 2a ye 
bi y= =2@ 45 2) 
c. y= —2(x+2)?-4 


a. y= —2¢- 1)? +1 


b. y = —2@ — 1)? 

c. y= —2x- 1)? +2 
ay = 262) oe 
b. y = 2x + 1)* 

a. y=2@ + 1)? —3 
b. y = 2(x + 1)? 


ig In problems 17-28, use the five-step procedure in 
the text to sketch the graph. Label the vertex and the 
intercepts. 


17. 
19. 
21. 
23. 
24. 
25. 


26. 
27. 


28. 


y=x?+2x+1 

y=—-x?+2x+1 
y==x2 +4, —5 
y=3 — 5x + 2x? 
y=3+ 5x + 2x? 
y=5 — 4x — 2x? 
(Hint: 56 = 7.5) 
y=3 -—4x - 2x2 
(Hint: V40 ~ 6.3) 


y= -—3x7 + 3x4+2 
(Hint: V33 ~ 5.7) 


y= —3x2+ 3x41 
(Hint: V21 = 4.6) 


18. y=x?+4x+4 
20. y= -—x?2+4x-2 
22. y = —x2+ 4x -—3 


29. The profit P (in dollars) for a company is 
P = —5000 + 8x — 0.001x2, where x is the num- 


ber of items produced 


each month. How many 


30. 


31. 


32. 


33; 


34. 


35; 


36. 


oT. 


items does the company have to produce in order 
to obtain maximum profit? What is this profit? 


The revenue R for Shady Glasses is given by 
R = 1500p — 75p2, where p is the price of each 
pair of sunglasses (R and p in dollars). What 
should the price be to maximize revenue? 


After spending x thousand dollars in an advertis- 
ing campaign, the number N of units sold is given 
by N = 50x — x*. How much should be spent in 
the campaign to obtain maximum sales? 


The number N of units of a product sold after a tel- 
evision commercial blitz is N = 40x — x2, where 
x is the amount spent in thousands of dollars. How 
much should be spent on television commercials 
to obtain maximum sales? 


If a ball is batted up at 160 ft/sec, its height h ft 
after ¢ sec is given by h = —16t? + 160r. Find the 
maximum height reached by the ball. 


If a ball is thrown upward at 20 ft/sec, its height h 
ft after t sec is given by h = —16t? + 20t. How 
many seconds does it take for the ball to reach its 
maximum height, and what is this height? 


If a farmer digs potatoes today, she will have 
600 bu (bushels) worth $1 per bu. Every week she 
waits, the crop increases by 100 bu, but the price 
decreases $.10 a bushel. Show that she should dig 
and sell her potatoes at the end of 2 weeks. 


A man has a large piece of property along 
Washington Street. He wants to fence the sides 
and back of a rectangular plot. If he has 400 ft of 
fencing, what dimensions will give him the maxi- 
mum area? 





Have you read the story “The Jumping Frog of 
Calaveras County”? According to the Guinness 
Book of Records, the second greatest distance cov- 
ered by a frog in a triple jump is 21 ft 5; in. at the 


38. 


39: 
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annual Calaveras Jumping Jubilee; this occurred 

on May 18, 1986. 

a. If Rosie the Ribiter’s (the winner) path in her 
first jump is approximated by R = —ggx2 + $y 
(where x is the horizontal distance covered in 
inches), what are the coordinates of the vertex 
of Rosie’s path? 

b. Find the maximum height attained by Rosie in 
her first jump. 

c. Use symmetry to find the horizontal length of 
Rosie’s first jump. 

d. Make a sketch for R showing the initial 
position (0, 0), the vertex, and Rosie’s ending 
position after her first jump. 





Amazingly, Rosie’s is not the best triple jump on 

record. That distinction belongs to Santjie, a South 

African frog who jumped 33 ft 55 in. on May 21, 

1977. 

a. If Santjie’s path in his first jump is approxi- 
mated by S = —349x2 + 75x (where x is the dis- 
tance covered in inches), what are the coordi- 
nates of the vertex of Santjie’s path? 

b. Find Santjie’s maximum height in his first jump. 

c. Use symmetry to find the horizontal length of 
Santjie’s first jump. 

d. Make a sketch for S showing the initial position 
(0, 0), the vertex, and Santjie’s ending position 
after his first jump. 


A baseball hit at an angle of 35° has a velocity of 

130 mph. Its trajectory can be approximated by 

the equation d = —qpx? + x, where x is the dis- 

tance the ball travels in feet. 

a. What are the coordinates of the vertex of the 
trajectory? 

b. Find the maximum height attained by the ball. 

c. Use symmetry to find how far the ball travels 
horizontally. 

d. Make a sketch for d showing the initial position 
(0, 0), the vertex, and the ending position of the 
baseball. 
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40. From 1983 to 1990, the graph of the average of 
men’s SAT verbal scores is nearly a parabola. 


A Mon’ average: 
TNL] Beats Prrel 


— 


“oN 


a. What is the maximum average verbal score for 
men in this period? 

b. What is the minimum average verbal score for 
men in this period? 

c. If the function approximating the average of 
men’s verbal scores is 


f(x) = ax? +bx4+c 
what can you say about a? 


41. From 1976 to 1984, the graph of the total average 

SAT math scores is nearly a parabola. 

a. What is the maximum total average math score 
in this period? 

b. What is the minimum total average math score 
in this period? 

c. If the function approximating the total average 
math score is 


f(x) = ax? + bet+c 


what can you say about a? 





_ In Other Words 


42. Explain how you determine whether the graph of 
a quadratic function opens up or down. 


43. What causes the graph of the function f(x) = ax? to 
be wider or narrower than the graph of f(x) = x?? 


44, What is the effect of the constant k on the graph of 
the function f(x) = ax? + k? 


45. How does a parabola that has two x intercepts and 
vertex at (1, 1) open; that is, does it open up or 
down? Why? 


46. Why does the graph of a function never have two 
y intercepts? 


In the graph at the top of page 389, the death rate for car- 
diovascular disease from 1920 to 1995 is nearly a para- 
bola and can be approximated by f(x) = a(x — h)* + k. 


47. Is a positive or negative? 
48. What is the maximum point on the curve? 


49. What are the approximate coordinates for the ver- 
tex of the curve? 


50. On the basis of the graph, what would you predict 
the number of deaths (per 100,000 population) due 
to cardiovascular disease to be in the year 2000? 


Discovery 


A parabola is the set of all points equidistant from a 
fixed point F(0, p) (called the focus) and a fixed line 
y = —p (called the directrix). If P(x, y) is a point on 
the parabola, this definition says that FP = DP; that is, 
the distance from F to P is the same as the distance 
from D to P. 





51. Find FP. 52. Find DP. 
53. Set FP = DP and solve for x2. 
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MILLENNIUM FACT BOX 


U.S. Death Rates for Selected Causes 


Since 1900, cardiovascular disease has generally remained the number-one killer in the 
U.S. The death rate for cancer has slowly climbed, while death rates for influenza and 
pneumonia and for tuberculosis have declined and approached zero. One prominent 
feature is the extremely high death rate for influenza in 1918, reporting an influenza 
epidemic in which about 500,000 Americans died from the disease. 
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Sources: National Center for Health Statistics. Centers for Disease Control and Prevention. 


54. For the parabola x” = 4y, 
a. locate the focus. 
b. write the equation of the directrix. 


Many applications of the parabola depend on an impor- 
tant focal property of the curve. If the parabola is a mir- 
ror, aray of light parallel to the axis reflects to the focus, 
and a ray originating at the focus reflects parallel to the 
axis. (This can be proved by using methods of calculus.) 
If the parabola is revolved about its axis, a surface 
called a paraboloid of revolution is formed. This is the 
shape used for automobile headlights and searchlights 
that throw a parallel beam of light when the light source 
is placed at the focus; it is also the shape of a radar dish 
or a reflecting telescope mirror that collects parallel 
rays of energy (light) and reflects them to the focus. 
We can find the equation of the parabola needed to 
generate a paraboloid of revolution by using the equa- 





GETTING STARTED 


eae 





65 
Exponential and Logarithmic Functions 


What Do Cells Know About Exponents! 


tion x? = 4py as follows: Suppose a parabolic mirror 
has a diameter of 6 ft and a depth of 1 ft. Then, we find 
the value of p that makes the parabola pass through the 
point (3, 1). This means that we substitute into the 
equation and solve for p. Thus we have 


3? = 4p(1) 


so that 4p = 9 and p = 2.25. The equation of the 
parabola is x? = 9y and the focus is at (0, 2.25). 


55. Aradar dish has a diameter of 10 ft and a depth of 
2 ft. The dish is in the shape of a paraboloid of rev- 
olution. Find an equation for a parabola that 
would generate this dish and locate the focus. 


56. The cables of a suspension bridge hang very 
nearly in the shape of a parabola. A cable on such 
a bridge spans a distance of 1000 ft and sags 50 ft 
in the middle. Find an equation for this parabola. 


Are you taking biology? Have you studied cell reproduction? The photographs 
on page 390 show a cell reproducing by a process called mitosis. In mitosis, a 


single cell or bacterium divides and forms two identical daughter cells. Each 
daughter cell then doubles in size and divides. As you can see, the number of 


390 


Mitosis 
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DEFINITION 





« 


bacteria present is a function of time. If we start with one cell and assume that — 
each cell divides after 10 min, thén the number of bacteria present at the end of 
the first 10-min period (t = 10) is 


2= a — 910/10 


At the end of the second 10-min period (t = 20), the two cells divide, and the 
number of bacteria present is 


4= 92 = 920/10 
Similarly, at the end of the third 10-min period (t = 30), the number is 
8 = 93 pee 930/10 


Thus we can see that the number of bacteria present at the end of t minutes is 
given by the function 


fp) = 2110 


Note that this also gives the correct result for t = 0, because 2° = 1. 

The function f(t) = 2 is called an exponential function because the vari- 
able f is in the exponent. 

In this section we shall graph exponential functions and see how such func- 
tions can be used to solve real-world problems. ee 


Graphing Exponential Functions 


Exponential functions take many forms. For example, the following functions 
are exponential functions: 


iy 
fe) = 3 roy =(5), H(z) = (1.02) 


In general, we have the following definition: 








FIGURE 6.44 


y 





EXAMPLE 1 


FIGURE 6.45 





wa BAY craph 1 it 


To do Example 1, enter 

Y, = 2%. Enter ¥ = (3)* by 

pressing [d L(} 1 [=] 2 1) ] ty] [4] 
XT x, 7, 9, 1 n lx, 7, 9, | and press 


: [6]. The result is shown in 


the window. 


i 
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In this definition, b is a constant called the base, and the exponent x is the 
variable. 

The exponential function defined by f(t) = 2“! can be graphed and used to 
predict the number of bacteria present after a period of time t. To make this 
graph, we first construct a table giving the value of the function for certain 
convenient times. 





The corresponding points can then be graphed and joined with a smooth curve, 
as shown in Figure 6.44. In general, we graph an exponential function by plot- 
ting several points calculated from the function and then drawing a smooth curve 
through these points. 


Graph on the same coordinate system 


(a) f@)=2% = (b) gx) = (2Y. 


Solution 


(a) We first make a table with convenient values for x and find the correspond- 
ing values for f(x). We then graph the points and connect them with the 
smooth curve y = 2%, as shown in Figure 6.45. 





(b) If we let x = —2, 


1 
a2) pp = 4 

2 
Similarly, for x = —1, 

1 


LEA Daal iat awe 


For x = 0, 1, and 2, the function values are (3)° = 1, (3)! = 4, and (4)? =4, 
as shown in the table. 





We can save time if we realize that (5 y= = (27 !)*, whose values are shown in 
the table for f(x) in part (a). The graph of g(x) = (4) = 2~* is shown in Figure 
6.45. Note that the graphs approach the x axis but do not intersect it. The x axis 
is called the horizontal asymptote of the graphs. 5 
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Also, the two graphs in Figure 6.45 are symmetric to each other with respect to 
the y axis. In general, we have the following fact: 





In our definition of the function y = b*, it was required only that b > 0 and 

oe Graph lt | b # 1. For many practical applications, however, there is a particularly impor- 

tant base, the irrational number e. The value of e is approximately 2.7182818. 

The Graph It at the end of The reasons for using this base are made clear in more-advanced mathematics 

this section shows how todo _ courses, but for our purposes we need only note that e is defined as the value that 
this numerical work with a the quantity (1 + 1/n)” approaches as n increases indefinitely. In symbols, 


grapher. 
ays 
(1 +3) > e ~ 2.7182819 as n oo 


To show this, we use increasing values of n (1000, 10,000, 100,000, 
1,000,000) and evaluate the expression (1 + 1/n)” using a calculator with a 


key. 


For n = 1000, (1 + I/n)" = (1,001) = 2.7169239 Enter 1.001 
For n.= 10,000, (1 + 1/n)". = (1.0001)!000 = 2.7181459 1000 [=]. 


For n = 100,000, (1 + 1/n)” = (1.00001)!99.9°09 == 2.7182682 
For n = 1,000,000, (1 + 1/2)" = (1.000001)!-009,000 = 27182805 


As you can see, the value of (1 + I/n)” is indeed getting closer to e ~ 2.7182819. 

To graph the functions f(x) = e* and g(x) = e *, we make a table giving x 
different values (say —2, —1, 0, 1, 2) and finding the corresponding y = e* and 
y =e ~* values. This can be done with a calculator with an key. On such 
calculators, you usually have to enter or to find the value of e*. [Enter 


1 (or [INV]) [e*], and the calculator will give the value 2.7182818.] We use 
these ideas next. 


EXAMPLE 2 Use the values in the table to graph f(x) = e* and g(x) = e *. (Use the same coor- 
dinate system.) 


FIGURE 6.46 










al 0 1 2, 


01353 03619. 1. 07183) 7eeen 






1 2 


Can 7.3891 2.7183 1 0.3679 0.1353 





Solution Plotting the given values, we obtain the graphs of F(x) = e* and 
g(x) = e * shown in Figure 6.46. Note that e* and e~* are symmetric with 
respect to the y axis. ia 








In Example 4, let Y, = 


; 
. and enter —1 for Xmin, 10 
| for Xmax, —100 for Ymin, 
and 1000 for Ymax, with 

Yscl = 100. Do you now see 
i 
i 


) that the substance is decaying? | 


Now let’s calculate the value 


_ of the function when x = 2 as | 
required in the example. Press 


[2nd] 1. Answer the 


_ grapher question by entering 


X = 2 and press [ENTER]. 


The result is Y = 90.717953 


as shown in the window. 
Rounding the answer to the 
nearest gram, the answer is 
91, as before. 


ro 
: 
‘ 


| 1000e~12", To use a[-1, 10] 
_ by [—100, 1000] window and | 


| Yscl = 100, press 
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Applications Involving Exponential Functions 


Do you have some money invested? Is it earning interest compounded annually, 
quarterly, monthly, or daily? Does the frequency of compounding make a differ- 
ence? Some banks have instituted what is called continuous interest compound- 
ing. We can compare continuous compounding and n compoundings per year by 
examining their formulas. 


A = Pe’ 
A= P(1 + rn)" 


Continuous compounding 
n compoundings per year 


where A = compound amount 
P = principal 
r = interest rate 
t = time in years 
n = periods per year (second formula only) 


Note that as the number of times the interest is compounded increases, n 
increases, and it can be shown that 


r vit 
(1 +5) 


gets closer to e”. Let’s see what the two formulas earn. 


EXAMPLE 3 
Find the compound amount 
(a) for $100 compounded continuously for 18 months at 6%. 
(b) for $100 compounded quarterly for 18 months at 6%. 
Solution 
(a) Here, P = 100, r = 0.06, and t = 1.5, so 

A = 100¢.06)(1-5) 

= 100¢°9-99 

A calculator gives the value 

ee = 1.0942 

Thus 

A = (100)(1.0942) = 109.42 

and the compound amount is $109.42. 
(b) As before, P = 100, r = 0.06, t = 1.5, and n = 4, so 


es ete 2 rose and 
n 4 

Thus the compound amount for $100 at the same rate, compounded quar- 

terly, is given by A = 100(1.015)° = 109.34. Note that at 18 months, the dif- 

ference between continuous and quarterly compounding is only $.08! For 

more comparisons, see Using Your Knowledge in this section. a 


mn=4-15=6 
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EXAMPLE 4 


EXAMPLE 5 


A radioactive substance decays so that G, the number of grams present, is 
given by 

G = 1000e7 !4 
where f is the time in years. Find, to the nearest gram, the amount of the sub- 
stance present 
a. at the start. b. in 2 years. 
Solution 


a. Here, t = 0, so G = 1000e9 = 1000(1) = 1000; that is, 1000 g of the sub- 
stance are present at the start. 


b. Since t = 2, G = 1000e~2%. To evaluate G, we use a calculator and obtain 
e 4 ~ 0.090718 
so that 
G = (1000)(0.090718) 
= 90.718 


There are about 91 g present in 2 years. a 


Thomas Robert Malthus invented a model for predicting population based on the 
idea that, when the birth rate (B) and the death rate (D) are constant and no other 
factors are considered, the population P is given by 
P=Pie™ 
where P = population at any time ¢ 
Po = initial population 
k = annual growth rate (B — D) 
t = time in years after 1980 


According to the Statistical Abstract of the United States, the population in 1990 
was 248,765,000, the birth rate was 0.0156, and the death rate was 0.0089. Use 
this information to predict the number of people in the United States in the year 
2000. 


Solution 


a. The initial population is Po = 248,765,000, k = 0.0156 — 0.0089 = 0.0067, 
and the number of years from 1990 to 2000 is t = 10. 


P = 248,765,000¢°-9067 ° 10 
= 248,765,000e9-967 
=~ 266,003,290 


Thus, the predicted population is 266,003,290. The Statistical Abstract predicts 
271,237,000. a 


Logarithmic Functions 


Most of the functions and equations we have discussed did not have variables 
used as exponents. The equation 


x= 9 
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is an exponential equation with solution 2, since 3” = 9. The 2 is the exponent 
(power) to which the base 3 must be raised to obtain 9. The exponent 2 is called 
the logarithm to the base 3 of 9, and we write 


2 = log, 9 (read “2 equals the log base 3 of 9”) 


Please note that the logarithm is simply an exponent, the exponent to which the 
base must be raised to get a certain number. In general, 


DEFINITION 





Note that this definition simply means that the logarithm of a number is an expo- 
nent. For example, 


4 = log, 16 is equivalent to 26 The logarithm is 
the exponent. 
2 = log, 25 is equivalent to 54= 25 The logarithm is 


the exponent. 


—3.=log,)0.001  isequivalentto 1077= 0.001 The logarithm is 
the exponent. 


The graph of the function f(x) = log, x is found by interchanging the roles 
of x and y in the function y = g(x) = b* and graphing x = bY. Geometrically, this 
is done by reflecting the graph of g(x) = b* about the line y = x as shown in 
Figures 6.47 and 6.48. 


FIGURE 6.47 FIGURE 6.48 
The graph of y = f(x) = log, x is obtained The graph of y = f(x) = log, x is obtained 
by reflecting the graph of y = 2% along the by reflecting the graph of y = 3* along the 


line y = x. Thus, the points (—1, 4), (0, 1), line y = x. Thus, the points (—1, 3), (0, 1), 
(1, 2), and (2, 4) become (3, —1), (1, 0), and (1, 3), become (3, —1), (1, 0), and 
(2, 1), and (4, 2). Gil): 





EXAMPLE 6 Graph y = f(x) = log, x. 


Solution By the definition of logarithm, y = log, x is equivalent to 4” = x. We 
can graph 4” = x by first assigning values to y and calculating the corresponding 


x values. 
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FIGURE 6.49 





FIGURE 6.50 








We then graph the ordered pairs.and connect them with a smooth curve, the | 
graph of y = log, x. To confirm that our graph is correct, graph y = 4* on the 
same coordinate axes (see Figure 6.49). As expected, the graphs are reflections 
of each other across the line y = x. Zz 


Here are some properties of the graphs of y = f(x) = log, x. 





We have mentioned that e is an important base used in applications of expo- 
nential functions. The corresponding logarithmic function y = log, x is so impor- 
tant that there is a special symbol for log, x; it is In x (read “el-en of x”). Thus, 


In x = log, x 


As before, to graph y = In x, we interchange the roles of x and y in y = e* 
and graph x = e” (see Example 2) as shown in Figure 6.50. The graph of y = 
In x is areflection y = e* along the line y = x. We interchanged the ordered pairs 
(—1, 0.3679), (0, 1), and (1, e) and graphed (0.3679, —1), (1, 0), and (e, 1). 

Since a logarithm is simply an exponent, the expression In e* is the exponent 
to which the base e must be raised in order to obtain e*. There is only one num- 
ber that will do this, and it is k itself. Here is the idea. 





We use this idea in the following examples. 


Applications Involving Exponential 
or Logarithmic Equations 


Exponential and logarithmic equations have many applications in such areas as 
business, engineering, social science, psychology, and science. The following 
examples will give you an idea of the variety and range of their use. 


EXAMPLE 7 


EXAMPLE 8 


EXAMPLE 9 
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With continuous compounding, a principal of P dollars accumulates to an 
amount A given by the equation 


A = Pe" 


where r is the interest rate and f is the time in years. If the interest rate is 6%, how 
long would it take for the money in your bank account to double? 


Solution With A = 2P and r = 0.06, the equation becomes 
QP = Pe9.06t 

or 
2, = ¢9.068 Divide by P. 


We want to solve this equation for t, so we take natural logarithms of both sides. 


In 2 = In €9-°% = 0.06t In e = 0.06r Recall that In e* = k. 
Thus 
rae In 2 
~ 0.06 


Using a calculator, we find In 2 ~ 0.69315 so that 


_ 0.69315 
ce (06 





ee TO 


This means that it would take about 11.6 years for your money to double. 


The verification is left to you. a 


In 1984, the population of the world was about 4.8 billion and the yearly growth 
rate was 2%. The equation giving the population P in terms of the time f is 


P = 4,8¢9.21 
Estimate the world population P in the year 2000. 


Solution We are looking for the population P in the year 2000. Since P = 4.8 for 
t = 0, the equation shows that ¢ is measured from the year 1984. To estimate the 
population in 2000, we use t = 16 in the equation. 


P = 4.8e0.02)16) = 4 8003? 

The value e932 ~ 1.3771 can be found with a calculator. Hence 
P = (4.8)(1.3771) ~ 6.6 

Thus our estimate for the population in 2000 is about 6.6 billion. 


The verification is left to you. # 


If B is the number of bacteria present in a laboratory culture after ¢ min, then, 
under ideal conditions, 


B= Ko00 


where K is a constant. If the initial number of bacteria is 1000, how long would 
it take for there to be 50,000 bacteria present? 
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EXAMPLE 10 


Solution Since B = 1000 for t = 0, we have 
1000 = Keo = K 
The equation for B is then 
B = 1000¢9° — where ris the unknown 
Now let B = 50,000. 


50,000 = 1000e9-%* 
50 = e0-05t 


To solve for ft, take natural logarithms of both sides. 


In 50 = In €2-# 
= (0.05% Ine=1 


Thus 


— 1n50 _ 3.9120 
CFOs MOOS 








~ 78.2 min 


It will take about 78.2 min for there to be 50,000 bacteria present. 


The verification is left to you. B 


The element cesium-137 decays at the rate of 2.3% per year. Find the half-life of 
this element. 


Solution The half-life of a substance is found by using the equation 
A(t) = Age 


where A(t) is the amount present at time f (years), k is the decay rate, and Ap is 
the initial amount of the substance present. In this problem, 


k = 2.3% =0.023 and A(t)=3A, 
and we want to find f. 
With this information, the basic equation becomes 
4A, bs Aye 0023 
; ent Divide by Ao. 


Now take natural logarithms of both sides. 





Ind = In e7 0.0231 
In LS in 2] =0;023¢ 
In 2 A 
t= 0023 Since In 1 = 0 
0.69315 
FS 0.023 = 30.14 


Thus the half-life of cesium-137 is about 30.14 years. 


The verification is left to you. @ 


oe Graph It 


The numerical work preceding Example 2 can be 
done with a grapher. To find (1.001)!, press 


(to clear your home 


stata HITE 


For a more dramatic approximation for 

e = 2.718281828, tell the grapher to graph the 
sequence of numbers (1 + 1/n)" as n increases. 
Press [MODE], move the cursor three lines down 
to the line starting with “FUNC,” and select 
“SEQ.” Go down to the next line and select 
“DOT”; then press [ENTER]. (You have told the 
grapher you are about to graph a sequence.) Now 
press Y=}, The symbols u(n) and v(n) are on 
your screen. Let’s define the sequence u(n) by 
entering (1 + I/n)”. (The n is entered by pressing 
|x, T, 8, 0|). To adjust the window, press 

and select Xmin = —1, Xmax = 10, 
Xscl = 1, Ymin = —1, Ymax = 3, and Yscl = 1. 
Now press [GRAPH]. The result is shown in 
Window 1. 


: (1 + 1/n)" approaches e? 
[lseeeetcbacin tear nnnemneenes ta 


screen) and then 1 [-]001[4] 1000 [ENTER]. 
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Window 1 


Window 2 


To show that the sequence of dots is getting closer to e, use the draw feature to 
graph y = e. [Since you have entered a sequence, you can’t enter the function 


Fix) = e.] Press [6] and then enter 1 [ENTER]. The result 


is shown in Window 2. Do you now see how the sequence of dots representing 


Ly In problems 1-6, find the value of the given 9. a. f(x) = 10% 


10. a. f@ = 10% 
b. g(t) = 107 


Ci In problems 11-18, find the compound amount if 
the compounding is (a) continuous or (b) quarterly. 


exponential for the indicated values of the variable. b. g(x) = 10% 
ero Ze) S00) 
ax=-l ak= 1 ast = Ge, 
b. x = 0 b. x =0 b. t=0 
ce x=1 ce x=1 c. t=2 
es ad So" 6. 10; 11. $1000 at 9% for 10 years 
at = 2 a. £2 a. t= —2 
2. $1000 at 9% for 20 
b. 1=0 b. 1=0 b. £=0 US LOND ang More O vents 
C.t= 2 c t=2 CHt=2 13. $1000 at 6% for 10 years 


In problems 7-10, graph the functions given in parts 
(a) and (b) on the same coordinate system. 


7. a. f(x) = 5 8. a. f(t) = 3! 
b. e(x) = 57% b. 9(t) = 37! 


14. $1000 at 6% for 20 years 


15. The population of a town is given by the equation 
P = 2000(2°:2'), where f is the time in years from 
1990. Find the population in 


a. 1995. b. 2000. o752003; 
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16. A colony of bacteria grows so that its number B is 
given by the equation B = 1200(2'), where t is in 
days. Find the number of bacteria 
a. at the start (t = 0). b. in 5 days. 

c. in 10 days. 


17. A radioactive substance decays so that G, the 
number of grams present, is given by G = 
2000e~ !-95', where ¢ is the time in years. Find the 
amount of the substance present 
a. at the start. b. in 1 year. 


c. In 2 years. 


18. Solve problem 17 when the equation is G = 
2000e- *™, 


In problems 19-26, you may use a calculator with 
and [x/] keys, or you can use your grapher. 


19. In 1980, the number of persons of Hispanic origin 
living in the United States was 14,609,000. If their 
birth rate is 0.0232 and their death rate is 0.004, 
predict tke number of persons of Hispanic origin 
living in the United States for the year 2000. (Use 
a calculator.) (Hint: See Example 5.) 


20. In 1980, the number of African Americans living in 
the United States was 26,683,000. If their birth rate 
is 0.0221 and their death rate is 0.0088, predict the 
number of African Americans living in the United 
States in the year 2000. (Hint: See Example 5.) 


21. The number of compact discs (CDs) sold in the 
United States (in millions) since 1985 can be 
approximated by the exponential function 
S(t) = 32(10)9:!9*, where t is the number of years 
after 1985. 

a. What was the number of CDs sold in 1990? 
b. What was the number sold in the year 2000? 


22. The number of cellular phones sold in the United 
States (in thousands) since 1989 can be approxi- 
mated by the exponential function S(t) = 
900(10)°”", where t is the number of years after 
1989. 

a. What was the number of cellular phones sold in 
1990? 

b. Predict the number that will be sold in the year 
2000. 


23. According to the Statistical Abstract of the United 
States, about } of all aluminum cans distributed 
are recycled. If a company distributes 500,000 
cans, the number still in use after ¢ years is given 


by the exponential function N(t) = 500,000(3)/. 
How many cans are still in use after 
a. | year? b. 2 years? c. 10 years? 


24. If the value of an item each year is about 60% of 
its value the year before, after ¢ years the salvage 
value of an item costing C dollars is given by 
S(t) = C(0.6)'. Find the salvage value of a com- 
puter costing $10,000 
a. | year after it was bought. 

b. 10 years after it was bought. 


25. The atmospheric pressure A (in pounds per square 
inch) can be approximated by the exponential 
function A (a) = 14.7(10)~9-9000!84, where a is the 
altitude in feet. 

a. The highest mountain in the world is Mount 
Everest, which is about 29,000 ft high. Find the 
atmospheric pressure at the top of Mount 
Everest. 

b. In the United States, the highest mountain is 
Mount McKinley in Alaska, whose highest 
point is about 20,000 ft. Find the atmospheric 
pressure at the top of Mount McKinley. 


26. The atmospheric pressure A (in pounds per square 
inch) can also be approximated by A(a) = 
14.7e— 9.214 where a is the altitude in miles. 

a. If we assume that the altitude of Mount Everest 
is about 6 mi, what is the atmospheric pressure 
at the top of Mount Everest? 

b. If we assume that the altitude of Mount 
McKinley is about 4 mi, what is the atmo- 
spheric pressure at the top of Mount McKinley? 


In problems 27 and 28 graph the function. 
27. f(x) = logs x 28. f(x) = log, x 


In problems 29-32, assume continuous compounding 
and follow the procedure in Example 7 to find how 
long it takes a given amount to double at the given 
interest rate. 


29. r= 5% 
31. r= 6.5% 


30. r= 7% 
323 r= 7.5% 


33. Suppose that the population of the world grows at 
the rate of 1.5% and that the population in 1984 was 
about 4.8 billion. Follow the procedure of Example 
8 to estimate the population in the year 2000. 


34. Repeat problem 33 for a growth rate of 1.75%. 


In problems 35—38, assume that the number of bac- 
teria present in a culture after ¢ min is given by 
B = 1000e®%*". Find the time it takes for the number 
of bacteria present to be 


35. 2000. 
Si 25,000: 


36. 5000. 
38. 50,000. 


39. When a bacteria-killing solution is introduced into 
a certain culture, the number of live bacteria is 
given by the equation B = 100,000e ~°-", where t 
is the time in hours. Find the number of live bac- 
teria present at the following times: 

a. t=0 b. t=2 
c. t= 10 d. t = 20 


40. The number of honey bees in a hive is growing 
according to the equation N = Nye®°!”, where ris 
the time in days. If the bees swarm when their 
number is tripled, find how many days till this 
hive swarms. 


In problems 41-44, follow the procedure of Example 
10 to find the half-life of the substance. 


41. Plutonium, whose decay rate is 0.003% per year 
42. Krypton, whose decay rate is 6.3% per year 


43. A radioactive substance whose decay rate is 5.2% 
per year 


44. A radioactive substance whose decay rate is 0.2% 
per year 


45. The atmospheric pressure P in pounds per square 
inch at an altitude of h feet above the Earth is 
given by the equation P = 14.7e7 °-90005/. Find the 
pressure at an altitude of 


a. 0 ft. b. 5000 ft. c. 10,000 ft. 


46. If the atmospheric pressure in problem 45 is meas- 
ured in inches of mercury, then P = 30e~°797", 
where / is the altitude in miles. Find the pressure 


a. at sea level. b. at 5 mi above sea level. 


47. According to the National Football League 
Players Association (NFLPA), average NFL 
salaries (in thousands of dollars) are as shown in 
the graph and can be approximated by 


S = 163e-18+ 


where f is the number of years after 1985. 
a. In how many years will average salaries be 
$800,000? (Answer to the nearest year.) 
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Qe NFL 


700 





Source: Copyright 1993. USA TODAY. 


b. On the basis of this graph, in how many years 
will salaries reach the 1 million dollar mark? 
(Answer to the nearest year.) 


48. According to the Statistical Abstract of the United 
States, about 3 of all aluminum cans distributed 
are recycled. If a company distributes 500,000 
cans, the number in use after f years is 


D t 
Nt) = 500,000 $) 


How many years will it take for the number of 
cans to reach 100,000? (Answer to the nearest 
year.) 


49. Do youhavea fear of flying? The U.S. Department 
of Transportation has good news for nervous 
fliers: The number of general aviation accidents A 
has gone down significantly in the last 20 years! It 
can be approximated by 


A = 5000e~0.%" 


where t is the number of years after 1970. 

a. How many accidents were there in 1970? 

b. How many accidents were there in 1990? 

c. In what year do you predict the number of acci- 
dents to be 1000? (Answer to the nearest year.) 


50. After exercise the diastolic blood pressure of nor- 
mal adults is a function of time and can be approx- 
imated by 


P = 90e~°-# 


where f is the time in minutes. How long would it 
be before the diastolic pressure comes down to 
80? (Answer to two decimal places.) 


402 6 Functions and Graphs 


G Using Your Knowledge 


In this section you learned that for continuous com- 
pounding, the compound amount is given by A = Pe’ F 
For ordinary compound interest, the compound 
amount is given by A = P(1 + r/n)”, where r is the 
annual interest rate and n is the number of periods per 
year. Suppose you have $1000 to put into an account 
where the interest rate is 6%. How much more would 
you have at the end of 2 years for continuous com- 
pounding than for monthly compounding? 

For continuous compounding, the amount is given 
by 


A = 1000e9)2) = 10009 
(1000)(1.1275) 
1127.50 


Use a calculator. 


Thus the amount is $1127.50. For monthly compound- 


ing, 





BSAONS 


5 i 0.005 and 


nt = 24 

Thus the amount is given by A = 1000(1 + 0.005)*4 = 
1000(1.005)*4. Compound interest tables or your cal- 
culator gives the value 


(1.005)*4 = 1.1271598 


so that A = 1127.16 (to the nearest hundredth). Thus 
the amount is $1127.16. Continuous compounding 
earns you only $.34 more! But, see what happens 
when the period tf is extended in problems 51 and 52! 


51. Make the same comparison where the time is 10 
years. 


52. Make the same comparison where the time is 20 
years. 


Research Questions 


@®™ In Other Words 


53. The definition of the exponential function 
f(x) = b* does not allow b = 1. 
a. What type of graph will f(x) have when b = 1? 
b. Is f(x) = b* a function when b = 1? Explain. 


54, List some reasons to justify the condition b > 0 
in the definition of the exponential function 


f(x) = b*. 


55. Discuss the relationship between the graphs of 
f(x) = b* and g(x) =b™. 


56. In Example 5, we predicted the U.S. population 
for the year 2000 to be 266,003,290. The 
Statistical Abstract of the United States predicts 
271,237,000. Can you give some reasons for this 
discrepancy? 


FZ suit checker 


In the next section you will solve a system of simulta- 
neous equations by graphing. To graph equations 
simultaneously, you better practice graphing just one 
equation at a time. Here are some practice problems 
for you. Graph them! 


lox yes 
2. 2x -y=4 
3. 2x -—y=5 
4.x—2y=4 


If you are unsure of how to graph these problems, 
review Sections 6.1 and 6.2. 


1. Who was the first person to publish a book describing the rules of logarithms, 
what was the name of the book, and what does logarithm mean? 


2. Describe how Jobst Burgi used “red” and “black” numbers in his logarithmic 


table. 


3. The symbol e was first used in 1731. Name the circumstances under which the 


symbol e was first used. 
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Two Linear Equations in Two Variables 


GETTING STARTED 


eee 


To do Example 1, make sure 
you are in the function mode. 


Graph It 


Solve each equation for y and : 


enter them as Y, = 2x — 4 
and Y, = 5 — x. Press 

[6]. To find the 
intersection, press [2nd] 
[eAtc] [5] and 
three times. The intersection 
is x = 3 and y = 2 as shown. 


' 
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Women and Men in the Work Force 


Figure 6.51 shows the percentage of women (W) and men (M) in the work force 
since 1955. Can you tell from the graph in which year the percentage will be the 
same? It will happen after 2005! If tis the number of years after 1955, W the per- 
centage of women in the work force, and M the percentage of men, the graphs 
will intersect at a point (a, b). The coordinates of the point of intersection (if 
there is one) are the common solution of both equations. If the percents W and 
M are approximated by 


W = 0.055t + 34.4 (percent) 
M = —0.20t + 83.9 (percent) 


you can find the year after 1955 when the same percentage of women and men 
were in the work force by graphing M and W and locating the point of intersec- 
tion. We will do that later! 


FIGURE 6.51 
Women and men in the work force 
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Source: U.S. Bureau of Labor Statistics. a 


There are many applications of algebra that require the solution of a system of 
linear equations. We shall consider only the simple case of two equations in two 
variables. (Applications that require the solution of such systems appear in 
Section 6.8.) 

As we have seen, a linear equation Ax + By = C has a straight line for its 
graph. Hence, two such equations will graph into two straight lines in the plane. 
Two distinct lines in the plane can either intersect at a point or else be parallel 
(have no intersection). If the lines intersect, then the coordinates of the point of 
intersection are called the solution of the system of equations. If the lines are 
parallel, then, of course, the system has no solution. 
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FIGURE 6.52 


FIGURE 6.53 
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A. 


EXAMPLE 1 


Solution by Graphing 


One way to solve a system of two equations in two variables is to graph the two 
lines and read the coordinates of the point of intersection from the graph. The 
next two examples illustrate this graphical method. 


Use the graphical method to find the solution of the system 


2x-y=4 
xty=5 


- 


Solution We graph the two equations as shown in Figure 6.52. The point of 
intersection of the two lines appears to be (3, 2). We check this set of coordinates 
in the given system. For x = 3 and y = 2, 


2x ys 2 = "4 
Xt iS BT = 


Thus, the two equations are both satisfied, and the desired solution is x = 3, 
y = 2, or (3, 2). a 


EXAMPLE 2 


If you are about to build a house, you might consider the following two types of 
heating: 


1. Solar heating, which requires a $10,000 initial investment and a $200 annual 
cost 


2. Oil heating, with a $2000 initial investment and an annual cost of $1000 


(a) Write an equation giving the total cost y (in dollars) of solar heating over x 
years. 


(b) Repeat part (a) for oil heating. 
(c) Graph the equations obtained in parts (a) and (b) for a period of 12 years. 
(d) When will the total costs for the two systems be equal? 


Solution 
(a) The cost y of solar heating is given by y = 10,000 + 200x. 
(b) The cost y of oil heating is given by y = 2000 + 1000x. 


(c) Note that the x coordinate represents the number of years and the y coordi- 
nate represents the number of dollars in the corresponding total cost. For the 
solar heating equation, we find the two points (0, 10,000) and (5, 11,000). 
These two points and the line through them are shown in Figure 6.53. For the 
oil heating equation, we find the two points (0, 2000) and (5, 7000). These 
two points and the line through them are also shown in Figure 6.53. 


(d) As you can see from Figure 6.53, the lines intersect at the point where x = 10 
and y = 12,000. Thus, the total costs are equal at the end of 10 years. 


(After 10 years, the total cost for solar heating is much less than that for oil 
heating.) & 


EXAMPLE 3 
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One word of warning: You should always check apparent solutions by sub- 
stituting the respective values of x and y back into the original equations. Picture 
(graph) solutions often give only approximations of actual solutions. 
Remember what happened in Getting Started? 


Solution by Algebraic Methods 


If the solution of the system is a pair of simple numbers that can be read exactly 
from the graph, then the graphical method is quite satisfactory. Naturally, you 
should always check a proposed solution in the given equations. Unfortunately, 


-most systems have solutions that are not easy to read exactly from graphs, and 


for such systems an algebraic method of solving is needed. There is a quite sim- 
ple method that is best explained by means of examples, as follows: 


Solve the system of Example | by algebraic means. 


Solution The point (x, y) where the lines 2x — y = 4 and x + y = S intersect is 
the intersection of the solution sets of the two equations. This means that the 
number pair consisting of the x value and the y value of this point must satisfy 
both equations. Hence, we can use the following procedure: Since the y terms in 
the two equations are the same except for sign, we add the two equations term 
by term to eliminate the y terms and get an equation in one variable. 


2x-y=4 
Ly 5 
3x =9 


Thus, x = 3. By substituting this x value into the second equation, we get 
3+y=5 or y=2 


We have now found the same solution as before, (3, 2). A 


If both variables occur in both equations, we can proceed as follows: 





This procedure is illustrated in the next example. 
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EXAMPLE 4 


EXAMPLE 5 


EXAMPLE 6 


Find the point of intersection of the two lines 3x — 2y = 19 and 2x + 5y = — 19, 
Solution 


Step la We multiply the first equation by 5 and the second by 2 to get 


15x — 10y = 95 i 
Opposites 
38 Ppo; 


443 10y >= | 


Step 1b We then add the two equations to get 
19x57 | 
Step 2 Solving for x gives x = 3. 


Step 3 We substitute x = 3 into the first of the given equations to obtain 


3-3-2y=19 
9—2y = 19 
—2y = 10 
Vie a 
The point of intersection is thus (3, —5). (i 


Solve the following system (if possible): 


a Ly S 
4x —2y=7 
Solution 


Step la We multiply the first equation by —2 to obtain the system 
—Ayee ly =—10 
4x —2y=7 
Step Ib Adding these two equations, we get the impossible result 
0=-3 


Thus, the system has no solution. The lines represented by the two equations are 
parallel. S 


Notice that the method of addition of the equations (used in Examples 4 and 
5) will detect parallel lines as in Example 5 by arriving at an impossible result: 
0 = anonzero number. The next example shows that different equations can rep- 
resent the same line. 


Solve the following system (if possible): 


Die Nemes 
4x — 2y = 10 
Solution 


Step la We multiply the first equation by 2 to get 
4x — 2y = 10 


FIGURE 6.54 





EXAMPLE 7 
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which is exactly the second equation. Thus, we see that the two equations repre- 
sent the same line, and every solution of one of these equations satisfies the 
other. If we put x = a in the first equation, and then solve for y to get y = 2a — 5, 
we can write the general solution of the system as (a, 2a —5), where a is any 
real number. For example, (0, —5), (3, 1), and (—1, —7) are solutions of the 
system. & 


Solving an Application 


Most of the problems that we’ ve discussed use x and y values ranging from — 10 
to 10. This is not the case when working real-life applications! For example, the 
price for connecting to the Internet using America Online (AOL) or CompuServe 
(CS) is identical: $9.95 per month plus $2.95 for every hour over 5 hr. If you are 
planning on using more than 5 hr, however, both companies have a special plan 
(see Figure 6.54). 


AOL: $19.95 for 20 hr plus $2.95 per hour after 20 hr* 
CS: $24.95 for 20 hr plus $1.95 per hour after 20 hr 


For convenience, let’s round the numbers as follows: 


AOL: $20 for 20 hr plus $3 per hour after 20 hr 
CS: $25 for 20 hr plus $2 per hour after 20 hr 


Make a graph of both prices to see which is a better deal. 


Solution Let’s start by making a table, where / represents the number of hours 
used and p the monthly price. Keep in mind that when the number of hours is 20 
or less the price is fixed: $20 for AOL and $25 for CS. 









25 
10 25 

15 25 

20 25 ttn sal 
15 35 25 + (25 — 20)2 = 35. 
30 45 25 + G0 — 20)2' = 45 
55 2535 20)2'—= 55" 











20 -4(25.=20)3.= 35: 
204 G0 — 20)3: = 50 
20)+ G5 = 20)3 = 65 





To graph these two functions, we let / run from 0 to 50 and p run from 0 to 100 
in increments of 5. After 20 hr, the price p for h hr for AOL is 


p= 20 BU 20) °3 = 20 + 3h = 60 = Sh = 40 
The price for CS is 
i= 25a 20) 2 = 25 2h 40 = 2h 15 


*As of this writing AOL has a new plan costing $21.95 per month with no limit on the number of 
hours used. 
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FIGURE 6.55 


p 





The graph is shown in Figure 6.55. As you can see, if you plan on using 20 hr or 
less, the price is fixed for both AOL and CS. From 20 to 25 hr, AOL has a lower 
price, but if you are using more than 25 hr, the price for CS is lower. At exactly 
25 hr, the price is the same for both, $35. Note that the complete graph is in quad- 
rant I, since neither the number of hours / nor the price p is negative. is 


To avoid graphing and to obtain a more precise answer, we can use the 
substitution method shown next.. 


EXAMPLE 8 
A When is the price for both services the same? 
Solution As you recall, for h > 20, 
$3 for each 
$20 + hour after 20 
BOLS p20) Fe 3 (20) 
$2 for each 
$25 + hour after 20 
CS p= 72 rb 420) 
To find when the price p is the same for both services, we substitute 
p = 20 + 3(h — 20) into the second equation to obtain 
20° Sth = 20) = 25 + 2h — 20) 
20 + 3h — 60 = 25 + 2h — 40 Use the distributive property. 
3h — 40 = 2h — 15 Simplify. 
3h = 2h + 25 Add 40 to both sides. 
h=25 Subtract h from both sides. 
a Thus if you use 25 hr, the price is the same for AOL and CS. 
Www: Check: The price for 25 hr of AOL service is 
To further explore linear p = 20 + 3(25 — 20) = 20 + 15 = $35 
equations in two variables and : 
to solve a system with two The price for 25 hr of CS service is 
equations and two unknowns, = cee a. = = 
access links 6.6.1 and 6.6.2 at Bef) S20 2D) ee ie 
the Bello Web site. Thus when using 25 hr, the price is the same for both services, $35. | 
Exercise 6.6 
A In problems 1-6, find the solution of the given 3. 2x/= y= 10;3x + 2y = 1 


system by the graphical method. 


lee ey S33 20 y= 0 


2.x+y=5;x—-4y=0 


4. 2x — 3y=1;*%+2y =4 
5.34 4y = 452% — 6y = 7 
6. y=5x—-12;y=3x-8 





| Info | + | Seah § (Remember to bookmark the Bello book-specific Web site.) 


BI In problems 7-30, find the solution of the given 
system by the method of addition that was used in 
Examples 4 and 5. If there is no solution, state so. 


Dakar yas le y= 0 

8. x+y=5;x-—4y=0 
9.x+y=6;3x-2y=8 

10. 2x — y = 5; 5x + 3y = 18 
12 = y "10; 3x 2y ="1 
12. 2x —3y=1;x+2y=4 

13. 5x + y= 4; 15x + 3y =8 
14. 2x —y = —-5; 4x — 2y = —10 
IS.225 sy ="12;5x —"3y'= —1 
16. 2x + 3y = 9; llx + 7y =2 
17. 3x + 4y = 4; 2x — 6y =7 
LS.y = 5x 12; y = 3x= 8 

19. 11x + 3 = —3y;5x + 2y=5 
20. 10x + 6y = 1; 5x = 9 — 3y 
ZA. = Ly. = 33h >. 2y i> 1 
22. y= 4x — 2;4x = 2y + 3 

Poe te Sy tell =.0;,94,-F.0y. 120° =10 
24. 3x + y=4;2x=4y-9 

2553% —N2y = 8} 24,4 2y = 3 
26. 4x + 8y = 7;3x + 4y =6 
Dees weal 0; 27 8513 
28. 3r + 4s = 15; 4r — s = 20 
29. 6u — 2v = —27; 4u + 3v=8 
30. 8w — 13z = 3z + 4; 12w — 3 = 18z 


31. Company A will cater a banquet for x guests at a 
cost of y dollars, where 


y = 8x + 1000 
For company B the cost is 
y = 10x + 800 


a. Use the method of addition to find the number 
of guests for which the two costs are equal. 

b. Graph the two equations on the same set of 
axes from x = 0 to x = 200. 


32. 


33: 


34. 


35. 


36. 
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c. For which company is the cost less if there are 
more than the number of guests you found in 
part (a)? 


A solar hot-water heating system has an initial 

investment of $5400 and an annual cost of $50. An 

electric hot-water heating system has an initial 
investment of $1000 and an annual cost of $600. 

Let y dollars be the total cost at the end of x years. 

a. Write an equation giving the total cost of the 
solar heating system. 

b. Write an equation giving the total cost of the 
electric heating system. 

c. Graph the two equations you found in parts (a) 
and (b) on the same set of axes from x = 0 to 
x= 10. 

d. Use the method of addition to solve the system 
of equations. 

e. How long will it take for the total cost of the 
solar heat to become less than the total cost of 
the electric heat? 


The supply y of a certain item is given by the equa- 
tion y = 2x + 8, where x is the number of days 
elapsed. If the demand is given by y = 4x, in how 
many days will the supply equal the demand? 


The supply of a certain item is y = 3x + 8, where 
x is the number of days elapsed. If the demand is 
given by y = 4x, in how many days will the sup- 
ply equal the demand? 


A company has 19 units of a certain item and can 
manufacture 5 units each day. If the demand for 
the item is y = 7x, where x is the number of days 
elapsed, in how many days will the demand equal 
the supply? 


Clonker Manufacturing has 12 clonkers in stock. 
It manufactures 3 other clonkers each day. If the 
clonker demand is 7 each day, in how many days 
will the supply equal the demand? 


a In probiems 37-46, use the following informa- 
tion. You want to watch 10 movies at home each 
month. You have two options: 


Option 1 Get cable service. The cost is $20 for 
the installation fee and $35 per month. 

Option 2 Buy a VCR and spend $25 each 
month renting movies. The cost is $200 for a 
VCR and $25 a month for movie rental fees. 
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41. 


42. 
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a. If C is the cost of installing cable service plus 
the monthly fee for m months, write an equa- 
tion for C in terms of m. 

b. Complete the following table where C is the 
cost of cable service for m months: 





c. Graph the information obtained in parts (a) and 
(b). (Hint: Let m run from 1 to 24 and C run 
from 0 to 1000 in increments of 100.) 


a. If C is the total cost of buying the VCR plus 
renting the movies for m months, write an 
equation for C in terms of m. 

b. Complete the following table, where C is the 
cost of buying a VCR and renting movies for m 
months: 


c. Graph the information obtained in parts (a) 
and (b). 


Make a graph of the information obtained in prob- 
lems 37 and 38 on the same coordinate axes. 


On the basis of the graph for problem 39, when is 
the cable service cheaper? 


On the basis of the graph for problem 39, when is 
the VCR and rental option cheaper? 


At Grady’s restaurant, servers earn $80 a week 

plus tips, which amount to $5 per table. 

a. Write an equation for the weekly wages W 
based on serving ¢ tables. 

b. Complete the following table, where W is the 
wages and f is the number of tables served: 





c. Graph the information obtained in parts (a) 
and (b). 


43. At El Centro restaurant, servers earn $100 a week, 


44, 


45. 


46. 


but the average tip per table is only $3. 

a. Write an equation for the weekly wages W 
based on serving f tables. 

b. Complete the following table, where W is the 
wages and t is the number of tables served: 





c. Graph the information obtained in parts (a) 
and (b). 


Graph the information from problems 42 and 43 

on the same coordinate axes. On the basis of the 

graph, answer the following questions: 

a. When does a server at Grady’s make more 
money than a server at El Centro? 

b. When does a server at El Centro make more 
money than a server at Grady’s? 


Do you have a cell phone? How much do you pay 
a month? At the present time, GTE and AT&T 
have cell phone plans that cost $19.95 per month. 
However, GTE costs $.60 per minute of airtime 
during peak hours while AT&T costs $.45 per 
minute of airtime during peak hours. GTE offers a 
free phone with their plan while AT&T’s phone 
costs $45. For comparison purposes, since the 
monthly cost is the same for both plans, the cost C 
is based on the price of the phone plus the number 
of minutes of airtime m used. 
a. Write an equation for the cost C of the GTE 
plan. 
b. Write an equation for the cost C of the AT&T 
plan. 
c. Using the same coordinate axes, make a graph 
for the cost of the GTE and the AT&T plan. 
(Hint: Let m and C run from 0 to 500.) 


On the basis of the graphs obtained in problem 45, 
which plan would you buy, GTE or AT&T? 
Explain. 


Ge Using Your Knowledge 


According to the Statistical Abstract of the United 
States, the prices for art books and the number of 
books supplied in 1980, 1985, and 1990 are as shown 
in the following tables: 





Note that fewer books are demanded by consumers as 
the price of the books goes up. (Consumers are not 
willing to pay that much for the book.) 


47. Graph the points corresponding to the demand 
function in the coordinate system shown. 


Q 





48. Draw a line passing through the points. The line is 
an approximation to the demand function. 


On the other hand, book sellers supply fewer books 
when prices go down and more books when prices 


go up. 


49. Graph the points corresponding to the supply 
function on the same coordinate system. 


50. Draw a line passing through the points. The line is 
an approximation to the supply function. 


51. What is the point of intersection of the two lines? 
52. At the point of intersection, what is the price? 


53. At the point of intersection, what is the quantity of 
books sold? 


= in Other Words 


54. What does the solution of a system of linear equa- 
tions represent? 
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55. How can you tell graphically whether a system 
has no solution? 


56. How can you tell graphically whether a system 
has one solution? 


Suppose you have a system of equations and you solve 
both equations for y and obtain 


y=mx tb, 
y=m,x + b, 
What can you say about the graph of the system when 


57. m, =m, and b, # b,? How many solutions do you 
have? Explain. 


58. m, =m, and b, = b,? How many solutions do you 
have? Explain. 


59. m, # m,? How many solutions do you have? 
Explain. 
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Women and men in the work force 
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Source: U.S. Bureau of Labor Statistics. 


We promised in Getting Started that we would get back 
to this problem, finding the year in which the percent 
of men and women in the work force are equal. Divide 
your group into three teams. Here are the options. 


Team 1 Extend the lines for the percent of men (M), 
the percent of women (W), and the horizontal axis. 


1. In what year do the lines seem to intersect? 


2. What would be the percent of men and women in 
the labor force in that year? 
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Team 2 Get some graph paper with a 20-by-20 grid, 
each grid representing 1 unit. Graph the lines 


M = —0.20t + 83.9 (percent) 
W = 0.55t + 34.4 (percent) 


where ¢ is the number of years after 1955. 
1. Where do the lines intersect? 


2. What does the point of intersection represent? 


Team 3 The point at which the lines intersect will sat- 
isfy both equations; consequently at that point M = W. 





GETTING STARTED 


prs 


we do it in verse. 


Fai) 
Linear Inequalities 


Rhyme and Reason 


Substitute —0.20¢ + 83.9 for M and 0.55t + 34.4 for 
W and solve for ¢. 


1. What value did you get? 


2. What is the point of intersection for the two lines 
and what does it represent? 


Compare the results of teams 1, 2, and 3. Do they 
agree? Why or why not? Which is the most accurate 
method for obtaining an answer for this problem? 


Do you like poetry? Perhaps you will understand the graphing of inequalities if 


How to Graph a Linear Inequality, by Julie Ashmore* 


Look here, my children, and you shall see 


FIGURE 6.56 How to graph an inequality. 
y Here’s a simple inequality to try: 
x plus 2 is less than y. Xt ey 
First, make the “less than” “equal to”; 
So now y equals x plus 2. VY =x 2 





Then pick a point for x: say, 10; 
Now plug that single constant in. 
Add 10 plus 2 and you’ ll get y; 
See if this pair will satisfy! 

x: 10, y: 12; you’ll find it’s right, 
So graph this point to expedite. 
Now find a second ordered pair 


x=10,y= 10+ 2 
(10, 12) 


See Figure 6.56. 


That fits in your equation there. 

x: 3, y: 5 will do quite well. (3, 5) 
And it’s correct, as you can tell. 

Plot this point, and then you’ ve got 


To draw a line from dot to dot. 


See Figure 6.56. 


Make it neat and make it straight; 

A truler’s edge I’d advocate. 

The next step’s hard! You’ ve got to choose 
Which side of this line you must use. 


Change “equal to” back to “less than,” 


Xe Vs 


*Julie Ashmore was a young student in the John Burroughs School in St. Louis, Missouri, when she 


wrote this verse. 
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Just as it was when you began. 
Pick a point on one side! I 


Use 3 for x and | for y. (321) 

Is 1 greater than 3 plus 2? 

No! This side will never do! 3+241 

On the other side, let’s try 

1 for x and 4 for y. (1, 4) 

1 plus 2 (which equals 3) 

Is less than 4, as you can see. 14+2=3<4 
Shade in the side that dot is on; 

We’ ve one more step to come upon. See Figure 6.56. 


Do the points upon your line 
Fit the equation I assigned? 


Use | and 3 for this last test; (1,3) 

They’re “equal to,” but they’ re not “less.” 

Make your line dotted to show this is true. 1e2=3 

And that is all you have to do! See Figure 6.56. es 


In this section we will see how to graph a relation in which the rule is a linear 
inequality, that is, an inequality of the type ax + by + c = 0. Let us use these 
ideas in a more practical way. 


Graphing Linear Inequalities 


Suppose you want to rent a car for a few days. Here are some prices for an inter- 
mediate car rented in Florida in a recent year: 


Rental A $36 per day, $.15 per mile 
Rental B $49 per day, $.33 per mile 


The total cost C for the rental A car is 


C= 36d ala 0.15m 
Cost for Cost for 
d days m miles 


Now suppose you want the cost C to be $180. Then 180 = 36d + 0.15m. Graph 
this equation by finding the intercepts. When d = 0, 180 = 0.15m, or 


180 
= ——_ = |] 
m 015 1200 


When m = 0, 180 = 36d, or 


e180). 


ae 


Join (0, 1200) and (5, 0) with a line and then graph the discrete points corre- 
sponding to 1, 2, 3, or 4 days. 
But what if you want the cost to be less than $180? Then you have 


36d + 0.15m < 180 
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DEFINITION 


You have graphed the points on the line 36d + 0.15m = 180. Where are the 
points for which 36d + 0.15m < 180? As the graph in Figure 6.57 shows, the 
line 36d + 0.15m = 180 divides the plane into three parts. 


1. The points (half-plane) below the line 
2. The points on the line 


3. The points (half-plane) above the line 


It can be shown that if any point on one side of the line Ax + By = C satis- 
fies the inequality Ax + By < C, then all points on that side satisfy the inequal- 
ity and no point on the other side of the line does. Let’s select (0, 0) as a test 
point. Since 


36-0+0.15-0< 180 
0 < 180 


is true, all points below the line (shown shaded in Figure 6.57) satisfy the 
inequality. [As a check, note that (5, 500), which is above the line, doesn’t sat- 
isfy the inequality, since 36 -5 + 0.15 - 500 < 180 is a false statement. ] The line 
36d + 0.15m = 180 is not part of the graph and is shown dashed. To apply this 
result to our rental car problem, note that d must be an integer. The solution to 
our problem consists of the points on the heavy line segments at d = 1, 2, 3, and 
4. The graph shows, for instance, that you can rent a car for 2 days and go about 
700 mi at a cost less than $180. What we have just set up is called a linear 
inequality. Here are the definitions we need. 





Note: If < and > are substituted for = and =, we still have a linear inequality. 
Here is a summary of the procedure we used to graph the linear inequality above. 
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Problem Solving 





. Read the problem. 


. Select the unknown. 


. Think of a plan. 

(a) First, graph 2x = 3y — 6. 

(b) Select a test point. 

(©) Check to see whether it 
satisfies the inequality. 


. Use the test point to find the 
solution set. 

What do you have to do after you 
check to see whether the test point 
satisfies the inequality 

2x <3y —@ 


5. Verify the solution. 


TRY EXAMPLE 1 NOW. 


Graphing Linear Inequalities 


Graph the linear inequality 2x < 3y — 6. 


Find the solution set for the linear inequality 2x < 3y — 6; that is, find its 
graph. 


(a) Start by graphing 2x = 3y — 6, as in Figure 6.58. When x = 0, then y = 2, 
so graph (0, 2). When y = 0, then x = —3, so graph (—3, 0). Join (0, 2) and 
(—3, 0) with a dashed line, since the graph of 2x = 3y — 6 is not part of the 
solution set. 


(b) To find the points satisfying 2x < 3y — 6, find out if (0, 0) satisfies 
2MIBYy 2116; 


(c) When x = 0 and y = 0, 2x < 3y — 6 becomes 
20 <93).0;- 16 


0=<=6 


which is false. Thus, (0, 0) and all points below the line 2x = 3y — 6 are not in 
the solution set of 2x < 3y — 6. The solution set must consist of all points above 
the line 2x = 3y — 6. 


Remember that to emphasize the fact that points on the line 2x = 3y — 6 are not 
part of the solution set, the line itself is shown dashed in Figure 6.58. 


The verification that the points in the shaded region satisfy the inequality 
2x < 3y — 6is left to you. 


FIGURE 6.58 


Cover the solution, write your own, and then check your work. 
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FIGURE 6.59 





FIGURE 6.60 
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EXAMPLE 1 


Example | illustrates the solution of an inequality that involves the less than 
or equal to sign. Notice carefully that the line corresponding to the equals sign is 
a part of the solution and is drawn solid in the graph. 


Graph the linear inequality 3x — 4y = 12. 
Solution : 


(a) We first draw the graph of the line 3x — 4y = 12 (see Figure 6.59). We know — 
that our answer requires one of the half-planes determined by this line. 


(b) To find which of the half-planes is required, we can select any point not on 
the line and check whether it satisfies the original inequality. If the origin is 
not on the line, then (0, 0) is a good choice, because it is so easy to check. 


(c) Does (0, 0) satisfy the inequality 3x — Ay = 12? Yes, because 3(0) — 4(0) = 
0 < 12. Thus, the half-plane containing (0, 0) is the one we need. This half- 
plane is shaded in Figure 6.59. a 


Solving Systems of Inequalities by Graphing 


The solution set of a system of linear inequalities in two variables can often be 
found as in the next example, where the individual inequalities are first solved 
separately and then the final shading shows the intersection of these solution 
sets. This intersection is the solution set of the system. 

Keep in mind that the lines (boundaries) are included when the inequal- 
ities are < or =. In this case the line is drawn solid. They are not included 
for < or >. In that case the line is drawn dashed. 


EXAMPLE 2 
Graph the solution set of the system of inequalities —2 S x = 3. 


Solution Our system consists of the inequalities —2 = x and x = 3. We first 
graph the lines x = —2 and x = 3 as shown in Figure 6.60. The inequality —2 =x 
is satisfied by all the points on or to the right of the line x = —2 as indicated by 
the arrows. Similarly, the inequality x < 3 is satisfied by all the points on or to 
the left of the line x = 3 as indicated by the arrows. The given system 1s satisfied 
by all the points common to these two regions, that is, all the points on either line 
or between the two lines. The solution set is shown shaded in Figure 6.60. @&@ 


EXAMPLE 3 
Graph the solution set of the system of inequalities 


Nie 
Kae 


Solution We first graph the lines x + 2y = 5 and x — y = 2, as shown in Figure 
6.61. The inequality x + 2y = 5 is satisfied by the points on or below the line 
x + 2y = 5, as indicated by the arrows attached to the line. The inequality 
x — y <2 is satisfied by the points above the line x — y = 2, as indicated by the 
arrows attached to the line. This line is drawn dashed to indicate that the points 


FIGURE 6.62 


y 





FIGURE 6.63 





EXAMPLE 6 
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on it do not satisfy the inequality x — y < 2. The solution set of the system is 
shown in Figure 6.61 by the shaded region and the portion of the solid line form- 
ing one boundary of this region. The point of intersection of the two lines is not 
in the solution set. i) 


We can also graph the solution set of a system consisting of more than two 
inequalities, as illustrated by the next example. 


EXAMPLE 4 
Graph the solution set of the system of inequalities 


Kick Dy ='6 
SoxXet Zyl 10 
x= 0 


y=0 


Solution We first graph the lines x + 2y = 6, 3x + 2y = 10,x = 0, and y = 0, 
as in Figure 6.62. The inequality x + 2y < 6 is satisfied by the set of points on 
or below the line x + 2y = 6, as indicated by the arrows attached to the line. The 
inequality 3x + 2y < 10 is satisfied by the set of points below the line 
3x + 2y = 10. Notice that this line is drawn dashed to show that it does not sat- 
isfy the given inequality. The set of inequalities x = 0 and y = 0 is satisfied by 
points in the first quadrant or points on the portions of the axes bounding the first 
quadrant. The solution set of the system can easily be identified; it is the shaded 
region plus the solid portions of the boundary lines. Bl 


EXAMPLE 5 
Graph the solution set of the system of inequalities x + 1 =Oory —2 <0. 


Solution We first graph the lines x + 1 = 0 and y — 2 = 0 as shown in Figure 
6.63. The inequality x + 1 = 0 is satisfied by the points on or to the right of the 
line x + 1 = 0, as indicated by the arrows attached to this line. The inequality 
y — 2 S Ois satisfied by the points on or below the line y — 2 = 0, as indicated 
by the arrows attached to this line. Since this is an “or” set of inequalities, the 
solution consists of all the points that are on or to the right of the line x + 1 = 0 
and all the points that are on or below the line y — 2 = 0. The shaded region and 
the two solid lines in Figure 6.63 show this set of points. eal 


Applications 


In Section 6.1, the target zone used to gauge your effort when performing aero- 
bic exercises was discussed. This target zone is determined by your pulse rate p 
and your age a and is found in the next example. 


The target zone for aerobic exercise is defined by the following inequalities, in 
which a is the age in years and p is the pulse rate: 

10 = a= 70 

p= —ja+ 150 Lower limit 

p= —a- 190 Upper limit 
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Graph these inequalities and label the resulting target zone. 


. Solution Since a is between 10 and 70, inclusive} it is convenient to label the 
i horizontal axis starting at 10, using 10-unit intervals, and ending at 70. The ver- 
tical axis is used for the pulse rate p, and we start at 70 (the normal pulse rate) 
and go up to 200, as shown in Figure 6.64. We then graph the line p = —ta +150 
after finding the two points (30, 130) and (60, 110). Notice that because of the 
—a, values of a that are divisible by 3 are most convenient to use. The inequal- 
ity p = —a + 150 is satisfied for all points that are on or above this line. Next, 
we graph the line p = —a + 190. Two points easy to find on this line are 
(10, 180) and (70, 120). The inequality p = —a + 190 is satisfied by all points 
that are on or below this line. The target zone is shown in Figure 6.64. a 


A In problems 1-10, graph the given inequality. 


25K Pye I Dy a0 ye 


oxy 2 Lek = 26. Wi xy 8. yi 
3. x= 4 4,.y33 
Sekai 6. 3x + 4y= 12 In problems 27-30, select the set of conditions (a) 
Le ee Feneaaieay or (b) that corresponds to the shaded region in each 
figure. 
9. 4x+y>8 10. x-4y <4 
Die y 


ti In problems 11-26, graph the solution set of the 
given system of inequalities. 


11. 
12. 
13. 
14. 


= Aes 
2 Ves 


eel OnE aa 





v= OlOny = 3 


ie y= by S6 
16. 
Bey = OL Ax yh? 


an 2 vies on Sy, 


13.52% y= 10: 3% + 2y =6 
19. 
20S yr = yo Vy 4 


20 yeaa eye = () 


215% Sy = 6.5 =O y= 0 
De No V= ly ales 
aa KL ype keen Ven Oe as 
Moxy = ae y= 6)7 = by at 


a. 3x + 2y<6,x S2andy S$ 3 
b. 3x + 2y =6,x=Oandy=0 


28. y 





a. 2x + 3y ='6,x = 3 andy =2 
b. 2x + 3y = 6,x = Oandy=0 





ae Or y a1 
b. x =2andy=1 


30. y 





ana = —landy="t 
baxis—Lory=1 


31. Which shaded region corresponds to the set of 
inequalities x + y= 1 andx—-—y=<1? 


a. b. 
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32. Write the set of inequalities that corresponds to the 


shaded region in the figure. Explain. 


y 





33. The desirable weight range corresponding to a 


34 


e 


given height for a man is shown in Table 6.7. We 
found the equation for the lower weights in terms 
of the height to be w = 4h — 140. The equation for 
the upper weights is w = 5h — 176. Thus, the 
desirable weights for men from 62 to 76 in. in 
height satisfy the system of inequalities 


62= h=76 
w = 4h — 140 
w=5h—- 176 


Graph this system of inequalities and show the 
region corresponding to the range of desirable 
weights. Be sure to take the horizontal axis as the 
h axis. 


The desirable weight range corresponding to a 
given height for a woman is also shown in Table 
6.7. The equation for the lower weights in terms of 
the height h is w = 4h — 150 and for the upper 
weights is w = 5h — 187. Thus, the desirable 
weights for women from 62 to 72 in. in height sat- 
isfy the system of inequalities 


62S 72 
w = 4h — 150 
w = 5h — 187 


Graph this system of inequalities and show the 
region corresponding to the range of desirable 
weights. Be sure to take the horizontal axis as the 
h axis. 
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=” in Other Words 


35. Describe the steps you would take to graph the 
inequality ax + by > c. 


36. Describe the graph of the inequality y < mx + b. 
37. Describe the graph of the inequality x = k. 
38. Describe the graph of the inequality y < k. 


Ge Using Your Knowledge 


Suppose you want to find two integers x and y with 
y > i such that the sum of the two integers is less than 
10 and the difference 3x — 2y is greater than 6. Here is 
an easy way to find the possible pairs (x, y). 


39. Graph the corresponding system of inequalities 


Vial 
Kay 10 
Oka 2yet16 


You should end up with a shaded region in the 
plane. Mark each integer point (point with integer 
coordinates) within this region, and then just read 
the coordinates. These are the possible pairs of 
integers. 


40. Find all the pairs of integers (x, y) such that x is 
greater than 1, the sum of the two integers is less 
than 12, and the difference 2y — x is at least 8. 


You can use what you know about linear inequalities to 
save money when you rent a car. Here are the rental 
prices for an intermediate car obtained from a tele- 
phone survey conducted in Tampa, Florida, in a recent 
year: 
Rental A 
Rental B 


$41 a day, unlimited mileage 
$36 a day, $0.15 per mile 


41. If you compare the rental A price ($41) with the 
rental B price, you see that rental B appears to be 
cheaper. 

a. How far can you drive a rental B car in one day 
if you wish to spend exactly $41? (Answer to 
the nearest mile.) 

b. If you are planning on driving 100 mi in one 
day, which car would you rent, rental B or 
rental A? 


42. How far can you drive a rental B car in 1 day if 
you wish to spend exactly $42? (Answer to the 
nearest mile.) 


43. 


44. 





45. 


46. 





Based on your answers to problems 41 and 42, 
which is the cheaper rental price? (Hint: It has to 
do with the miles you drive.) 


Will the rental prices ever be identical? 


Discovery 


Here is a problem just for fun. A square is 2 in. on 
a side. Five points are marked inside or on the 
perimeter of the square. Show that the distance 
between at least two of the five points is less than 
or equal to V2. (Hint: Cut the square up into four 
equal squares by connecting the midpoints of the 
opposite sides.) 


The figure below is a flowchart for graphing the 
inequality ax + by > c, abc # 0. Explain why this 
works. (Hint: Try it for some of the problems.) 


47. Can you discover what changes have to be made in 
the flowchart if the inequality is ax + by<c,c#0? 


48. Can you discover what changes have to be made 
in the flowchart if c = 0? 


& 
ae Collaborative Learning 


As you can see in the chart, many fatal accidents 
involving drivers and pedestrians were alcohol related. 
The two graphs show the effect of alcohol on males 
and females over a 2-hr period. Form three teams. 
Here are the assignments. 


Team I For the graph on the left (males), use the 
points (6, 0.1) and (2, 0.01) to find the slope of the line. 
Then use (6, 0.1) to find the equation of the line relat- 
ing B the blood alcohol level and D the number of 
drinks. Finally, write the inequality corresponding to 
the shaded region on the graph. 


Team 2 For the graph on the right (females), let the 
slope be rise/run. What is this value? Use the point 
(4, 0.1) and the slope to find the equation of the line 
relating B the blood alcohol level and D the number of 
drinks. Finally, write the inequality corresponding to 
the shaded region on the graph. 


Team 3 The two graphs shown apply to 170-Ib males 
and 137-lb females. A more general formula relating 
the number of drinks D and the weight W that will pro- 
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“You Want a Coke with That?” 
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Blood alcohol levels 








duce a blood alcohol level of 0.10 in 2 hr is 
0.00125W — 0.01875D = 0.1. Using W as the vertical 
axis and D as the horizontal axis, graph the equation 
and then write an inequality indicating that the blood 


alcohol level exceeds 0.1. 





Are you on a steady diet of hamburgers and fries? Are you also watching your 
fat and protein intake? A regular hamburger contains about 11 g of fat and 12 g 


of protein. Your daily consumption of fat and protein should be about 56 and 51 
g, respectively. (You can check this out in the Fast Food Guide by Michael 
Jacobson and Sarah Fritschner.) Suppose that a regular hamburger costs 39¢ and 
a regular order of fries is 79¢. How many of each could you eat so that you met 
the recommended fat and protein intake and, at the same time, minimized the 
cost? The given information is shown in Table 6.10, where / and f represent the 
number of hamburgers and orders of fries, respectively. 
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TABLE 6.10 





Since the recommended amounts of fat and protein are 56 and 51 g, respectively, 
we have the system of equations 


11h + 12f = 56 
12h + 3f =51 
In the first equation when h = 0, f = {7 = | Graph (0, + 14) When f = 0, h = 78. 


Graph (32, 0). Join the two points sith a line. Similarly, graph the second 
equation. 

Now, look at the graph in Figure 6.65. The shaded region is called the feasi- 
ble region, and the minimum or maximum for a linear function (such as the cost 
function given a C = 39h + 79f) occurs at one of the corner points. First 
approximate (0, ¥ i) to (0, 5) and then try each of the points. 


For (0, 5), C = 39:0 + 79-5 = $3.95 
For (0, 17), C = 39:0 + 79-17 = $13.43 
For (4)1), C= 39-4 + 1-79 = $2.35 


Thus, the most economical way to meet your fat and protein intake by eating 
hamburgers and fries is to eat 4 hamburgers and | order of fries for $2.35 (not 


necessarily all at once!). es 


Many problems and situations require better or more efficient ways of accom- 
plishing a given objective. When studying how to conserve energy, recycle mate- 
rials, or manufacture certain products, we usually want to minimize the cost. If 
the equations and inequalities used to model the problem are linear, we have a 
linear programming problem. These problems are usually done with a com- 
puter using the simplex algorithm developed by George Dantzig in the late 
1940s. 

Although we shall not consider the simplex method, we shall solve some 
simple problems that illustrate the variety of applications of linear programming 
methods. The concepts we employ are basic even for the larger problems that are 
beyond the scope of this book. 

As an example of a linear programming problem, let us assume that Sew & 
Sew, Inc., manufactures pants and vests. The profit on each pair of pants is $6 
and on each vest is $5. The pants use 2 yd of material and the vests use 1.5 yd of 
material each. Because of production limitations, Sew & Sew cannot manufac- 
ture more than 10 of these garments per day and cannot use more than 18 yd of 
material per day. If Sew & Sew can sell all the pants and vests it makes, find the 
number of each garment it should produce per day to maximize its profit. 

One way of presenting a linear programming problem so that it is easier 
for our minds to grasp is to put the data into tabular form. For the Sew & Sew 


TABLE 6.11 
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problem, we tabulate the data and make some minor calculations as shown in 
Table 6.11. We can now see that the total profit P is 


P = 6x + 5y dollars 


Thus, P is a linear function of x and y, and we wish to determine x and y so that 
P has its maximum value. 

Next, we must express the restrictions in the problem in terms of x and y. The 
first restriction is that Sew & Sew produce not more than 10 garments per day. 
Since it produces x pants and y vests, the total number of garments is x + y. Thus, 


n+ y= 10 


A second restriction is that it use not more than 18 yd of material per day. This 
means that 


ne Sy S=A8 


Another restriction is that x and y cannot be negative. This gives the positivity 
conditions: 


c= 0 y=0 


We can summarize our problem as follows: We want to maximize the linear 
function P given by 


P= 6x.+ Sy 


subject to the constraints (that is, the restrictions) 


xee'y S10 (1) 
Ie Sy S48 (2) 
ee ye 1) (3) 


To make a start on the solution of this problem, we graph the solution set of 
the system of inequalities (1), (2), and (3), just as we did in the preceding sec- 
tion. This gives the region shown in Figure 6.66. Each point (x, y) in this region 
represents a combination of garments that satisfies all the constraints. For this 
reason, the region is called the feasible region. 


FIGURE 6.66 
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FIGURE 6.67 


Convex 


6 Functions and Graphs 


Not convex 


THEOREM 6.1 


EXAMPLE 1 


We need to select a point from the feasible region that will maximize the 
expression 6x + 5y. In order to do this, let us examine the equation 6x + 5y = P. 
For a given value of P, this is an equation of a straight line, which in slope- 
intercept form is : 

6 es 
Mesemise oS! 
This equation shows that the slope ‘is —$ regardless of the value of P. Hence, for 
a set of values of P, we get a set of parallel straight lines. Furthermore, for pos- 
itive increasing values of P, the lines move out away from the origin. (This fol- 
lows because the y intercept is P/5.) The dashed lines in Figure 6.66 are the 
graphs of 6x + 5y = P for the values P = 12, 24, 36, and 48. The smaller the 
value of P, the closer the line is to the origin. 

These considerations make plausible the following basic theorem for feasi- 
ble regions that are convex (non-reentrant) polygons, that is, regions such that 
the points of the line segment joining any two points on the boundary lie entirely 
inside the region or else on the boundary. See Figure 6.67. 


‘Ifthe feasible region 
~— maximum (or minim 
- (vertex) of the region 









To make use of this theorem, we need only check the values of P at the ver- 
tices of the polygon. These vertices are indicated in Figure 6.66 and can, of 
course, be found by solving the appropriate pairs of linear equations. By direct 
calculation, we find the values in Table 6.12. Thus, Sew & Sew should produce 
6 pants and 4 vests per day to maximize its profit. 


TABLE 6.12 


< Maximum 





Little Abner raises ducks and geese. He is too lazy to take care of more than 30 
birds altogether but wants to make as much profit as possible (naturally). It costs 
him $1 to raise a duck and $1.50 to raise a goose, and he has only $40 to cover 
this cost. If Little Abner makes a profit of $1.50 on each duck and $2 on each 
goose, what is his maximum profit? 


Solution Letting x and y be the number of ducks and geese, respectively, that 
Little Abner should raise, we place the given information in Table 6.13. 


FIGURE 6.68 





EXAMPLE 2 
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TABLE 6.13 





It appears that Little Abner’s total profit from both ducks and geese is $P, where 
POX ZY 
The constraints are (in the order stated in the problem) 


Sin oO tT) Too lazy to raise more than 30 birds (4) 
x + 1.5y = 40 Has only $40 to cover his costs (5) 


Although it is not stated, we must also obey the positivity conditions: 
x0) y=0 (6) 


We proceed as before to find the feasible region by graphing the system of 
inequalities (4), (5), and (6), as shown in Figure 6.68. We then find the vertices 
and check them in the profit function P in Table 6.14. 


TABLE 6.14 


< Maximum 





By raising 10 ducks and 20 geese, Little Abner will make the maximum possi- 
ble profit, $55. a 


The ideas we have studied are used to make decisions involving production, 
distribution, and advertising of many products including computers. Do you 
have a laptop computer or a desktop? How do companies decide which type to 
produce? How much profit should they try to make? Here is an example adapted 
from Gerard Cornuejols and Michael Trick quantitative methods course. 


A computer company wishes to produce laptop and desktop computers and must 
decide its product mix for the next quarter. It has the following constraints: 


1. Each computer requires a processing chip. The supplier has allocated 10(000) 
chips to the company. 
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2. Each computer requires memory which comes in 16-MB chip sets. Laptops 
require 16 MB, so they take one chip, whereas desktops need 32 MB (two 
chips). These chips are cheaper when bought in great quantities, and 15(000) 
of them are available. ; 


3. Each computer has to be assembled. A laptop computer takes 4 min versus 3 
min for the desktop. There are 25(000) min of assembly time available. 


Under current market conditions, material cost, and production time, each 
laptop produced and sold generates $500 profit, and each desktop $600. How 
many of each type computer should the company manufacture next quarter? 


Solution Suppose the company wishes to manufacture x laptop and y desktop 
computers. It wants to maximize its total profits P. Since the company generates 
$500 for each laptop and $600 for each desktop, P = 500x = 600y. The con- 
straints are as follows: 


i See ey 10) The company only has 10(000) chips, 1 for each 
computer. 

Don Ce =MS It only has 15(000) memory chips, | for laptops, 
2 for desktops 

3. 4x + 3y = 25(000) It only has 25(000) min, 4 for laptops, 3 for 
desktops. 

FIGURE 6.69 





Graph x + y = 10,x + 2y = 15, and 4x + 3y = 25, as shown in Figure 6.69. 
The feasible region is shown shaded. To find the point of intersection of 
4x + 3y = 25 and x + 2y = 15, multiply the second equation by —4. Then, 


4x + 3y = 25 
—4x — 8y = —60 
SV IS Sop eyes hk cans anne 


Since x + 2(7) = 15, x = 1. Thus, the point of intersection is at (1, 7). The ver- 
tices of the feasible region and the profit P for each vertex are given in Table 
6.15. As you can see, the maximum profit ($4700) occurs at (1, 7), so the com- 
pany should produce 1(000) laptop and 7(000) desktop computers. 


TABLE 6.15 


a 
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< Maximum 


www: You have probably been wondering what to do if the desired maximum (or 


To further explore linear 
programming problems, access 


minimum) occurs at a vertex with noninteger coordinates. In the case of two- 
variable problems, if the solution must be in integers, you can try the integer 


links 6.8.1 and 6.8.2 at the Bello points inside the feasible region that are nearest to this vertex (see Getting 
Web site. To further explore Started) and select the point that gives the desired maximum (or minimum). For 
simplex problem solvers, access many-variable problems, more complicated techniques, which are beyond the 
link 6.8.3. scope of this book, must be used. 


1. Find the minimum value of C = 2x + y subject to 
the constraints 
xt 
x=4 
y=4 

Sys —2 

2. Find the maximum value of P = x + 4y subject to 

the constraints 


Vans 0 
x=4 
y=0 

a +2y=6 


3. Find the minimum value of W = 4x + y subject to 
the constraints 


gaye 
eX ee 
| 


4. Find the minimum value of C = 2x + 3y subject 
to the constraints 


Ze tay ES 
et yesnie 
SX Dy = 34 


(Remember to bookmark the Bello book-specific Web site.) 


5: 


Find the minimum value of C = x + 2y subject to 
the constraints 
oS Sy ys 0 
riz l 


vee 


. Find the maximum value of P = 2x + 3y subject 


to the constraints 


Vier 
yy =4 
Ces 3 

y=0 


. Find the maximum value of P = x + 2y subject to 


the constraints 
2A yi 6 
Osy=4 
0O=v=2 


. Find the maximum value of P = 4x + 5y subject 


to the constraints 


Y Se S20 
eS Say =0 
Tr y=6 


T Info| 3) http://college.hmco.com/mathematics fj] Seaygh 
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The E-Z-Park storage lot can hold at most 100 cars 
and trucks. A car occupies 100 ft? and a truck 200 
ft2, and the lot has a usable area of 12,000 ft?. The 
storage charge is $20 per month for a car and $35 
per month for a truck. How many of each should 
be stored to bring E-Z-Park the maximum 
revenue? 


The Zig-Zag Manufacturing Company produces 
two products, zigs and zags. Each of these prod- 
ucts has to be processed through all three 
machines, as shown in the table. If Zig-Zag makes 
$12 profit on each zig and $8 profit on each zag, 
find the number of each that the company should 
make in order to maximize its profit. 





Up to 100 


Up to 120 
Up to 84 





The Kwik-Pep Vitamin Company wishes to pre- 
pare the following two types of vitamin tablets: 


The first type tablet contains 1 mg of vitamin B, 
and | mg of vitamin B,. 


The second type tablet contains 1 mg of vitamin 
B, and 2 mg of vitamin B,. 


The profit on the two types of tablets is as follows: 


2¢ for each tablet of the first type 
3¢ for each tablet of the second type 


In manufacturing two bottles of tablets, one of 
each type, but with the same number of tablets, 
Kwik-Pep wants to use no more than 100 mg of 
vitamin B, and 150 mg of vitamin B,. How many 
tablets should be packed in each bottle to obtain 
the largest profit? 


A nutritionist is designing a meal for one of her 
patients. The meal must include two vegetables, A 
and B, but not more than 100 g of each. Suppose 
that each 10-g portion of A contains 2 units of 
iron and 2 units of vitamin B,,, and each 10-g 
portion of B contains 1 unit of iron and 5 units 
of vitamin B,,. The number of calories in each 
10-g portion of these vegetables is 5 for A and 3 
for B. If the patient needs at least 20 units of iron 


13. 


14. 


1S: 


16. 


and 36 units of vitamin B,, in the meal, how many 
grams of each vegetable should the nutritionist 
include to satisfy the iron and vitamin require- 
ments while minimizing the number of calories in 
the meal? 


The Jeri Tonic Company wishes to manufacture 
Jeri Tonic so that each bottle contains at least 32 
units of vitamin A, 10 units of vitamin B, and 40 
units of vitamin C. To supply the vitamins, the 
company uses additive X, which costs 20¢ per 
ounce and contains 16 units of vitamin A, 2 units 
of B, and 4 of C; and additive Y, which costs 40¢ 
per ounce and contains 4 units of vitamin A, 2 
units of B, and 14 of C. If the total amount of addi- 
tives is not to exceed 10 oz, how many ounces of 
each additive should the company put into each 
bottle to minimize its cost? 


The Write-Right Paper Company operates two 
factories that manufacture three different grades 
of paper. There is a demand for each grade, and the 
company has contracts to supply 16 tons of low- 
grade, 5 tons of medium-grade, and 20 tons of 
high-grade paper, all in not more than 8 working 
days. It costs $1000 per day to operate the first 
factory and $2000 per day to operate the second 
factory. In 1 day’s operation, factory number 1 
produces 8 tons of low-grade, | ton of medium- 
grade, and 2 tons of high-grade paper, while fac- 
tory number 2 produces 2 tons of low-grade, | ton 
of medium-grade, and 7 tons of high-grade paper. 
For how many days should Write-Right operate 
each factory in order to minimize its cost of filling 
these contracts? 


Two oil refineries produce three grades of gaso- 
line, A, B, and C. The refineries operate so that the 
various grades they produce are in a fixed propor- 
tion. Refinery I produces 1 unit of A, 3 units of B, 
and | unit of C per batch, and refinery II produces 
1 unit of A, 4 units of B, and 5 units of C per batch. 
The price per batch is $300 from refinery I and 
$500 from refinery II. A dealer needs 100 units of 
A, 340 units of B, and 150 units of C. If the max- 
imum number of batches he can get from either 
refinery is 100, how should he place his orders to 
minimize his cost? 


A local television station is faced with a problem. 
It found that program A with 20 min of music 
and | min of commercials draws 30,000 viewers, 
whereas program B with 10 min of music and 


17. 


18. 


19, 


20. 


1 min of commercials draws 10,000 viewers. 
The sponsor insists that at least 6 min per week 
be devoted to his commercials, and the station 
can afford no more than 80 min of music per 
week. How many times per week should each pro- 
gram be run to obtain the maximum number of 
viewers? 


A fruit dealer ships her fruit north on a truck that 
holds 800 boxes of fruit. She must ship at least 200 
boxes of oranges, which net her 20¢ profit per 
box; at least 100 boxes of grapefruit, which net her 
10¢ profit per box; and at most 200 boxes of tan- 
gerines, which net her 30¢ profit per box. How 
should she load the truck for maximum profit? 
(Hint: If she ships x boxes of oranges and y boxes 
of grapefruit, then she ships 800 — x — y boxes of 
tangerines.) 


Ms. Jones has a maximum of $15,000 to invest in 
two types of bonds. Bond A returns 8% and bond 
B returns 10% per year. Because bond B is not as 
safe as bond A, Ms. Jones decides that her invest- 
ment in bond B will not exceed 40% of her invest- 
ment in bond A by more than $1000. How much 
should she invest at each rate to obtain the maxi- 
mum number of dollars in interest per year? 


Growfast Nursery is adding imported fruit trees 
and oriental shrubs to its existing line of nursery 
products. The trees yield a profit of $6 each, and 
the shrubs a profit of $7 each. The trees require 2 
ft” of display space per tree, and the shrubs require 
3 ft? per shrub. In addition, it takes 2 min to pre- 
pare a tree for display, and | min to prepare a shrub. 
The space and time constraints are as follows: 

At most 12 ft? of display space is available. 

At most 8 min of preparation time is available. 


If Growfast can sell all the trees and shrubs it dis- 
plays, how many trees and how many shrubs 
should it display each day to maximize its profit? 
(Assume that it is possible to arrange a display 
only once per day.) 


The Excelsior Mining Company operates two 
mines, EMC | and EMC 2. EMC 1 produces 20 
tons of lead ore and 30 tons of low-grade silver ore 
per day of operation. EMC 2 produces 15 tons of 
lead ore and 35 tons of low-grade silver ore per 
day of operation. Lead ore sells for $14 per ton 
and low-grade silver ore sells for $34 per ton. The 
company can sell at most 630 tons of the low- 


21. 


22. 


429 


6.8 Linear Programming 


grade silver ore per month, but it can sell all the 
lead ore it produces. However, there is no space 
available for stockpiling any silver ore. The com- 
pany employs one crew and operates only one of 
the mines at a time. Furthermore, union regula- 
tions stipulate that the crew not be worked in 
excess of 20 days per month. How many days per 
month should Excelsior schedule for each mine 
so that the income from the sale of the ore is a 
maximum? 


The ABC Fruit Juice Company wants to make an 
orange-grapefruit drink and is concerned with the 
vitamin content. The company plans to use orange 
juice that has 2 units of vitamin A, 3 units of vita- 
min C, and | unit of vitamin D per ounce, and 
grapefruit juice that has 3 units of vitamin A, 
2 units of vitamin C, and 1 unit of vitamin D 
per ounce. Each can of the orange-grapefruit 
drink is to contain not more than 15 oz and is to 
have at least 26 units of vitamin A, 30 units of 
vitamin C, and 12 units of vitamin D. The per- 
ounce cost of the orange juice is 4¢, and of the 
grapefruit juice 3¢. 

a. How many ounces of each should be put into a 
can if the total cost of the can is as low as 
possible? 

b. What is the minimum cost per can? 

c. What is the vitamin content per can? 


Joey likes a mixture of Grapenuts, Product 19, and 
Raisin Bran for his breakfast. Here is some infor- 
mation about these cereals (each quantity in the 
table is per ounce). 


Calories 
Fat lg Og 


Sodium 


195 mg 325 mg 





Joey is on a low-sodium diet and tries to make up 
12 oz of the mixture so that the number of calories 
is at least 1200 but not over 1500, the total amount 
of fat is not more than 10 g, and the sodium con- 
tent is minimized. Can he do it? If so, what are the 
per-ounce quantities of calories, fat, and sodium in 
his mixture? (Hint: If he uses x oz of Grapenuts 
and y oz of Product 19, then he must use 
12 — x — y oz of Raisin Bran.) 


23. a. Constraint 


24. a. Positivity condition 


Discovery 


25. Suppose there is a championship prize fight. Gary 
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&™  \n Other Words 


In a linear programming problem, describe in your 
own words what is meant by the following: 


b. Feasible region 


b. Convex polygon 


the Gambler is tired of losing money and wants to 
hedge his bets so as to win at least $100 on the 
fight. Gary finds two gambling establishments: A, 
where the odds are 5 to 3 in favor of the champion, 
and B, where the odds are 2 to | in favor of the 
champion. What is the least total amount of 
money that Gary can bet, and how should he place 
it to be sure of winning at least $100? You can do 
this as a linear programming problem. First, let x 
dollars be placed on the champion to win with A, 


26. 


and y dollars on the challenger to win with B. 

Then, verify the following: 

a. If the champion wins, Gary wins 2x dollars 
and loses y dollars, for a net gain of (3x - y) 
dollars. 

b. If the challenger wins, then Gary loses x dollars 
and wins 2y dollars, for a net gain of (—x + 2y) 
dollars. 

c. The problem now is to minimize x + y subject 
to the constraints 


2x — y= 100 

=x 21100 
v= oO 
y=0 


Solve this problem. 


Show that there is no feasible region if Gary 
reverses his bets and places x dollars on the chal- 
lenger to win with A, and y dollars on the cham- 
pion to win with B. 


Chapter6 SUMMARY 


Section Item Meaning 

6.1A Relation A set of ordered pairs 

6.1A Domain The set of all possible x values 
of a relation 

6.1A Range The set of all possible y values 
of a relation 

6.1A Function A relation such that to each 
domain value there corresponds 
exactly one range value 

6.1A F(x) Function notation 

6.1C Graph of a relation The set of points corresponding 
to the ordered pairs of a relation 

61 Vertical line test The graph of a function cannot 
be cut in more than one point 
by any vertical line. 

6.2B x intercept x coordinate of the point where 
the line crosses the x axis 
ye) 

6.2B y intercept 


y coordinate of the point where 
the line crosses the y axis 
(x = 0) 


Example 
S = {(G, 2), 6, 2), (7, 4} 
The domain of S is {3, 5, 7}. 


The range of Sis {2, 4}. 


{(x, y) |y = 2x} 
f(x) =3x+2 

Nota 
Function Function function 


The x intercept of y = 2x — 4 is 2. 


The y intercept of 
Via anise a 


Section Item 
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Meaning Example 
6.2B Linear equation An equation that can be written 3% + SY = —2;3y = 2x — 1 
in the form ax + by =c 
6.2D Distance formula d= Na — Xe Ea) y,)” The distance between (3, 5) 
and (5, 12) is V53. 
‘ Jonny 
6.3A Slope of a line = x, = , The slope of the line through (3, 5) 
and (5, 12) is 4. 
6.3B Point-slope equation Vig eK x) y —5 =x — 3) is the point-slope 
equation of the line described 
above. 
6.3B Slope-intercept y = mx + b (mis the slope, b is y = 4x —+is the slope-intercept 
equation the y intercept) equation of the line described 
above. 
6.3B General equation Ax+By=C 
of a line 
6.3C Parallel lines Two lines with the same slope y= 2y to andy — Jy 
and different y intercepts are equations of parallel lines. 
6.6 Convex polygon A non-reentrant polygon 


Research Questions 


Sources of information for most of these questions can be found in the 


Bibliography at the end of the book. 


1. Some historians claim that the official birthday of analytic geometry is 


November 10, 1619. Write a report on why this is so and the events that led 
Descartes to the discovery of analytic geometry. 


. Find out what led Descartes to make his famous pronouncement “Je pense, 


donc je suis” (I think, therefore I am) and write a report about the contents of 
one of his works, La Geometrie. 


. She was nineteen, a capable ruler, a good classicist, a remarkable athlete, an 


expert hunter and horsewoman. Find out who this queen was and what 
connections she had with Descartes. 


. On her arrival at the University of Stockholm, one newspaper reporter wrote 


“Today we do not herald the arrival of some vulgar, insignificant prince of noble 
blood. No, the Princess of Science has honored our city with her arrival.” Write 

a report identifying this woman and discussing the circumstances leading to her 

arrival in Sweden. 


. When she was 6 years old, the “princess’s” room was decorated with a unique 


type of wallpaper. Write a paragraph about this wallpaper and its influence on 
her career. 
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. In 1888, the “princess” won the Prix Bordin offered by the French Academy of 


Sciences. Write a report about the contents of her prize-winning essay and the 
motto that accompanied it. 


. Write a report on the simplex algorithm and its developer. 


Chapter6 PRACTICE TEST 


i 


Find the domain and range of the relation 


R = {6, 3), 3, —1), @, 2), ©, 4)} 


. Find the domain and range of the relation 


RAO yy = Sr] 


. Which of the following relations are functions? 


a. {(x, y)|y? =x} b. {(3, 1), 4, D, ©, D} Colin 


. A function is defined by f(x) = x? — x. Find the following: 


a. f(0) b. f(1) c. f(—2) 


. For a car renting for $15 per day plus $.10 per mile, the cost for 1 day is 


C(m) = 15 + 0.10m (dollars) 


where m is the number of miles driven. If a person paid $35.30 for 1 day’s 
rental, how far did the person drive? 


. Graph the relation 


R = {(x, y) | y = 3x, x is an integer between —1 and 3, inclusive } 


. Graph the relation 


Q = {(x, y)|x + y <3, x and y are nonnegative integers} 


8. Graph the function defined by g(x) = 2x? — 1, where x is an integer and 
2 see Se 2. 
9. Graph the function defined by f(x) = 2x — 6. 
10. Graph the equation 3x — 2y = 5. 
11. Find the distance between the two given points. 
a. (4, 7) and (7, 3) b.. (—3; 8) and(—37—2) 
12. Find the slope of the line that goes through the two points (—1, —3) and (9, —2). 
13. a. Find the slope-intercept form of the equation of the line that goes through the 
point (3, —1) and has slope —2. 
b. Find the slope-intercept form of the equation 2y = 4 — 8x. What is the slope 
and what is the y intercept of the line? 
14. Find the general equation of the line going through the points (— 1, —3) and 
Or2): 
15. Determine whether the two given lines are parallel. If they are not parallel, find 


the coordinates of the point of intersection. 
a. 2x + y=1;12x+ 3y=4 bo y= 2x — 5; 4x —2y =7 


16. 


17. 
18. 
19. 
20. 
21. 
22. 


23. 


24. 


25. 
26. 


27. 


28. 


29. 


30. 
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Find the general equation of the line that passes through the point (1, —2) and 
is parallel to the line 2x — 3y = —5, 


Graph y = —x? — 3. 

Graph y = (x + 2)? — 1 and give the coordinates of the vertex. 
Graph y = x” + 6x + 8 and give the coordinates of the vertex. 
Graph f(x) = 3* and g(x) = (4 on the same coordinate system. 
Graph f(x) = e*”? and g(x) = In (x/2) on the same coordinate system. 


A principal of P dollars accumulates to an amount A = Pe’, where ris the 
interest rate and ¢ is the time in years. If the interest rate is 8%, how long would 
it take for the money to double? 


Find the point of intersection of the lines 
3x + 2y =9 and 2x — 3y = 19 
Solve the following system if possible. If not possible, explain why. 
y=2x-3 
6x — 3y =9 
Graph the solution set of the inequality 4x — 3y = 12. 
Graph the solution set of the system of inequalities 
Mate Syis.6 and aevre=' 2. 
Graph the solution set of the system of inequalities 
X F2Qy=3 
em) 
L=0 
Find the maximum value of C = x + 2y subject to the constraints 
3x +y=8 
ase. 
y=2 
x=0 


Find the minimum value (if possible) of P = 3y — 2x subject to the constraints 


Vix 2 
tay 4 
= 3 
x=0 
y= 0 


Two machines produce the same item. Machine A can produce 10 items per 
hour and machine B can produce 12 items per hour. At least 420 of the items 
must be produced each 40-hr week, but the machines cannot be operated at the 
same time. If it costs $20 per hour to operate A and $25 per hour to operate B, 
determine how many hours are required per week to operate each machine in 
order to meet the production requirement at minimum machine cost. 
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Answers to Practice Test 


Answer If You Missed Review 





1. Domain, {0, 2, 3, 5}; range, {—1, 2, 3, 4} 
. Domain, the set of all real numbers; range, the 
set of all real numbers 


N 


3. (b) and (c) 

4. (a) 0 (b) 0 (c) 6 
5. 203 mi 

6. Dy 





PNW HNADAIMO 
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If You Missed 


(a) Sunits (b) 10 units 358 
ail é 


10 : 365 
(a) y= —2x +5 | 366-367 
(b) y= —4x + 2;m= —4,b =2 : 
x — 10y = 29 ' 368 
(a) Not parallel; intersect at (+, 3 369 
(b) Parallel i 
2x — 3y =8 i : 370 

jt i 377-380 
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Answer If You Missed Review 






a 


19. 6.4 5,6 383-384 





Wet, = (35 1) 
20. ¢a=( fw=3 | 20 : 6.5 1 391 


y. 


21 6.5 2 392 





ee ee 7-10 397-398 

23. (5, —3) ’ 23 6.6 1;2 404 

24. The two equations represent the same line. The i 24 : 6.6 3-6 405-407 
solution set is {(a, 2a — 3)|aisareal number}. 

25. y i 25 ' 6.7 1 416 


PEELED TANTEI END VEIN DIL GIE RE LOL SIE EIDE SE SEDIDS LESS ALS SEED EE DIE DDE EEE ELISE SSE IELELDE LEER GLE LIMES DEE LEE SEE ELODIE NEE DEE PETER PESO ISLE SEO EEE NOREEN EERE RECLINER EDS TES INEST ISTE TREES ESTE DESDE NEE EE SOP RE 





ERR RTI SR RSL A a 


Answers to Practice Test 437 





If You Missed 






26 : 6.7 2,3 416-417 





27 6.7 4 417 
28. Maximum value 16 at (0, 8) 28 6.8 ee 424-427 
29. Minimum value —6 at (3, 0) 29 6.8 1,2 424-427 
30. Run machine A 30 hr and machine B 10 hr. 30 6.8 V2 424-427 
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Chaos and Fractals 





Geometry 


This chapter is devoted to the study of geometry. The word 
geometry literally means earth (geo-) measurements (-metry). 
You might have studied geometry in the past as a collection of 
theorems and proofs. We will not do that here. Instead, we will 
concentrate on measurements involving linear, square, and 
cubic units. 

We start with some undefined terms (points, lines, 
planes), see how they relate to each other, and use linear meas- 
ures to measure distances and perimeters of many-sided fig- 
ures called polygons. We then discuss how to measure and 
classify angles by their measures, and we classify triangles by 
the number of equal sides they contain. We will relate these 
ideas to many other topics, including motorcycle riding, satel- 
lite trajectories, angles formed by veins in leaves, and traffic 
signs. 

We study similar triangles, similar figures, and circumfer- 
ences of circles and their many applications: hat sizes, ring 
sizes, and so on. We then study areas of polygons (squares, 
rectangles, parallelograms, and triangles) and circles and the 
Pythagorean theorem. Next, we look at surface areas and vol- 
umes of three-dimensional objects such as cubes, cylinders, 
cones, pyramids, and spheres. We then look at a classic prob- 
lem, called the Bridges of K6nigsberg, solved by Leonhard 
Euler in 1736. Finally, we discuss non-Euclidean geometry, 
topology, chaos, and fractals. 


ne of the most famous mathematicians of all time is Euclid, who taught in about 

300 B.c. at the university in Alexandria, the main Egyptian seaport. Unfortunately, 
very little is known about Euclid personally; even his birthdate and birthplace are 
unknown. However, two stories about him seem to have survived. One concerns the 
Emperor Ptolemy, who asked if there was no easy way to learn geometry and received 


For links to various Internet sites related to topics and sections in Chapter if 
please access the Bello, Topics in Contemporary Mathematics, Web site at aoe 
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Euclid’s reply, “There is no royal road to geometry.” The other story is about a student who 
studied geometry under Euclid and, when he had mastered the first theorem, asked, “But _ 
what shall | get by learning these things?” Euclid called a slave and said, “Give him a penny, 
since he must make gain from what he learns.” 

Geometry evolved from the more or less rudimentary ideas of the ancient Egyptians 
(about 1500 B.c.), who were concerned with practical problems involving measurement of 
areas and volumes. The Egyptians were satisfied with the geometry that was needed to 
construct buildings and pyramids; they cared little about mathematical derivations or 
proofs of formulas. 

The geometry of the Greeks, which is said to have begun with Thales about 600 B.c., 
was very different from that of the Egyptians. The Greek geometers tried to apply the 
principles of Greek logic to the study of geometry and to prove theorems by a sequence 
of logical steps that proceeded from certain basic assumptions to a conclusion. 

Euclid’s greatest contribution was his collection and systematization of most of the 
Greek mathematics of his time. His reputation rests mainly on his work titled The Elements, Euclid alone has looked 
which contains geometry, number theory, and some algebra. Most U.S. textbooks on plane on Beauty bare. 
and solid geometry contain essentially the material in the geometry portions of Euclid’s The 
Elements. No work, except the Bible, has been so widely used or studied, and probably no 
work has influenced scientific thinking more than this one. Over a thousand editions of The 
Elements have been published since the first printed edition appeared in 1482, and for more 
than 2000 years this work has dominated the teaching of geometry. 


(flourished 300 B.c.) 





—Edna St. Vincent 
Millay 





Looking Ahead: Many of the geometric concepts that were the focus of Euclid’s studies and writings also constitute 
the topics in this chapter. 





fae] 
Points, Lines, Planes, and Angles 


GETTING STARTED Getting the Right Angle 


yt. Have you heard the expression “I am looking at it from a new angle”? In 
algebra, you measured the inclination of a line by using the slope of a line. In 
geometry, you measure the inclination of a line by measuring the angle the 
Pee rire airs line makes with the horizontal with an instrument called a protractor. (See 
preninenearel lide cath Figures 7.23 and 7.24 on page 445.) Angles are everywhere. You can see angles 
(NASA) in things as large as the cables on a suspension bridge and as small as the veins 
in a plant leaf. Figure 7.1 shows the angles in the flight path of the Ranger 9 lunar 

To Earth probe. 

The Leaning Tower of Pisa has an angle of inclination of about 5° (read “5 
degrees”) from the vertical on the right side of the photo on the next page. Thus 
the tower makes an 85° acute angle, an angle that is less than 90°, with the 
ground. How do we know that? Because if the tower were completely vertical, 
it would make a 90° angle, that is, a right angle with the ground. Try to find the 
angle that the left side of the tower makes with the ground. Your answer will be 
an obtuse angle, an angle that measures more than 90°. 


FIGURE 7.1 











Construction of the Tower of Pisa 
began in 1174 and settling was 
already noticeable after only 
three of its eight stories were 
built. Still leaning, the tower was 
completed in the 14th century. 


FIGURE 7.2 





FIGURE 7.3 


The line AB 
FIGURE 7.4 
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FIGURE 7.5 
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But we are getting ahead of the story! We shall see that angles are formed 
by rays, rays are part of lines, and lines are sets of points, and we have 
not discussed any of these terms yet! We shall do so in more detail in this 


section. ais : 


The basic elements of Euclidean geometry are points, lines, and planes. 
These three words cannot be precisely defined, because this would require the 
use of other words that are also undefined. For example, we can say that a line is 
a set of points. But what is a point? A point is that which has no dimension. But, 
again, what is dimension? However, since all other geometric terms are defined 
on the basis of these three words, we must develop an intuitive idea of their 
meaning. 


A. Points and Lines 


A point may be regarded as a location in space. A point has no breadth, no width, 
and no length. We can picture a point as a dot, such as A in Figure 7.2. (The 
sharper the pencil, the better the picture.) 

A line is a set of points, and each point of the set is said to be on the line. 
We can think of a line as the path of a point moving in a fixed direction in 
space. A line extends without end in both its directions. If we have two points 
A and B, there is only or one line that can be drawn through the two points: the 
line AB, denoted by AB (see Figure 7.3) and extending without end in both 
directions. 

Selecting any point A on a line divides the line into three sets: the point 
A itself and two half-lines, one on each side of A as shown in Figure 7.4. The 
half-lines do not include the point A, as indicated by the open circle at one 
end of the arrow. When the endpoint is included, the result is a ray. In Figure 
JS 5, ray AB, has initial point A and extends in the direction of B, whereas ray 
BA, has initial point B and extends in the direction of A. The line segment ‘AB, 
shown in Figure 7.5 consists of the points A and B and all the points between 
A and B. 

Figure 7.6 shows the figures and notations we have described. 


FIGURE 7.6 
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EXAMPLE 1 


FIGURE 7.7 


A Bee D 


FIGURE 7.8 


FIGURE 7.9 


FIGURE 7.12 
The plane ABC 





FIGURE 7.13 
Two half-planes, 1 and 2 





Refer to Figure 7.7 and state what each of the following describes: 
(b) ABN BD 
(d) ABN CD 
(f) ABU BD 


C—- o> 
(a) ACM CA 

pe ORS 
(c) AC, U BD 

<> a 
(e) BCM BA 
Solution 


(a) Figure 7.8 shows the two rays AC. and CAs The set of points they have in 
common is the segment AC. Thus, AC M CA = AC. 


oe « aaa 
(b) We can see from Figure 7.9 that the segment AB and the ray BD have only 
the point 8 in common. Therefore, AB ™ BD = {B}. 


oe ot 
(c) Figure 7.10 shows that the union of the segment AC and the ray BD is the 
ray AD. Thus, AC U BD = AD. 


(d) Figure 7.11 shows that the segments AB and CD have no points in common. 
Hence, ABN CD = ©. 


—> <> <> i 
(e) Since BC, BA, and AD are all symbols for the same line, we have 
<> <a <> 
BC 1 BA = AD. 


(f) As we can see in Figure 7.7 above, the union of the segment AB and the seg- 
ment BD is the segment AD, thus AB U BD = AD. 


FIGURE 7.10 FIGURE 7.11 
er ee 
BD AB CD 
| | | 
ee J | 
Ac! <+—o—___—__o—____o-» 
| A Baa D 
| | 
a, 
A BG D rr] 
Planes 


As with the terms point and line, we give no formal definition of a plane. To help 
visualize a plane, we can think of the surface of a very large flat floor or of a 
straight wall extending indefinitely in all directions. Here are some basic prop- 
erties of planes. 


1. If we have three non-collinear (not on the same line) points A, B, and C, there 
is only one plane containing the three points, the plane ABC (see Figure 7.12). 


2. Any line m in a plane separates the plane into three parts: the line m itself and 
two half-planes. The points of m do not belong to either half-plane, although 
the line is often called the edge of both half-planes. As indicated by the shad- 
ing in Figure 7.13, we regard the points of the plane that are on one side of m 
as forming one of the half-planes and the points of the plane on the other side 
of m as forming the other half-plane. 


3. The intersection of two planes is a line. For example, the intersection of 
planes | and 2 (see Figure 7.14) is the line £. Two planes that have no com- 
mon point are parallel (see Figure 7.15). 


FIGURE 7.14 
Intersecting planes 





C. 
FIGURE 7.17 
G, 
oy 
Vertex a 
o Side B 
EXAMPLE 2 
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If a line is not in a given plane, then there are two possibilities: 


1. The line intersects the plane in exactly one point. For instance, line m in 
plane 2 of Figure 7.14 intersects plane 1 in the point P. 


2. The line is parallel to the plane. In Figure 7.15, any line such as n in plane 3 
will be parallel to plane 4. 


If two distinct lines in space are given, then there may be a plane that con- 
tains both lines. If the lines are parallel or if they intersect, then there is exactly 
one plane that contains both lines. If the lines are neither parallel nor intersect- 
ing, so that no plane can contain both lines, then they are called skew lines. A 
simple example of skew lines is the line of intersection of the ceiling and the 
front wall of an ordinary rectangular classroom, and the line of intersection of 
the floor and one of the side walls. Figure 7.16 shows a rectangular box. The 
edges determine various straight lines. For instance, lines m and n intersect at a 
vertex (corner) of the box; m and p are skew lines; and m and q are parallel lines, 
that is, lines in the same plane (coplanar) that never intersect. 


FIGURE 7.15 FIGURE 7.16 

Parallel planes A rectangular box. Lines m and p 
are skew lines. Lines m and q are 
parallel lines. 





Angles 


One of the most important concepts in mathematics is that of a plane angle. In 
elementary geometry, we think of a plane angle as the figure formed by two rays 
with a common endpoint, as in Figure 7.17. The common endpoint (A in Figure 
7.17) is called the vertex of the angle, and the two rays (AB, and AC, in Figure 
7.17) are called the sides of the angle. We often use the symbol Z (read “angle’’) 
in naming angles. The angle in Figure 7.17 can be named in the following three 
ways: 


1. By using a letter or a number inside the angle. Thus, we would name the angle 
in Figure 7.17 Zq@ (read “angle alpha”). 


2. By using the vertex letter only, such as ZA in Figure 7.17. 


3. By using three letters, one from each ray, with the vertex letter in the middle. 
The angle in Figure 7.17 would be named 7 BAC or Z CAB. 


Consider the angle in Figure 7.18 on page 444. 


(a) Name the angle in three different ways. 


(b) Name the vertex of the angle. (c) Name the sides of the angle. 
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FIGURE 7.18 
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FIGURE 7.20 
A complete revolution 


360° 


oom 


EXAMPLE 3 


Solution 

(a) The angle can be named 28 (Greek letter beta), 2X, or 2 YXZ (or ZZXY). 
e> es 

(b) The vertex is the point X. (c) The sides are the rays XZ and XY. @ 


For most practical purposes, we need to have a way of measuring angles. We 
first consider the amount of rotation needed to turn one side of an angle so that 
it coincides with (falls exactly on. top of) the other side. Figure 7.19 shows two 
angles, 7 CAB and Z ZXY, with curved arrows to indicate the rotation needed to 

a ——> ? “> — 
turn the rays AB and XY so that they coincide with the rays AC and XZ, respec- 
tively. Clearly, the amount needed for 7 ZXY is greater than that for 7 CAB. To 
find how much greater, we have to measure the amounts of rotation. 

The most common unit of measure for an angle is the degree. We can trace 
the degree system back to the ancient Babylonians, who were responsible for the 
base 60 system of numeration. The Babylonians considered a complete revolu- 
tion of a ray as indicated in Figure 7.20 and divided that into 360 equal parts. 
Each part is 1 degree, denoted by 1°. Thus, a complete revolution is equal to 
360°. One-half of a complete revolution is 180° and gives us an angle that is 
called a straight angle (see Figure 7.21). One-quarter of a complete revolution 
is 90° and gives a right angle (see Figure 7.22). Notice the small square at Y to 
denote that it is a right angle. 


FIGURE 7.21 FIGURE 7.22 
The straight angle CAB The right angle XYZ 
180° 
a. ae a 
Cu tA B 90° 
vA x 


Through how many degrees does the hour hand of a clock move in going through 
the following time intervals? 


(a) 1 to 2 o’clock (b) 1 to 4 o’clock 
(c) 12 to 5 o’clock (d) 12 to 9 o’clock 
Solution 


(a) One complete revolution is 360°, and the face of the clock is divided into 12 
equal parts. Thus, the hour hand moves through 
360° 
12 


in going from | to 2 o’clock. 


a0 


(b) From 1 to 4 o’clock is 3 hr. Since a 1-hr move corresponds to 30°, a 3-hr 


move corresponds to 3(30°) = 90°. (Thus, the hour hand moves through one 
right angle.) 


(c) From 12 to 5 o’clock is 5 hr. Hence, the hour hand moves through 5(30°) = 
150°. 


(d) From 12 to 9 o’clock is 9 hr, so the hour hand moves through 
9(30°) = 270°. aS 


FIGURE 7.25 








FIGURE 7.26 


EXAMPLE 4 
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FIGURE 7.23 FIGURE 7.24 
A protractor Measuring an angle 
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In practice, the size of an angle is measured with a protractor (see Figure 
7.23). The protractor is placed with its center at a vertex of the angle and the 
straight side of the protractor along one side of the angle as in Figure 7.24. The 
measure of 2 BAC is then read as 70° (because it is obviously less than 90°) and 
the measure of 2 DAC is read as 110°. Surveying and navigational instruments, 
such as the sextant, use the idea of a protractor to measure angles very precisely. 

We have already named two angles: a straight angle (180°) and a right angle 
(90°). Certain other angles are classified as follows: 


An acute angle is an angle of measure greater than 0° and Jess than 90°. 
An obtuse angle is an angle of measure greater than 90° and Jess than 180°. 


In Figure 7.24, 2 BAC is an acute angle and Z DAC is an obtuse angle. 

Geometric figures frequently appear in highway signs. Do you know what 
the sign in the margin means? It is an advance warning for a railroad crossing. 
The angles B and D that are marked in Figure 7.25 are called vertical angles. In 
general, when two lines intersect, the opposite angles so formed are called ver- 
tical angles. Two pairs of vertical angles are shown in Figure 7.26. Since the 
sides of angle C are just extensions of the sides of angle A, these two angles are 
of equal size. Similarly, angles B and D are of equal size. You complete a math- 
ematical proof of this fact in problem 67, Exercise 7.1. Thus, in Figure 7.26, the 
measure of angle A, denoted by mZA, is the same as that of angle C. This fact is 
simply written as mZA = mZC. Similarly, mZB = mZD. 

In Figure 7.26, angles A and B together form a straight angle, so the sum of 
their measures must be 180°. For this reason, A and B are called supplementary 
angles. 


In general, any two angles whose measures add up to 180° are called 
supplementary angles. 


Other pairs of supplementary angles in Figure 7.26 are B and C, Cand D, and A and 
D. Figure 7.26 illustrates the fact that supplements of the same angle are equal. 
For example, angles A and C are both supplements of 2B, somZA = mZC. 


Refer to Figure 7.26. 
(a) If the measure of 2A is 25°, what are the measures of the other three angles? 


(b) If the two lines are to be drawn so that ZB is twice the size of ZA, what 
should the measure of ZA be? 
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FIGURE 7.28 
Corresponding angles: 
A and £, B andF 
Cand G DandH 
Alternate interior angles: 
A and G, D and F 
Alternate exterior angles: 
Band H, C and E 
Hint: All acute angles have the 
same measure. All obtuse angles 
have the same measure. 


Transversal 





Solution 


(a) Angles A and B are supplementary, so their measures add to 180°. Hence, the 
measure of ZB is 180° minus the measure of ZA; that is, 180° — 25° = 
155°. Since mZD = mZB, the measure of ZD is also 155°. Also, mZ.C = 
mZA, so the measure of ZC is 25°. 


(b) We let the measure of angle A be x°. Then the measure of angle B is 2x°. 
Because angles A and B are supplementary, we must have 


x + 2x = 180 
3x = 180 
x = 60 
Thus, if we make ZA a 60° angle, 7B will be a 120° angle, twice the size 
of ZA. & 
FIGURE 7.27 





Wrong Right 


If you drive a motorcycle, you should look closely at Figure 7.27; it tells you 
to cross the railroad tracks at right angles (because there is less danger of a wheel 
catching in the tracks). Now, look at angles A, B, C, and D marked on the right 
side of Figure 7.27. What can you say about angles B and D? Since they are ver- 
tical angles, they are of equal measure. (Similarly, angles A and C are of equal 
measure.) As you can see, the railroad track crosses the two parallel black lines 
in the figure. In geometry, a line that crosses two or more other lines is called a 
transversal. Thus, each railroad track is a transversal of the pair of parallel black 
lines. If a transversal crosses a pair of parallel lines, some of the resulting angles 
are of equal measure (see Figure 7.28). The exact relationships are as follows: 


Corresponding angles are of equal measure. 


mZA=mZE 
mZAC =mZG 


mZB=mZF 
mZD=mZH 


Alternate interior angles are of equal measure. 


mZA=mZG mZD=mZF 


EXAMPLE 5 


7.1 Points, Lines, Planes, and Angles 447 


Alternate exterior angles are of equal measure. 
mZB=mZH mZC=mZE 


In Figure 7.28, angles A and B form a straight angle and are thus supple- 
mentary. Because m2 B = mZF, angles A and F are also supplementary. The 
same idea applies to angles D and G as well as to angles B and E and angles C 
and H. We can summarize these facts by saying: Interior angles on the same 
side of the transversal are supplementary, and exterior angles on the same 
side of the transversal are also supplementary. 

The next example will help to clarify and fix this information in your mind. 


In Figure 7.29, find the measures of the following angles: 


ee PZ, PRO RC) ye) SY Ey ay 0 


FIGURE 7.29 






, 
Parallel lines 


Solution 


(a) Since Y and A are vertical angles, mZ Y = mZA = 50°. 

(b) Angles A and Z are supplementary, so mZZ = 180° — 50° = 130°. 
(c) Angles X and Z are vertical angles. Thus, mZX = mZZ = 130°. 

(d) Angles R and A are alternate exterior angles, somZR = mZA = 50°. 


(e) Angles S and Y are interior angles on the same side of the transversal and so 
are supplementary. Therefore, mZS = 180° — mZY = 130°. 


(f) Angles T and A are corresponding angles. Thus, mZT = mZA = 50°. 
(g) Angles U and A are exterior angles on the same side of the transversal. Thus, 


mAU = 180° = mZA =130°. a 


Parallel lines and the associated angles allow us to obtain one of the most 
important results in the geometry of triangles. In Figure 7.30, ABC represents 
any triangle. The line XY has been drawn through the point C parallel to the 
side AB of the triangle. Note that 21 = 22 and 23 = Z4, because they are 


FIGURE 7.30 
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FIGURE 7.31 


Geometry 





EXAMPLE 6 


EXAMPLE 7 


respective pairs of alternate interior angles. Furthermore, angles 2, 5, and 4 form 
a Straight angle, so 


mZ2+mZ5 + mZ4 = 180° 
By substituting 21 for 22 and 23 for 24, we obtain 
ULL TINS NZ 3 — OU 


Here is a way to show this. Cut a triangle out of a sheet of paper as shown in 
Figure 7.31. Label the angles 1, 2, and 3 and cut them off the triangle. Place the 
vertices of angles 1, 2, and 3 together. Now, two of the sides form a straight line! 





(a) Ina triangle ABC, mZA = 47° and mZB = 59°. Find the measure of ZC. 


(b) Is it possible for a triangle ABC to be such that ZA is 2 times the size of ZB, 
and ZC is 3 times the size of 7B? 


Solution 
(a) Because mZA + mZB + mZC = 180°, we have 
47° + 59° + mZC = 180° 
WZ C= A 80° = 4S” 
= 180° — 106° = 74° 
(b) To answer this question, let mZB = x°, somZA = 2x° and mZC = 3x°. 
Then, since the sum of the angles is 180°, 
Cae) CeO — elo) 
6x = 180 
x = 30, 2x = 60, 3x = 90 
This means that there is such a triangle, and mZA = 60°, mZB = 30°, and 


mZC = 90°. (Note that this is a right triangle because one of the angles is a 
right angle.) Le 


In part (b) of Example 6, we found angles A and B to be of measure 60° and 
30°, respectively, somZA + mZB = 90°. 









wo agles whos um 
_ angle is called the cor 





(a) Find the complement of a 38° angle. 


(b) Can two complementary angles be such that one is three times the size of the 
other? 


a 


www: 


To further explore points, lines, 
and planes, access links 7.1.1 
and 7.1.2 at the Bello Web site. 


Exercise 7.1 


A | In problems 1 and 2, draw a line or a portion of a 
line that corresponds to each symbol. 


i, a. PO b. OP c. OP 
Ze a. PO b. OP c. PO 
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Solution 


(a) For an angle to be the complement of a 38° angle, its measure must be 
90 = 38°52". 


(b) Let the smaller angle be of measure x°, so the larger is of measure 3x°. Since 
the angles are to be complementary, 


x + 3x = 90 
4x = 90 
ee 204 Wee Sa GA. 


The answer is yes, and the angles measure 224° and 673°. ia 


Two lines that intersect at right angles are said to be perpendicular to each 
other. The lines are called perpendicular lines. For example, two adjacent out- 
side edges of a page of this book are perpendicular to each other. 

You can learn some more about the different relationships that can exist 
between two lines in the Research Questions. 


15. The following figure shows a triangular pyramid. 
a. Name all the edges. 
b. Which pairs of edges determine skew lines? 
c. Do any of the edges determine parallel lines? 


D 
In problems 3-14, use the figure below and determine 
what each union or intersection describes. 
A C 
0 
A Bae D 
16. The figure below represents a pyramid with a 
3. ABN BC 4. ACN BC square base ABCD. 
eh eS sees a. Name all the edges of the pyramid. 
5. ACU BC 6. ADU CB b. Which pairs of edges determine parallel lines? 
7 ACN DA 8. BDA DC c. Which determine skew lines? 
b huss da pal; eae d. Which lines are intersecting? 
SAC ONDE 10. ACU DB 


a = 
11. BAN CD 
13. ACN DC 


12. 


—_> > 
CBM CD 


E 


14. ABA DB 


(Remember to bookmark the Bello book-specific Web site.) 


A B 
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Ci Determine whether each of the following state- 
ments seems to be true or false in Euclidean geometry. 
You will find it helpful to use pencils, pieces of card- 
board, walls, floors, and so on, to represent lines and 
planes. 


17. Given any plane ABC and any point P not on ABC, 
there is exactly one plane that contains P and is 
parallel to plane ABC. 


18. Given any line m and any point P not on m, there 
is exactly one plane that contains P and is parallel 
to m. 


19. Given any line m and any point P not on m, there is 
exactly one line that contains P and is parallel to m. 


20. Given any plane ABC and any point P not on ABC, 
there are any number of lines containing P and 
parallel to ABC. 


21. Given any iine m and any point P not on m, there 
are any number of lines that contain P and are 
skew to m. 


22. Given any plane ABC and any line m parallel to 
ABC, there is exactly one plane that contains m 
and intersects ABC. 


23. Two nonparallel lines always determine a plane. 


24. Given any line m and any point P not on m, there 
is exactly one plane that contains both m and P. 


25. Given a plane ABC and a line m that intersects 
ABC, there is a plane that contains m and that does 
not intersect ABC. 


26. If a plane intersects two parallel planes, the lines 
of intersection are parallel. 


[4 Problems 27-40 refer to the figure below. Note 
that perpendicular lines are indicated by small boxes. 





27. Name the following in another way: 
a. Za b. ZEAF 


28. Name the following in another way: 
a. ZCAB b. ZB 


29. List all the acute angles in the figure. 


30. List all the right angles in the figure. 
31. List all the obtuse angles in the figure. 


32. Name an angle that is the complement of 


ae: b. ZB. 
33. Name an angle that is the complement of 
a. ZEAF. b. ZBAC. 


34. Name an angle that is supplementary to 
a. Za. b. ZB. 


35. Name an angle that is supplementary to 
a. ZBAD. b. ZEAF. 


36. If mZa = 15°, find mZCAD. 
37. If mZB = 55°, find mZ DAE. 
38. If mZDAE = 35°, find mZB. 
39. If mZCAD = 75°, find mZa. 
40. If mZa = 15° and mZB = 55°, find mZ CAE. 


Problems 41—48 refer to the two intersecting lines 
shown in the figure below. 





41. Name the angle that is vertical to the 70° angle. 


42. Name the two angles that are each supplementary 


to the 70° angle. 
43. Find mZA. 44. Find mZB. 


45. What is the measure of an angle complementary to 
the 70° angle? 


46. Find the sum of the measures of angles A, B, and C. 
47. Find the sum of the measures of angles A and C. 
48. If mZD = x° (instead of 70°), write an expression 


for the measure of ZA. 


Problems 49-51 refer to the two parallel lines and the 
transversal shown in the figure below. 


49. Find the following: 


a. mZA b. mZB c. mZC 
50. Find the following: 
a. mZD b. mZE c. mZF 


51. Name all the angles that are supplementary to ZB. 


52. Refer to the angles shown in the figure below. 
a. If mZAOB = 30° and mZAOC = 70°, find 
mZBOC. 
b. If mZAOB = mZCOD, mZ AOD = 100°, and 
mZ BOC = 2x°, find mZ COD in terms of x. 





53. If mZA = 41°, find mZB given that 
a. the two angles are complementary. 
b. the two angles are supplementary. 


54. If mZA = 19°, find mZB given that 
a. the two angles are complementary. 
b. the two angles are supplementary. 


55. Given that mZA = (3x + 15)°, mZB = (2x — 5)°, 
and the two angles are complementary, find x. 


56. Rework problem 55 if the two angles are supple- 
mentary. 


In problems 57—60, the figures show the number of 
degrees in each angle in terms of x. Use algebra to find 
x and the measure of each angle. 


57. 
10x-—5 2x+5 
58. 
4x 
DG 
59. 
5x+10 
2x + 10 
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60. 


8x — 14 6x —2 


61. Through how many degrees does the hour hand of 
a clock move in going through the following time 
intervals? 


a. 11 to 12 o’clock b. 11 to 5 o’clock 


62. Through how many degrees does the hour hand of 
a clock move in going through the following time 
intervals? 


a. 12 to 7 o’clock b. 12 back to 12 o’clock 


63. In a triangle ABC, mZA = 37° and mZC = 53°. 
Find mZB. 


64. Ina triangle ABC, mZB = 67° and mZC = 105°. 
Find mZA. 


65. In a triangle ABC, mZA = (x + 10)°, mZB = 
(2x + 10)°, and mZC = (3x + 10)°. Find x. 


66. Ina triangle ABC, mZA is 10° less than mZ B, and 
mZC is 40° greater than mZB. Find the measure 
of each angle. 


67. Refer to Figure 7.26. Complete the first two equa- 
tions and give the reason for each step in the fol- 
lowing proof that vertical angles are of equal 
measure. 
a.mZA+mZB = ___ 
bantZG m2 =. 

c mZA+mZB=mZC+mZB 
d.mZA =mZC 


_ in Other Words 


68. You have heard the saying “The shortest distance 
between two points is a straight line.” Explain 
why this is technically incorrect. 


69. Name three undefined geometric terms. 


70. Find the word point in a dictionary. How many 
definitions does the word have? In your own 
words, give three definitions that can apply to 
geometry. 


71. Describe the different ways in which a ray and a 
plane can intersect. 


72. Describe the different ways in which a line and a 
ray can intersect. 
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73. We have already defined an acute and an obtuse 
angle. Look at the definitions of acute and obtuse 
in a dictionary and explain the following: 

a. What an acute pain means 
b. What obtuse intelligence means 


74. Describe and show sketches of the following: 
a. How a line can intersect an angle 
b. How two angles can intersect 


G Using Your Knowledge 


Angles are extremely important in surveying and in nay- 
igation. With the knowledge you have gained in this sec- 
tion, you should be able to do the following problems: 


75. Asurveyor measured a triangular plot of ground and 
reported the three angles as 48.2°, 75.9°, and 56.1°. 
How much of an error did the surveyor make? 


Research Questions 


In land surveying, angles are measured with respect to 
due north and due south. For example, a direction of N 
30° W means a direction, that is 30° west of due north, 
and S 60° E means a direction that is 60° east of due 
south. Surveyors use acute angles only. In aerial navi- 
gation, angles are always measured clockwise from 
due north. A navigator’s bearing of 90° corresponds to 
due east, 180° to due south, and 270° to due west. 
Thus, a navigator’s bearing of 225° would correspond 
to a surveyor’s bearing of S 45° W. 


76. Write a navigator’s bearing of 135° in a surveyor’s 
terminology. 


77. Write a navigator’s bearing of 310° in a surveyor’s 
terminology. 


78. Write the direction S 40° W as anavigator’s bearing. 


79. Write the direction N 40° W as anavigator’s bearing. 


1. There are at least four definitions or descriptions of point. Call them 1, 2, 3, and 
4. Find out what they are and how they differ, then fill in the blanks in the chart 
with A for Always, S for Sometimes or N for Never. 


Through two points there is 
exactly one line. 

A line is an infinite set of points. 

A point has no size. 





2. There are four different relationships that two lines can have. For example, two 
lines can be identical. What are the other three relationships? 


3. Go to the library or to the Bello Web site and find several applications of 
geometry. A suggested link is 7.1.3. 


4. Was algebra invented before geometry? When was Euclid born? Where? What a 
did his book The Elements contain? Find the answers to these questions. You www: 
can start by accessing links 7.1.4 and 7.1.5 at the Bello Web site. 


5. Book I of The Elements contains five important postulates used in what is now 
called Euclidean geometry. What are these five postulates? 


| Info | + | Seargh (Remember to bookmark the Bello book-specific Web site.) 
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Soap Bubble Polygons 


Look at the soap bubbles in the photograph. What do you notice about the shapes 
Shown? First, all of them are made up of line segments, and second, each shape 
can be traced by starting and ending at one point. You will study such shapes, 
called polygons, in this section. 

Plane polygons can be named according to the number of sides. Thus, a 
three-sided polygon is a triangle and a four-sided polygon is a quadrilateral. 
Later, you will learn how to name polygons with five, six, seven, and eight sides. 

How many polygons do you see in the picture? 

Can you find the sum of the angles in the polygons you see? 

As you recall, the sum of the measures of the angles in a triangle is 180°. 
Because a quadrilateral can always be divided into two triangles, the sum of the 
measures of the angles is 360°. Can you find the sum of the measures of the 
angles in polygons with five, six, seven, and, in general, n sides? See if you can 
discover a pattern for the sum of the angles in Table 7.1 and fill in the blank. 





Soap bubbles exhibit various 
polygonal shapes when closely 
packed. 


TABLE 7.1 


Three-sided polygon tei 
Four-sided polygon 
_ Five-sided polygon 





The answer is 3 - 180°. Why? Read part C of this section on page 460 and you 


will see! ox : 


A popular children’s puzzle consists of joining in order a set of numbered dots 
by straight line segments to form a path from the first to the last point. An exam- 
ple of such a puzzle and its solution is shown in Figure 7.32. (What is pictured, 
an antelope or a bird?) 
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Broken Lines and Polygons 


A path (such as the one shown in the puzzle) consisting of a sequence of con- 
nected straight line segments is called a broken line. Such a path can be traced 
without lifting the pencil from the paper. Certain broken line paths have the fol- 
lowing two characteristics which are of interest to us in this section: 


1. Asimple path is a path that does not cross itself. 
2. A closed path is a path that starts and ends at the same point. 


Note: Not all geometric figures aré constructed using straight line segments. The 
following are more general concepts: 


1. Asimple curve is a curve that does not cross itself. 
2. Aclosed curve is a curve that starts and ends at the same point. 


Most of our discussion, however, will deal with simple and closed paths rather 
than simple and closed curves, since simple, closed paths are used to define poly- 
gons. 

The path in the solution of the puzzle in Figure 7.32 is simple but not closed. 
Figure 7.33 shows four broken lines. The paths in panels A, B, and D are simple, 
but the path in panel C is not simple. Moreover, the paths in panels C and D are 
closed, but the paths in panels A and B are not closed. Can you draw a path that 
is not simple and not closed? Can you draw a curve that is not simple and not 
closed? Figure 7.34 gives examples of curved paths. 

Any path that consists of a simple, closed broken line is called a polygon. In 
Figures 7.35 and 7.36 paths ABCDE are examples of polygons. The line seg- 
ments of the path are the sides of a polygon, and the endpoints of the sides are 
the vertices. 


FIGURE 7.33 
Broken lines 
E D 
A A B A EB 
# Gg A 
B F D D 
D 
E F ce G B 
GE 

A. Simple, B. Not simple, C. Simple, D. Not simple, 

not closed closed closed not closed 
FIGURE 7.34 
Curves 
A. Simple, B. Not simple, C. Simple, D. Not simple, 


not closed closed closed not closed 


FIGURE 7.37 
Es 


EXAMPLE 1 


7.2. Triangles and Other Polygons 455 


FIGURE 7.35 FIGURE 7.36 
Convex polygon Concave polygon 
D 
x 
€ 
B 
E yi 





A polygon is said to be convex if no line segment XY joining any two points 
on the path ever extends outside the polygon (see Figure 7.35). The points X and 
Y may be any two points not on the same side of the polygon. Except for its end- 
points, the line segment XY lies entirely inside the polygon. (Of course, if X and 
Y were on the same side, then the segment would lie on that side.) 

A polygon that is not convex is called a concave, or reentrant, polygon (see 
Figure 7.36). Here a portion of the line segment XY lies outside the polygon— 
something that never occurs in a convex polygon. 


Consider the polygon ABCDE in Figure 7.37. 
(a) Name its sides. (b) Name its vertices. 
(c) Is this a concave or a convex polygon? 
Solution 
(a) The sides are AB, BC, CD, DE, and EA. 
(b) The vertices are A, B, C, D, and E. 
(c) This is a concave, or reentrant, polygon. a 
Plane polygons are customarily named according to the number of sides. 
Table 7.2 gives some of the usual names. 
As you probably know, traffic signs are most often in the shapes of polygons. 
For example, the stop sign is in the shape of an octagon. In fact, it is in the shape 
of a regular octagon. A regular polygon is a polygon with all its sides of equal 


length and all its angles of equal size. A regular triangle has three equal sides and 
three 60° angles; it is called an equilateral triangle. A regular quadrilateral has 


TABLE 7.2 


Triangle Octagon 


Quadrilateral Nonagon — 
Pentagon Decagon 
Hexagon Dodecagon 
Heptagon 
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EXAMPLE 2 


FIGURE 7.38 

Can you see the triangular 
region? It is an optical illusion. 
The triangle exists only in your 


a 
ei 
C9 


four equal sides and four 90° angles. You undoubtedly know that it is called a 
square. No special names are given to other regular polygons. 


Some standard traffic signs are shown below. 
(a) Which ones are regular polygons? 

(b) Name the shape of the school sign. 

(c) Name the shape of the yield sign. 


(d) Name the shape of the warning sign. 


a @v ®@ 


School Stop Yield Railroad 
warning 
Warning Regulatory Railroad No passing 
or information crossing 
Solution 


(a) The stop sign, the yield sign, and the warning sign are all in the shape of reg- 
ular polygons. 


(b) The school sign has five sides, so it is in the shape of a pentagon (but not a 
regular pentagon). 


(c) The yield sign has three equal sides; it is in the shape of an equilateral 
triangle. 


(d) The warning sign has four equal sides and four equal angles; it is in the shape 
of a regular quadrilateral, a square. i 


B. Triangles and Quadrilaterals 


Triangles are often classified according to their angles, as shown in Table 7.3. 
Triangles are also classified according to the number of equal sides, as shown in 
Table 7.4. 

Note that the angles opposite the equal sides of an isosceles triangle are of 
equal measure. (See the Using Your Knowledge section of Exercise eae) 
Moreover, an equilateral triangle is also equiangular; it has three 60° angles. 
The triangle that you see in the optical illusion in Figure 7.38 is an equilateral 
triangle. 


Certain quadrilaterals (four-sided polygons) also have special names and 
properties, as shown in Table 7.5. 


TABLE 7.3 
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TABLE 7.4 


a Nea ot aot 
F, a el 





_ Right triangle: A triangle 
containing a right angle 


Acute triangle: A triangle 
in which all the angles 
are acute 


Obtuse triangle: A 
triangle containing an 
obtuse angle 








1] el 
ustration = 


Scalene triangle: A 
triangle with no equal 
sides (Note that the 
sides are labeled |, ||, 
and ||| to show that the 
lengths of the sides are 
different.) 


Isosceles triangle: A 
triangle with two equal 
sides 


Equilateral triangle: A 
triangle with all three 
sides equal 
















BST by Fo Tagg ass St d 
Dist ars met as Sisataere hse 


Trapezoid: A quadrilateral with 
exactly one pair of parallel sides 





Kite: A quadrilateral with two 
distinct pairs of consecutive 
equal sides 


Parallelogram: A quadrilateral 
in which the opposite sides are 
parallel 


Rectangle: A parallelogram with 


a right angle 


Rhombus: A parallelogram with 
all sides equal 


Square:A rectangle with all sides 
equal 
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EXAMPLE 3 Classify the given triangles according to their angles and their sides. 
60° 
QO 60° 
60° 


DEFINITION 7.1 


FIGURE 7.39 


Solution 


(a) The triangle has an obtuse angle and no equal sides; it is an obtuse, scalene 
triangle. 


(b) The triangle has two equal sides and a right angle; it is an isosceles, right 
triangle. 


(c) The triangle has three 60° angles; it is an equilateral triangle, which is also 


equiangular. i 


There is one more way of classifying triangles. Two triangles with exactly 
the same shape, but not necessarily the same size, are called similar triangles. 







s they have equa 


_ proportional. a 


G 
F 
5 6 
De 3 
D E 
A B 2 
4 


Look at the two similar triangles AABC and ADFF in Figure 7.39. Because 
they have the same shape, the corresponding angles are equal. In Figure 7.39 
mZA = mZD, mZB = mZE, and mZC Sn ale The corresponding sides of 
the two triangles are AB and DE, BC and EF, and AC and DF. Notice that the 
length of each side of ADEF is one-half the length of the corresponding side of 


AABC. Recall that the ratio of two numbers a and b is the fraction a/b. For 
Figure 7.39 we have 





DETER © Dean 


AB BC AC ae 


as the ratio of corresponding sides. We use these ideas in the next example. 
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EXAMPLE 4 Two similar triangles are shown in Figure 7.40. Find d and f for ADEF. 


FIGURE 7.40 Cc 


6 cm 


3.cm fom 


Solution Since AABC ~ ADEF, the corresponding sides must be proportional. 


Thus, 
DE TREF DE 
AR DBC 3 AG 
so that 
ied 4 
Bulads 166 


Since ¢ = $, we have 


NO 
2 |S4 


d y 
“hina and 3 


Solving these equations for d and f, we get 


8 2 6 
d=3=23 and if tig ae = 


EXAMPLE 5 Wally wanted to find the distance across a lake, so he located a point A from 

which he could sight points B and C on opposite ends of the lake (see Figure 

FIGURE 7.41 7.41). With ¢ a surveyor’s sextant, Wally found that mZA = 35°. He was able to 

measure AB and AC as 400 and 300 m, respectively. He took these data to his 

office and drew a _ triangle which he labeled A B,C, with ET: REN 

A.B, ,B, = 40 cm, and NG C, = 30 cm. He then measured B,C, and oad it to be 

23. L cm long. How a Wally use all this nrortation S find the distance 
across the lake? 


Solution Since -e Wally made mZA, = mZA and used the same scale (10 m/cm) 
for A,B, ,B, and AC, {C,, he knows a AA,B,C, ~ AABC. Therefore, if the length 
of BCi fe aeinay. Hen 


400 300 x 


FAQ Su oo 


so that 





oe 
mol 


Thus, Wally found the distance across the lake to be 231 m. o 


= 10 and x =231 
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Problem Solving 


. Read the problem. 


. Select the unknown. 


. Think of a plan. 
Find the equai sides. What angles 
are given? Are there any vertical 
angles? 


. Use the fact that a and y are 
vertical angles to find a. Look at the 
angles opposite the equal sides. 


. Verify the solution. 


TRY EXAMPLE 6 NOW. 





EXAMPLE 6 
FIGURE 7.43 
A 
D 
B 
GC 
iE 
FIGURE 7.44 





Angles of a Polygon 


In the preceding example, Wally found the lengths, of the sides of a triangle. 
Next, we shall examine how to find the measure of the angles of any given 


polygon. 


Finding the Measure of an Angle . 


Find the measure of angle B in Figure 7.42. 


The measure of angle B is the unknown. 


A 


FIGURE 7.42 


You want to find the measure of angle B. According to Figure 7.42, AB = AC 
and y = 40°. 


Since a and y are vertical angles, they must be equal; that is, a = y = 40°. Angle 
a and angle B are opposite the equal sides of AABC (triangle ABC); hence, they 
must also be of equal measure. Thus, the measure of angle B is 40°. 


The verification is left to you. 


Cover the solution, write your own, and then check your work. 


In AABC in Figure 7.43, AB = AC and mZ DCE = 37°. Find mZA. 


Solution ZACB and ZDCE are vertical angles, somZACB = mZ DCE = 37°. 
ZACB and ZB are opposite the equal sides of AABC and are thus of equal meas- 
ure. SomZB = 37°. Then 


mZA = 180° — mZACB — mZABC 
ZA 180 2 oe he 
= 106° Bi 


We have already noted that the sum of the measures of the three angles of any 
triangle is 180°. We can use this idea to find the corresponding sum S for any 
convex polygon. For example, suppose the polygon is a pentagon as shown in 
Figure 7.44. Select any vertex, say A, and draw lines from A to each nonadjacent 
vertex, as shown by the dashed lines in Figure 7.44. The resulting number of tri- 
angles is 3 (2 less than the 5 sides of the polygon), and the number of degrees in 
the angles of these three triangles is 3 X 180° = 540°. 
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We can generalize this result to any convex polygon; if the polygon has n 
sides, there will be n — 2 triangles. We have the following result: 






- interior angles 0 any convex polygon 





Furthermore, if the polygon is a regular polygon, then the angles are all equal. In 
this case, the measure of a single angle of the polygon is just the preceding result 
divided by n, the total number of angles. This idea is illustrated in the next 
example. 


EXAMPLE 7 __ Find the measure of an angle of a regular heptagon. 
a Solution Since a heptagon has 7 sides, the formula gives 
ae S = (7 — 2)180° = 5 X 180° = 900° 
www: 


If you want to see a proof of the Because the polygon is regular, each angle has measure 








conjecture that the sum S of the 900° 4° 
measures of any convex polygon qin ay, (ml 
with n sides is S = (n — 2)180, 
access link 7.2.1 at the Bello That the sum S of the measures of the interior angles of any convex polygon 
Web site. with n sides equals (n — 2)180° for the case n = 6 is illustrated in Figure 7.45. 
What if you want to know the measure of each of the angles in the polygon? 
FIGURE 7.45 Look at Figure 7.46 and then fill in the blank: 
The measure of each of the n angles in a regular convex polygon with n 
sides is 
FIGURE 7.46 





This hexagon breaks into 
four triangles, each containing 
180° of angles. 





(n=6) (n = 8) (n= 10) 
A=(6-—2) * 180/6=120° B=(8-2) * 180/8=135° C=(10-2) « 180/10 = 144° 


Ly In problems 1| and 2, sketch a broken line path as In problems 3-7, use the alphabet as printed here. 


described. ABCDEFGHIJKLMNOPQRSTUVWXYZ 


1. a. Closed but not simple 


3. State which letters form a path or curve that is 
b. Simple but not closed 


a. simple. b. closed. 
2. a. Both simple and closed 
b. Neither simple nor closed 
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4. State which letters form a path or curve that is 
a. closed but not simple. 
b. simple but not closed. 


5. State which letters form a path or curve that is 
a. simple and closed. 
b. neither simple nor closed. 


6. If the lowest points of the legs of the letter M are 
joined by a straight line segment, will the resulting 
polygon be concave or convex? 


7. If the highest points of the legs of the letter V are 
joined by a straight line segment, will the resulting 
polygon be concave or convex? 


8. Refer to the traffic signs in Example 2, and name 
the shape of the 


a. information sign. b. no passing sign. 


Ci In problems 9-16, name each quadrilateral. 


= 
oS 
A 


In problems 17-24, classify each triangle as scalene, 
isosceles, or equilateral and as acute, right, or obtuse. 


17. 18. 





10 
10 
19 20. 
4 4 
7 6 
3 
21. 22. 5 
5 + 
23. 24, 
9 
9 


25. Which (if any) of the following triangles are 
similar? 


b. 


a. 





26. 


The marked angles in the following triangles are 
all equal. Which (if any) of the triangles are 
similar? 


a. [ty on c. P 
Tey 
: el \ 
3 
4 


27. 


= 


The following triangles are similar. Find the 
lengths marked x and y. 


5 
4 
y 
3 
4 


28. The following parallelograms are similar. Find the 


length of the diagonal PR. 


, Ly \ o\ | | 
A B 
; 10 Q 
Problems 29-32 refer to the figure below. In this fig- 


ure, PO is parallel to ‘AB. In each problem, certain 
lengths are given. Find the missing length, indicated 


by a blank. 
Cc 
P Q 
A B 
AP PC BQ BC 
29, 3 4 6 ee 
30. 5 4 Seen ae 6 


aL; 
32. 
33: 


34, 


35s 


36. 


Sie 


38. 


39. 
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The sides of a triangle measure 6, 9, and 12 cm, 
respectively. The longest side of a similar triangle 
measures 7 cm. Find the lengths of the other two 
sides of the smaller triangle. 


In problem 33, if the length of the shortest side of 
the smaller triangle is 5 cm, find the lengths of the 
other two sides. 


The sides of a triangle measure 2, 3, and 4 in., 
respectively. The perimeter of a similar triangle is 
36 in. Find the length of each side of the second 
triangle. 


Jackie has a piece of wire 18 in. long. She wants 
to bend this into a triangle similar to a triangle 
whose sides are 3, 4, and 5 in., respectively. What 
must be the dimensions of her triangle? 


A telephone pole casts a shadow 30 ft long at the 
same time that a 5-ft fence post casts a shadow 8 
ft long. How tall is the telephone pole? 


Betty wants to measure the height of a flagpole. She 
puts up a vertical post 8 ft tall and moves back in line 
with the flagpole and the post until her line of sight 
hits the tops of both post and pole (see the following 
figure). If the known distances are as shown in the 
figure, what height does Betty find for the flagpole? 


noe 


Se ee Oa 
32 ft 


Ronny wants to find the height of a tree standing 
on level ground. He places a 5-ft stake vertically 
so that the sun throws a shadow of the tree and the 
stake as shown in the figure. He then measures the 
lengths of the shadows, with the results shown in 
the figure below. Why are the two triangles simi- 
lar? What height did Ronny find for the tree? 


Zt 


8 ft 
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40. 


41. 


42. 


43. 
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Gail wants to measure the distance AB across a 
small lake (see the figure below). She walks 240 m 
away in a direction perpendicular to the line AB to 
a point C from which she can sight the point B. 
She then walks back 80 m along CA to a point P, 
and then walks in a direction perpendicular to CA 
to a point Q in line with B and C. She finds that 
PQ = 60m. With this data, what does Gail find for 
the distance AB? 


B 





240 m 


Sonny, the surveyor, needs to find the length of a 
tunnel to be bored through a small hilly area. He 
makes the marked angles equal and finds the 
measurements shown in the figure below. What 
length should Sonny find for the tunnel? 





To find the distance between two points P and Q 
separated by an inaccessible area, Andy makes the 
measurements shown in the figure below. He 
returns to his office and draws AABC with 
mZA = mZO, mZB = mZP, and AB = 10 cm. 
He then measures BC and finds it to be 18 cm. 
What length does Andy find for PQ? 


Q P 


100 m 


In the given figures, AC = BC. Find the measures 
of the three angles of AABC. 


44. 


45. 


46. 


47. 


48. 


a. 
: | E 
100° 
A B 


b. Cc 

‘ Z : 140° 

a B 
ABCD is a parallelogram. Find the measure of 
ZBAD. 





In the given figure, AE and BD are parallel and CE 
is perpendicular to BD. Find mZ BCD. 


GE 


A [ 120° iE 


For the given figure, find mZC. What type of tri- 
angle is AABC? 


Cc 
> B 
A 
Find the sum of the measures of the angles of a 
regular polygon with 14 sides. 


Find the sum of the measures of the angles of a 
regular polygon with 20 sides. 


In problems 49—54, find the measure of one angle for 
each polygon. 


49. 


A regular pentagon 50. A regular hexagon 


51. 
53. 
25. 


56. 


I. 


A regular octagon 52. A regular nonagon 


A regular decagon 54. A regular dodecagon 


The information in Table 7.4 can be represented as 
the family tree or hierarchy shown below, where 
each name includes all the shapes below it to 
which it is connected. 

a. Use set notation to show the relationship 
between the set P of all polygons, the set T of 
all triangles, and so on. 

b. Draw a Venn diagram to show the relationship 
between P, T, J, and E. 


Polygons (P) 


Triangles (T) 


Isosceles (J) Equilateral (E) Scalene (S) 


Show a family tree or hierarchy for the quadrilat- 
erals in Table 7.5. Here are the first two steps. 


Quadrilateral (Q) 


Kite (K) Trapezoid (T) 


Draw a Venn diagram to represent the hierarchy 
shown in problem 56. 


@®™ in Other Words 


58. 


352: 


60. 


When a boat, car, or plane is manufactured, a 
model of it is constructed first. Explain what the 
model and the actual structure have in common. 


Some distances are not easy to measure directly 
(the distance across a lake, as for Wally and in 
problem 40). Describe in your own words a situa- 
tion in which indirect measurements using similar 
triangles are used. 


Johnny claims that he has drawn two similar tri- 
angles. He says the sides of the first triangle are 4, 
5, and 7 cm long and that the corresponding sides 
of the second triangle are 8, 10, and 12 cm long. 
Betty says that Johnny is making a mistake. Write 
out a complete explanation and justification for 
Betty’s claim. 
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Ge Using Your Knowledge 


In problems 61-64, use the following table, which 
lists all possible triangle classifications. For example, 
IR stands for an isosceles, right triangle, SO stands 
for a scalene, obtuse triangle, and so on. The problems 
ask you to draw certain types of triangles. In any case 
in which you think no such triangle exists, write 
“impossible.” 





Scalene 


Isosceles 
Equilateral 





61. Draw an example of each of the following types: 
a. SA b. IA c. EA 


62. Draw an example of each of the following types: 
a. SR b. IR c; ER 


63. Draw an example of each of the following types: 
a. SO b. IO ce EO 


64. Which of the triangles in the table are impossible? 


aa Collaborative Learning 


In Example 5 we saw that similar triangles and ratios 
can be used to find distances that cannot be measured 
directly because of their inaccessibility. Suppose you 
want to measure the height of the flagpole at your 
school. 


1. Form several groups and find different procedures 
to measure the height of the flagpole. 


2. The Greek mathematician Thales of Miletus was 
able to find the height of the Great Pyramid in 
Egypt by using a method called “shadow reckon- 
ing.” Find out how this was done and calculate the 
height of the Great Pyramid. 


3. Discuss your findings with the other groups. Did 
they get the same answer? 
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GETTING STARTED 


oprzies 


= ‘ 
Perimeter and Circumference : 





Hats, Rings, and Circumferences 


Do you know your hat size? If you don’t, you will be glad to know that it is 
supposed to be about the same .as your ring size! (see Rules of Thumb by 
Tom Parker). How can that be? The ancient Greeks discovered that if they 
divided the circumference C of a circle by the length of its diameter d, they 
always obtained approximately the same number, 77, regardless of the size of the 
circle. You can verify this by measuring the circumference (the distance around) 
of a soda can and dividing by its diameter. The answer should be about 3.14. The 
formula used to do this is the same one used by the Greeks, § = 7. Now, back to 
rings and hats. 

The average person’s head is about 23 in. in circumference. If you divide 23 


by 7 (3.14), that is 23 the answer is the diameter d = 7.32. Unfortunately, hats 


mr? 
are sized in increments of ; in. What size, to the nearest 7 in., is the closest to 7.32 
in.? You know that 73 = 74 = 7.25 and can easily find 73 = 7.375. Thus, 7 is 
the closest to the measure of d = 7.32 in. 

Now you know that your hat size is the average diameter of your head in 
inches. How can this be the same as your ring size? Assume that your hat size is 
7 in. in diameter. What would a 7 ring size measure? According to a jewelry 


handbook, the diameter d of a ring (in inches) is given by 
d = 0.458 + 0.0325 

where s is the ring size. When s = 7, 
d = 0.458 + 0.032 -7 = 0.682 in. 


Since the diameter of the ring, and hence of the finger, is 0.682 in., the circum- 
ference of the finger should be C = 3.14 - 0.682 = 2.14 in. Thus, if your hat size 
is 7, the circumference of your ring finger should be about 2.14 in. and, of 
course, your ring size should be 7. 

You can repeat this little experiment by measuring your own head, dividing 
by 77, and obtaining your hat size. Now, substitute your hat size for s in the for- 
mula and multiply the result by 7. The answer you get should be the same as the 
circumference of your finger! What if it is not even close? Keep in mind that hat 
sizes and ring sizes should be the same for an average person. If you lose or gain 
weight, the circumference of your finger decreases or increases, respectively, but 
your head size does not. 

In this section you study circles and the perimeters of circles, called 
circumferences, and the different applications you can solve using these ideas. 


—- 


In geometry, units of length are used to measure distances along lines and are 
consequently called linear measures. Table 7.6 shows the standard units of 
length in the U.S. customary system and in the metric system. 





How many kinds of polygons can 
you see in this view looking up 
through the center of a tower 
that supports power lines? 


7.3 Perimeter and Circumference 467 


TABLE 7.6 Standard Units of Length 


Inch (in) Sines ay = 0.001 m 


Foot (ft) = = 12 Whew fe Centimeter (cm) = 0. Ol m ; 
Yard (yd) = = 3 ft. ~» —Meter (m) = base unit 
“Mile (mi) = 1760 yd SEs (kim) = = 1000 m 

Hh To = 5280 ft 





Note that the metric system is a simple decimal system in contrast to the awk- 
ward conversions in the U.S. system. Although you will not be asked to convert 
from one of these systems to the other in this chapter, you should know that the 
U.S. inch is legally defined to be exactly 2.54 cm long. Table 7.7 gives a few con- 
versions to help you see the relationship between metric and U.S. lengths. 


TABLE 7.7 


TA th 2.54 ep Pon 039m. 


BSc 0:01 Dim 1m= 1.09 yd 
Imi=16lkm — Ikm= ee 





So a centimeter is about ;5 of an inch, a meter is just a bit longer than a yard, and 
a kilometer is about 5 of a mile. 


Polygonal Paths 


Many of the applications of geometry involve finding the length of a polygonal 
path. For instance, fencing a field, laying tile around a rectangular pool, or find- 
ing the amount of baseboard needed for a room all involve measuring around 
polygons. The distance around a plane figure is generally called the perimeter 
of the figure. In the case of a polygon, the perimeter is just the sum of the lengths 
of the sides. Table 7.8 on page 468 gives the formulas for the perimeters in terms 
of the sides for some of the polygons we have discussed. Note that perimeters 
are always expressed in linear measures. 


EXAMPLE 1 


The Mona Lisa by Leonardo da Vinci, assessed at $100 million for insurance 
purposes, measures 30.5 by 20.9 in. Find the perimeter of this picture. 


Solution Because the picture is rectangular, its perimeter is given by 
P=2L+2W 
where L = 30.5 and W = 20.9. Thus, 


P = 2(30.5) + 2(20.9) 
= 102.8 in. ia 
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TABLE 7.8 


EXAMPLE 2 


EXAMPLE 3 


Name Geometric Shape Perimeter 


Trapezoid 


Parallelogram 


Rectangle 





The ideas we have been studying here can be combined with the algebra you 
know to solve certain kinds of problems. Here is an interesting problem. 


The largest recorded poster was a rectangular greeting card 166 ft long and with 
a perimeter of 458.50 ft. How wide was this poster? 


Solution The perimeter of a rectangle is P = 2L + 2W, and we know that 
L = 166 and P = 458.50. Thus, we can write 


2(166) + 2W = 458.50 
332 + 2W = 458.50 


2W = 126.50 
W = 63.25 
So the poster was 63.25 ft wide. ea 


John and Emily Gardener want to fence in a small, rectangular plot for Emily’s 
kitchen garden. John has 20 m of fencing and decides that the length of the plot 
should be 1} times its width. What will be the dimensions of Emily’s garden plot? 


Solution We let x meters be the width of the plot. Then the length must be 3x m. 
We know the perimeter is to be 20 m, so 


2+ 2W =P 

2(3x) + 2x = 20 

3x + 2x = 20 

5x = 20 
x=4 and woee 


Emily’s plot will be 6 m long and 4 m wide. i 


FIGURE 7.47 


Diameter 





DEFINITION 7.2 


Center 


EXAMPLE 4 


EXAMPLE 5 
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Circles 


You are probably familiar with the geometric figure called a circle. The circle has 
been of great interest ever since prehistoric times; it has always been used for 
many decorative and practical purposes. Here is a modern definition. 





Figure 7.47 shows two circles with a radius and diameter indicated. Note that 
the diameter consists of two collinear radii, so that d = 27; that is, the length of 
the diameter is twice the length of the radius. 

The perimeter of a circle is known as the circumference. We noted earlier 
that the length of the circumference of a circle is given by the formula 





The irrational number 7 ~ 3.14159 was discussed in an earlier chapter. Unless 
otherwise noted, you may use the approximate value 3.14 for the problems in 
this book. 


Andy has a circular swimming pool with a diameter of 25 ft. To keep his little 
boy from falling into the water, Andy wants to put a low wire fence around the 
circumference of the pool. How much fencing does he need? 


Solution We use C = 7rd and get 
C = (3.14)(25) = 78:5 ft 


Since 3.14 is a little less than 7, Andy should play safe and get 79 ft of 
fencing. a 


According to the Guinness Book of World Records, one of the largest beef ham- 
burgers had a circumference of 27.50 ft. Find the diameter of this hamburger to 
the nearest hundredth of a foot. Use m ~ 3.14. 


Solution Since the circumference of a circle is C = ad, we have 
27.50 ~ 3.14d 

Dividing by 3.14, we find 
d = 8.76 to the nearest hundredth 


Thus, the diameter of this mammoth beef hamburger was about 8.76 ft. (It also 
weighed 2859 Ib.) (Note: If we used a more accurate value of 77, we would find 
the diameter to be 8.75 ft, to the nearest hundredth of a foot.) a 


Before we leave this section let us shed some light on diameters and circum- 
ferences. To start, do you know how light bulbs are measured? An obvious 
answer is by wattage (how many watts). But there is more. Bulb shapes are iden- 
tified by the letters A (typical house bulb), B (candelabra base Christmas tree 
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EXAMPLE 6 


www 
If you want to read some more 
about circles and their applica- 
tions to graphs, wheels, and 


rainbows, go to link 7.3.1 at 
the Bello Web site. 


Exercise 7.3 


re In problems 1-8, find the 
polygon. 


bulb), and C (miniature night-light bulb). The bulb size is then given by a letter 
for shape followed by the bulb maximum diameter (in eighths of an inch). Thus, 
a T-8 bulb is a tubular bulb § = | in. in diameter. (Source: John Lord, Sizes, 


Harper Perennial, 1995.) 


(a) What is the circumference and diameter of a 75-watt A-19 bulb? 


(b) A bulb burns out at home. You measure its circumference (it is hard to meas- 
ure the diameter!) and it is 8.25 in. Which type of bulb do you need? 


Solution 


(a) The diameter is z = 2.375 in. and C = md = 7(2.375), or about 7.46 in. 


(b) Since C = ard, we have 8.25 = ad and d = 8.25/m ~ 2.63. The question is, 
how many eighths is 0.63? We know that ; = 0.125, so ? = 0.625. This 
means that d ~ 2.63 ~ 23 = 3. But you remember that bulbs are meas- 
ured in eighths of an inch, so we need an A-21 bulb (the wattage is up to 


you!). 


perimeter of each 8. 


1. 30 cm Ze 
10 cm 10 ft 


25 cm 


3 4. 


3. 


61.2 m 


19.4m 





Tnfo | + ¥ http://college.hmco.com/mathematics Seay 


20 ft 9. 


7.2 in. 


: 4 yd 
10. 
2 yd 
‘ as LO Gs 
5 yd 


11. 


12. 


14. 


4 4.7m 
ih 
5.8 m 
Lone A * 


9.2 km 


If one side of a regular pentagon is 6 cm long, find 
the perimeter of the pentagon. 


If one side of an octagonal stop sign is 6 in. long, 
what is the perimeter of the stop sign? 


The largest rectangular omelet ever cooked was 
30 ft long and had an 80-ft perimeter. How wide 
was it? 


Do you have a large swimming pool? If you were 
to walk around the largest pool in the world, in 
Casablanca, Morocco, you would walk more than 
1 km. To be exact, you would walk 1110 m. If the 
pool is 480 m long, how wide is it? 


A baseball diamond is actually a square. A batter 
who hits a home run must run 360 ft around the 
bases. What is the distance to first base? 


The playing surface of a football field is 120 yd 
long. A player jogging around the perimeter of this 
surface covers 346 yd. How wide is the playing 
surface? 


i (Remember to bookmark the Bello book-specific Web site.) 


15. 


16. 


Have you seen the largest scientific building in the 
world? It is in Cape Canaveral, Florida. If you 
were to walk around the perimeter of this build- 
ing, you would cover 2468 ft. If this rectangular 
building is 198 ft longer than it is wide, what are 
its dimensions? 


The largest regular hexagon that can be cut from a 
circular sheet of cardboard has each side equal to 
the radius of the circle. If you cut such a hexagon 
from a sheet of radius 5 in., how much shorter is 
the perimeter of the hexagon than the circumfer- 
ence of the circle? 


In problems 17-24, find the circumference. First, give 
the answer in terms of 7; then calculate the approxi- 
mate answer using 7 ~ 3.14. 


7 


19. 


21. 


23. 


In the following problems, first give an exact answer 
in terms of 7 and then calculate the required approxi- 
mate answer using 7 ~ 3.14. 


25. 


The diameter of a bicycle tire is 61 cm. Through 
what distance does the bicycle go when the wheel 
makes one complete turn? Give your answer to the 
nearest centimeter. 


26. 


27. 


28. 


2; 


30. 


31. 


32. 


Joe 


34. 


35. 


36. 


37. 


38. 
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The lid on a garbage can has a diameter of 17 in. 
Find the length of the circumference of this lid. 
Give your answer to the nearest tenth of an inch. 


The minute hand of a clock is 8 cm long. How far 
does the tip of the hand move in | hr? Give your 
answer to the nearest tenth of a centimeter. 


The dial on a rotary telephone has a radius of 4.5 
in. How far does a point on the rim of this dial 
travel when the dial makes three-fourths of a com- 
plete revolution? 


Shirley wants to put a low, decorative wooden 
border around her circular flower bed. If the radius 
of the bed is 4 ft, how long must the border be? 
Give your answer to the nearest tenth of a foot. 


A long-playing record has a radius of 6 in. How far 
does a point on the rim move when the record goes 
around once? Give your answer to the nearest 
tenth of an inch. 


The circumference of a circle is 15 7 cm. Find the 
diameter and the radius of this circle. 


A thin metal rod 8 ft long is to be bent into a cir- 
cular hoop. Find the radius of this hoop to the 
nearest tenth of an inch. 


To make a wedding band for a man who wears a 
size 12 ring, a strip of gold 7 cm long is needed. 
Find the diameter of this ring. 


One of the largest pizzas ever made had a circum- 
ference of 251.2 ft. What was its diameter? 


You already know from problem 30 that a long- 
playing record has a 6 in. radius. However, do you 
know the circumference of the smallest functional 
record? It is an amazing 4; in.! Find the diameter 
of this tiny record to the nearest hundredth of an 
inch. 


The outside diameter of a motorcycle tire is 26 in. 
How many revolutions does the tire make in one 
mile? Round the answer to the nearest whole 
number. (Hint: 1 mi = 5280 ft.) 


A motorcycle tire is guaranteed for 20,000 mi. Use 
the information from problem 36 to find out for 
how many revolutions the tire is guaranteed. 


The largest doughnut ever made weighed 2099 Ib 
and had a 70-ft circumference. To the nearest 
whole number, what is the diameter of the small- 
est pan in which the doughnut could fit? 
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39. Acircular pool is enclosed by a square deck 20 yd 
on each side. If the distance between the edge of 
the deck and the pool is 2 yd as shown, how far is 
it around the pool? 











40. It takes about 15 min to walk around the 
Colosseum in Rome. At this rate, how long would 
it take you to walk straight through along a diam- 
eter? (Assume the Colosseum is perfectly round 
and give the answer to the nearest minute.) 


= In Other Words 


41. Which do you think is the better illustration of a 
circle: a perfectly round penny or a bicycle tire? 
(See Definition 7.2.) 


42. The formula C = 1.44 + 0.1s gives the circum- 
ference C (in inches) of a ring of size s. Explain 
how you would use this formula to find your ring 
size. 


43. If two tires, one new and one worn, are installed 
on a car, which one will turn more times per mile? 
Explain your answer. 


44. If your calculator has a 7 key, use it to calculate 
the answer to problem 30. In your own words, 
explain the discrepancy between the answer you 
obtained following the instructions for problem 30 
and the new answer your calculator gave. 


Ge Using Your Knowledge 


Suppose circle A has a 3-in. circumference and circle 
B has a 1-in. circumference as shown in the left dia- 
gram in the figure that follows. If circle B rolls around 
the perimeter of circle A without slipping and returns 
to its original position, how many revolutions will it 
have made? (Hint: Look at the diagram on the right! 


Using your knowledge of circumferences, can you 
prove your case?) 





45. In the diagram on the left, what is the length of the 
arc shown? 


46. If circle B makes one revolution and ends as 
shown in the diagram on the right, how far has 
point b traveled? 


47. How far does point 5 travel when point a makes 
one complete revolution? 





48. On the basis of your previous answers, 
in. = 1 revolution of circle B. Thus, how many 
revolutions does circle B make around circle A, 
whose circumference is 3 in., to return to its orig- 
inal position? 


fe Calculator Corner 


Many calculators come equipped with a key (to 
access it, you may have to press [7]) that gives a 
nine-decimal-place approximation for 7. If you use 
this approximation to solve Example 5, the answer 
obtained when dividing 27.50 by a comes out to be 
8.75352187, or 8.75 to the nearest hundredth of a foot, 
as mentioned in the text. 


1. Rework problems 25, 26, 30, 32, and 34 of Exercise 
7.3 on your calculator. 


ae Collaborative Learning 


At the beginning of this section we claimed that your 
hat size and your ring size are identical. By the way, 
there is a little flaw here. This is true only of men’s hat 
sizes. Women’s hat sizes are measured differently and 
more logically! Women’s hat sizes are simply the cir- 
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cumference of the inner band of the hat. Nevertheless, the finger, d the diameter of the finger, H the men’s 
we would like to see if there is a relationship between hat size, and s the ring size. 
men’s hat sizes—for men and woman—and ring sizes. 


Form several groups of males and females. 


1. Measure the circumference of the head C(H) of the 


participants. 





2. Measure the circumference of their ring finger 


C(f). 4. Is there a relationship between H and s? 
3. Complete the table below, where C(7) is the cir- 5. Is there a relationship between hat size and ring size 
cumference of the head, C(f) the circumference of for women? If so, what is it? 





GETTING STARTED 


ri 


Si 
Area Measure and the Pythagorean Theorem 





Pizza Area 


What is your telephone area code? What areas were severely affected by storms 
last year? The idea of area occurs in many contexts, but in geometry area is 
measured by defining a unit region. For example, a square whose side is 1 unit 
in length has an area of 1 square unit. To measure larger areas, you measure 
how many unit squares are contained in the given region. In this section you 
encounter formulas that give the area of several polygons as well as the area of 
a circle. 

Now, suppose you want to find the area covered by the giant, 111-ft- 
diameter pizza made by Pizza Hut in Singapore on June 9, 1990. You will learn 
later that the formula for the area A of a circle of radius ris A = mr. Since the 
diameter of the pizza is 111 ft, its radius is 55.5 ft and its areais A = 7° 55 5c 
3080.25 7r, or about 9670 ft?! 

In the same way, you can use areas to do some comparison shopping for piz- 
zas. Suppose Pizza Hut sells medium pizzas (12 in. in diameter) with one top- 
ping for $7.99. If you assume that the ingredients are of equal quality and the piz- 
zas of equal thickness, is it better to buy one of these pizzas or get two 10-in. 
pizzas for $4.99 each? You can compare by finding out how much you pay per 
square inch. The area of the $7.99 pizza is A = 77(6 in.)? = 3677, or about 113 
in.2. Thus, the price per square inch is 72 = 0.07, that is, about 7¢/in.2. On the 
other hand, the area of one 10-in. pizza is A = m(5)* = 257, or about 
78.5 in.2. Thus, the area of two pizzas is 157 in.” and the price per square inch is 
2 a or about 6.36¢/in.”. In this case, smaller is better; you pay less per square 
inch if you buy the two small pizzas. 

By the way, at 7¢/in.”, how much would the 111-ft-diameter pizza be worth? 
Close to $100,000! Check this out by keeping in mind that 1 square foot (1 ft?) 
is exactly 144 in.?. Here are two more questions for you. How many 12-in. piz- 
zas are there in the Singapore pizza, and if you assume that a 12-in. pizza serves 
eight people, how many people can be served with the Singapore pizza? Think 
of areas and use the techniques you used here to find the answers. = 
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FIGURE 7.48 
The unit of area measure 


| 


FIGURE 7.49 
Area = 4 square units 


FIGURE 7.50 
Area = 12 square units 








FIGURE 7.51 
Area = bh 


Now consider the question of how much glass might be used in the construction 
of a skyscraper. If we think a moment, we realize that the meaning of the ques- 
tion is not clear. Are we looking for the number of pieces of glass, the number of 
pounds of glass, or what? Let us be more specitic and say that we want to know 
the total area covered by the glass in this building. In order to answer questions 
like this, we must have a good understanding of what we mean by area. 


Area of a Polygon 


We start by choosing the unit region to be that of a square, each of whose sides 
is 1 unit in length, and we say that this region has an area of 1 square unit (see 
Figure 7.48). The side of the unit square may be | in., | ft, 1 mi, 1 cm, 1 m, and 
so on. The corresponding units of area are the square inch (in.”), the square foot 
(ft), the square mile (mi2), the square centimeter (cm?), the square meter (m7), 
and so on. 

Some of the commonly used units of area are given in Table 7.9. Note that 
area is always measured in square units. 


TABLE 7.9 Standard Units of Area 


























Square inch (in.2) Square millimeter (mm?) 
Square foot (f2) Square centimeter (cm?) 
Square yard (yd?) Square meter (m2) 





Square mile (mi2) Square kilometer (km? 
f ! ia et “HA TR Bet 





In everyday language, the area measure of a plane region is the number of 
unit regions contained in the given region. Thus, suppose that we have a square 
with side 2 units long. Then, as shown in Figure 7.49, we can draw lines joining 
the midpoints of the opposite sides and dividing the square into 2 X 2 = 4 unit 
squares. We say that the area of the square is 4 square units. Similarly, for a rec- 
tangle that is 3 units by 4 units, we can draw lines parallel to the sides that divide 
the rectangle into 3 X 4 = 12 unit squares (see Figure 7.50). We say that the area 
of the rectangle is 12 square units. 

The previous illustrations show how the area measure can be found if the 
sides of the rectangle are whole numbers. In order to avoid a complicated math- 
ematical argument, we define the area of a rectangle of sides b units long and h 
units long to be bh square units (see Figure 7.51). Written as a formula, with A 
standing for area, this is 





Notice that we are following the usual custom of saying “area of a rectangle” 
to mean “area of a rectangular region.” Similarly, we shall say “area of a poly- 
gon” to mean “area of a polygonal region.” 

Knowing the area of a rectangle, we can find the area of a parallelogram. The 
idea is to construct a rectangle with the same area as the parallelogram. As Figure 
7.52 shows, we simply cut the right triangle ADE from one end of the parallelo- 


FIGURE 7.52 


FIGURE 7.53 





FIGURE 7.54 


EXAMPLE 1 


FIGURE 7.55 


=+2m—> 


= = ee 


3m 


_— 


<2? m~><2 m~> +2 m> 
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gram and attach it to the other end. This forms a rectangle CDEF with the same 


area as the parallelogram. Since the base and height are the same for both fig- 
ures, the area of a parallelogram of base b and height h is 


 Albh : ‘Area of a parallelogram 
D C D GC 
I 
lh 
A — B E i 
E B 


(Be sure to note that h is the perpendicular height, not the length of a side of the 
parallelogram.) 

We can now find the area of any triangle. Suppose that triangle ABC in 
Figure 7.53 is given. We draw a line through C parallel to AB and a line through 
A parallel to BC. These lines meet at a point D, and the quadrilateral ABCD is a 
parallelogram. Clearly, the segment AC is a diagonal of the parallelogram and 
divides the parallelogram into two equal pieces. Because the area of parallelo- 
gram ABCD is bh, the area of the triangle ABC is bh. Thus, we have a formula 
for the area of any triangle with base b and height h. 


A = pbh Area of a triangle 


Note: If the angle B in Figure 7.53 is a right angle, the parallelogram obtained is 
a rectangle. This does not change the final result. 


Find the area of the triangle shown in Figure 7.54. 


Solution This triangle has a base of 4 in. and a height of 1.5 in. Thus, 
= 4)(i5) se Sin? a 


The formulas we have developed can be used for finding the areas of many 
sgions. This is don by subdividing these regions into nonover- 

\g triangular regions, find ing the areas of these 
subdivisions, and adding the results. This procedure is illustrated in the 
a ext example. 








EXAMPLE 2 
Find the area of the region given in Figure 7.55. 


Solution We subdivide the region as shown in Figure 7.55. The area of the one 
rectangle is 6 X 3 = 18 m2. The area of the shaded triangle is 5(2 X 3) = 3 m2. 
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FIGURE 7.56 


FIGURE 7.57 


EXAMPLE 3 


The upper two triangles each have area 3 m? and the upper rectangle has area 
2 X 3 = 6 m”. Thus, the required area is 


‘ 


18 —3+34+3+6=27m Ss 


Thus far, we have been concerned entirely with the areas of polygonal 
regions. How about the circle? Can we find the area of a circle by using one of 
the preceding formulas? Interestingly enough, the answer is yes. The required 
area can be found by using the formula for the area of a rectangle. Here is how 
we go about it. Look at Figure 7.56. Cut the lower half of the circular region into 
small equal slices called sectors, and arrange them as shown in Figure 7.56. 
Then cut the remaining half of the circle into the same number of slices and 
arrange them along with the others as shown in Figure 7.57. The result is approx- 
imately a parallelogram whose longer side is of length ar (half the circumfer- 
ence of the circle) and whose shorter side is r (the radius of the circle). 





One-half the circumference 





One-half the circumference 


The more pieces we cut the circle into, the more accurate this approximation 
becomes. We should also observe that the more pieces we use, the more nearly the 
parallelogram becomes a rectangle of length rr and height r. Mathematicians have 
proved that the area of the circle is the same as the area of this rectangle, that is, 
(ar)(r), or mr*. Thus, we arrive at the formula for the area of a circle of radius r. 





The circular dish for the Arecibo radiotelescope has a radius of 500 ft. What area 
does the dish cover? (Use a ~ 3.14.) 


Solution Here, r = 500, so 


A = 77(500)2 
= 77(250,000) ~ 785,000 ft2 i 


EXAMPLE 4 


The large circle is the main 
accelerator at the Fermi National 
Accelerator Laboratory at Batavia, 
Illinois. A proton beam travels 
around this circle at 50,000 times 
a second, producing highly 
energized particles used in 
nuclear research. 


FIGURE 7.58 
52 = 32 + 42 





To further explore geometric 
proofs of the Pythagorean 
theorem, access links 7.4.1 and 
7.4.2 at the Bello Web site. 
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Your knowledge of algebra can be used in conjunction with the geometric 
formulas you have just studied. This is illustrated in the next example. 


The Fermi National Accelerator Laboratory has the atom smasher shown in the 
photograph. The smasher covers an area of 1.1304 mi?. What is the diameter of 
this atom smasher? Use 7 ~ 3.14, and give the answer to the nearest hundredth 
of a mile. 





Solution The formula for the area of a circle of radius r is 


A = mr2 


Here, A = 1.1304 and 7 ~ 3.14. Thus, 
1.1304 ~ 3.14r? 





1.1304 
2 A = 
r 314 0.36 
r = 0.60 mi 


So the diameter is about 1.20 mi. If your calculator has a square root key, you 


can do this calculation by keying in [=] [=] [vx]. a 


The Pythagorean Theorem 


The solution of Example 4 required taking the square root of both sides of an 
equation. The same technique is used in many problems involving the sides of a 
right triangle. One of the most famous and important theorems of all time is the 
Pythagorean theorem, which says the square of the hypotenuse (the longest 
side) of a right triangle is equal to the sum of the squares of the other two 
sides. Figure 7.58 illustrates the theorem for a 3-4-5 right triangle. 

It is important to note that the converse of the Pythagorean theorem is also 
true. (The proof, which can be constructed with a little trigonometry, is omitted.) 
We can include both theorems in the following statement: 





| Atriangle is a right triangle if and only if the square of one of the sides is 
_ the sum of the squares of the other two sides. 








(Remember to bookmark the Bello book-specific Web site.) J Inf http://college.hmco.com/mathematics Seah 
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FIGURE 7.59 
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FIGURE 7.60 





EXAMPLE 5 


EXAMPLE 6 
FIGURE 7.61 
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FIGURE 7.62 





The perpendicular sides of a right triangle are often called legs. In Figure 
7.59, the legs are labeled a and b, and the hypotenuse is labeled c. Given a right 
triangle with legs a and b and hypotenuse c, the Pythagorean theorem states that 





The early Egyptians, and even the Babylonians, knew some special cases of 
this result; in particular, they knew the result illustrated in Figure 7.58. However, 
the ancient Greeks seem to have been the first to prove the general theorem. 
There are many different proofs of the theorem, some of which depend on areas 
in a simple fashion. Here is one of these proofs. 

The area of the large square in Figure 7.60 is c?. The area of the small square 
is (a — b)* = a? — 2ab + b?, and the area of each of the four right triangles is 
Sab. Thus, 


c* = a* — 2ab + b* + A(ab) 
a* — 2ab + b2 + 2ab 
a* + b? 


Find the length of the hypotenuse of a right triangle whose legs are 5 and 12 units 
long. 


Solution We use the Pythagorean theorem to get 
c? =a" + b2 
= 52 + 127 = 25 + 144 = 169 
Therefore, c =V169 = 13 units. a 


The screen in a rectangular computer monitor shown in Figure 7.61 is 3 in. 
longer than it is high and its diagonal is 6 in. longer than its height. What are the 
dimensions of the monitor? 


Solution We are asked to find the dimensions, which involves finding the 
length, height, and diagonal of the screen. 

Since all measurements are given in terms of the height, let H be the height. 

It’s a good idea to start with a picture so we can see the relationship among 
the measurements. Note that the length is 3 + H (3 in. longer than the height) 
and the diagonal is 6 + H (6 in. longer than the height). We enter this informa- 
tion in Figure 7.62. 

According to the Pythagorean theorem, 


H? + (3+ HY =(6 + Hy 
H?+9+ 6H + H2 = 36+ 12H + H2 Expand (3 + H)2 


and (6 + H)?. 
H*?+9+ 6H + H? —- 36- 12H-H2=0 Subtract 36 + 
12H + H2, 
H* — 6H —27=0 Simplify. 
(H = 9) 453) = 0 Factor (-9-3 = 
-27;-9+3= 


26); 


Exercise 7.4 


Ly In problems 1-12, find the area of each region. 


4m 
| 
5 in. 
| 2m 
| 
| 5. 10 ft 


1. 


2. 


3: 


6 in. 


3 in. 


Sin: 
5 cm 
4cm 4 cm 
5 cm 
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H-9=0 or H+3=0 Use the principle 
of zero product. 
H=9 =-3 Solve each 
equation. 


Since H is the height, we discard —3, so the height of the monitor is 9 in., the 
length is 3 more inches, or 12 in., and the diagonal is 6 more inches than the 
height, or 9 + 6 = 15 in. 


Looking at the diagram and using the Pythagorean theorem, we see that 9? + 12? 
must be 152; that is, 


Of 2? = 15" 


Since 81 + 144 = 225 is a true statement, our dimensions are correct. a 


By the way, television sets claiming to be 25 in., or 27 in. (meaning the length 
of the screen measured diagonally is 25 or 27 in.) hardly ever measure 25 or 27 
in. This is easy to confirm using the Pythagorean theorem. For example, a 27-in. 
Panasonic has a screen that is 16 in. high and 21 in. long. Can it really be 27 in. 
diagonally? If this were the case, 167 + 21? would equal 27”. Is this true? 
Measure a couple of TV or computer screens and see whether the manufactur- 
ers’ claims are true! 


\ 


3 ft 3 ft 
ae ME A me 
6 8 ft 
2 ft 
4 ft 
2 ft 
6 ft 
7. 6 ft 


4 ft 


6 ft 
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8. 3 in. 


9. 


20 cm 








Semicircles 


12. 





\ ey 
es “> 
Semicircles 


In problems 13-16, find the shaded area. 
13. 





Semicircle 





17. 


18. 


19. 


20. 


21. 


6 in. 





A rectangle has a diagonal 17 ft long and a length 
of 15 ft. How wide is it? 


A rectangle is 24 cm long and 7 cm wide. How 
long is its diagonal? 


The base of an isosceles triangle is 16 in. long and 
the equal sides are each 17 in. long. Find the 
height h of the triangle, that is, the perpendicular 
distance from the base to the opposite vertex. 


The two diagonals of a rhombus are 4 and 8 cm 
long, respectively. Find the length s of the sides of 
the rhombus. Diagonals are perpendicular. 


A concrete wall is to be constructed on a triangu- 
lar lot as shown in the diagram. If the estimated 
cost of the wall is $12 per linear foot, what is the 
estimated total cost of the wall? 


Wall 





Ist Ave. 
ee 


22. 


23. 


24. 


aoe 


26. 


27. 


28. 


29. 


30. 


31. 


32. 


JD: 


34. 


A telephone pole is supported by two cables 
attached to points on the pole 15 ft above ground 
and to points on the level ground 8 ft from the foot 
of the pole. What is the total length of the two 
cables? 


The base of a parallelogram is 12 ft long, 
the height is 8 ft, and the shorter diagonal is 
10 ft. How long are the other sides of the 
parallelogram? 


The base of a parallelogram is 10 cm long, the 
height is 5 cm, and the longer diagonal is 13 cm 
long. How long is the shorter diagonal? 


The playing surface of a football field is 120 yd 
long and 53; yd wide. How many square yards of 
artificial turf are needed to cover this surface? 


The floors of three rooms in a certain house 

measure 9 by 10 ft, 12 by 12 ft, and 15 by 15 ft, 

respectively. 

a. How many square yards of carpet are needed to 
cover these three floors? 

b. If the price of the carpet is $14/yd?, how much 
would it cost to cover these floors? 


A rectangular room is to have 288 ft? of floor 
space. If the room is 16 ft long, how wide must 
it be? 


The Louisiana Superdome covers an area of 
363,000 ft2. Find the diameter of this round arena 
to the nearest foot. Use 7 ~ 3.14. 


The largest cinema screen in the world is in the 
Pictorium Theater in Santa Clara, California; it 
covers 6720 ft. If this rectangular screen is 70 ft 
tall, how wide is it? 


The area of the biggest pizza was about 5024 ft?. 
What was its diameter? 


What is the area of a circular region whose diam- 
eter is 8 cm? (Leave your answer in terms of 77.) 


Find the height of a triangle of area 70 in.” if its 
base is 20 in. long. 


Glass for picture frames costs $3/ft?. If the cost of 
the glass for a rectangular frame is $4.50 and the 
frame is 15 times as long as it is wide, find its 
dimensions in inches. 


Diazinon is a toxic chemical used for insect con- 
trol in grass. Each ounce of this chemical, diluted 
in 3 gal of water, covers 125 ft. The transporta- 
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36. 


37. 


38. 


39. 


40. 


41. 


42. 
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tion department used 32 oz of Diazinon to spray 
the grass in the median strip of a highway. If the 
strip was 16 ft wide, how long was it? 


John Carpenter has a tabletop that is 4 ft wide 
by 5 ft long. He wants to cut down the length and 
the width both by the same amount so as to 
decrease the area by 4} ft?. What would be the 
new dimensions? 


In problem 35, suppose John wants to decrease the 
4-ft side and increase the 5-ft side by the same 
amount so as to decrease the area by } ft”. What 
would be the new dimensions? 


Show that the area of an equilateral (all sides 
equal) triangle of side s is — (Hint: A perpendi- 
cular from one vertex to the opposite side bisects 
that side.) 





State what happens to the area of a triangle if 
a. the length of its base is doubled. 
b. both its base and height are doubled in length. 


State what happens to the area of a rectangle if 
both its dimensions are 

a. doubled. b. tripled. 

c. multiplied by a constant k. 


Use the result of problem 37 to find the area of a 
regular hexagon whose side is 4 in. long. 


The circumference of a circle and the perimeter 
of a square are both 20 cm long. Which has 
the greater area, and by approximately how 
much? 


In the figure below, the two circles have their cen- 
ters on the diagonal AC of the square ABCD. The 
circles just touch each other and the sides of the 
square, as shown in the figure. If the side of the 
square is of length s, find the total area of the two 
circles in terms of s. 
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43. A regular octagon is to be formed by cutting equal 
isosceles right triangles from the four corners of a 
square. If the side of the square is of length a and 
the equal sides of the isosceles triangles are of 
length s, show that 


IBV 
WOW Ii) 


&®™ 1n Other Words 


44. Which of the following triangles are right trian- 
gles? Explain your reasoning. 
a. Sides 3, 5,6 b., Sides;5,, 12013. 
c. Sides 7, 24, 25 d. Sides 9, 10, 15 


5 a 


45. What would be the most appropriate U.S. units 
(in.?, yd*, mi*) and metric units (cm?, m2, and 
km?) for measuring the area of 
a. anickel. b. your state. 

c. your classroom. d. a house. 


46. Explain in your own words the difference between 
a 2-in. square and 2 in.?. 


Ga Using Your Knowledge 


You can use what you learned in this section to help 
you solve some commonly occurring problems. Do the 
following problems to see how: 


47. A gallon of Lucite wall paint costs $14 and covers 

450 ft*. Three rooms in a house measure 10 by 12 

ft, 14 by 15 ft, and 12 by 12 ft, and the ceiling is 8 

ft high. 

a. How many gallons of paint are needed to cover 
the walls of these rooms if you make no 
allowance for doors and windows? 

b. What will be the cost of the paint? (The paint is 
sold by the gallon only.) 


48. The figure below shows the front of a house. 
House paint costs $17/gal and each gallon covers 
400 ft?. 


6 ft 


oer st ee 
3 ft t 
12 ft 
y 


50 ft 





a. What is the minimum number of gallons of 
paint needed to cover the front of the house? 
(The paint is sold by the gallon only.) 





b. How much will the paint for the front of the 
house cost? 


49. A house and lot are shown in the figure below. 
The entire lot, except for the buildings and the 
drive, is lawn. A bag of lawn fertilizer costs $4 and 
covers 1200 ft? of grass. 

a, What is the minimum number of bags of fertil- 
izer needed for this lawn? 
b. What will be the cost of the fertilizer? 


100 ft 


50 fe 2O'T 


[J 10 tt 


10 ft Drive 
Shed 


200 ft 








50. A small pizza (11-in. diameter) costs $5 and a 
large pizza (15-in. diameter) costs $8. Use 
a ~ 3.14 and find to the nearest square inch 
a. the area of the small pizza. 
b. the area of the large pizza. 
c. Which is the better deal, two small pizzas or 
one large pizza? 


51. A frozen apple pie of 8-in. diameter sells for 
$1.25. The 10-in.-diameter size sells for $1.85. 
a. What is the unit price (price per square inch), to 
the nearest hundredth of a cent, of the 8-in. pie? 
b. What is the unit price of the 10-in. pie? 
c. Which pie gives you the most for your money? 





() Discovery 


Artists and architects, past and present, have used 
the Golden Ratio in their art and their architecture. 
Do you know what the Golden Ratio is? Begin with 
a square (shaded in the following figure). Let E be 
the midpoint of the base AD. Put the point of your 
pencil compass at E and the pencil point at C, and 
draw the circular arc as shown. Extend AD to meet this 
arc and call the point of intersection F. Now draw a 
line perpendicular to AF at F and extend BC to meet 
this perpendicular at G. The rectangle ABGF is known 
as the Golden Rectangle. Its proportions are supposed 
to be particularly pleasing to the eye. The ratio of the 
longer to the shorter side of this rectangle is the Golden 
Ratio. 





52. Can you discover the numerical value of the 
Golden Ratio? (Hint: Let the side of the square 
ABCD be 2a. Then EC is the hypotenuse of a right 
triangle with legs of length a and 2a, respectively.) 


Artists are interested in the areas of their paintings and 
sometimes meet with the problem of drawing a rectan- 
gle of height / that will have the same area as that of a 
given rectangle. The figure below shows the problem. 


W 


i 


h 


t 


The given rectangle is of length L and width W, and the 
artist wants a rectangle of height / that will have the 
same area. Of course, you could find the area LW and 
divide by h to get the second dimension of the desired 
rectangle. 

But the artist can do the job very quickly without 
any arithmetic at all! Here is how: Look at the follow- 
ing figure. Draw a line across the given rectangle at 
height h (line BD in the figure). Next, draw a line 
through A and C and extend the top line of the rectan- 
gle to meet line AC at point F. Then drop a perpendi- 
cular from F to the extended base of the given rectan- 
gle. The rectangle ABDE is the desired rectangle. Can 
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you discover why? Look at the figure again. The trian- 
gles ABC and FDC are similar (have exactly the same 
shape). Corresponding sides of similar triangles are 
always in the same ratio. Thus, 


53. Use this result to show that the area of rectangle 
ABDE is equal to the area of the original rectangle. 
(Hint: What is the area of the rectangle taken away 
from the given rectangle? What is the area of the 
rectangle added on?) 


54. Draw a careful diagram of a rectangle 4 cm wide 
and 6 cm high. Use the construction described 
above to find a rectangle 5 cm high with the same 
area. If you do this carefully, the result will help 
convince you that this is a neat construction. 


ae Collaborative Learning 


Have you heard of “squaring the circle”? The expres- 
sion means trying to find the square with the same area 
as a circle of a given radius. The Greek mathematician 
Archimedes (287-212 B.c.) used this method to try to 
approximate the area of a circle. 

Form 3 groups. Each of the groups will approxi- 
mate the area of a circle according to the suggested 
procedure. 


Group 1 Approximating with a square 


The diagram below shows a square inscribed in a 
circle. Triangle ABC is a right triangle with hypot- 
enuse 2r. 


1. Find the length of the line segment AB. 


2. The area of the square is the length of the line seg- 
ment AB squared. What is this area? How close is it 
to the area of a circle? 
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Group 2 Approximating with a hexagon of the n triangles shown; that is, A = n(area of trian- 


ial Si 
The diagram below shows a hexagon inscribed in a gle) = n(3 hb) = pnbh. 


circle. The area A of the hexagon is the area of the six 
triangles shown; that is, A = 6(3rh). 





ae 





1. The polygon has n sides each of length b. What 


is nb? 
1. Find the height A in terms of r. 2. When n increases, nb is the distance around the cir- 
2. Find A. cle, the circumference. What is nb then? 
Group 3 Approximating with an n-sided polygon 3. As n increases, what is A? 


To further explore this process, access link 7.4.3 
at the Bello Web site. 


The following diagram shows an n-sided polygon 
inscribed in a circle. The area of the polygon is the area 





Research Questions 


Pythagoras is such an important part of mathematical lore and history that many 
pages and effort have been devoted to the study of his life and achievements. Here 
are some topics to ponder. 


1. Many scholars ascribe the Pythagorean theorem to, surprise, Pythagoras! 
However, other versions of the theorem like the following exist: 


The ancient Chinese proof Bhaskara’s proof Euclid’s proof 
Garfield’s proof Pappus’s generalization 


Select three of these versions and write a paper giving details, if possible, about 
where they appeared, who authored them, and what they said. 


2. There are different versions about Pythagoras’s death. Write a short paper 
detailing the circumstances of his death, where it occurred and how. 


3. Write a report about Pythagorean triples. 


4. The Pythagoreans studied arithmetic, music, geometry, and astronomy. Write a 
report about the Pythagoreans’ theory of music. 


5. Write a report about the Pythagoreans’ theory of astronomy. 


(Remember to bookmark the Bello book-specific Web site.) 


ttp://college.hmco.com/mathematics | Seagh | 
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FIGURE 7.63 


The Transamerica Corporation 
building in San Francisco, more 
commonly called the Trans- 
america pyramid 


P| 
Volume and Surface Area 
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From the Grocer’s Shelf 


Which of the two bottles on the right side of the picture has more ketchup? 
Which has more sauce, the bottle on the left or the can? As it turns out, both 
ketchup bottles hold the same amount. They have the same volume. The volume 
of sauce in the can and in the bottle are also the same. One of the ketchup bottles 
has greater surface area, which in this case gives the false impression that it has 
greater volume and holds more. We have already studied perimeter (the length 
of the boundary of a polygon) and area (the space enclosed by the polygon). 
The counterparts of perimeter and area in three dimensions are surface area and 
volume. Like perimeter, surface area measures a boundary, the surface of a 
three-dimensional figure, whereas volume, like area, measures the space 
enclosed by the figure. Keep in mind, however, that perimeter is measured in 
linear units, surface area in square units, and volume in cubic units. 

How can we find the surface area of the can or, in general, the surface area 
of a cylinder? If a vertical cut is made down the side of the can and the metal 
flattened, it forms a rectangle whose length is the same as the circumference of 
the can (27rr) and whose width is the height h of the can (see Figure 7.63). 

The area of this rectangle is 2ar - h. Then we find the area of the top and bot- 
tom lids, zr? for each, to obtain the total surface area for the can or, in general, 
for a cylinder of radius 7 and height h. Thus, the surface area S$ is given by 


S = 2arh + 2ar2 


Now, how could you determine whether a can and a bottle hold the same vol- 
ume? (No fair reading the label!) One way is to fill the can with water and then 
pour it into the bottle. If the bottle is exactly filled, they have the same volume. 
We will study volumes and surface areas in this section. Eee 


The photograph shows the Transamerica pyramid in San Francisco. At 853 ft in 
height (48 stories) it is the tallest building on the city’s skyline. The pyramid por- 
tion of the structure is built on a square base and is thus an example of a square 
pyramid. Pyramids are one example of solids bounded by polygons. 


A. Three-Dimensional Figures 


A solid bounded by plane polygons is called a polyhedron. The polygons are the 
faces of the polyhedron, the sides of the polygons are the edges, and the vertices 
of the polygons are the vertices of the polyhedron. The Egyptian pyramids are 
polyhedrons with five faces, one of which is a square (the base) and the oth- 
ers are triangles. A square pyramid has eight edges and five vertices. The 
Transamerica pyramid is a striking example of the use of a square pyramid in the 
design of a modern building. 

A convex polyhedron is one that lies entirely to one side of the plane of each 
of its faces. A polyhedron that is not convex is called concave, or reentrant. The 
polyhedrons shown in Figure 7.64 are a cube, a rectangular parallelepiped, a 
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FIGURE 7.64 Polyhedrons 


A. Cube 





B. Rectangular parallelepiped CG 


EXAMPLE 1 





six-sided polyhedron with triangular faces (panel C), and a seven-sided polyhe- 
dron (panel D). The first three polyhedrons are convex, and the fourth is concave 
(reentrant). 

If two faces of a polyhedron lie in parallel planes and if the edges that are not 
in these planes are all parallel to each other, then the polyhedron is called a 
prism. In Figure 7.64, panels A, B, and D all illustrate prisms. The faces of a 
prism that are in the two parallel planes are called the bases. The parallel lines 
joining the bases are the lateral edges. The two bases of a prism are congruent 
polygons. Figure 7.65 shows a triangular prism. 

If all but one of the vertices of a polyhedron lie in one plane, then the poly- 
hedron is a pyramid. The face that lies in this one plane is the base, and the 
remaining vertex is the vertex of the pyramid. Figure 7.66 shows a pentagonal 
pyramid; the base is a pentagon. Prisms and pyramids are named by the shapes 
of their bases. 


FIGURE 7.65 FIGURE 7.66 
Triangular prism Pentagonal pyramid 
F <7 E F 
C B 
G 
A A 
B 


Name the edges and the vertices of the pyramid in Figure 7.66. 


Solution The edges are the line segments AB, BC, CD, DE, EA, FA, FB, FC, FD, 
and FE. The vertices are the points A, B, C, D, E, and F. a 


Formulas for Volume and Surface Area 


The volume of a three-dimensional region is measured in terms of a unit volume, 
just as area is measured in terms of a unit area. For the unit volume, we choose 
the region enclosed by a unit cube, as shown in Figure 7.67. Some of the com- 
monly used units of volume are given in Table 7.10. Note that volume is always 
measured in cubic units. 


FIGURE 7.67 
Unit cube 
Volume = 1 cubic unit 





FIGURE 7.68 
V=4 <3 <X 2= 24 cubic units 


EXAMPLE 2 
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TABLE 7.10 Standard Units of Volume 


Cubic inch (in.3) Cubic millimeter (mm?) 
Cubic foot (ft?) Cubic centimeter (cm?) 
Cubic yard (yd*) Cubic meter (m3) 





Volumes can be considered in a manner similar to that used for areas. If a rec- 
tangular parallelepiped (box) is such that the lengths of its edges are all whole 
numbers, then the region can be cut up by planes parallel to the faces, as in 
Figure 7.68. In general, we define the volume of a rectangular box of length /, 
width w, and height h to be /wh. Thus, 





The surface area of a rectangular box is the sum of the areas of the six faces. 
Thus, for the dimensions /, w, and h, the surface area S is 





For the rectangular box in Figure 7.68, we have 


S= 24 X 3) + 24 X 2) + 26 X 2) 
= 24+ 16+ 12 = 52 square units 


Table 7.11 on page 488 gives the formulas for the volume and the surface 
area of some commonly occurring three-dimensional figures. 


You are probably familiar with the Rubik’s cube puzzle like the one shown in the 
photograph in the margin. Each of the little cubes is + in. ona side. 


(a) Find the volume of Rubik’s cube. 


(b) Find the surface area if no allowance is made for the dips between the small 
cubes. 


Solution 
(a) Since there are three little cubes in a row, the edge of the large cube is 
(3)(3) = gin. 
Using the formula for the volume of a cube, we get 
v=a@=(3P =? ind 
or expressed as a decimal, 
V = 11.390625 ~=or _—_ about 11.4 in? 
(b) The formula for the surface area of a cube gives 


S = 6a? = 6(2)? =*2 ~~ or _ about 30.4 in” ai 
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TABLE 7.11 


Name Figure Volume (Y) Surface Area (S) 


Rectangular S = 2(lw + lh + wh) 
box 


Cylinder = 2arh + 2mr? 





*The formula for the volume of a circular cone can be verified by pouring water or sand from a hol- 
low cone into a cylinder of the same base and height. This will check the coefficient }. 


Let us denote the area measure of the base of a prism or a pyramid by B and 
the height by h. It is shown in solid geometry that the formulas for the volumes 
of these figures are 





FIGURE 7.69 


EXAMPLE 3 


EXAMPLE 4 
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If a crocoite crystal is in the form of a prism with a triangular base of height 
3 cm and base length 2.6 cm, and if the crystal is 30 cm long, what is its volume? 


Solution First we find B, the area of the base of the prism. Since the base is a tri- 
angle of base length 2.6 cm and height 3 cm, 


B = 3(2.6)(3) 
= 3.9 cm2 


Then we use the formula for the volume of a prism to obtain 


V=Bh 
= (3.9)(30) 
= 117 cm? a 


Figure 7.69 shows a polyhedron that consists of a rectangular box surmounted 
by a square pyramid with the top of the box for its base. The dimensions of the 
polyhedron are shown in Figure 7.69. 


(a) Find the volume of the polyhedron. (b) Find the total surface area. 
Solution 
(a) The volume of the rectangular box portion in Figure 7.69 is 

V = lwh = (3)(3)(5) = 45 ft? 

The volume of the pyramid is 

V = 4Bh = 4G X 3)(2) = 6 ft? 

Thus, the entire volume is 51 ft?. 


(b 


wa 


The area of the base of the figure is 

Bee BX ous. ft 

The area of the four sides of the rectangular box portion is 
A, = 4G X 5) = 60 ft? 


To find the area of the four triangular faces of the pyramid, we must first find 
the altitude of the triangles. To do this, we draw a line PQ from the top ver- 
tex and perpendicular to the base of the pyramid. This line will meet the base 
at its midpoint Q. Then we draw a second line QR from the foot of the per- 
pendicular to the midpoint of an edge of the base. Finally, we draw the line 
PR. The triangle PQR is a right triangle, whose hypotenuse PR is the desired 
altitude. Thus, we have 


PR= V2 4+ (2 = V44+25 V8 =3 tt 

Consequently, the area of the four triangular faces of the pyramid is 
A, = 4X 4bh = 4 x 5(3)(3) = 15 £0? 

The total surface area of the polyhedron is 


B+A,+A,=9 + 60 + 15 = 84 ft? a 
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EXAMPLE 5 


EXAMPLE 6 


AO ft 


EXAMPLE 7 


Natasha is inflating a toy globe. Suppose the globe is a perfect sphere. What is 
the diameter of the globe when the number of square inches of its surface area is 
equal to the number of cubic inches of its volume? ¢ 


Solution Let rin. be the radius of the globe. Then the surface area is Amr? in. 


and the volume is $77? in.*. The number of units of surface area is to be equal to 
the number of units of volume, so 


ar? = Agr 


aril Divide both sides by 4 ar?. 
r=3 * 
Since the diameter is twice the radius, the required diameter is 6 in. ig 


The water tank for a small town is in the shape of a cone (vertex down) sur- 
mounted by a cylinder, as shown in Figure 7.70. If a cubic foot of water is about 
7.5 gal, what is the capacity of the tank in gallons? (Use a ~ 3.14.) 


Solution For the cylindrical portion of the tank, r = 15 and h = 40, so that 
V = 7(15)*(40) = 90007 ft? 

For the conical portion, r = 15 and h = 10. Thus, 
V = 477(15)2(10) = 7507 ft? 


The total volume is the sum of these, that is, 97507 ft?. Using 7.5 gal/ft? and 
3.14 for 77, we get 


97507 ft? ~ (9750)(3.14)(7.5) 
~ 230,000 gal & 


A solid metal sphere of radius 3 m just fits inside a cubical tank. If the tank is full 
of water and the sphere is slowly lowered into the tank until it touches bottom, 
how much water is left in the tank? 


Solution The amount of water left in the tank is the difference between the vol- 
ume of the tank and the volume of the sphere. Thus, since the length of any edge 
of the cube equals the diameter of the sphere, the required volume is 


V = 63 — 32(3°) 
= 216 — 367 
~ 103 m3 a 


One question students always ask is, do we have to memorize all these for- 
mulas? Judge for yourself after reading this actual case. 

Here’s an example in which an incorrect formula has been used: The ad 
claims that the new Burger King® 2.8 oz. hamburger has 75% more beef than the 
McDonald’s® hamburger. Is that the idea you get from Figure 7.71? We can com- 
pare the two hamburgers by comparing the volume of the beef in each burger. 
The volume V of a burger is V = Ah, where A is the area of the top of the burger 
and h is the height. The area of the McDonald’s burger is M = mr2, where r is 
the radius (half the distance across the middle) of the burger. For the McDonald’s 
burger, r = 1 in., so its area is 


M = w(1 in.)? = w in.” (a square inches) 


Exercise 7.5 


1. Refer to Figure 7.64C, and name 10 


a. the vertices. 
b. the edges. 


2. Refer to Figure 7.65 and repeat problem 1. 11 
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FIGURE 7.71 


“The new Burger 
King® 2.8 oz. 
flame-broiled 
hamburger has 
5% more beef 
than McDonald’s® 
hamburger.” 







For the Burger King burger, r = 1.75 in., so 
B = w(1.75 in.)* ~ 377 in.” This means approximately equal. 
For the McDonald’s burger, the volume is V = zh, and for the Burger King 


burger, the volume is V = 37th. The difference in volumes is 37h — 7h = 21h, 
and the percent increase for the Burger King burger is given by 


increase 27h _ 
base ah 





Percent increase = 


Thus on the basis of this discussion, Burger King burgers have 200% more beef. 
What other assumptions must you make for this to be so? (You’ Il have an oppor- 
tunity in In Other Words to give your opinion!) 


. Apyramid has a rectangular base. Suppose that the 
edges of the base and the height of the pyramid are 
all doubled in length. What happens to the volume? 


. For a rectangular solid that is 20 in. long, 10 in. 


3. Refer to Figure 7.64D, and name the bottom face. wide, and 8 in. high, find 


4. Refer to Figure 7.64D, and name the left-hand 


back face. 


In each of problems 5—8, make a sketch of the figure. 


5. A triangular pyramid 


a. the volume V. 
b. the total surface area S. 


12. A rectangular solid is constructed by putting 
together two cubes each of edge x ft. If the num- 
ber of cubic feet in the total volume is equal to the 
number of square feet in the total external surface 
area of this solid, what is the value of x? 


6. A triangular prism surmounted by a triangular 13. A solid consists of a cube of side 6x surmounted 
pyramid with the top base of the prism as the base by a regular square pyramid whose base is the top 


of the pyramid 


7. A six-sided polyhedron that is convex and is not a 


face of the cube and whose height is 4x. Find for- 
mulas for 
a. the volume of this solid. 


Pe clepiped b. the total external surface area of this solid. 
Sea eca boca on with tleneula Laces 14. A cylindrical can is to have the area of its curved 
9. a. If the edges of a cube are doubled in length, surface equal to the sum of the areas of its base 

what happens to the volume? and its top. What must be the relation between the 


b. What if the lengths are tripled? height and the diameter of this can? 
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15. A pentagonal prism has a base whose area is 
10 in.2. If the prism is 5 in. high, what is its 
volume? 


16. The base of a prism is a triangle whose base is 3 ft 
and whose height is 4 ft. If the prism is 5 ft high, 
what is its volume? 


17. The edge of the base of a square pyramid is 4 in. 
long, and the pyramid is 6 in. high. Find the vol- 
ume of the pyramid. 


18. A convex polyhedron consists of two pyramids 
with a common base that is an equilateral triangle 
3 in. on a side. The height of one of the pyramids 
is 2 in. and the height of the other is 4 in. What is 
the volume of the polyhedron? 


19. A container consists of a cube 10 cm on an edge 
surmounted by a pyramid of height 15 cm and 
with the top face of the cube as its base. How 
many liters does this container hold? (Hint: 
1 L = 1000 cm?.) 


20. The Great Pyramid of Egypt (the Pyramid of 
Cheops) is huge. It is 148 m high, and its square 
base has a perimeter of 930 m. What is the volume 
of this pyramid? 


In problems 21-24, use the approximate value 3.14 for 
a to find the volume and the total surface area of 
a. the circular cylinder of given radius and height. 
b. the circular cone of given radius and height. 


21. Radius 5 in., height 9 in. 

22. Radius 10 cm, height 6 cm 

23. Radius 3 ft, height 4 ft 

24. Radius 6 cm, height 12 cm 

25. Find the volume of a sphere of radius 6 in. 
26. Find the volume of a sphere of radius 12 cm. 


27. The Peachtree Plaza Hotel tower in Atlanta, 
Georgia, is 70 stories high. If the height of this 
cylinder is 754 ft and its diameter is 116 ft, what is 
the volume? 


28. A grain silo is in the shape of a cone, vertex down, 
surmounted by a cylinder. If the diameter of the 
cylinder is 10 ft, the cylinder is 30 ft high, and the 
cone is 10 ft high, how many cubic yards of grain 
does the silo hold? 


29. 


30. 


Sk 


32. 


D3: 


34. 


A pile of salt is in the shape of a cone 12 meters 
high and 32 meters in diameter. How many cubic 
meters of salt are in the pile? 


The fuel tanks on some ships are spheres of which 
only the top halves are above deck. If one of these 
tanks is 120 ft in diameter, how many gallons of 
fuel.does it hold? Use 1 ft? ~ 7.5 gal. 


A popular-sized can in U.S. supermarkets is 3 in. 
in diameter and 4 in. high (inside dimensions). 
About how many grams of water will one of these 
cans hold? (Recall that 1 cm? of water weighs 1 g, 
and | in. = 2.54 cm.) 


An ice cream cone is 7 cm in diameter and 10 cm 
deep (see the figure below). The inside of the 
cone is packed with ice cream and a hemisphere 
of ice cream is put on top. If ice cream weighs 
+ g/cm}, how many grams of ice cream are there 
in all? 


<—_— 7 = 


10 cm 


The circumference of a baseball, soccer ball, and 

basketball are 9, 27, and 30 in., respectively. 

a. Find the surface area and volume of each. 

b. How does the surface area of a baseball com- 
pare to that of a basketball? 

c. How does the volume of a baseball compare to 
that of a soccer ball? 


A cylindrical storage tank for gasoline has a 300- 

ft diameter and is 200 ft high. 

a. Find the capacity of this tank if one cubic foot 
of gasoline equals 7.5 gal. 

b. How many gallons of paint are needed to 
paint the exterior and top of this tank with 
two coats of paint if a gallon of paint covers 
400 ft? 


35: 


36. 


37. 


38. 


A bowling ball has a 27-in. circumference and 

weighs 16 Ib. 

a. Find the volume of the ball before the holes are 
drilled. 

b. If three cylindrical holes with diameters 1.25, 
1, and 1 in., respectively, each 2.5 in. deep, are 
drilled into the ball, what is the weight of the 
ball now? 


A basketball with a 30-in. circumference is tightly 

packed into a cubical box for shipment. 

a. What is the volume of the ball? 

b. What is the smallest possible volume for the 
box? 

c. What percent of the space in the box is occu- 
pied by the basketball? 


A grocery bag has a 7-by-12-in. base and is 17 in. 

high. 

a. What is the volume of the bag? 

b. What is the minimum surface area for the bag? 

c. A ton of recycled paper will save 17 trees. If 
one bag weighs 2 oz, how many bags are 
needed to save 34 trees? 


A building contractor is constructing a second- 
story concrete floor 100 ft long, 50 ft wide, and 12 
in. thick. 

a. How much concrete is needed? 

b. Aconcrete truck carries 6 yd? of concrete. How 
many truckloads are needed for the job? 

c. If the concrete is to be hoisted by a crane in a 
cone-shaped bucket 4 ft in diameter and 5 ft 
high, how many buckets of concrete are 
needed? 


on Other Words 


Oo: 


40. 


41. 


Remember the hamburgers in Figure 7.71? Write 
two explanations of how the Burger King burger 
can have 75% more beef than the McDonald’s 
burger and still look like the one in the picture. 


To make a fair comparison of the amount of beef 
in two hamburgers, should you compare the cir- 
cumferences, areas, or volumes? Explain. 


The McDonald burger has a 2-in. diameter while 
the Burger King burger has a 3.50-in. diameter. 
How much bigger (in percent) is the circumfer- 
ence of the Burger King burger? 


42. 


43. 


44. 


45. 


46. 
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Can you now explain the claim in the ad? Is the 
claim correct? Explain. 


Explain in your own words why lengths are meas- 
ured in linear units, areas in square units, and vol- 
ume in cubic units. 


Explain in your own words what happens to the 
volume and surface area of a sphere if the diame- 
ter is doubled. 


Is the number of cubic units in the volume of a 
sphere always larger than the number of square 
units in its surface area? Explain in your own 
words why or why not. 


Suppose the radius of a circular cone is doubled 
and the height is halved. Explain in your own 
words what happens to the volume. 


Discovery 


47. 


48. 


A regular polyhedron is one whose faces are all 
congruent regular polygons, that is, regular poly- 
gons of exactly the same shape and size. The 
appearance of such a polyhedron at any vertex is 
identical with its appearance at any other vertex; 
the same is true at the edges. The early Greeks dis- 
covered that only five regular polyhedrons are 
possible. Repeat this discovery and explain why it 
is SO. 

Consider the regular polygons one at a time: 
equilateral triangles, squares, regular pentagons, 
and so on. In the case you use squares, how many 
squares can you put together at a vertex to form a 
polyhedron? Look at a cube. It is the only regular 
polyhedron with squares for its faces. 

The regular polyhedrons are as follows: 

A tetrahedron with 4 equilateral triangles for 
faces 

A cube with 6 squares for faces 

An octahedron with 8 equilateral triangles for 
faces 

A dodecahedron with 12 pentagons for faces 

An icosahedron with 20 equilateral triangles for 
faces 


Copy the pattern of equilateral triangles in the fol- 
lowing figure onto a piece of stiff cardboard. Cut 
around the outside edges and fold on the heavy 
lines. You can build an icosahedron by holding the 
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cut edges together with transparent tape. There are the notation indicates, this key raises a number y toa 
five triangles at each vertex. power x. For instance, to perform the calculations in 
Example 7, we enter 


(MIA ARH AWE BE 
The result is given as 102.9026645, or about 103 m?. 


1. Rework problem 25 using your calculator. 


49. Count the number of faces (F), vertices (V), and 

edges (E) for each of the figures listed in the table ee 

below. Compare the value of E with the value of a @ Collaborative Learning 

F + V and discover Euler’s famous formula for 

polyhedrons. We have studied cubes, prisms, pyramids, cylinders, 
and cones. What can you build using all of these geo- 
metric figures? Your own castle, of course! Form sey- 
eral groups. Here is the challenge: 


1. Let each group find pictures of several castles and 
count the number of geometric figures seen in them 
(prisms, pyramids, cylinders, and so on). The team 
that identifies the most figures wins. 





2. Let each team create a drawing of a castle. The 


50. Can you check the formula you got in problem 49 team that uses the most geometric figures in the 
by using the diagram in problem 48? design wins. Good luck! 


= | 
Calculator Corner 


To find a castle and solve Collaborative Learning 
exercises | and 2, access links 7.5.1 and 7.5.2 at 
the Bello Web site. 


Ga 
Networks, Non-Euclidean Geometry, and Topology 


GETTING STARTED Crossing That Bridge 


When higher exponents are present in an expression, 
calculators with a key are especially helpful. As 








yt. What do you think the following activities have in common: urban engineers 
mapping traffic patterns, chemists modeling complex molecules, managers cre- 
ating the organizational charts for a large corporation, and drawing your family 
tree? Each of the models consists of points (locations, atoms, job positions, peo- 
ple) connected by lines. The study of these graphs is now called graph or 
network theory. 

A famous puzzle problem known as the Bridges of Kénigsberg probably 
started the study of the traversability of networks. There was a river flowing 
through the city, and in the river were two islands (A and D) connected to each 
other and to the city by seven bridges (a, b, c, d, e, f, and g), as shown in Figure 
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(Remember to bookmark the Bello book-specific Web site.) 





FIGURE 7.72 
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FIGURE 7.73 FIGURE 7.74 





FIGURE 7.75 





7.72. The people of the city loved a Sunday walk and thought it would be fun to 
follow a route that would take them across each of the seven bridges exactly 
once. But they found that no matter where they started or what path they took, 
they could not cross each bridge exactly once. 

The great Swiss mathematician Leonhard Euler solved the problem in 1736. 
First, he redrew the map by making islands A and D smaller and lengthening the 
bridges (Figure 7.73). He also made shores B and C smaller (Figure 7.74). 

These changes distort the picture but do not change the problem. Then, in a 
stroke of genius, Euler thought of land areas A, B, C, and D as points and bridges 
a through g as ares connecting them. The resulting network is diagrammed in 
Figure 7.75. Euler’s question became: Can all the arcs be traced with a pencil 
only once without lifting the pencil off the paper ? If the answer to a problem like 
this is yes, the network is called traversable. 

In a network, the points are the endpoints of arcs and are called vertices (sin- 
gular vertex). Euler noticed that if a path goes through a vertex, the vertex must 
have two arcs: one in and one out. Thus, if a network has an odd vertex, it must 
be the starting or finishing point for a traversable path. But all four vertices in the 
K6nigsberg network are odd! Thus, the network is not traversable. We will study 
more about networks, traversability, and the bridges of New York and then end 
the section by considering other geometries and topology. ae 


Networks 


Any connected set of line segments or arcs is called a network. (For the pur- 
poses of this section, your intuitive notion of what an arc is is sufficient.) If the 
network can be drawn by tracing each line segment or arc exactly once without 
lifting the pencil from the paper, the network is said to be traversable. Any sim- 
ple network (one that does not cross itself) is traversable. If the network is both 
simple and closed, then you can choose any point of the network as the starting 
point, and this point will also be the terminal point of the drawing. If the network 
is simple but not closed, then you must start at one of the endpoints and finish at 
the other. Figure 7.76 on page 496 shows several examples of simple networks 
that are either closed or not closed. 

Let us examine the network in Figure 7.75 more closely. The number of 
edges for vertex A is 5; it is an odd vertex. As a matter of fact, all vertices 
in Figure 7.75 are odd. Figure 7.77 shows another network in which A and D 
are odd vertices but B and C are even. Since every arc has two endpoints, it is 
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FIGURE 7.77 


A 


EXAMPLE 1 


FIGURE 7.76 
Simple networks 


2 E@ 


Closed Not closed 


impossible for a network to have an odd number of odd vertices. Thus, a net- 
work can have 0, 2, 4, 6,..., amy even number of odd vertices. Notice that 
there are four odd vertices in the Kénigsberg problem and two odd vertices in 
Figure 7.77. 


Which of the networks below are traversable? If a network is traversable, indi- 
cate your beginning and ending points. 


E A 
: ? ee 
D E A 
a D 
Ee 
Cc A E 
D E D B 
B B AD B 


(a) No odd vertices (b) 2 odd vertices (c) 2 odd vertices (d) 4 0dd vertices (e) 2 odd vertices 


Solution 


(a) The network is traversable. You can start at any point and you will end at that 
same point. 


(b) The figure is traversable, but you must start at one of the odd vertices, B or 
D. If you start at B, you end at D, and if you start at D, you end at B. 


(c) The figure is traversable. This time you must start at A or E (the odd 
vertices). 


(d) The figure is not traversable. (Do you know why?) 
(e) The figure is traversable. You can start at one of the odd vertices, D or B, and 


end at the other. a 


From what you have studied so far, can you make any generalizations about 
the traversability of a network? Here are the conclusions Euler reached. 


EXAMPLE 2 
FIGURE 7.78 
EXAMPLE 3 
FIGURE 7.79 
A | B C 
D iE F 
FIGURE 7.80 
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The city of New York is composed of five boroughs as shown in Figure 7.78: 
Bronx (B), Brooklyn and Queens (B-Q), Manhattan (M), and Staten Island ($7), 
connected by a network of bridges and tunnels, some of them passing through 
Randall’s Island (R/) and some leading to New Jersey (NJ). Determine whether 
you could take a tour going over each bridge and through each tunnel exactly 
once. (Since there is no water separating Brooklyn and Queens, we call this land 
mass B-Q.) 





Solution The network is shown in Figure 7.78. Note that the only two odd ver- 
tices are Manhattan (19) and Randall’s Island (3), so the network is traversable. 
Your path must start at one of these two odd vertices and end at the other. M& 


Figure 7.79 shows a house floor plan with six rooms (A, B, C, D, E, and F’) and 
with the openings representing doors. Is it possible to take a walk through the 
house and pass through each door exactly once? 


Solution Think of each room and the outdoors as a vertex and the corresponding 
number of doors as the number of paths to that vertex. Since there are only two 
odd vertices, B and E, the network is traversable, but you must start at one of the 
odd vertices and end at the other, as shown in Figure 7.80. i 


Network theory has many practical applications. It is of great importance in 
computer science and technology; it is also used to solve problems in the design 
of city streets, to analyze traffic patterns, to find the most efficient routes for 
garbage collection, and so on. Networks are further used in connection with 
PERT (Program Evaluation and Review Technique) diagrams in planning com- 
plicated projects. These diagrams help to determine how long a project will take 
and when to schedule different phases of the project. 
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FIGURE 7.81 


Given 
line 


——— Line 


Given 
point 


parallel 
to given 
line 
through 
given 
point 


Non-Euclidean Geometry 


The theory of networks we have studied is part of a branch of modern geometry 
called graph theory. Most of the geometry we studied earlier is based on axioms 
and postulates (statements assumed to be true) derived from Euclid’s famous 
book, The Elements, written in about 300 B.c. In The Elements, five postulates 
were assumed and then used to prove many propositions about geometric fig- 
ures. The fifth postulate, the parallel postulate, was quite different from the oth- 
ers and harder to understand until John Playfair (1748-1819), a Scottish physi- 
cist and mathematician, stated it in a logically equivalent form. 





The postulate is illustrated in Figure 7.81. 

One of the most revealing but unsuccessful attempts to prove the postulate 
was made by the Italian Jesuit Girolamo Saccheri (1667-1733) in a book called 
Euclid Freed of Every Flaw. The “proof” used the method of contradiction; that 
is, it assumed the postulate to be false and showed that this led to a contradiction. 
The negation (denial) of the fifth postulate consisted of two parts. 


1. Given a line and a point not on the line, there is no line through the point par- 
allel to the original line. 


9 


Given a line and a pointot on the line, there are at least two lines through 
the point parallel to the original line. 


But, to Saccheri’s surprise, no contradiction could be found. Less than one hun- 
dred years later three mathematicians, Carl Gauss, Janos Bolyai, and Nikolai 
Lobachevsky, used the assumptions in the negation of the parallel postulate to 
develop what is now called non-Euclidean geometry. 

Carl Friedrich Gauss became interested in the parallel postulate at the age of 
15. He formulated an axiom contradicting Euclid’s and assuming that more than 
one parallel could be drawn through a point not on a line. Rather than attempt- 
ing to reach a contradiction, Gauss began to see a geometry different from 
Euclid’s but internally consistent. Unfortunately, Gauss never published his 
research, perhaps to avoid the inevitable public controversy. 

Janos Bolyai (1802-1860) and Nikolai Lobachevsky (1792-1856) sepa- 
rately decided to include an alternative postulate. Janos Bolyai was a Hungarian 
army officer and son of a respected mathematician who had studied under Gauss. 
As Gauss had done earlier, Bolyai assumed more than one parallel existed 
through a point not on a line, an assumption that led him to exclaim: “Out of 
nothing I have created a strange new world.” Bolyai’s work was dated 1829 but 
published in 1832 as an appendix to his father’s two-volume book. When his 
father sent a copy of the work to Gauss, the reply was less than encouraging. 
Janos Bolyai never published again. On the other hand, Nikolai Lobachevsky 


published the first complete text on non-Euclidean geometry in 1829 containing 
the alternative postulate. 


FIGURE 7.82 
Riemannian spherical model 


A great 
circle 


New A great 
circle 


EXAMPLE 4 
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The use of this postulate led to an entirely new type of geometry called hyper- 
bolic geometry. 

A generation after the discovery of hyperbolic geometry another disciple of 
Gauss, Bernhard Riemann (1826-1866), developed elliptic geometry. In this 
geometry, the fifth postulate was stated as follows: 





Of course, if there are no lines parallel to a given line in elliptic, or Riemannian, 
geometry, every two lines must intersect! How can this be? Because the term line 
is undefined and can be interpreted differently in different geometries. 

We have already considered lines in the Euclidean plane. In elliptic, or 
Riemannian, geometry lines are great circles on a sphere, as shown in Figure 
7.82. A great circle is a circle whose center is at the center of the sphere and 
which divides the sphere into two equal parts. Now, can you see why any two 
lines (great circles) on a sphere must intersect? 

In hyperbolic geometry lines are represented by geodesics on a pseudo- 
sphere. A pseudosphere is formed by revolving a curve called a tractrix about a 
line AB, as shown in Figure 7.83. A geodesic is the shortest and least-curved arc 
between two points on a surface. Can you see why there is more than one line 
through a given point parallel to the given line? 


FIGURE 7.83 
Lobachevskian hyperbolic model 


A tractrix 





A tractrix rotated about the line AB 


Look at the illustrations showing quadrilaterals on a plane, on a pseudosphere, 
and on a sphere. What can you say about the measure of the angles D? 


(a) (b) 
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To read about Euclidean, spher- 
ical, and hyperbolic geometry, 
and the pseudosphere, access 
link 7.6.1 at the Bello Web site. 


FIGURE 7.84 





EXAMPLE 5 


FIGURE 7.85 
Mobius strip 





(b) 
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Solution 
(a) In the Euclidean plane, the measure of angle D is 90°. 
(b) In the pseudosphere the measure of angle D is less than 90°. 


(c) On the sphere, the measure of angle D is more than 90°. a 


C. Topology 


Another branch of modern geometry is topology. We have already studied proper- 
ties of geometric figures that were assumed to be rigid (unchanging). If we allow 
the figures to be transformed by stretching or compressing, the study of proper- 
ties that remain unchanged is called geometric topology. One of the first persons 
to introduce topology was the German mathematician Augustus Ferdinand 
Mobius (1790-1896), so topology is a relatively new branch of mathematics. 

Let us look at a very simple example. Consider an ordinary rubber band as 
shown in Figure 7.84. Take a point on this band and call it P. If we move along 
the band in a fixed direction from P, we eventually return to the point P. This is 
a property of the band that is unaltered even if the shape of the band is changed, 
twisted or tied in knots, as long as the band is not broken or cut. If the band is cut 
in order to get a new shape, then the cut ends must be rejoined in order to keep 
this property unchanged. 

The three figures formed by the rubber bands in Figure 7.84 are said to be 
topologically equivalent because they can be obtained one from another by just 
changing the shape of the band as restricted above. Any two figures are topo- 
logically equivalent if one can be formed from the other by continuous defor- 
mation without cutting or tearing the figure. For example, a baseball and a flat 
solid plate are equivalent because if the ball were made of soft clay, it could be 
compressed into the flat plate without cutting or tearing the clay. 


Are the figures in each of the following pairs topologically equivalent? 
(a) A straight line segment and the letter C 

(b) A doughnut and a solid steel cylinder 

Solution 


(a) These are equivalent because the line would just have to be bent in the shape 
of the C. 


(b) These are not equivalent because the doughnut would have to be cut before 
it could be shaped into a cylinder. i] 


One of the things that Mobius is noted for is his study of one-sided surfaces. 
These surfaces include the one that is called a Mobius strip, shown in Figure 
7.85(a). You can make such a strip quite easily. Take a strip of paper, give it a 
half-twist, and join the ends together. This connects the opposite sides of the 
original strip so that the new figure has only one side. You can check this by mak- 
ing an X, as in Figure 7.85(b), on the surface of the strip and then running a pen- 
cil line from the X along the strip until you come back to the starting point. Also 
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FIGURE 7.86 


EXAMPLE 6 


EXAMPLE 7 
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note that the Mobius strip has only one edge. Try cutting the strip along the line 
you have drawn and see what you get. 

The number of holes that occur in a figure are of interest to topologists. This 
number is called the genus of the figure; it gives the largest number of complete 
cuts that can be made without cutting the figure apart. For example, if you take 
a coffee cup with the usual small handle, the only cut through the figure that 
leaves it in one piece is a cut through the handle, as in Figure 7.86. Note that the 
coffee cup is a figure with just one hole (in the handle), so its genus is 1. 





(a) (b) 


Give the genus of each of the following objects: 





(b) This button 





(c) This nail file 

Solution 

(a) There is no hole in the quarter, so the genus is zero. 
(b) There are four holes in the button, so the genus is 4. 


(c) There is one hole in the nail file, so the genus is 1. |_| 


Applications 


Asoftware program called Vertical Mapper for Surface Analysis created a Natural 
Neighborhood (Voroni) diagram for McDonald’s restaurants (marked with stars) 
in San Francisco, as shown in Figure 7.87 on page 502. The edges of each area 
(also known as a Thiessen polygon) are equidistant between adjacent outlets. This 
technique can be used to select locations that maximize distance from sister 
stores or competing ones. Thiessen polygons create a sense of a chain’s location 
strategy and provide a tool to visualize the effect of potential changes in strategy. 


(a) Do the edges of the areas shown (in red) form a traversable network? 


(b) If you draw a line segment between two adjacent outlets (stars), where does 
the line segment intersect the (red) edge? 


502 
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Ly In problems 1-10, find 
a. 
b. 
c 


FIGURE 7.87 


Eyiinicei o) 





Solution 


(a) There are more than two odd vertices in the network. This means that the net- 
work is not traversable. 


(b) The point of intersection of the line segment and the edge is the midpoint of 


the line segment. & 


Note that the distance between most adjacent outlets is the same. Can you 
generalize this? 


the number of even vertices. 


the number of odd vertices. 


whether the network is traversable and which 


vertices are possible starting points if the net- 


work is traversable. 


SE 
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6. 
A 
B 
D 
C 
Te i B iE 
ai oe 
F 
G pee 


9. The network formed by the edges of a square 
pyramid 


10. The network formed by the edges of a rectangular 
box 


11. Use a network to find whether it is possible to 
draw a simple connected broken line that crosses 
each line segment of the figure below exactly 
once. The line segments are those that join suc- 
cessive dots. 





In problems 13-20, use the traversability rules to 
determine whether it is possible to take a walk through 
the house and pass through each door exactly once. 
Which of the paths must start and end outside? 


13. ie. Fi 
A B Ce 
D By F 





14. 


15; 


16. 


i 


18. 


19, 


20. 
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21. Use a network to find whether it is possible to take 
a walk through the building with the floor plan in 
the figure below and pass through each doorway 
exactly once. Is it possible if you must start and 
end outside? 


A B 
ae 
e 

D 


22. Repeat problem 21 for the floor plan in the figure 
below. 


23. State the parallel postulate in Euclidean geometry. 
24. State the parallel postulate in hyperbolic geometry. 
25. State the parallel postulate in elliptic geometry. 


26. In which geometry is the sum of the measures of 
the angles of a triangle 180°? (Hint: See the illus- 
trations in Example 4.) 


27. In which geometry is the sum of the measures of 
the angles of a triangle less than 180°? (Hint: See 
the illustrations in Example 4.) 


28. In which geometry is the sum of the measures of 
the angles of a triangle more than 180°? (Hint: See 
the illustrations in Example 4.) 


29. Which model is often used to describe a surface in 
Euclidean geometry? 


30. Which model is often used to describe a surface in 
hyperbolic geometry? 


31. Which model is often used to describe a surface in 
elliptic geometry? 


32. In which geometry is a globe representing the sur- 
face of the earth most appropriate? 


33. State which of the following saber saw and knife 
blades are topologically equivalent: 


(b) (c) (d) 





34. Which of the following statements are true and 
which are false? 

a. An ordinary lead pencil and a golf ball are 
topologically equivalent. 

b. A screw bolt and the nut that goes on it are 
topologically equivalent. 

c. A teacup with one handle and a teacup with two 
handles are topologically equivalent. 

d. An ordinary washer that goes on a bolt and 
the nut that screws it down are topologically 
equivalent. 

e. Two uncut fruits, a plum and a peach, are topo- 
logically equivalent. 


35. State the genus of each of the blades shown in 
problem 33. 


36. State the genus of each of the following: 
a. Acomb 
b. A drawing aid 








37. Assume that both the following are made of solid 
cord. Student Topo claims that the two are topo- 
logically equivalent, while student Geo claims 
they are not equivalent. Who do you think is cor- 
rect? Explain. (Hint: Suppose you cut through a 
loop of the left-hand figure and try to unwind it.) 
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Hs 


38. Are the two clips shown here topologically equiv- 
alent? Explain. 


sa 


&®™ in Other Words 


39. Explain in your own words why it is impossible 
for a network to have an odd number of odd ver- 
tices. (Try to construct one.) 


40. Explain in your own words how a network can be 
used to plan a bus route that can be traversed with- 
out traveling any path twice. 


Discovery 


A plane curve that does not cross itself is called sim- 
ple, just as in the case of a broken line. A closed curve 
is one that starts and ends at the same point. A simple 
closed curve divides the plane into two parts, the 
region interior and the region exterior to the curve. 
This important statement is the Jordan curve theo- 
rem, a very deep theorem and one that is very difficult 
to prove in spite of the fact that it seems so obvious. 


Which dot is inside? 


A closed curve that is not simple divides the plane 
into three or more parts. We call the points where the 
curve crosses itself vertices. Any other points on the 
curve may also be designated as vertices. We mark the 
vertices with black dots as in the figure, where five 
vertices are indicated. The regions into which the 
plane is divided are numbered 1, 2, 3, and 4 in the fig- 
ure. The simple curves with vertices as endpoints and 
containing no other endpoints are called arcs. In the 
figure, there are seven arcs. Can you count them? 


A nonsimple closed curve 





For the following networks, fill in the table with the 
number of vertices (V), regions (R) into which the plane 
is divided, and arcs (A) for each figure. (Line segrnents 
connecting vertices are also called arcs.) See if you can 
discover a formula for A in terms of V and R. This for- 
mula is one form of the Euler formula for networks. 


41. 42 


44 


A 
L 


43. 


45. 


L\ 
=e 
Sy 
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2% Web It Exercises 
www: 


All of the topics discussed in this section are thor- 
oughly discussed on the Web. In some cases you need 
additional software to view the animation, but usually 
you can download the necessary tools for free. For 
example, go to link 7.6.1 at the Bello Web site and 
click on “Using NonFuclid.” You can make a triangle 
in Non-Euclidean geometry! 


1. Find the definition of parallel line in the text. 
According to that definition, can parallel lines 
intersect? 





GETTING STARTED Iterations 


rye 


ti 
Chaos and Fractals 


2. Now, suppose you have two lines L, and L, that are 
parallel to a third line L,. What can you say about 
L, and L, in Euclidean geometry? What about in 
hyperbolic geometry? 


Do not answer yet; look at the diagram! For more 
explanation, click on “Parallel lines at link 7.6.1.” 





3. Remember the Cartesian coordinate system dis- 


cussed previously? Go to the site mentioned above 
and learn how to set up an x-y coordinate system 
and then answer the question, How does the graph 
of the equation y = x look in hyperbolic geometry? 


Have you read the book Jurassic Park by Michael Crichton? In the book, a math- 
ematician named Ian Malcolm had several quotes referring to the first, second, 


and third iterations of a fractal curve. Figure 7.88 on the next page shows the 
curves and his comments. Can you see that the fractals are repetitions of the first 


drawing? 


The point being illustrated is that even though you start with very controlled 
and predictable patterns, the end result may be completely unexpected; that is, 
chaos may occur. What is chaos theory? Let us quote Ian Malcolm in Jurassic 


Park. 


Chaos theory grew out of attempts to make models of weather in the 
1960s. If I have a weather system that I start up with a certain tempera- 
ture and a certain humidity and if I then repeat it with almost the same 
temperature, wind, and humidity the second system will not behave 





ttp://college.hmco.com/mathematics fs 


(Remember to bookmark the Bello book-specific Web site.) 


FIGURE 7.88 
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almost the same. It’ll wander off and rapidly will become very different 
from the first. Thunderstorms instead of sunshine. The shorthand is the 
“butterfly effect.” A butterfly flaps its wings in Peking and weather in 
New York is different. 


In this section we shall draw fractals and see how chaos theory works. 


First iteration Second iteration Third iteration 


At the earliest drawing | With subsequent draw- | Details emerge more 
of the fractal curve, few | ings of the fractal clearly as the fractal 
clues to the underlying | curve, sudden changes curve is redrawn. 
mathematical structure | may appear. 

are seen. 





> 
Chaos 


There are many things in the universe around us that are not completely under- 
stood even by the most-advanced scientists. It has been asked by some whether 
our universe is not mostly chaos. The shape of the seashore, the arrangement of 
branches on a tree, and the way tornadoes hit inhabited areas are just some of 
these seemingly random things that have not yielded to scientific study. 

It was not until the 1960s that mathematicians began a serious study of what 
seemed to be random processes. A problem of this sort is as follows: Consider 
the equation y = 2.5x(1 — x). Take a value of x between 0 and 1, say 0.5. 
Calculate the corresponding value of y = (2.5)(0.5)(1 — 0.5) = 0.625. Now let 
x = 0.625, and find the next corresponding value of y. A calculator gives the 
value 0.586 to three decimal places. Next let x = 0.586 and find the correspond- 
ing value of y. It is 0.607 to three decimal places. Now let x = 0.607, and so on. 
The following table shows the results of this procedure. The arithmetic can eas- 
ily be done with a scientific calculator, but be sure to round off each calculation 
to three decimal places before doing the next calculation. 






0.599 0.600 0.600 


0.600 0.600 0.600 
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EXAMPLE 1 





Note that after seven steps the resulting number seems to have settled down to 
0.600. This number is called an attractor. 


‘ 
» 


Use the equation y = 3x(1 — x) starting with x = 0.2 and follow the procedure 
discussed above. Use a calculator. 


Solution It takes about 43 steps for the procedure to settle down. Here are the 
last of these steps with three decimal place answers. 





There are two attractors, 0.631 and 0.699. ial 


EXAMPLE 2 


Start with x = 0.4 and follow the same procedure with the equation y = 
3.0 lawn) 


Solution It takes about 11 steps for the procedure to settle down to four attrac- 
tors. Here are the steps starting with the tenth calculation, which gives y = 0.496 
to three decimal places. 





The four attractors are 0.383, 0.501, 0.827, and 0.875. a 


If slightly larger values of k are used in y = kx(1 — x), it turns out that the 
sequence can end up by doubling the number of attractors repeatedly. However, 
for values of k close to 4, the sequences go on and on being totally random with- 
out any attractors. Mathematicians and scientists have called this kind of result 
chaos. 


Fractal Geometry 


In our study of geometry we have come across one-, two-, and three-dimensional 
figures. There are many objects, however, that can hardly be classified as one-, 
two-, or three-dimensional. Examples of such shapes are coastlines, mountain 
ranges, and paths of lightning strokes. Until quite recently it was assumed that it 
was quite impossible to make realistic geometric models of these types of fig- 
ures. The discovery and development of fractal geometry now makes this pos- 
sible. This important branch of geometry has been one of the most interesting 
topics in the mathematics of the last twenty years. 

Benoit Mandelbrot, a mathematician, applied the word fractal (which means 


“broken up, fragmented”) to certain shapes such as that of the Koch snowflake, 
which you can construct as follows: 


FIGURE 7.89 
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aT a 


EXAMPLE 3 


EXAMPLE 4 


Step 1 Start with an equilateral triangle, as in Figure 7.89, panel A. 


Step 2 On the middle part of each side, draw an equilateral triangle with side 
one-third the length of the side of the original triangle, as in panel B. 


Step 3 Erase the side of each smaller triangle that is on a side of the original tri- 
angle, as in panel C. 


Step 4 Repeat steps 1, 2, and 3 for each of the smaller triangles, as shown in 
panel D. 


Step 5 Continue the same kind of construction on each little straight line seg- 
ment of the figure. You will end up with the “snowflake” shown in panel E. 


The snowflake in Figure 7.89, panel E, was named for the Swedish mathemati- 
cian Helga von Koch, who was the first to discover its very remarkable proper- 
ties. For example, note that the curve consists of an infinite number of small 
pieces of the form __/\__. It can be shown that the perimeter is infinite in 
length, but that the area is just 1.6 times the area of the original starting triangle. 


Suppose that the side of the starting triangle in the construction of the Koch 
snowflake is 1 in. long. In the first step of the construction, how long is the bro- 
ken line that replaces one side of the triangle? 


Solution Note that the middle third of the original side is replaced by two sides 
of an equilateral triangle, the length of whose side is this middle third. Thus, the 
broken line consists of four pieces, each of length + in., so that the length of the 
broken line is 3 in. is 


The result of Example 3 shows that the perimeter of the entire figure obtained in 
the first step is 4 in. when the perimeter of the starting triangle is 3 in. 


We are now ready to construct the beautiful Sierpinski triangle fractal (Figure 
7.90). Inside the white equilateral triangle, we draw a second equilateral triangle 
pointing down (blue). Now, the original triangle is divided into 4 identical equi- 
lateral triangles, 3 white and 1 blue. We repeat the process with each new equi- 
lateral triangle drawn red. If we do it two more times with yellow (iteration 3) 
and green (iteration 4), we obtain a total of 40 triangles. 


(a) How many triangles will the fifth iteration have? 


(b) What about the nth iteration? 
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FIGURE 7.90 
The Sierpinski triangle 





Iteration 1 Total triangles 1 Iteration 2 Total triangles 4 


Solution 


Iteration 3 Total triangles 13 





Iteration 4 Total triangles 40 


(a) To find the fifth iteration, we have to find the pattern at each step. 


The number of triangles in going from iteration 1 to iteration 2 increased 


by 3. 


The number of triangles in going from iteration 2 to iteration 3 increased 


by 32. 


The number of triangles in going from iteration 3 to iteration 4 increased 


a 


To further explore the procedure 
in Example 4, access link 7.7.1 
at the Bello Web site. 


Iteration 1 
Iteration 2 
Iteration 3 
Iteration 4 
Iteration 5 


Iteration n 


Ly In problems 1-4, follow the procedure of 
Example | to find the possible attractors. 


1. In the equation y = kx(1 — x), take k = 3.5 anda 
starting value of x = 0.2 


2. For the same k as in problem 1, take a starting 
value of x = 0.7. 


3. In the equation y = kx(1 — x), take k = 3 anda 
starting value of x = 0.4. 


4. In the same equation, take k = 2 and a starting 
value of x = 0.8. 


| Info | = ¥ http://college.hmco.com/mathematics rs 





Thus, to go from iteration 4 to iteration 5, we should add 34 triangles, obtain- 
ing a total of 40 + 34 = 40 + 81 = 121 triangles. 


(b) Let us again look at the pattern for the number of triangles. 


1 = 

1+3 =A 

14+3+4 3? = 13 

14+3 +4 32+ 33 = 40) 

1+3+ 32+ 33 + 34 =O 

13 AE Se ot ee pega! a 


5. In the construction of the snowflake fractal, what 
is the perimeter after 


a. the third step? b. the fourth step? 


6. Instead of an equilateral triangle, use a 3-4-5 right 
triangle and construct a fractal by replacing one- 
third of each side by a right triangle with sides 
respectively parallel to the other two sides of the 
original triangle. The first step results in the fol- 
lowing figure. 


(Remember to bookmark the Bello book-specific Web site.) 


10. 


11. 


. Instead of a triangle, use an equilateral parallelo- 


gram and construct a fractal by replacing one- 
third of each side by a parallelogram with its sides 
parallel to the sides of the original parallelogram. 
The first step results in the figure shown below. 


. Consider a square of side 1 in. Note that the small- 


est number of complete squares that you can 
divide the starting square into is four. (Just draw 
two lines, each joining the midpoints of a pair of 
opposite sides of the original square.) Can you 
continue this procedure to show that the area of 
the original square can be considered as the sum of 
the areas of an ever-increasing number of small 
squares? 


. Inthe construction of problem 8, the area of one of 


the first four squares is } in.?. In the next step, 
there will be 16 small squares, each of area 7¢ in.?. 
If you go through five steps of this construction, 
what will be the area of one of the smallest 


squares? 


a. Start with a square and develop a fractal by 
replacing each side, , by a 
Repeat this procedure. 

b. If this procedure is continued indefinitely, will 
the perimeter of the fractal be finite? Explain 
why or why not. 

c. Will the area of the fractal be finite?) Explain 
why or why not. 





Start with a square and develop a fractal by replac- 
ing each side as in problem 10 but with the small 


12. 


13; 


14. 


15; 
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square drawn inside the larger square. Then if the 
common segments are erased in each step, the 
areas of the small squares are subtracted from the 
area of the larger square. 


With the procedure of problem 11, what area 
remains after the first step? Assume the original 
square to be of side s. 


Referring to problem 12, what area remains after 
the second step? 


As the procedure of problem 11 is continued, what 
happens to the length of the perimeter of the frac- 
tal? Does it get larger and larger; that is, does it 
have infinite length? 


Referring to problems 11-13, what happens to the 
area enclosed by the fractal? Does it become 
smaller and smaller; that is, will it have zero area? 


Ge Using Your Knowledge 


16. 


17. 


18. 


You can construct an “antisnowflake” fractal by 
starting with an equilateral triangle as for the 
Koch snowflake but drawing the new triangles 
inside the preceding ones. This results in the area 
of each new triangle’s being subtracted from the 
area enclosed by the preceding step. Carry this out 
for two steps. You should get a figure like the one 
shown below. 


Use the fact that the area of an equilateral triangle 
of side s is vie to find the area remaining after the 


first step of problem 16. 





Refer to problem 17 and find the area remaining 
after the second step. 


EE” In Other Words 


19. 


Refer to problem 16 and decide whether the 
perimeter of the fractal remains finite as the pro- 
cedure is carried on indefinitely. Explain. 
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20. Refer to problem 16 and decide whether the area 4. Can you find its total length? 


enclosed by the fractal tends to zero. Explain. Hints are given on the Web! 


Team 2 

a Web It Exercises 1. The length of the lines in the Koch fractal get 

www: smaller with each iteration. What about the rate of 
You can construct many of the fractals in this section growth of the total length of the perimeter? 
ee 2. What will be the length of the SOth iteration? 
can run Java applets. Form several groups and go to : 
link 7.7.2 at the Bello Web site. * 3. What will happen to the length if the number of 

iterations increases indefinitely? (See Example 3.) 

Team I 


Team 3 
1. Does the Plus Fractal have the self-similarity 


1. Can you find the number of lines for each iteration 
property? 


in the Jurassic Park fractal? 


nee umber On yeaa ace 2. Can you find the formula to predict the number 


; as 
een of lines after the nth iteration in the Jurassic Park 
3. Can you find the area of the rhombus? fractal? 
Chapter 7 SUMMARY 
Section Item Meaning Example 
<a 
TAA AB The line AB A B 
rr 
TAA Ray, AB A half-line and its endpoint A The ray AB 
A B 
———$ 3 
TAA Line segment AB The points A and B and the The line segment AB 
part of the line between A and B A B 
—_——__"""* 
LS Skew lines Lines that are not on the same 
plane 
IAC Plane angle The figure formed by two rays 
with a common endpoint 
eh Vertex of an angle The common point of the two rays Sa 
1de 
Vertex 
S Side 
LAC Sides of the angles The rays forming the angle 
FAC Degree sth of a complete revolution 
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Section 


Take 


CAE 


TAC 


FAC 


dC 


LAC 


LC 


7.2A 


7.2A 
D2 


7.2A 
TZ 


hoa. 


7.2A 


Item 


Straight angle 


Right angle 


Vertical angles 


Supplementary 
angles 


Transversal 


Complementary 
angles 


Perpendicular lines 


Broken line 


Simple path 
Closed path 


Polygon 
Sides (of polygon) 


Vertices 
(of polygon) 


Convex polygon 


Meaning 


One-half of a complete revolution 


One-quarter of a complete 
revolution 


The opposite angles formed by 
two intersecting lines 


Angles whose measures add 
to 180° 


A line that crosses two or 
more other lines 


Angles whose measures add 
to 90° 


Lines that intersect at right angles 


A sequence of connected straight 
line segments 


A path that does not cross itself 


A path that starts and ends at the 
same point 


A simple, closed, broken line 


The line segments of the path 


The endpoints of the sides of the 
polygon 


A polygon that is not reentrant 
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By 

: 
= 
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_— 


8 
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A side 


OY 


> 
& 


(THEY 


A vertex 
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Section 


Toe. 


TIA 


7.2B 


7.2B 


7.2B 


7.2B 


7.2B 


Teas 


7.2B 


Te2Bs 


7.2B 


7.2B 


72B 


Tee 
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Item 


Concave polygon 


Regular polygon 


Equilateral triangle 


Right triangle 


Acute triangle 


Obtuse triangle 


Scalene triangle 


Isosceles triangle 


Trapezoid 


Parallelogram 


Rectangle 


Rhombus 


Square 


Similar triangles 


S= (ie 2)- 180° 


Meaning 


A polygon that is reentrant 


A polygon with all sides of equal 
length and all angles of equal size 


A triangle with three equal sides 


A triangle one of whose angles is 
a right angle 


A triangle with three acute angles 


A triangle one of whose angles is 
an obtuse angle 


A triangle with no equal sides 


A triangle with two equal sides 


A quadrilateral with two parallel 
and two nonparallel sides 


A quadrilateral with both pairs of 
opposite sides parallel 


A parallelogram whose angles are 
right angles 


A parallelogram with four equal 
sides 


A rectangle with four equal sides 


Triangles with exactly the same 
shape but not necessarily the 
same size 


Sum of the measures of the angles 
of a polygon of n sides 


~ 
: 
s 
b = 


= ° 
2 
eS 


PORE O 


pee 


5 


TCL 
N 


Section 
ESN 


7.3B 


7.3B 


7.4A 


TAA 


7.4A 


TAA 
7.4B 


TSA 


7.5A 


154A 


TO 


7.5A 


Poe 


Item 
Perimeter 


Circle 


Circumference 
C= a7d=2 tr 


A= bh 


A= ar2 


Pythagorean 
theorem, 
c2 =a*+ b?2 


Polyhedron 


Convex 
polyhedron 


Concave 
polyhedron 


Prism 


Pyramid 
V =4Bh 


B = area of base 
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Meaning 
Distance around a polygon 


The set of all coplanar (on the 
same plane) points at a given 
fixed distance (the radius) from a 
point (the center) 


The perimeter of a circle of 
diameter d (radius r) 


The area of a rectangle of base b 
and height h 


The area of a parallelogram of 
base b and height h 


The area of a triangle of base b 
and height h 


The area of a circle of radius r 


The square of the hypotenuse c of 
a right triangle equals the sum of 
the squares of the other two sides, 
aand b. 


A solid bounded by plane 
polygons 


A polyhedron that lies entirely on 
one side of the plane of each of its 
faces 


A polyhedron that is not convex 


A polyhedron two of whose faces 
are parallel and whose edges that 
are not on these faces are all 
parallel 


A polyhedron with all but one of 
its vertices in one plane 


Volume (V) of a pyramid of 
height h 


>AQ* pig Oo! 
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Section 


7.5B 


7.5B 


Jo 


7.5B 


7.5B 


7.6A 


7.6A 


7.6B 
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Item 


V=a° 
S = 6a2 


V=lIwh 
S = 2(lw + Ih + wh) 


V=mr-h 
S = 2arh + 2nr2 


V= iarr2h 
S = mr + ors 


V= far? 
S=4 nr? 
Network 


Traversable network 


Euclid’s fifth 
postulate 


Meaning 


Volume (V) and surface area (S) 
of a cube of edge a 


Volume (V) and surface aréa (S) 
of a rectangular box of length /, 
width w, and height h 


Volume (V) and surface area (S) 
of a circular cylinder of radius r 
and height h 


Volume (V) and surface area (S) 
of a circular cone of radius r, 
height h, and slant height s 


Volume (V) and surface area (S) 
of a sphere of radius r 


A connected set of line segments 
or curves 


A network that can be drawn by 
tracing each line segment or curve 
exactly once without lifting the 
pencil from the paper 


Given a line and a point not on 
that line, there is one and only one 
line through the point parallel to 
the original line. 


Example 











New line 


P (Given point) 


———________». 
Given line 
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Research Questions 


Section Item Meaning Example 
7.6B Hyperbolic geometry A type of geometry developed by Given a line and a point not on 
Nikolai Lobachevsky that line, there is more than 
one line through that point 
parallel to the original line. 
7.6B Elliptic geometry A type of geometry developed by Given a line and a point not on 
Bernhard Riemann that line, there is no line 
parallel to the original line. 
7.6C Topology A branch of modern geometry 
TOC Topologically The relation between two figures [ _] and CE es~) are 
equivalent such that each can be obtained topologically equivalent. 
from the other by just changing 
the other’s shape 
TTA Chaos A field of study devoted to Totally random sequences 
processes that exhibit complex, 
apparently random behavior 
‘GB Fractal Broken up or fragmented A geometric pattern that is 


repeated at smaller scales and 
produces irregular shapes and 
surfaces 


Research Questions 


Sources of information for these questions can be found in the Bibliography at the 
end of the book. 


1. 


Write a report about the author of the phrase “There is no royal road to 
geometry” and that person’s other contributions to geometry. 


. Write a paragraph about Thales of Miletus (640-546 B.c.) and his contributions 


to geometry. 


. Write a report on how surveyors and navigators use geometry. Read one of the 


following articles from The World of Mathematics by James Newman and 
write a report on its relevance to the geometry we have studied: 

a. “Commentary on Descartes and Analytical Geometry” 

b. “Commentary on a Famous Problem” 

c. “Projective Geometry” 


. Write a report on Camille Jordan (1838-1922), his discoveries in topology, and 


how they relate to geometry. 


. The Pythagorean theorem reveals three numbers (3, 4, 5) such that 


a? + b2 = c2. Write a report on the evolution of this theorem through different 
ages and civilizations. 


. In 1637, Pierre de Fermat scribbled a note proposing that there are no positive 


integers a, b, and c such that a” + b” = c”, when n > 2. Write a report on 
Fermat’s last theorem and the false proof of the theorem offered in March 
1988. Has the theorem been proved? 
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it. 
12. 


13. 


14. 


Charlotte Angas Scott (1858-1931) wrote An Introductory Account of Certain 
Modern Ideas and Methods in Plane Analytical Geometry. Write a report on 
her work and her life. 


. Grace Chisholm Young (1868-1944) developed some interesting material in 


the field of solid geometry. In her First Book of Geometry, she included many 
diagrams that were to be cut and folded to make three-dimensional figures. 
Find out about this and make some of the figures that Young described. 


. Compare Euclidean geometry and non-Euclidean geometry. 


10. 


Write a report about topology. Explain how you can show that two geometric 
figures are topologically equivalent by drawing them on a deflated balloon. 


Write a report about the life and work of Benoit Mandelbrot. 


Write a report about chaos. Who discovered it, when, and what are some of its 
applications? 

Get a copy of the book Jurassic Park and write a report about its interpretation 
of chaos and how this subject applies to the plot in the book. 


Find the fractal curves mentioned in Section 7.7 in the book Jurassic Park and 
write a report on how you think these fractals are constructed. 


Chapter 7 PRACTICE TEST 


1. Refer to the line shown below and state what each of the following describes: 


a. WYNXZ b. WYN YZ  c. WXUXZ 


We Xo ee iL, 


2. Sketch a triangular prism. Label the vertices; then name the edges that are 


a. parallel lines. b. skew lines. c. intersecting lines. 


3. Through how many degrees does the hour hand of a clock turn in the following 


time intervals? 
a. 12 to 4 o’clock b. 3 to 5 o’clock 


4. If ZA and ZB are supplementary angles, and mZA = 3 X mZB, find the 


measures of the two angles. 


5. In the figure below, lines PO and RS are parallel. Find 


a mae. b. mZE. c mZD. 





6. a. Ina triangle ABC, mZA = 38° and mZB = 43°. Find mZC. 


b. Ina triangle ABC, mZA = mZB = 2 X mZC. Find the measures of the 
three angles. 
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7. Sketch a broken line that is 
a. simple but not closed. b. closed but not simple. 

8. Triangles ABC and XYZ are similar, with mZA = mZX and mZB = mZY. If 
AB, BC, and AC are 2, 3, and 4 in. long, respectively, and XY is 3 in. long, find 
the lengths of YZ and XZ. 

9. What is the measure of one of the interior angles of a regular polygon with 
a. nine sides. b. ten sides. 

10. A rectangular plot of ground is to be enclosed with 120 yd of fencing. If the 


11. 


12. 


13. 


14, 


15. 


16. 
ee 


18. 


19. 


20. 


21. 


22. 
23. 


plot is to be twice as long as it is wide, what must be its dimensions? 


The center of a circle is also the center of a square of side 2 cm. The circle 
passes through the four vertices of the square. Find the circumference of the 
circle. (Leave your answer in terms of 77.) 


If you rolled up an 83-by-11-in. sheet of paper into the largest possible cylinder 
85 in. high, what would be the diameter of the cylinder? (Leave your answer in 
terms of 77.) 


In problem 11, find the area of the region that is inside the circle and outside 
the square. (Leave your answer in terms of 77.) 


A window is in the shape of a rectangle surmounted by a semicircle. The width 
of the window is 3 ft, which is also the diameter of the circle, and the height of 
the rectangular part is 4 ft. Find the total area of the window. 


A circle of diameter 2 in. has its center at the center of a square of side 2 in. 
Find the area of the region that is inside the square and outside the circle. 


A rectangle is 84 ft long and 13 ft wide. Find the length of its diagonal. 


Find the total surface area of a rectangular box whose base is 3 ft wide and 5 ft 
long and whose height is 2 ft. 


The triangle shown below is the base of a pyramid that is 4 ft high. What is the 
volume of this pyramid? 5 ft 


A solid consists of a cone and a hemisphere mounted base to base. If the radius 
of the common base is 2 in. and the volume of the cone is equal to the volume 5 ft 
of the hemisphere, what is the height of the cone? 


A sphere and a cylinder have the same radius, 10 in. If the total surface area of 
the cylinder equals the surface area of the sphere, what is the height of the 
cylinder? 


Draw two networks, each with five vertices, such that one of them is 
traversable and the other is not traversable. 


State Euclid’s fifth postulate, the parallel postulate. 


a. Which object is not topologically equivalent to the rest? 
b. What is the genus of the golf ball? 

c. What is the genus of the paper clip? 

d. What is the genus of the button? 
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24. In the equation y = 2x(x — 1), take x = 0.1 and find y = y,. Then let x = y, 
and find y = y,. If this procedure is taken through four steps, what is the 
resulting value of y? 


25. Start with a 3-4-5 triangle and replace the middle half of each side by a triangle 
whose sides are parallel to those of the original triangle. Make a sketch of the 
resulting figure. 


Answers to Practice Test 


Answer 
oe. @ > 
{ete X07 (b) Point Y (c) WZ 
2. D path F 
A G 


. (a) 120° 
. MZA = 135°, mZB = 45° 
- (a) mZC = 130° 


B 





(a) AD. BE. and CF: EF and BC; DE and AB: 
DE and AC 

(b) ‘AB and cr AB AB and DF: ‘AB and EF ‘EF: BC and 
‘AD; BC. and. DE: BC and DF: AC “AC and BE: 
AC. and J DE: AC: ‘and ‘EF: DE and CF. EF EF and 
AD; DE. and BE 











(c) “AB. AC, and AD; ‘AD. DE, and DF; ‘BE. "AB, 





and BC: BE. EF, and ED: CF. AC, and BC: 
‘CF, EF, and DF. 
(b) 60° 


(b) mZE = S0° 
(c) mZD = 130° 


6. (a) mZC = 99° 
(b) mZA = mZB = 72°,mZC = 36° 
7. B 
(a) (b) , B 
C A 
E 
D C D 
8. XZ = 6 in., YZ = 4 in. 
9. (a) 140° = (b)-:144° 
10. 20 yd by 40 yd 
11. 2V27 cm 
12. 1 in. 


SEPIBIR LANNY LTTE LNAI ORD CE MITEL 


LLL TLE S EAT 


ONTO LANL ALLRED IE IE ELT 


IRIEL REREAD SEE TN 


If You Missed 


_ 


aa 


8 
9 
10 
il 
12 


-sononaonanestseonezanauaasanransd/ hnaeanoesanennnannneoneaindl 


Review 
; 71 1 
71 2, Fig. 7.16 
7A 3 
' 7A 4 
woe 5 
) TA 6 
| Te Figs. 7.33, 7.34 
i 
: 
: 72 4,5 
! 72 7 
! ne 13 
73 4,5 
i 73 5 


PEE TE CRIES LESH SSR BE LOOT TEINS ICN LO TRO REA IER OND 


442 
443-444 


444 
445-446 
447 


448 


454 


459 
461 
467-468 
469 
469 
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Answer If You Missed Review 






a 

| 13. (2a — 4) cm? 13 ' 7.4 1-3 475-476 
: 14. 12 + 9 7/8 ~ 15.5 ft? : 14 i 7.4 1-3 475-476 
| 15. 4-— 7 ~ 0.86 in2 : 15 ; 7.4 1-3 475-476 
) 16. 85 ft | 16 : 7.4 5, 6 478-479 
| 17. 62 ft? | 17 7.5 2 487 

_ 18. 10 ft i 18 i 7.5 3 489 

| 19. 4 in. 19 7.5 4 489 

» 20. 10 in. 20 1S 5 490 
21. A B A B 21 | 7.6 1 496 

C 

D E D E 

: Traversable Not traversable i 

| 22. Given a line and any point not on that line, there 22 7.6 Fig. 7.81 498 

4 is one and only one line through that point thatis 

| parallel to the given line. i 

_ 23. (a) The button (b) 0 i 23 i 7.6 5, 6 500, 501 
i (c)O0 (d)4 i 

: 24. y, = 1.456 ; 24 Tot 12 508 
25. : 25 Tak 3,4 509-510 


EES TISEENIUL LL LULL TRESTLE ILS LITRE LE LIED 


NSS GSR LAIR BITS IS GTS SEKI RE ROT STE ROS 


sre MRSA SILER AERP TE EE TEE SESE ELLE ENDLESS LD RG SI EE ETE EE ELERESSEE SLIDES IESIDEELET IES AIE 





Matrix Operations 


STOTT CU 
ATT Tu) 
Watts 


Clock and Modular 
Arithmetic 


Abstract Mathematical 
Systems: Groups and 


Mathematical Systems 
and Matrices 


In this chapter we will study different mathematical systems. 
First, we consider rectangular arrays of numbers called matri- 
ces and the operations that can be performed with these matri- 
ces, as well as their applications. As it turns out, matrices can 
be used to solve systems of linear equations by using elemen- 
tary row operations. They can also be used to code and decode 
messages, a method employed by intelligence services around 
the world. 

We then start the study of mathematical systems by con- 
sidering clock arithmetic in a 12- or 5-hr clock and generalize 


b the idea to modular arithmetic. We continue with a discussion 
aT of abstract mathematical systems, including two mathematical 
Game Theory structures called groups and fields, and end the chapter with a 

study of game theory, a subject with numerous applications to 
business, games of chance, and military science. 





ophie Germain was born in Paris in 1776. As a child she spent many hours in her 

father’s library. There, she came across the legend of Archimedes, who was so 
engrossed in the study of a geometric figure he had drawn that he failed to respond to a 
Roman soldier. “The soldier flew into a passion, unsheathed his glorious sword, and 
dispatched the unarmed veteran geometer of seventy-five.” How fascinating the problem 
must have been, Germain reasoned, to command such intense concentration! From that 
point she was determined to learn all she could about mathematics. 

In 1794 the Ecole Polytechnic was founded, but women were not admitted as regular 
students. Germain obtained Joseph-Louis Lagrange’s lectures from her friends and, at 
the end of the course, handed her observations to the professor under the pen name 1776-1831 
M. Leblanc. So impressed was Lagrange with the originality of the notes that he wanted to 





Sophie Germain 


/ } For links to various Internet sites related to topics and sections in Chapter 8, 
please access the Bello, Topics in Contemporary Mathematics, Web site at > 
W' http://college.hmco.com/mathematics 523 
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meet the author. After discovering that the author was a woman, Lagrange praised 
Germain as “a promising young analyst.” 

In 1801, fascinated by Gauss’s work on the theory of numbers, Germain began sending , 
him the results of her own mathematical investigations, again using her pen name. When 
her identity was revealed in 1807, Gauss wrote: 


But how to describe to you my admiration and astonishment at seeing my esteemed 
correspondent M. Leblanc metamorphose himself into this illustrious personage 
[Sophie Germain] who gives such a brilliant example of what | would find it difficult 
to believe. . 


Sophie Germain won the French Academy's prize under her own name. It was the high 
point of her career. She died at age 55, a short time before she was to receive her honorary 
doctor's degree from the University of Gottingen. 


Looking Ahead: Some of Germain’s communication with Gauss involved her work in modular arithmetic, which is 
our focus in Section 8.3. 


8. 
Matrix Operations 


GETTING STARTED Applications of Matrices 





yt. The information in Table 8.1 is presented as a rectangular array of numbers. 
Thus, the entry in the third row, fourth column tells us that a 176-lb person would 
burn off 250 calories by gardening for | hr. In mathematics, when such arrays 
are enclosed in brackets, the result is called a matrix. In this section, we shall 

study matrices and their addition, subtraction, and multiplication. 


TABLE 8.1 How Fast You Burn Off Calories* 


Housework 
Making bed 
Gardening 
Mowing lawn 
Watching TV 
Golf (foursome) 
Tennis 

Bowling 
Jogging 
Walking briskly 
Dancing 


Cycling 





*Read down the column closest to the given weight for the approximate use of 
calories per hour. 


TABLE 8.2 





DEFINITION 8.1 


| ~ | Graph It 


| Your Sh does matrices, 

| but: you have to specify the 

i "dimension and name ofthe 
. : matrix first. Thus, to enter the 
_ matrix A, press. [MATRX] [<] 
- [i] | [ere] (2) fenTeR). 
Now, enter the une of A 
_ by pressing 1 a 
_ [ENTER] [(-)] eee] [eo] 3 [ENTER ENTER] and ) 
_ 0 [ENTER] as shown. 








‘ 


Practice some more by 
. ene and C! | 
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Suppose we wish to know how many calories are burned in 3 hr using the 
Same activities and weights listed in the matrix. We simply multiply each entry 
by 3. For example, the entry in the fourth row, third column should be 750, 
telling us that a 154-Ib person would burn 750 calories by mowing the lawn 
for 3 hr. 

Matrices have a wide range of applications including spreadsheets, inventory 
analysis, and communications. In this section, we shall study the operations we 


can perform using matrices. — 


Since the late 1940s, matrices have become an important tool in business and the 
social sciences, just as they have been in the physical sciences and technology 
from decades earlier. Matrices can be used to store information. For example, 
suppose the ABC Sports Company manufactures two types of billiard tables, 
regular and deluxe. Each of these models requires bolts, clamps, and screws 
according to Table 8.2. If we remember that the rows are labeled bolts, clamps, 
and screws, in that order, then the rectangular array of numbers 


De 
R= 2) 4 
Lie i MY 


gives all the necessary information regarding the assembly requirements of each 
billiard table. 





The matrix 
41, 2 
44, 
Gx 33 


where the subscripts give the row and column of each element, has 3 rows and 
2 columns. We speak of it as a 3 by 2 (3 X 2) matrix. The number of rows and 
the number of columns in a matrix are called the dimensions of the matrix. Thus, 
a matrix with m rows and n columns is an m X n matrix. 

For convenience, we often denote matrices by single capital letters, such as 
A, B, and C. We might write 


1 
a=| | B=13 C=[{1 0 -—2 4] 
= at) 5 


Of these, A is a2 X 2 matrix, B is a3 X 1 matrix, and Cisa 1 X 4 matrix. A 
matrix such as B, consisting of a single column, is called a column matrix. 
Likewise, a matrix such as C, consisting of a single row, is called a row matrix. 
A matrix such as A, having the same number of columns as rows, is called a 
square matrix. 
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DEFINITION 8.2 


DEFINITION 8.3 


EXAMPLE 1 





For example, if 


gol a2) og epeeeh es ae 


then A + B, because the element in the first row, second column of A is 2 and 
that in B is 4. On the other hand, A = C, because each element of A is the same 
as the corresponding element of C. 


Addition, Subtraction, and Multiplication by a Number 


Suppose that the ABC Sports Company makes 5 of each of its 2 models of bil- 
liard tables. Of course, it would need 5 times as many bolts, clamps, and screws 
as for just one of each. As you can see, the matrix of parts requirements for 5 of 
each table is obtained by multiplying each element of the original matrix by 5. 


Seem DX SOe ee Zeke 
S12 4a = V5 2 oa, Ala ORO 
de AO SEX Jee aL0 35.00 
If you write R for the original parts requirement matrix, then it is natural to write 
5R for the new matrix. Thus, 
Des Se DUS DIETS 
SR=5)2 4/=]5-2 5- 4) = ]10 20 
A See un) Joe DU) 


This idea motivates the definition of multiplication of a matrix by a real number. 





“#-| 


(—2) x 1 2) x Hl : lee ca 
(-2) X (-3) (-2)x0o} | 6 O 


If 


1 
a=| 4 and fies | 
0 y (= 16 


find x and y to satisfy the equation 2A = B. 


DEFINITION 8.4 


EXAMPLE 2 
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Solution Substituting for A and B in the equation 2A = B, we get 


2| 1 ‘| b é | 
0 y Oo. 10 
Thus, 

s =| o fe 4 

0 2y OF 10 

By Definition 8.2, 

2x = 6 and 2y = -10 
Hence, x = 3 and y = —S. al 

Suppose that a work crew at the ABC Sports Company assembles 6 of each 
of their billiard tables during the first half of the day and 5 of each during the sec- 
ond half. (It gets a little bit tired of regulars and deluxes before the day is over.) 
What is the matrix of parts requirements for the day’s work? 


We see that the matrix 6R will be the appropriate matrix for the first half-day 
and that 5R will be the matrix for the second half-day. Thus, 


30. 18 | Bolts 25 151 Bolts 
6R=|12 24] Clamps and 5R= {10 20] Clamps 
42 60] Screws 35 50] Screws 


are the matrices for the parts requirements for the two half-days. We can see that 
the total requirements can be found by adding the corresponding elements as 
follows: 


Oe 8S Sout DD 
2Z+10 24+20)}=/22 44 
42 +35 60+ 50 hie MAO 


It seems perfectly natural to regard this as 6R + 5R, the sum of the two matrices. 
These and similar considerations motivate the following definition of addition of 
matrices: 





If 


find 
(a) A+ B. (b) 2A 3B. 
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To do Example 2(b) on page 
527 first enter A and B as 
matrices. Now, go to the 
home screen by pressing 
[MODE]. Finally, enter 
2A + 3B by pressing 2 

1 Le] 3 [MAT] 2 
[ENTER]. The result is shown. . 
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Solution 
<a Meee | 7 
QS RT aot doe | ee 
Bes Ee | oe Hl 
I aaa ale '3 Ml UNL Aliana nls ek! Mi 


DEFINITION 8.5 





EXAMPLE 3 
If A and B are as in Example 2, find 2A — 3B. 
Solution With 2A and 3B as in Example 2, we have 


24 — sp arate a 
VG 8 [2.916 


=f4— 3 paypal 1 a 
- ohm gS 296) Lb: = = e 


Matrix Multiplication 


Let us return to the ABC Sports Company and recall that the assembly require- 
ment matrix was 


Regular Deluxe 
Bolts 5 3 
R = Clamps 2 4 
Screws a 10 


Suppose now that Jane’s work crew assembles regulars and Jim’s assembles 
deluxes. Jane turns out 18 regulars and Jim turns out 16 deluxes per day. We can 
specify the total output by means of the column matrix 


ea s| Regular 
16 Deluxe 


Can we use these matrices to calculate how many bolts, clamps, and screws are 
needed for the daily output of Jane’s and Jim’s worker crews? Yes! We proceed 
as follows: To calculate the number of bolts, we use a row-column type of mul- 
tiplication, as indicated by the following scheme: 


Ee OS 
I) @) =5X18+3 x 16 = 90 + 48 = 138 


> Lae) 
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Similarly, we find the number of clamps to be 


woe 
[Oy Gn =2xX 18+4 X 16 = 36 + 64 = 100 
oi ee 


and the number of screws to be 


pate: 
[DM da] =7 x18 +10 X 165.126 £160 = 286 
NSS 


6) 


Next, let us write the result of our computation in the briefer form 


Bolts Stas 18 138 Bolts 
Clamps Beg iy = | 100 Clamps 
Screws am) 286 Screws 


If we call the daily parts requirement matrix D, then we can write 
RC=D 


and regard RC as a type of product. Notice that this product is a column matrix 
in which the first element is obtained from a row-column multiplication using 
the first row of R. Similarly, the second element is obtained in the same way 
using the second row of R, and likewise for the third element. 

Now, suppose the ABC Sports Company needs to produce 18 regular and 16 
deluxe billiard tables today and 10 regular and 20 deluxe tables tomorrow. To 
represent the production matrix P for the 2 days, we write 


Today Tomorrow 
p= i aul Regular 
16 20 Deluxe 


How many bolts, clamps, and screws are needed in the next 2 days? We need to 
make the computation for tomorrow only, since we have already done it for 
today. Thus, 


SNe 10 Se Bie: 20 110 
Qi =|!2x 10+ 4X 20} =| 100 
TNO TX 10s 10° Xx 20 270 


If we denote the final requirement matrix by W, then it is natural to write 


Today Tomorrow 


1 110 
Bolts Sarre 18 10 38 
Clamps 2 4 ey =| 100 100 
Screws a0 286 270 
or 
RP = W 


where each element in W is calculated by the following rule: The element of W 
in the ith row and jth column is the row-column product of the ith row of R 
and the jth column of P. 


530 


8 Mathematical Systems and Matrices 


DEFINITION 8.6 


DEFINITION 8.7 


EXAMPLE 4 


For example, the element of W in the first row, second column position is the 
row-column product of the first row of R and second column of P; that is, 


10 
20 


‘ 


[5 31| ]=5x 10 +3 x20= 110 


Check all the elements of W to be sure you understand the rule. 





The preceding discussion can easily be generalized to the multiplication of 
two matrices A and B. Suppose that A has as many columns as B has rows. Then 
we can do a row-column multiplication with any row of A and any column of B. 
Thus, we have the following definition: 





If two matrices are not conformable, then we do not attempt to define their 
product. Notice that A and B might be conformable for multiplication in the order 
AB but not in the order BA. Thus, if A ism X n and Bisn X k, then A and B are 
conformable for multiplication in the order AB but not in the order BA unless 
m = k. Note that AB will be an m X k matrix. For instance, if A is 2 X 3 and 
Bis 3 X 4, then we can form AB, and it will be a 2 X 4 matrix, but we cannot 
form BA. 

Note: Even when the matrices are conformable for both orders of multipli- 
cation, there is no reason why the results need to be equal. In fact, it is generally 
true that AB # BA. 

This failure of matrix multiplication to be commutative was one of the excit- 
ing properties of matrices to the mathematicians who first studied them. 


Let 


1s eet theta ageloiae 
3. 2)4 ai “ 
me 


Calculate the product AB. 


Solution Because A is 2 X 3 and B is 3 X 2, we can proceed, according to 
Definition 8.7, to get the 2 X 2 product matrix 


eA 

48 il gl 

es Ve 
ea 


EXAMPLE 5 
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ea ae? Bx4- 1561 £0 «3 
Seale Ox Sr 4 xD 3xX44+42%1+4x3 


ewe 
i, 96 a 


Using the same matrices as in Example 4, form the product BA (if possible). 


Solution We first check that B has as many columns as A has rows (two in each 
case). This shows that the matrices are conformable for multiplication in the 
order BA. Thus, by Definition 8.7, we get the 3 X 3 product matrix. 


1 4 


2 
za=|3 1||7 3 8 
Lees 


Wet aS Dx P+ 4 <2 1x0+4x4 
Oe ete x3 So ad x2 Said aad 
Der let eee S Zeta SO 2 2xX0+3x4 


TS 16 
ate oD 
13. 8 2. a 


Examples 4 and 5 offer unassailable evidence that in general AB # BA. If A 
and B were both square matrices of the same size, do you think that AB = BA 
always? Try it for some simple 2 X 2 matrices! 


. The Identity Matrix 


Is there an identity for matrix multiplication? The answer is yes. For example, 
the multiplication of any 2 X 2 matrix A by 


m5 


gives the matrix A back again. We find that 
w bit : a b 
IA =AI=A Try it for é a 


It can be shown that / is the only matrix that has this property for a// 2 < 2 matri- 
ces. Because of this uniqueness, / is called the multiplicative identity for 2 x 2 


matrices. 
Similarly for 3 X 3 matrices, the multiplicative identity is the matrix 


0-0 
LAOS le <0) 
OO 


The main diagonal of a square matrix is the diagonal set of numbers running 
from the upper left corner to the lower right corner of the matrix. The two iden- 
tity matrices, one for 2 X 2 and the other for 3 X 3 matrices, are particular exam- 
ples of identity matrices which, in general, have 1s on the main diagonal and 0s 
everywhere else. 
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Addition properties of matrices are discussed in the Discovery section of 
Exercise 8.1. 


D. Applications 


Matrices can be used to simplify the display of information in real-life applica- 
tions. For example, according to the U.S. Division of Labor Statistics the 
monthly expenditures (in dollars) for entertainment (E), food (F’), and housing 
(H) per person under 25 and 25-34 years old is as shown. 


Et «Fiat 
<25 ( 90 220 a 
25-34 \140 370 880 


EXAMPLE 6 (a) What would be the annual expenditures for persons in the categories under 
25 and 25-34? 


(b) If it is estimated that entertainment, food, and housing will increase by 10, 
15, and 20%, respectively, how much more would each person in the under 
25 and 25-34 categories have to spend each month? 


Solution 
(a) To find out the annual expenditures, we multiply by 12. 


Eo BH Ek H 
12( 90 220 =) hen 2640 ae 


140 370 880 1680 4440 10560 
0.10 
(b) To find the increase, we multiply the original matrix by | 0.15 ], obtaining 
0.20 
0.10 
( 90., 220 a) a ( 90 - 0.10 + 220-0.15 + 490 - 0.20 
ay 140 370 880 OTE 140 - 0.10 + 370- 0.15 + 880- 0.20 
Ba ( 140 
www: = 
245.50 
To further explore matrix 
operations, access links 8.1.1 Thus, persons under 25 will pay $140 more, and persons 25-34 $245.50 
and 8.1.2 at the Bello Web site. more. fl 





| Info | + | Seagh § (Remember to bookmark the Bello book-specific Web site.) 


Exercise 8.1 


Ly For problems 1-6, 


2 
tee 
QT 
1. Find the following: 
a. 4A 


N 


. Find the following: 
a. 2A +B 


3. Find the following: 
aA t..B + C 


4. Find the following: 
Aue es eC 


5. Find the following: 
a. 7A + 4B — 2C 


6. Find the following: 
a. 5A + 4B —-4C 


suppose that 

[Ff] 

Dees 38 c 

b. 4A + 3B Con dAusC 
D. Alt BG 

De ZAcE 2B — CC 


Dea 2b 3 


b. 4A — 2B — 4C 


For problems 7—12, suppose that 


et Z ee 
A=]3 Oe Jie — |) 4. 3 
Ann =D 1 0 1 
fist Gites 
G= i —2 4 
SISO 
7. Find the following: 
a. A+B b. A-B CA © 
8. Find the following: 
a. 2A b.s=2B C15 BE 
9. Find the following: 
a. 2A 38. bs22 2A. 3B 
10. Find the following: 
a. 44 + 4B b. 4A — 4B 
11. Find the following: 
a. 3A — 2C bs BC 


12. Find the following: 


a. 3A + B-—4C 


bS5Ac 2Bice 3C 


1 
mak 
=I 
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Ci In problems 13-20, use 


[ares 30 Deus 
A= 2 Ba Tepe 
=e 2) 0 1 
1. 0 
Cre 55.2 
Den 0 
and evaluate the given expression. 
13. AB 14. AC 
15. BA 16. CA 
17. (A— B)(A+ B) 18. (A-OC(A+ OC) 
19, sA2 Be 20; 4A 6 


21. If Jis the 2 X 2 identity matrix, find 12. 


22. Ifnis a positive integer, is it true that /" = 1? Why 
or why not? 


In problems 23-27, verify that AB = J and calculate 


BA. 
A | | 1 a 
oh lode Sle ae 
atl 5 ele | 
eS Fg ees fee 
ae oe Bi 
aes 234° =NerruD 
town O20ue 21 
26.A=10 1 1|: B=|—-1 1°) 1 
10.0 fered 
f Boa ai Sauk? eee 
DTA Pas BS) Sg Qe 
et. pee Se) 


28. Let R be the row matrix [2 1]. Is it possible 
for there to be a 2 X 2 matrix, say J, such that 
JR = RJ = R? Explain. 
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29. If A is a nonsquare matrix of dimensions m X n, 
do you think there could be a square matrix J such 
that AJ = JA = A? Explain. 


30. Find all possible 2 X 2 matrices A such thatA = 3A. 


31. Asquare matrix A is called idempotent if A* = A. 
All identity matrices and all zero matrices (ele- 
ments all Os) are idempotent. Show that the fol- 
lowing matrices are also idempotent: 


a. i | b. f il 
Omn0 ee 
32. A square matrix A is called nilpotent if there is a 
positive integer n such that A” is a zero matrix 
(elements all Os). Show that the following matri- 
ces are nilpotent: 
a. b. 


OS 


OFF 
2 0133 
0-0) 0 


33. The E-Z Rest Furniture Company makes arm- 
chairs and rocking chairs in three models: E, an 
economy model; M, a medium-priced model; and 
L, a luxury model. Each month, the company turns 
out 20 model E armchairs, 15 model M armchairs, 
10 model L armchairs, 12 model E rockers, 8 
model M rockers, and 5 model L rockers. 

a. Write this information as a2 X 3 matrix. 
b. Use your answer to part (a) to obtain a matrix 
showing the total production for 6 months. 


34. Suppose the costs of materials for E-Z Rest’s arm- 
chairs (see problem 33) are $30 for model E, $35 
for model M, and $45 for model L; and for its 
rockers, $35 for model E, $40 for model M, and 
$60 for model L. 

a. Write this information as a3 X 2 matrix. 

b. Suppose that costs increase by 20%. Write the 
new matrix by multiplying your answer to part 
(a) by 1.2. 


35. At the end of 6 months, the E-Z Rest Furniture 
Company (see problem 33) has sold armchairs as 
follows: 90 model E, 75 model M, and 50 model 
L. They also sold rockers as follows: 60 model E, 
20 model M, and 30 model L. Use matrix methods 
to obtain a matrix showing how many of each 
model are left at the end of the 6 months. Use your 
answer to problem 33 and assume that there was 
no unsold stock at the beginning of the period. 


36. The ABC Sports Company figures that the bolts, 


clamps, and screws used in assembling its billiard 
tables cost, respectively, 5¢, 10¢, and 2¢ each. 
Find the cost of these assembly materials for 
each table by carrying out the multiplication CR, 
where C is the cost matrix [5 10 2] and R is 
the assembly requirement matrix given at the 
beginning of this section (page 528). 


. The.ABC Sports Company has the projected pro- 
duction schedule shown in the table below for the 
5 months preceding December. 





Let M be the matrix with these numbers as the ele- 
ments, and let R be the same as in problem 36. Use 
these matrices to find the schedule of assembly 
requirements for the 5 months and fill in the miss- 
ing items in the following table: 


7 oe ; 





38. 


39. 


d a ; f 
4100 ze 


Let A be the matrix of assembly requirements you 
calculated in problem 37, and let C be the cost 
matrix of problem 36. Calculate CA to find the cost 
of assembly materials for each of the 5 months. 


Tom, Dick, and Harry are in a computer network 
whose communication matrix C is as shown. The 
1s in the first row indicate that Tom can commu- 
nicate with Dick and Harry directly. 


CDT 
TO as 
Di \ 1 07 O0-)=€ 
HAE eG 


a. Find C?, the matrix of possible two-step com- 
munications in the network. 

b. What does the 2 in the first row, first column 
mean? 

c. How many two-step communications between 
two different people are shown in C2? 


40. Suppose you weigh 132 Ib. Referring to Table 8.1 
in Getting Started, how many hours of TV watch- 
ing do you need to equal | hr of housework? 


41. Let the point (a, b) in the XY plane be represented 
by the column matrix 


A 
b 
Then the right triangle with vertices at (1, 0), 
(1, 2), and (0, 2) can be represented by the matrix 


| 1 i 
Om » 2 
Draw this triangle. Then multiply 
- i 5 1 4 
OF 22tO «2.2 
to get the vertices of another triangle. Draw the 


new triangle and explain what the multiplication 
did to the original triangle. 


In Other Words 


42. The system of matrices with the operations of 
addition, subtraction, and multiplication is a math- 
ematical system. Name and discuss all of the dif- 
ferences you see between the system of matrices 
and the real numbers. (For example, if a and b are 
any real numbers, a + b = b + a. Is this true for 
any two matrices A and B?) 


a Using Your Knowledge 
Here are six special 2 X 2 matrices. 

1 0 mee peor 'y 
ee ee ee Presa eirG 


0 | =I 0 Oe.5 
= — R — 
“1 fF A * 0 _ le | 
It is interesting to see what effect these matrices have 
when they multiply a column matrix 


rl 


that represents a point (a, b) in the xy plane. For 
example, 


nxraly i] tl-[3] 
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which represents the point (a, —b), the reflection of 
(a, b) across the x axis (see the following figure). 
Because the matrices ry}, Ty, and r, all correspond to 
reflections across certain lines in the plane, we can 
think of these three matrices as reflectors. 


y 





Similarly, 


mer ol be 

i 12) SOL AB a 
represents the point (—b, a), which can be obtained 
from the point (a, b) by a rotation of 90° around the 
origin (see the following figure). Because all three of 
the matrices R,, R,, and R, correspond to rotations in 


the plane, we can think of them as rotators. 
What is accomplished by each of the following? 


44. r, XP 
46. R, x P 


43. r, x P 
45. R, x P 





47. A triangle with vertices at (2, 1), (3, 1), and (3, 2) 
can be represented by the matrix 


Be : 3 4 
fees 
Form the products r, X T, r, X T, and so on. 


Then draw graphs to show the effect of each 
multiplication. 
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48. Consider another special matrix 


a 


What happens to the triangle in problem 47 if you 
form the product K X T? Try this for k = 2. 


-— Discovery 


We want to discover in what ways the set S of 2 x 2 

matrices behaves like the set of integers under addition 

and multiplication. To do this, we consider the follow- 

ing questions: 

49. Is S closed with respect to addition? (Hint: Is the 
sum of two 2 X 2 matrices a 2 X 2 matrix?) 


50. Is S associative with respect to addition? 


51. Can you find an additive identity for the set S? 
Hint: If 
! | 
A= 
L4 6 
find a matrix B such that 


bae[ Jb 


52. Does every matrix in S have an additive inverse? 
For example, if 


eles 


try to find a matrix B such that 


4 || foal ie 


53. Does A + B = B + A for any two 2 X 2 matrices 
in S$? 


54. Consider the set § of 2 X 2 matrices. 
a. Is S closed with respect to multiplication? 
b. Is S associative with respect to multiplication? 
c. Can you find a multiplicative identity for the 
set S? 


55. The inverse of a2 X 2 matrix A is defined to be a 
matrix B such that AB = BA = J, where J is the 
2 X 2 identity matrix. Can you show that the 
matrix given below has no inverse? 


ad 


| Info |= qf http://college.hmco.com/mathematics | Seargh | 





56. Can you discover whether the matrix given below 
has an inverse? 


a i F si 
Sou 
ae Collaborative Learning 


Example 5 gives the average expenditures for enter- 
tainment, food, and housing for persons under 25 and 
25-34. Form three groups. 


1. Have each of the groups construct a matrix similar 
to the one in Example 5 showing the expenses for a 
particular month. To construct each of the entries in 
the matrix, take the average expenses for the mem- 
bers in the group. Are the results close to the 
national averages given in Example 5? Discuss 
why or why not. 


2. To find the average monthly expenses in each cate- 
gory for all three groups, which operation would 
you have to use? 


3. Find the matrix representing the average monthly 
expenses for entertainment, food, and housing for 
all three groups. 


4. How would you estimate the annual expenses for 
entertainment, food, and housing for persons in 
your group? 


re Skill Checker 


In the next section we are going to discuss a method of 
solving systems of equations using matrices. To be 
successful, you have to remember how to solve a sys- 
tem of two equations in two unknowns. Here are some 
practice problems. If you do not remember how to do 
these problems, review the material studied in Section 
6.4. Solve the following systems: 


1.3x+y=4 2. 2X —Sy=3 

2x+y=3 4x = 3y =d 
3. —2x + 3y = —10 4. 4x—3y=-2 
5x — 2y = 14 —3x + 2y=0 


For more practice, go to link 8.1.3 at the Bello 
Web site. 





(Remember to bookmark the Bello book-specific Web site.) 





GETTING STARTED 


io alle 


Alice meets Tweedledee and 
Tweedledum in Through the 
Looking Glass 


82 
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Once upon a Matrix 


Have you ever read Alice in Wonderland? Do you know who wrote this book? 
Lewis Carroll did. Although better known as the author of this popular tale, 
Carroll was a mathematician and logician. He wrote another book about Alice, 
called Through the Looking Glass. In this book, a conversation between the char- 
acters Tweedledee and Tweedledum included the following exchange: 





The sum of your weight and twice mine is 361 pounds. 


Tweedledee: 
Tweedledum: Contrariwise, the sum of your weight and twice mine is 
360 pounds. 


If Tweedledee weighs x pounds and Tweedledum weighs y pounds, recall 
from Section 6.5 that the two sentences can be translated as 


2x + y = 361 
x + 2y = 360 
Do you remember how to solve this system? You are going to solve it again, but 


this time you will write the equivalent operations using matrices. Follow each of 
the steps very carefully. 


Given. a+ y= 361 ae | ae 
x+2y= 360 360 

Multiply the second ee SO! 2 1 | ed 
equation by —2. =x = 4y = —720 —2 —4 | —720 
Add the two equations. 2x+y= 361 noe 1 _ 361 
Sy ='=359 0 =359 

Divide the second Dea y=) 361 bs 1 | 361 | 
equation by —3. a 1193 0 1193 


Now, you can substitute 1193 for y in the equation 2x + y = 361 and solve 
for x. Did you notice that the operations performed on the equations were iden- 
tical to those performed on the matrices? The matrices used are called the 
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augmented matrices, and they can be more quickly written because the 
variables are omitted. In this section you will solve systems of three equations 


using matrices. , es 


We have considered systems of two linear equations in two unknowns and dis- 
covered how to solve such systems. There are many practical applications that 
require the consideration of m linear equations in n unknowns. We shall not try 
to be so general here; instead, we shall look in detail only into the case of 
three equations in three unknowns. The techniques we shall use are applicable to 
all the more general cases. 


Solution by Matrices 


As you can see from Getting Started, the first step in solving a system of equa- 
tions is to write the augmented matrix, a matrix consisting of the coefficients 
of the variables and the constants in the equation. The system of equations and 
the augmented matrix in Getting Started, and another system with three variables 
and its augmented matrix are shown. 





System of Equations Augmented Matrix 
2x + y = 361 Pelle sOu 
x + 2y = 360 i 2 a 
2S WR 2 9nd Dae | 1 a 
nctay, =-l » 1 1 Ont 4 
3x ly PS Sl <= 2 cH 


Note that the bar separates the coefficients of the variables from the constants 
and that a 0 is entered as the coefficient of the variable z in the second equation, 
since Z was not present. 

We can solve the system of equations 


DIS Vit eB 
Cee y = — (1) 
SMV | at 


by means of matrices, using operations similar to the elementary operations used 
in Chapter 6. These new operations are called row operations and produce row 
equivalent matrices having the same solutions as the original system. When two 
matrices A and B are row equivalent, we shall write A ~ B. Here is the proce- 
dure we will use to solve system (1). 


Dee ial mee 1s OURO rcs 
Seri >|1 1 of -1] [aawm> |o 1 ol 
3 -1 -2| 7 te ine, 


Note: The second augmented matrix tells us that x = C1, ¥ = Cy, and z = Gx. 
The operations we can use are as follows: 
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To symbolize the steps, we use the notation R,, R,, and R, for the respective 
rows of the matrix, along with the following typical abbreviations: 


Notation Meaning 
1 R, OR, Interchange R, and R,,. 
aX Rs Multiply each element of R, by 2. 


3: 2X RR, + RoR, Replace R, by 2 X R, + R,. 
Thus, we write 
Zam 1 > 1 1 Osa. 
1 1 Ol Pies Qt ore 2 1 3 
Satelite 7 Seat ee 7 
R, OR, 
Next, we proceed to get 0s in the second and third rows of the first column. 


1 1 Oy) 8 1 1 Os) 8 
oe 1 Sapa Os 8 1 5 
She ehicra 2 qj On 4-2), 10 
-2 XR, +R, >R, 
—3 XR, +R, >R,; 
Then we get a0 in the third row of the second column. 


1 1 Ol =d 1 1 OU 

O03 1 Di hel Or ares il 5 

Oa eee 0 ee Oh eG) 
—-4XR,+3XR,>R; 


Now, we multiply each member of the third row by — 75 and obtain 


1 tf 20ON) Gat 
OS ted | 5 This means that z = —1. 
0 Oped: Pesell 

—jo XR, OR; 


To get a() in the second row, third column, we multiply the third row by —1 and 


add it to the second row. 


1 Ob! =I 
OF 135" 0 6 
Omen Ore yl ol 


len, + >, he 
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EXAMPLE 1 


Now, we multiply the second row by —i. 


be Wha Oe tee 
Opty VOR 2 This means that y = —2. 
OmrOe Tea 

—3 XR, >R, 


Finally, we multiply the second row by — | and add it to the first row. 


(Waal heal 0) 1 This means that x = 1. 

OnE ee ON a 

OOP edeileagl 

—ThXiKp ak, > R, 
Thus, system (1) has the unique solution x = 1, y = —2, and z = —1. We can 
verify this by substituting 1, —2, and — 1 for x, y, and z, respectively, in all three 
equations in system (1). For example, the second equation says that x + y = —1. 
For x = 1 and y = —2, we get 1 + (—2) = —1, which is true and verifies the 
solution. 


We shall now look at additional illustrations of this procedure, but these will 
help only if we take a pencil and paper and carry out the detailed row operations 
as they are indicated. 


Solve the system 


20 — Wr2z =.3 
Die Dy 7 = 0 
=x + Qy 27 = —12 


Solution The augmented matrix is 


pI 2 3 
2 2 ee 0 
wet 2 2 ede 
To get a 0 in row 2, column 1, multiply R, by —1 and add the result to R,. To get 
a 0 in row 3, column 1, multiply R,; by 2 and add the result to R,. 
LA 2 3 
0 Sie ens 
0 3 O23 


—R, + R,>R, 
R, +2xXR,—>R, 


To get a 0 in row 3, column 2, multiply f > by —1 and add the result to R,. To get 
a | in row 2, column 2, multiply R, by 3. 
z= 2 3 
0 Wesel | al 
0 On “RSs | ats 
TR, + RR, 
3XR,>R, 
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To get a | in row 3, column 3, multiply R, by 5. Then add row 3 to row 2 to get 
a 0 in row 2, column 3. 


Dis hie lay 2 3 
0 bad Oi ducrs This means that y = —3. 
0 OS tale 2 This means that z = —2. 

5 XR, R; 

R, +R, R, 


Add row 2 and row | to get a 0 in row 1, column 2. Multiply row 3 by ~2 and 
add the result to row i to get a 0 in row 1, column 3. 


2 ‘O0 4 
OPIN WS 
Ore Ort ale. 

Ro +R, > R, 


=2 Ret Ry Ry 


Finally, multiply row 1 by 5. 


Lei 0 Z This means that x = 2. 
iri DHSS 
O) O08) Lace? 
>XR,>R, 
The final answer, x = 2, y = —3, and z = —2, can be checked in the given 
system. a 
EXAMPLE 2 


Solve the system 
26 yrs = 3 
2et ly z= 0 
Atcha ¥ 4. 1a 
Solution To get a 0 in row 2, column 1, multiply R, by —1 and add the result to 
R,. To get a 0 in row 3, column 1, multiply R,; by —2 and add the result to R,. 
Deiat Za Coes ji 3 
Tae Ona Om as. sao yao 
4 1 PPS OnVeore oat 
Ry Rok 
—2 XR, +R, R; 
To get a 0 in row 3, column 2, multiply R, by —1 and add the result to R,. 
Deir 2 3 
Pesan Si tes 
Oe tk =O 2 
—-R, + R,>R,; 
The last row corresponds to the equation 


Ox + Oy + 0z =2 
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EXAMPLE 3 


which is false for all values of x, y, and z. Hence, the given system has no 
solution. (all 


Note: It is important to notice that if the reduction introduces any row with all Os 
to the left and a nonzero number to the right of the vertical line, then the system 
has no solution. 


Solve the system 
Dy Vite ras 
2X ALY — 3 
Ay Py 23 
Solution To get a 0 in row 2, column 1, multiply R, by —1 and add the result to 
R,. To get a 0 in row 3, column 1, multiply R,; by —2 and add the result to R,. 
2 a 213 ot 2 3 
2 (2p SOL 0) 3 ee ae 
4 1 (eS, 3 eo 3 


—R, + R,>R, 
=2 X Ry Ry Re 


To get a 0 in row 3, column 2, multiply R, by —1 and add the result to R. 
ee eZ 5 
0 3 =o 
0 0 O 0 
—R, +R, Rs 
The last row corresponds to the equation 
Ox + Oy + 0z = 0 


which is true for all values of x, y, and z. We now show that the system has infi- 
nitely many solutions and any solution of the first two equations will be a solu- 
tion of the system. 

The first two equations are 


20 — yi 22 =a 3 
Sy = 32 =5-3 
This system is equivalent to 
ZEN = eZ 
i= pe lists Solve the second equation for y. 


Let z = k, where k is any real number. Then the last equation gives y= —1+k. 
Substitution into the first equation results in 


24 1 Hk = 3— 2F 
so that 
Xx =2— f 


x=1-—4k 
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Thus, if k is any real number, then x = 1 — 5k, y=k-—1,andz=kisa solution 
of the system. You should verify this by substituting into the original system. The 
system in this example has infinitely many solutions, because the value of k can 
be quite arbitrarily chosen. For instance, if k = 2, then the solution is x = 0, 
y = 1, and z = 2; if k = 5, then x = —3y = 4, and z = 5; if k = —4, then 
x = 3,y = —5, and z = —4; and so on. & 


Note: If in the final form of the matrix there is no row with all Os to the left 
and a nonzero number to the right of the vertical line but there is a row with all 
Os both to the left and to the right, then the system has infinitely many solutions. 

Examples 1, 2, and 3 illustrate the three possibilities for three linear equa- 
tions in three unknowns. The system may have a a unique solution as in 
Example 1, the system may have no solution as in Example 2, and the system 
may have infinitely many solutions as in Example 3. The final form of the 
matrix always shows which case is at hand. 


Applications 


Matrices and Nutrition 


A dietitian wants to arrange a diet composed of three basic foods A, B, and C. 
The diet must include 170 units of calcium, 90 units of iron, and 110 units of vita- 
min B. Table 8.3 gives the number of units per ounce of each of the needed ingre- 
dients contained in each of the basic foods. 


_. TABLE 8.3 


If a, b, and c are the number of ounces of basic foods A, B, and C taken by an 
individual, find the number of ounces of each of the basic foods needed to meet 
the diet requirements. 


You want to find the values of a, b, and c, the number of ounces of basic foods 
A, B, and C taken by an individual. 


Since the individual gets 15 units of calcium from A, 5 from B, and 20 from C, 
the amount of calcium is 


15a + 5b + 20c = 170 


continued 
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What is the amount of iron 
needed? 


What is the amount of vitamin B 
needed? 


Write the equations obtained using 
matrices. 

How can you simplify each of the 
three original equations? 


4. Use matrices to solve the system. 


5. Verify the solution. 


TRY EXAMPLE 4 NOW. 


EXAMPLE 4 


The amount of iron is 
5a + 5b + 10c = 90 

The amount of vitamin B is 
10a + 15b + 10c = 110 


The simplified system of three equations and three unknowns, obtained by divid- 
ing each term in each of the equations by 5, is written as 


3 1 4} 34 
Ley Dip 2 Het S | 
BaP 2622 


Interchange R, and R,,. 


Sill ees hee ala lala 
Le eae eres aol cased 
2 3 2:| 22 a 8 ek, Woee 
R, OR, 
1 1 2 18 Liga Bs 18 
SN (2 Pee ele Osa 1 10 
0 ea eee | OF Lae 
R, — 3R, >R, -> XR, >R, 
R, — 2R, OR; 
Lege 2 18 Le lai: Vedio 
ae Ord 1 LO SO EO 
OF Oe Salt C4 O AOA 8 
Rz — Rn > R; —3 X R, oR, 
Verve Onan LP eOMO SEO 
fa Dig alleen ialace haces nC aaa ewwal Nee 
OS Osi laies OO tis 
—R,z + R,>R, R, +R, R, 


2K Ra Ry Ry 


This means that a = 0, b = 2, and c = 8. Thus, we need 0 oz of A, 2 oz of B, and 
8 oz of C to meet the requirements. 


Substitute a = 0, b = 2, and c = 8 into the first equation; you obtain 
15-0 +5-2+ 20-8 = 10 + 160 = 170. Use the same procedure to check the 
second and third equations. 


Cover the solution, write your own, and then check your work. 


Tom Jones, who was building a workshop, went to the hardware store and 
bought 1 Ib each of three kinds of nails: small, medium, and large. After doing 
part of the work, Tom found that he had underestimated the number of small and 
large nails he needed. So he bought another pound of the small nails and 2 Ib 


| wel Graph It 


% 


_ of equations shown. The 
_ grapher can’t help you here. 
_ Enter A as the coefficient 
_ matrix, and B as the constant 


| matrix. Go to the home screen © 


| (2nd] [MODE]) and find A~! 


_ B by pressing | MATRX| 1 


_ The answer is shown. 





TABLE 8.4 


Small 
Medium 
Large 


www: 


To further explore solving 
systems of equations and other 
operations involving matrices, 
access links 8.2.1—8.2.4 at the 
Bello Web site. 


To solve Example 4, you must — 
_ know how to set up the system 





(Remember to bookmark the Bello book-specific Web site.) 
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more of the large nails. After doing some more of the construction, he again ran 
short of nails and had to buy another pound of each of the small and the medium 
nails. On looking over his bills, he found that the hardware store had charged him 
$2.10 for nails the first time, $2.30 the second time, and $1.20 the third time. The 
prices for the various sizes of nails were not listed. Find these prices. 


Solution We let x¢/lb, y¢/Ib, and z¢/Ib be the prices for the small, medium, and 
large nails, respectively. Then, we know that 

ey 2/210 

x + 2z = 230 

ey = 120 


We solve this system as follows: 


leet e2110 Le 1210 
ee) eS aoe | Os lee alien ie) 
lee On at20 0 O 1 90 
R, —R,>R, 
R, —R,>R, 
I AKe PO Oi se 
c= |) neers (8 |e (eae) ee | ee) 
ta Onl 90 OQ) th, oe 
Rz +R, > R, -R, +R, > R, 
=R, +R, > R, 
This means that x = 50, y = 70, and z = 90, giving the schedule of prices in 
Table 8.4. B 
EXAMPLE 5 


Do you have a cell phone? Do you know what a LATA is? LATA stands for Local 
Access Transport Area; the areas are unique to the telecommunication industry. 
Telephone calls between two parties in different LATAs must, by law, be trans- 
ported by a long-distance carrier. The map shows the state of New York divided 
into LATA regions. Suppose long distance calls between Kingston (133), Albany 
(134), and Syracuse (136) and the percentage of calls from one LATA to another 
are as described in Figure 8.1 on page 546. A survey reveals that the number of 
calls per minute to Kingston was 115, to Albany 205, and to Syracuse 150. How 
many calls came from Kingston, Albany, and Syracuse, respectively? 


Solution We solve the system 


O20) 50:60, "0810-4 115 
0.60 0.10 0.8 | 205 
0.30 0.30 0.10] 80 


‘Info | = J] http://college.hmco.com/mathematics 9: 
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FIGURE 8.1 


On Target Mapping 


New York by LATA 
LATA: 134 
LATA Name: Albany, NY 


Area Codes: 413, 518 


Major Operating Companies: 
NewYork Tel. 
Rochester Tel. 
Contel of NY 





PG ei) 1 6 Il 1150 
OLRL @St) 20508 ca ROS 255 2 | —4850 
SPeo. Te 800 Os 2577) 2650 


1 6 1 1150 
>iiO| G50'4 20 \*=7500 
OF 15. 2) =2650 


1 6 1 1150 
|- 0 1 0 150 
OPS=715 12 2050 
R,/-50 > R, 
1 0 1 250 a() 1 250 
cei) 1 0 0] Oe at 0 150 
GSS. 2 050 OFC 2) |= 400 


ORg + Ri > Ry 15R, +R; Ry 
| eg esas Ey fea 0 Oe cO 50 
Op lw OL 130) lO elas OuleG) 
0; 5.0; 447245200 O6:07 e200 
R;/-2 > Rs R, — Rs R, 
This means that 50 calls came from Kingston, 150 from Albany, and 200 from 
Syracuse. 2 
Exercise 8.2 
LY In problems 1-10, find all the solutions (if there 3. 2x —y + 2z= 5 4. xt W770 
are any). ica eee ee a 
1 oxt y-zZ= 3 Os x+2y-z= 5 3x ain 2y+z=-1 
LLY AS ee xt ytz= 1 


Lat yrtz= 4 ome Vast al 
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Sao 2ye. BS 5 6. 4x+3y- z= 12 


Drie 6 eve 2 =— 10 
Deer Ve oe 4 La eee, 5 
(eT. en en ae Sa keds 2S 3 
C= Dy z= 3 Lae Wiehe sa= 5 
0G tae 5x — 4y + 1lz = 20 
SiN eevee S143 10) tines 22.51—1 
Mie Dye Fer 3 Kae yet, w= 5 
4 + Se yu, Serp4yar Z= 13 


11. Show that elementary operation 3 yields an equiv- 
alent system. [Hint: Consider the first two equa- 
tions of system (1) in the text. Show that if (m, n, 
Pp) satisfies both these equations, then it satisfies 
the system consisting of the first equation and the 
sum of the first two equations, and conversely. ] 


12. The sum of $8.50 is made up of nickels, dimes, 
and quarters. The number of dimes is equal to the 
number of quarters plus twice the number of nick- 
els. The value of the dimes exceeds the combined 
value of the nickels and the quarters by $1.50. 
How many of each coin are there? 


13. The Mechano Distributing Company has three 
types of vending machines, which dispense snacks 
as listed in the table below. Mechano fills all the 
machines once a day and finds them all sold out 
before the next day. The total daily sales are candy, 
760; peanuts, 380; and sandwiches, 660. How many 
of each type of machine does Mechano have? 


air 


Ready ir Wr 2 
mBcantitsseie jg: 10-~ 
Sandwiches 0 





14. Suppose the total daily income from the various 
types of machines in problem 13 is type I, $32.00; 
type II, $159.00; and type III, $192.00. What is the 
selling price for each type of snack? (Use the 
answers from problem 13.) 


15. Gro-Kwik Garden Supply has three types of fer- 
tilizer, which contain chemicals A, B, and C in the 
percentages shown in the table that follows. In 


what proportions must Gro-Kwik mix these three 
types to get an 8-8-8 fertilizer (one that has 8% of 
each of the three chemicals)? 





16. Three water supply valves, A, B, and C, are con- 


nected to a tank. If all three valves are opened, the 
tank is filled in 8 hr. The tank can also be filled by 
opening A for 8 hr and B for 12 hr, while keeping 
C closed, or by opening B for 10 hr and C for 28 
hr, while keeping A closed. Find the time needed 
by each valve to fill the tank by itself. (Hint: Let 
x, y, and z, respectively, be the fractions of the tank 
that valves A, B, and C can fill alone in | hr.) 


b 
17. A2 X 2 matrix ° A is said to be nonsingular 
c 


if ad — bc # 0. Determine whether the following 
matrices are nonsingular: 

0 | 

2 4 


tee eee 





18. The definition in problem 17 is important because 


every nonsingular matrix has a unique multiplica- 
tive inverse. To find the inverse of the matrix 


b 
& } you have to find a matrix e 4 | such 
Cd Zw 


b OO 
that i A : ”| = i, | this means that 


you must solve the systems 
ax + bz =1 and ay + bw =0 
cx + dz =0 cy + dw= 1 


To solve the first system, you can write 
i“ b | 1 | Be be ‘ 7 
ea 0 ac ad|0 
Be be “ 
ar 


O= ad. be 
Now, you see that the second equation has a 
unique solution if and only if ad — bc # 0. Use 
these ideas to find the inverses of the following: 


oe 
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=” In Other Words 


19. A system of three equations with three unknowns 
x, y, and z has the final augmented matrix 


iL COE (0) || ce 
(0) othe Qeleip 
Oy @ il é 


What is the solution to the system? 


20. A system of three equations with three unknowns 
x, y, and z has the final augmented matrix 


i @ Olbw 
Oeele Onis 
ORO MOREG 


If c is not 0, what does that mean about the solu- 
tion of the system? 


21. Ifin problem 20, c = 0, what does that mean about 
the solution of the system? 


G@ Using Your Knowledge 


Suppose you are solving the system 
ax Dy Cz = cd; 
Gt ty Oc — Up 
a,x + b3y + 0,2 = d, 


There are three possible outcomes for the solutions to 
this system. 


1. There is a unique solution x = a, y = b, and 
z = c for the system. 

2. There is no solution for the system. 

3. There are infinitely many solutions for the 
system. 


22. If the solution to the system is x = a, y = b, and 
z = c, write the final augmented matrix for the 
system. eo 


23. If the system has no solution, write a possible final 
augmented matrix for the system. Then find two 
others. 


24. If the system has infinitely many solutions, write 
a possible final augmented matrix for the system. 
Then find two others if you can. 


aa Collaborative Learning 


Matrices are used in banking to convey large quantities 
of information using limited space. The table shown at 
the bottom of the page was prepared by PCCensus to 
determine mortgage potential. 

Form two or more teams. 


Team 1 

1. Construct a 3 X 3 matrix where the rows indicate 
“Tenure” and the columns the number of houses in 
each tract falling into the three tenure categories. 


2. Which tract has the smallest number of vacant 
homes? 


3. Which tract has the largest number of owner- 
occupied homes? 


4. On the basis of your answers, which tract has the 
most mortgage potential; that is, in which tract do 
you think financial institutions would invest? 


Team 2 

1. Construct a 3 X 3 matrix where the rows indicate 
“Tenure” and the columns the percent of houses in 
each tract falling into the three tenure categories. 


2. Which tract has the highest percent of vacant homes? 





Group discussion: 


- Which tract has the highest percent of owner- 


occupied homes? 


. On the basis of your answers, which tract has the 


most mortgage potential; that is, in which tract do 
you think financial institutions would invest? 


How would you prefer to analyze 


the information given, as numbers or as percents? 
Discuss the advantages of each. In your opinion, 
which would be the best way to present the informa- 
tion in the table? 


5. 





8S 
Clock and Modular Arithmetic 


Suppose tracts 1502, 1503, and 1504 are demograph- 
ically comparable to tracts 1302, 1303, and 1304 
and represented by the matrix below. Complete the 
second matrix using percents instead of numbers. 


290 700 1500 36% 


SLO IU ee OU) 
200 210 450 





GETTING STARTED 


er 
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. If you want to find the total number of vacant 


homes in the “02 tracts,” which matrix operation 
would you use? Do it! 


. If you wish to construct a third demographically 


comparable neighborhood with tracts 1602, 1603, 
and 1604 but you are planning to have twice as 
many homes as those in the “1500” neighborhood, 
which matrix operation would you use to plan the 
number of houses in the “1600” neighborhood? 
Do it! 


- How many vacant homes would you expect in 


the “1600” neighborhood? How many owner- 
occupied? If you plan to loan $10,000 to each of 
the owner-occupied homes so the owner can reno- 
vate the properties in the “1600” neighborhood, 
how much money would you need? 





Airbills, Money Orders, and Checking Digits 


Look at the Federal Express airbill in Figure 8.2 with tracking number 
9048724285. Divide 904872428 (the number to the left of 5) by 7. The remain- 


der is 5. Now, try it with airbill 0054604362 from Figure 8.2. When you divide 


FIGURE 8.2 





HARE SHIPMENTS itis THE 
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5460436 by 7, the remainder is 2. Next, consider the postal money order number 
42888671414 in Figure 8.2. Divide the number to the left of the last 4 by 9 this 
time. The remainder is 4. In mathematics, when you divide a by b and the 
remainder is c, a is said to be congruent to c modulo b, written 


a =c (mod Db) 
The relationships in the Federal Express airbills can be written as 
904872428 = 5 (mod 7) and 005460436 = 2 (mod 7) 


and that in the money-order as 4288867141 = 4 (mod 9). 

In this section you will study modular arithmetic, its operations and rela- 
tionships, as well as some applications (see the Using Your Knowledge section 
of Exercise 8.3). 

The last number in the airbill and the money order is sometimes called the 
checking digit or CD for short. Checking digits are used in a variety of situa- 
tions. Airline tickets, UPS packages, and drivers’ licenses, for example, use 
checking digits to encode information. Why? For security reasons. Suppose you 
try to change the postal money order amount from $5 to $500. The post office 
knows that money order number 42888671414 is for $5, so if the amount were 
altered, the checking number would have to be altered as well. Do you know 
what other numbers would work? Mathematically, you have to solve the equa- 
tion x = 4 (mod 9). Practically, x must somewhat resemble 42888671414. [For 
example, 22 = 4 (mod 9) because when 22 is divided by 9 the remainder is 4, 
but money order 22 was probably used a long time ago.] Can you find “better” 
numbers that will work without changing the CD number? The CD number 4 is 
usually written under three bars ||| so that an erasure or alteration of the CD will 


disturb the bars and expose the fraud. ee 


In earlier chapters of this book, we made frequent reference to mathematical sys- 
tems. For example, we defined the set of natural numbers together with the oper- 
ations of addition and multiplication. We then discussed certain properties of the 
set of natural numbers with respect to these operations. The set of natural num- 
bers, together with the operations of addition and multiplication, constitutes a 
mathematical system. 

In general, a mathematical system consists of the following items: 


1. A set of elements 
. One or more operations 


. One or more relations that enable us to compare the elements in the set 


WwW WN 


. Some rules, axioms, or laws that the elements in the set satisfy 
For example, when we refer to the system of integers, we have 


1. Elements. The elements of this system are the integers in the set J = 
iiice = UO eae Ve 


2. Operations. Within the system of integers, we can always perform the oper- 
ations of addition, subtraction, and multiplication. We can sometimes divide, 


FIGURE 8.3 


FIGURE 8.4 





EXAMPLE 1 





DEFINITION 8.8 
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but most often the result of dividing one integer by another is not an integer. 
The set of integers is not closed under division. 


3. Relations. We have three possible relations between any two integers a and 
b. They are 


a<b, @ => D, and a=b 


4. Rules or laws. Addition and multiplication in the system of integers satisfy 
the commutative and the associative laws, as well as the distributive law. 


Most of the mathematical systems we have discussed involve an infinite 
number of elements. In this section, we shall study mathematical systems that 
contain only a finite number of elements. If we are thoroughly familiar with the 
workings of a finite system, we can generalize this knowledge and apply it to 
other systems. 


Clock Arithmetic 


As you are aware, the numbers on the face of a clock are used to tell the time of 
the day or night. The set of numbers used for this purpose is 


Si le 2105.40 Onl Oo DA LOA ah 2} 


We shall define addition on this set by means of an addition table, but we first 
present some examples to justify the entries in the table. 

If it is now 11 A.M., and we have to be in class in 3 hr, it is obvious that we 
have to go to class at 2 P.M. For this reason, we define 11 @2 = 2, where 4 
(read “circle plus”’) is the operation of clock addition. If our class were to meet 
in 5 hr, and it was now 10 A.M., we would have to be in class at 3 P.M., so 


10 @)5 =3. 


Find the following sums in clock arithmetic: 


(a) 8G)3 (b) 8G)7 (c) 11@) 12 

Solution 

(a) 8 4) 3 means 3 hr after 8 o’clock, so 8 G4) 3 = 1] (see Figure 8.3). 

(b) 8 G) 7 means 7 hr after 8 o’clock. Thus, 8 (+) 7 = 3 (see Figure 8.4). 

(c) 11 @) 12 means 12 hr after 11 o’clock. Thus, 11 (4) 12 = 11. a 


We can now construct Table 8.5 (see page 552), which shows the addition facts 
in clock arithmetic. Verify the entries in this table before proceeding further. 

Of course, other operations can be defined on this set. For example, the clock 
difference 3 SC 4 (read “3 circle minus 4”) is a number n with the property that 
3=4 4) n. By looking at Table 8.5 we can see that the number 11 satisfies this 
equation, because 3 = 4 G) 11. Accordingly, we state the following definition: 
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FIGURE 8.5 


EXAMPLE 2 


DEFINITION 8.9 


TABLE 8.5 Addition in Clock Arithmetic 





With this definition, 4 SO 6 = 10, because 4 = 6 @) 10. 
If a is a positive number, we can define — a in clock arithmetic as the num- 
ber obtained by going counterclockwise a hr. With this convention, it follows that 


—a— 12a 


For example, —4 = 12 — 4 = 8; this agrees with Figure 8.5. 
With this definition of —a, it also follows that 


al) b=aG)(-d) 


which may be regarded as an alternative way to define circle minus. 


Find numbers n such that the following hold: 


(a) n@®)5=3 6) 2© 3 = 


Solution 


(a) We inspect the fifth row in Table 8.5. We have to find a number n such that 
when we add 7 to 5, we obtain 3. The answer is 10, because 10 G) 5 = 3. 


(b) 2©3=2@)(-3) =2@ (12 - 3) =2 @)9 = 11. Check in the table 
that 3 @) 11 = 2.) a 


As usual, multiplication can be defined in terms of addition. Thus, 


3%) 5=6@5)@5= 105 =3, 503 ®5=3. 





EXAMPLE 3 


DEFINITION 8.10 


EXAMPLE 4 
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With this definition, 4X) 3 = 3) 3G@)3@)3 = 12 and2(®) 8 =8@)8 =4. 

Note: A quicker way to obtain the answer is to multiply the two numbers by 
ordinary arithmetic, divide by 12, and take the remainder as the answer. (If 
the remainder is 0, the answer is 12, the zero point on a clock.) For example, 
6 <) 5 = 6, because 6 X 5 = 30 and 30 divided by 12 equals 2 with a remain- 
der of 6. Similarly, 6 ®) 4 = 12, because 6 X 4 = 24, and 24 divided by 12 is 2 
with a 0 remainder. 


Find the following products in clock arithmetic: 
(a) 3®)5 (b) 4@)8 (c) 9&9 
Solution 


(a) 3 («)5 = 3, because 3 X 5 = 15, which divided by 12 is 1 with a remainder 
of 3. 


(b) 4 (X) 8 = 8, because 4 X 8 = 32 and 32 divided by 12 is 2 with a remainder 
of 8. 


(c) 9 ® 9 = 9, because 9 X 9 = 81, which divided by 12 is 6 with a remainder 
of 9. a 


Division is defined in clock arithmetic in terms of multiplication. For exam- 
ple, = 2 because 4 = 8 ) Ds and 2 = 3 because 3 = 5 «) By 





In discussing multiplication in clock arithmetic, we noted that 12 in this 
arithmetic corresponds to 0 in ordinary arithmetic. To show that 12 behaves fur- 
ther like 0 in ordinary arithmetic, let us try to find a number n such that 


Ut 


—_ 
Bl- 


This equation is true only if 1 = 12 «) n. But there is no n in clock arithmetic 
such that 12 &) n = 1. So, in clock arithmetic we cannot divide | by 12, just as 
in ordinary arithmetic we cannot divide | by 0. 


Find the following quotients in clock arithmetic: 

@a ©); Cc); 

Solution 

(a) 2 = nif and only if 2 = 7 &) n. Thus, we wish to find an n such that 
vi «&) n = 2, because n = 2 satisfies the given equation, 5; = 2. Note that the 
answer n = 2 can be found by trial and error; that is, we let n = 1 and see 
whether 7 &) 1 = 2 (it doesn’t). We then let n = 2 and check to see whether 
7 &) 2 = 2. Because 7 &) 2 = 2, the desired number has been obtained. 


(b) 8 = nif and only if 8 = 8 ) n, an equation that is satisfied by n = 1,n = 4, 
n = 7, andn = 10. Note that unlike ordinary division problems, in which the 
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DEFINITION 8.11 


EXAMPLE 5 


answer is unique, in clock arithmetic a division problem may have many 


solutions. 
(c) ; = nif and only if 3 = 4 &) n. There is no n such that 3 = 4 (X) n, so the 
problem } = 7 has no solution. ia 


Modular Arithmetic 


The four fundamental operations were defined on the 12-hr clock. These opera- 
tions can be generalized to a kind of mathematical system called modular | 
arithmetic. This system can be defined on the set of integers as follows: 





Thus, 14 = 4 (mod 5), because 14 — 4 = 10, which is a multiple of 5; and 2 = 18 
(mod 4), because 18 — 2 = 16, which is a multiple of 4. 


Are the following statements true or false? 

(a) 4 = 1 (mod 3) (b) 7 = 2 (mod 4) (c) 1 = 6 (mod 5) 

Solution 

(a) True, because 4 — | = 3, a multiple of 3 

(b) False, because 7 — 2 is not a multiple of 4 

(c) True, because 6 — 1 = 5, a multiple of 5 a 
The addition of two numbers in modular arithmetic is simple. For example, 


in arithmetic modulo 5,3 + 3 = 1, because 3 + 3 = 6 = 1 (mod 5). Thus, to add 
nonnegative numbers in a system modulo m, we proceed as follows: 





For example, in modulo 8 


3 + 4=7 (mod 8) Because 3 + 4 = 7 is less than 8 

3.435 = .0(mod.8) Because 3 + 5 = 8, which divided by 8 leaves a 
0 remainder 

3 + 7 =2 (mod 8) Because 3 + 7 = 10, which divided by 8 is 1 
with a remainder of 2 


We now define addition in modular arithmetic for modulo 5, as shown in 
Table 8.6. 


THEOREM 8.1 
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TABLE 8.6 Addition Modulo 5 





When adding numbers in modular arithmetic, we may want to use the fol- 
lowing theorem: 





For example, to add 18 and 31 (mod 5), we can use the facts that 
18 = 3 (mod 5) and 31 = 1 (mod 5) 


to obtain 


18 + 31 = 4 (mod 5) 


Proof The theorem can be proved by using the meanings of the two congru- 
ences. Thus, 


a = b (mod m) means a—b=km, k an integer 
c = d(modm) means c—d=pm, p an integer 
Hence, 


(a— b) + (c= d) =km + pm = ({k + p)m 
Also, 
(G—D) tile = d) =(G-5 c) (0 + a) 
so that 
(a+c)—(b+d)=(k+p)m 
That is, (a + c) — (b + d) is a multiple of m; this means that 
a+c=b+d(modm) 


To multiply two numbers in arithmetic modulo 5, we multiply the numbers in 
the ordinary way. If the product is less than 5, the answer is this product. If the 
product is greater than 5, the answer is the remainder when the product is divided 
by 5. For example, 4 X 4 = 1, because the product 4 X 4 = 16, which leaves a 
remainder of 1 when divided by 5. Multiplication modulo 5 is shown in Table 8.7 
on page 556. 

Subtraction in modular arithmetic is defined as follows: 
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EXAMPLE 6 


TABLE 8.7 Multiplication Modulo 5 





Thus, 3 — 4 = 4 (mod 5), because 3 = (4 + 4) (mod 5); and 2 — 4 = 3, because 
2 = (4 + 3) (mod 5). 


Find the following: 

(a) (4 — 1) (mod 5) (b) (2 — 3) (mod 5) (c) (1 — 4) (mod 5) 
Solution 

(a) 4 — 1. =3 (mod 5) 


(b) 2 — 3 =n (mod 5) if and only if 2 = (3 + n) (mod 5). From Table 8.6, 
3 + 4 =2 (mod 5). Thus, 2 — 3 = 4 Gnod 5). 


(c) 1 — 4 =n (mod 5) if and only if 1 = 4 + n (mod 5). From Table 8.6, 
t= 4=£2 (mod 5). Thus, 1 — 4°= 2 Gnod 5). ei 


We examine Table 8.8 to find which properties the set S = {0, 1, 2, 3, 4} has 
under the operation of addition modulo 5. 


TABLE 8.8 Addition Modulo 5 





1. All entries in Table 8.8 are elements of S, so S is closed with respect to addi- 
tion (mod 5). 


2. The operation of addition (mod 5) is associative. (This fact is a consequence 
of the properties of ordinary addition, because division by 5 and taking the 
remainder can be done after the ordinary addition is done.) 


3. The operation of addition (mod 5) is commutative; that is, if x and y are any 
elements of S, then x + y = y + x (mod 5). This can easily be checked 
by inspecting Table 8.8. As we can see, the results of the operations 2 + 4 
and 4 + 2 appear in positions that are symmetric with respect to a diagonal 
line drawn from top left to bottom right of the table. If this type of symmetry 


EXAMPLE 7 


EXAMPLE 8 
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is present for any operation table, that is, if the top half of the table is the 
reflection of the bottom half across the diagonal, then the operation is 
commutative. 


4. The identity for addition modulo 5 is 0, because for any xin S, x + 0 = x; that 
is,O0+0=0,1+0=1,2+0=2,34+0=3,and4+0=4. 


5. Every element has an additive inverse (mod 5). The inverse of 0 is 0, because 
0 + 0 = 0 (mod 5). The inverse of 1 is 4, because 1 + 4 = 0 (mod 5). The 
inverse of 2 is 3, because 2 + 3 = 0 (mod 5). The inverse of 3 is 2, because 
3 + 2 = 0 (mod 5). The inverse of 4 is 1, because 4 + 1 = 0 (mod 5). 


As we have seen in the preceding discussion, modular arithmetic is a math- 
ematical system in which two operations are defined on the same set. For the set 
S = {0, 1, 2,3, 4}, we defined addition and multiplication modulo 5 as shown in 
Tables 8.6 and 8.7. Are there any properties that involve both operations? The 
answer is yes. For example, to find 3 x (2 + 4) (mod 5), we can proceed in one 
of the two following ways: 


1. 3 X (2 + 4) =3 X (1) = 3 (mod 5) 
2, oe Oe 4) = (35% 2) + GX 4) = 1+ 2=3 Mods) 


To get the answer in the second way, we used a property that involves both addi- 
tion and multiplication. This property is called the distributive property; it is true 
in general that if a, b, and c are elements of S, then 


a X (b + c) = (a X b) + (a X c) (mod m) 


because a X (b + c) — (a X b) — (a X c) = O in ordinary arithmetic. 


Find a replacement for n that will make the given sentence true in arithmetic 
modulo 5. 


(av4xGt l)=€4xn) +64 xX 1) 
(b) nX1+3)=2X1+2X3) 
Solution 


(a) By the distributive property, 4 x (3 + 1) = (4 X 3) + ( X 1). Thus, n = 3 
will make the sentence 4 X (3 + 1) = (4 Xn) + (4 X 1) true. 


(b) By the distributive property, 2 < (1 + 3) = (2 X 1) + (2 X 3). Thus, n = 2 
will make the sentence n X (1 + 3) = (2 X 1) + (2 X 3) true. a 


Find a replacement for n that will make the given sentence true. 
(a) 3 +n =2(mod 5) (b) 3 =n (mod 5) 
Solution 


(a) By inspection of Table 8.6 (or 8.8), we see that 3 + 4 = 2 (mod 5). Thus, 
n = 4 will make the sentence 3 + n = 2 (mod 5) true. 


(b) j =n (mod 5) is true if and only if 3 = 4 X n (mod 5). By inspection of Table 
8.7, we see that 4 X 2 = 3 (mod 5). Hence, n = 2 will make the sentence 
7 =n (mod 5) true. @ 
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In Examples 7 and 8, we have given answers in the set {0, 1, 2, 3, 4}. If we 
allow n to be any integer that makes the given congruence true, then each answer 
can be modified by adding or subtracting any desired multiple of 5. This is jus- 
tified by the addition theorem (Theorem 8.1) proved earlier. For instance, in 
Example 8(a), all the possible integer answers are given by n = 4 (mod 5). This 
means that n can have any of the values... , —6, —1, 4,9, 14, ...,; each of these 
makes the congruence 3 + n = 2 (mod 5) true. 


‘ 


Are you a monkey or a tiger? A goat or a dragon? Please, do not be offended! Traditional Chinese belief is that a person’s year of 
birth holds the key to their long-life character and well-being. The Chinese Zodiac is based on a 12-year cycle, and your sign 
depends on your year of birth. We will show you how to find your sign in the next example. 


Pe Charming, Witty, Gallant, Wise — Recognize Yourtalf? 
Stingy, Selfish, Cunning (must be somebody else!) 
weson aewelve year cycle — each 
ase cite oten ean tea 


Pe te, 
rey 


se Aen = i 
eretao" 3 


wi ® 


‘you inspire: 


6 OSEPY) A born leader, 
from oll around you. You are conservative, 
ageinst being chauvini: and always de- 
manding own way. The Buffalo would be 


corte. would 
beachcomber. Same 
h Valentine, Mark 


Your cxpacty for hard wurk ie amazing: You ore 
pee ot very i dent. While intelligent and 





by. Fou hare a strong streak of scifisbness and shar 

: ame ehurcld quart egeinet being egotistical, Your Ses 
quer wertes: ae 2h adventurer, scientist, poet, or politician. 
Coan Horses. Rembrandt, Chopin. Davy Crockett, Taddy Roosevelt. 





Suppose you were born in year Y. Your Chinese zodiac sign is R, where R is the 

remainder obtained from the formula ¥/12 = N + R and corresponds to monkey 

; (0), cock (1), dog (2), boar (3), rat (4), ox (5), tiger (6), rabbit (7), dragon (8), 
fw snake (9), horse (10), and goat (11). 

To further explore clock 

arithmetic, go to links 8.3.1 and 

8.3.2 at the Bello Web site. (b) How can you find your Chinese zodiac sign using congruences? 





(a) What is your sign if you were born in 1982? 


(Remember to bookmark the Bello book-specific Web site.) 





ttp://college.hmco.com/mathematics | Seagh | 


Solution 
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(a) ee = 165 with a remainder R of 2, corresponding to the dog. 


(b) In modular arithmetic, the remainder is the answer when a number is divided 
by the modulus. Thus, if Y is your birth year, to find the sign, use Y = R 
(mod 12). Note that in part (a) 1982 = 2 (mod 12). 


Exercise 8.3 


Ly In problems 1-8, find the sum in clock arithmetic. 


1.9@7 2. 2@)8 
a28:G)3 4.5G)7 
ere: 6.9(4)9 
7.84) 11 8. 12G)3 
In problems 9-14, find the difference in clock 
arithmetic. 
9803 10.508 11. 9©).12 
266)9 13.807 14.10) 12 


In problems 15-22, find all n satisfying each equation 
in clock arithmetic. 


15.n@)7=9 16. n4)8=2 
17.2G)n=1 18. 7G)n=3 
19.30)5=n 20.20C)4=n 
21.1On=12 22.3O)7=n 


In problems 23-28, find the indicated products in 
clock arithmetic. 


23.4(%)3 24. 3%) 8 25. 9(X) 2 

26.3@®9 27.28 28. 12()3 

29. Make a table of multiplication facts in clock 
arithmetic. 


In problems 30-34, find the indicated quotients in 
clock arithmetic. 


30. 2 31. § 
32. 3 
33. 


= n (Hint: There are three answers.) 


| 


34. 


= 
Sl- 


In problems 35-40, find all n satisfying the given 
equation in clock arithmetic. 


n 


=4 37.54) 4=8 


Gi In problems 41-46, classify each statement as 
true or false. 


41. 2 =4 (mod 3) 
43. 6 =7 (mod 5) 
45. 8 = 9 (mod 10) 


42. 5 = 2 (mod 3) 
44. 5 = 3 (mod 2) 
46. 12 = 8 (mod 4) 


In problems 47-50, find the indicated sums. 
47. (3 + 4) (mod 5) 48. (2 + 9) (mod 10) 
49. (3 + 1) (mod 5) 50. (3 + 6) (mod 7) 


In problems 51-54, find the indicated products. 
51. (4 X 2) (mod 5) 52. (4 X 3) (mod 5) 
53. (2 X 3) (mod 5) 54. (3 X 3) (mod 5) 


In problems 55-58, find the indicated differences. 
55. (2 — 4) (mod 5) 56. (3 — 4) (mod 5) 
57. Cl — 3) (nod) 58. (0 — 2) (mod 5) 


In problems 59-74, find a value of n in the set {0, 1, 2, 
3, 4} that will make the given congruence true. 


59. 4 x (3 + 0) =(4 X 3) + (4 X n) (mod 5) 
60. 2X (1 + 3) =(2 X 1) + (n X 3) (mod 5) 
61. 2X 0 + 3)=(2 Xn) + (2 X 3) (mod 5) 
62. 4X (1 +n) =(4 X 1) + (4 X 2) (mod 5) 
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63. 2+n=3(mod5) 64. n+3=1 (mod 5) 
65. 2Xn=4(mod5) 66. 3 =2 Xn (mod 5) 
67. n—3=4(mod5) 68. 2=n-— 1 (mod 5) 
69. 3=n—4(mod5) 70. n—-2=1(mod5) 


71. = = 4 (mod 5) 72. = =2 (mod 5) 


W|s 


n 
2 
73. }=n(mod 5) 74. 5 =n(mod 5) 

In problems 75-78, use Table 8.7 and multiplication 


modulo 5. 


75. Is the set S = {0, 1, 2, 3, 4} closed with respect 
to X? 


76. Is the set operation X commutative? 


77. Is there an identity for the operation X? If so, 
what is this identity? 


78. Find the inverse (if possible) of the following: 
a. 0 b. 1 Cc. -2 d. 3 e. 4 


Problems 79-86 refer to the Chinese zodiac signs dis- 
cussed in Example 9. 


79. Find the sign for a person born in 1985. 
80. Find the sign of a baby born in 2000. 


81. A person tells you that his sign is the ox. Can you 
tell in what exact year the person was born? Can 
you find out if the person tells you that he is in 
his 20s? 


82. A goat sign person tells you that she is 30 some- 
thing. How old is the person? 


83. A person tells you that his sign is the dragon. 
What additional information do you need to find 
his exact age? 


84. A person tells you that her sign is the snake and 
that she was born in the 60s. Can you determine 
her exact age? 


85. List all the years of the rat, starting in the 1940s. 


86. List all the years of the tiger, starting in the 
1950s. When is the next year of the tiger? 


@™ in Other Words 


87. Find out about military, or international, or air- 
line, time. How many hours does a military clock 


have? Discuss the advantages of military time 
over regular time. 


88. In algebra, if a and b are real numbers and 
a:b=0,thena =0orb=0. 
a. In your own words, write an equivalent theo- 
rem for clock arithmetic. 
b. How many numbers a and b can you find such 
that a () b = 12? 


89. In-your own words, write all the similarities and 
differences between clock arithmetic and regular 
arithmetic. 


90. Suppose you are tracking a package for Federal 
Express. The customer claims that the package 
number is 0005234981 or 0005234983. Which is 
correct? Explain your answer. 


G@ Using Your Knowledge 


Look at the back cover of this book. What did you 
find? The ISBN (International Standard Book 
Number) is a ten-digit number that encodes certain 
information about the book. (Some books show the 
ISBN only on the copyright page.) Say that a book’s 
ISBN is 0-669-28957-4. The following diagram shows 
the reference of each part of the ISBN: 


eee The book 


0-669-28957-4 
ie Publisher 


But what about the 4 at the right end? This digit is a 
check digit that is used to verify orders. The check 
number is obtained from the other digits as follows: 
Write the numbers 10, 9, 8, 7, 6, 5, 4, 3, and 2 above 
the first nine digits of the ISBN, and then multiply 
each of these digits by the number above it and add the 
results (see the diagram at the top of page 561). 

To get the check number (4 in our ISBN), divide the 
sum 282 by 11 and take the remainder; r = 7. The check 
number c is the solution of c + r = 0 (mod 11); that 
is, c + 7 = 0 (mod 11) for the replacement set {0, 1, 
2,...,10}.Since4 + 7 = 11 =0(mod 11), you see that 
the check number is c = 4. Note that the easy way to get 
the check number is to subtract the remainder r from 11. 

Use these ideas to solve the following problems. 
Note that if the check number is 10, it is written as the 
Roman numeral X. 


English-speaking country 


91. If the first nine digits of the ISBN are 0-06- 
040613, find the check number. 


SO \"\FS 
ED 0 
ER €o 
eo ¢€x~1 
EN €O 
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OC 


oOo CM 
nO 
<¢~ enw 


(10-0) + (6) + (8: 6),4+2(7.- 9) 4.(6.52) +5: 8) + (4+ 9) +.) 5) +.2-7) 


= 0 
= 282 


+ 54 + 48 + 63 + 


92. If the first nine digits of the ISBN are 0-517- 
53052, find the check number. 


93. Find the check number for ISBN 0-312-87867. 


94. The last digit of the book number in the ISBN 
0-060-4098M83 was blurred as indicated. What 
must this digit be? 


95. Find what the blurred digit must be in the ISBN 
0-03-05891@4-2. 


96. Find what the blurred digit must be in the ISBN 
0-7 1618-0456-0. 


Discovery 


Clock arithmetic can also be defined on the 5-hr clock 
in the following figure. We agree that on this clock 
1G) 4 =0 (not 5). 


0 


3 2 


97. Can you discover the addition table for 5-hr 
clock arithmetic? 


98. Is the set S = {0, 1, 2, 3, 4} closed with respect 
to clock arithmetic? 


99. Is the operation © commutative? 


100. Is there any element of S that does not have an 
inverse with respect to @)? 


(Remember to bookmark the Bello book-specific Web site.) 


PS pire 40 36.0 st 





Ly. 4 


ae Collaborative Learning 


Do you remember Pascal’s triangle? The triangle is 
formed by starting and ending each row with the number 
1. In the third row, the number 2 is obtained by adding 
1 + 1 in the preceding row. Now, in the fourth row the 
3 is the sum of 1 + 2 in the preceding row. And so on. 
1 
it 
bed 
ose 


1. Construct the next 3 rows of the triangle. 


2. Now, let us convert the number in each of the rows to 
arithmetic modulo 2. The first four rows are shown. 
1 1 
Le} et 
12.4 Or 
Leek Leer teal 
Complete the first 7 rows. 
3. Now, let a black square represent a 1 and a white 
square a 0. The first four rows are shown. 
Pet 
Ort 
het 





Complete the next 3 rows. 


4. Form three or more groups of students. Each group 
constructs a diagram using modulo 3, 4, 5, and so on. 


5. Access link 8.3.3 at the Bello Web site. 
Write a report on your findings. Discuss the 
findings with the other groups. 
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GETTING STARTED 


ere 


84 
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Evens, Odds, and Mathematical Systems 


Suppose you encounter the mysterious Table 8.9. What do you think this table 
represents? If you think for a moment, you will see that the table exhibits the fact 
that if you add two even numbers the answer is even, an even and an odd num- 
ber yields an odd, an odd and an even number yields an odd, and an odd and an 
odd number yields an even. As you recall from Section 8.3, a mathematical sys- 
tem consists of a set of elements, {E, O} in this case, one or more operations 
(+ here), one or more relations (=), and some rules, axioms, or laws that the ele- 
ments in the set satisfy (E + O = O, for example). In this section you will study 
mathematical systems in general. To prepare for this study, can you finish defin- 
ing the operation X in Table 8.10? If you do it successfully, you are ready to start 
studying abstract mathematical systems. 


TABLE 8.9 TABLE 8.10 


Abstract Mathematical Systems 


In this section we shall concentrate on the rules and laws that are obeyed by 
abstract mathematical systems. To illustrate the ideas involved, we shall define 
aset A = {a, b, c, d, e} and an operation *, which we shall call star. The opera- 
tions on the set A can be defined by a table similar to the one used to define the 
addition of natural numbers or the addition in modulo 5. Suppose that the oper- 
ation « is defined by Table 8.11. 

To perform the operation star on any pair of elements, say b and c, we find 
the element that is in the b row and the c column (rows are horizontal and 
columns are vertical), as shown in Table 8.12. From this table we can see that 
b*c =e. Similarly, a * b = candc «d= b. 


TABLE 8.11 TABLE 8.12 





EXAMPLE 1 


DEFINITION 8.12 


EXAMPLE 2 


DEFINITION 8.13 


EXAMPLE 3 
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Use Table 8.11 to find the result of each of the following operations: 

(a) bxe (b) d«b (c) (ax b)*c 

Solution 

(a) b * e corresponds to the entry in the b row, e column; that is, b * e = b. 

(b) d * b corresponds to the entry in the d row, b column; that is, d « b = a. 

(c) a * b is in parentheses, so we must find a * b first. Thus, (a * b) * c = 


C*¥C=a4. |_| 


By proceeding as in Example 1, we can find the result x * y for all elements 
x and y that are in S, and it is evident that the result is also in $. The name that 
we give to this property is closure. 








: - Aset A is closed under the operation + if, for all aandb in A, a * bis also : 


Intuitively, we say that the set A is closed under the operation * if the opera- 
tion is always possible and if no new elements are introduced in the table defin- 
ing the operation. For example, the set of natural numbers is closed under the 
operation of addition, because for any two natural numbers a and b, a + bis also 
a natural number. On the other hand, the set of natural numbers is not 
closed under subtraction since, for example, 5 — 7 = —2, which is not a natural 
number. 


Consider the sets A = {0, 1} and B = {1, 2}. Are these sets closed under ordi- 
nary multiplication? 


Solution The set A is closed under multiplication, because all possible products 
0x0=0,0 xX 1=0,1 X 0 =0, and 1 X 1 = 1 are in A. On the other hand, 
the set B is not closed under multiplication, because 2 < 2 = 4, which is not 
in B. a 


Another important property previously discussed in connection with the nat- 
ural numbers is associativity. 


Ae operation « defined on a set A is associative if, for all a, b, and c in A, 





c=a * (Db * Cc) 


For example, the intersection of sets that we studied in Chapter | is associa- 
tive, because for any three sets A, B, and C, we have 


AN(BNC)=(ANBNC 


In Table 8.11, check to see whether each of the following is true: 


(a) (ax b)*d=a*(b*d) (b) (Cc *a)*e=c*(a*e) 
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DEFINITION 8.14 


EXAMPLE 4 


DEFINITION 8.15 


Solution 


(a) Table 8.11 gives a * b = c, so a * b can be replaced by c to obtain 
(a « b) * d = c * d. Then, because the figure gives c * d = b, we see that 
(a x b) x d = b. Similarly, we find that a « (b * d) = a* a = b. The result in 
both cases is b, so (a * b) *d =a*(b*d). 


(b) Again, by using Table 8.11, we find that (c * a) * e = d * e = d and 
cx(a*xe)=cxa=d. Because the result is d in both cases, we have 
(c*a)*e€=C*(a*e). a 


. 


Can we conclude from Example 3 that the operation * is associative? The 
answer is no, because we have not checked all the possibilities. Try some other 
possibilities and state whether * is associative. 

The next property we shall discuss is the commutative property. 





For example, the intersection of sets that we studied in Chapter | is commu- 
tative, because for any two sets A and B,AN B= BNA. 


In Table 8.11, check to see whether each of the following is true: 
(a) bxd=dxb (b) exc=cxe 

Solution / 

(a) bx d =aandd* b =a; thus,b*d=d*b. 


(b) exc =candc *e =c;thus,e*c=c*e. @ 


Can we conclude from Example 4 that the operation « is commutative? 
Again, the answer is no, because we have not checked all the possibilities. 
However, there is a simple check that we can make. Since the top half of the table 
is the reflection of the bottom half across the diagonal going from the upper left 
to the lower right, the operation is commutative. 

As we noted in Chapter 4, the set of integers has an additive identity (0), such 
that for any integer a,a + 0 = a = 0 + a. Similarly, | is the identity for multi- 
plication, because a: 1 = a = 1 - a. The idea of an identity can be generalized 
by means of the following definition: 





For example, for the operator *« defined on the set A = {a, b, c, d, e} in Table 
8.11, the identity element is e, as we can easily check. Notice that the column 
directly under the identity element e is identical with the column at the far left, 


TABLE 8.13 


EXAMPLE 5 





TABLE 8.14 





DEFINITION 8.16 


EXAMPLE 6 





a b 
b a 
TABLE 8.15 


EXAMPLE 7 





a c 
b b 
Cc a 


a b 
G a 
b Cc 
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and the row opposite the element e is identical with the row across the top of the 
table. This appearance of the operation table is characteristic for any set that has 
an identity element under the operation. 


Let A = {a, b, c}, and let * be an operation defined on A. If c is the identity ele- 
ment, what do you know about the table that defines the operation *? 


Solution From the preceding discussion, we can complete a partial table like 
Table 8.13. The column at the far right is identical to the column at the far left; 
the row across the bottom is identical to the row across the top. B 


Closely related to the idea of an identity is the idea of an inverse. For exam- 
ple, the additive inverse of 3 is —3, because 3 + (—3) = O (the additive 
identity). Similarly, the multiplicative inverse of 3 is i, because 3 X ; = | (the 
multiplicative identity). In order to find the inverse of a number a under addition, 
we need a number b such that a + b = 0; similarly, to find the inverse of a num- 
ber a under multiplication, we need a number b such that a X b = 1. These ideas 
can be summarized by the following definition: 





Consider Table 8.14, which defines the operation #. Find the following: 
(a) The identity (b) The inverse of a (c) The inverse of b 
Solution 


(a) The identity is b, because the column under b is identical to the column at 
the far left and the row opposite b is identical to the row across the top. 


(b) We have to find an element to fill the blank ina # = b. From the table 
we can see that this element is a, because a # a = b. Thus, a is its own 





inverse. 

(c) We have to find an element to fill the blank in b # —__ = b. From the 
table we can see that this element is b, because b # b = b. So, b is its own 
inverse. i 


Consider the operation # defined by Table 8.15. 
(a) Is there an identity element? 

(b) Do any of the elements have inverses? 

(c) Is the operation commutative? 


Note that this table of operations corresponds to rotations in the plane as shown 
in Figure 8.6. 


Solution 


(a) There is no column identical to the column under #, so there is no identity 
element. 
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DEFINITION 8.17 


FIGURE 8.6 
1 1 1% 1 
= 


a # 120°° b # 240° c # 360° 


S 


(b) Since there is no identity element, there are no inverses. 
(c) The operation is not commutative. For example, 
a#b=a but b#a=b aa 


As in the case of modular arithmetic, there is a property that involves two oper- 
ations. This property is called the distributive property and is defined as follows: 





For example, the operation of multiplication defined on the set of real numbers 
is distributive over addition because, for any real numbers a, b, and c, 


aX (b+c)=(aXb)+(aXc) 

On the other hand, addition is not distributive over multiplication because 
a+ (bXc)#(atb) X (atc) 

as shown by the example 


3+ (4X5) =3+ 20 = 23 
(3+ 4) X (3+5)=7 X 8 = 56 


Thus, 
3+ (4X 5)=23#8+4)XG6+5)=56 


Now, let us consider two operations, F and S, defined for any two natural 
numbers a and b as follows: 


1. a F b means to select the first of the two numbers. 


2. a S b means to select the smaller of the two numbers. Ufa=b,thena Sa 
is defined to be a.) 


Thus, 3 F 5 = 3,5 F 3 =5,and4 F 1 = 4. Similarly, 3 S 5 = 3,5 S 3 =3, 
4) So =iiand 2) Sig=19) | 


EXAMPLE 8 


— 


DEFINITION 8.18 
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Is the operation F distributive over S? 


Solution Recall that a F b means to select the first of the numbers and that 
a S b means to select the smaller of the two numbers a and b (if the numbers are 
the same, select the number). To show that F distributes over S, we have to show 
that 


aF(bSc)=(@FbD)S(@Foc) 


We know that a F (b S c) = a (because a is the first number). Also, a F b = a 
anda F c =a, so —- 


(a F b)S (aFc)=aSa=a 
Thus, 
aF(bSc)=(aFb)S(aFc) 


This shows that F is distributive over S. Sl 


Groups and Fields 


Interest in mathematical systems such as those we just studied started in the early 
nineteenth century with the study of groups. 





For example, the set of integers with the operation of addition has the 
following properties: 


Closure The sum of two integers is always an integer. 
Associative If a, b, and c are integers, then 
at G-+ ¢) = (a bye. 
Identity The integer 0 is the identity element such that 
0+a=a+0=<a for every integer a. 
Inverse If a is an integer, then —a is an integer such that 
a+ (—a) = 0. 
Commutative If a and b are integers, thena + b=b + a. 


Thus, the set of integers is a commutative group under addition. 

Although group theory was developed by many mathematicians, the French 
mathematician Evariste Galois is usually considered the pioneer in this field. 
However, the origin of group theory can be traced back to the efforts of the 
Babylonians in solving equations of degree greater than 2. At the time of the 
Renaissance, the Italian mathematicians Girolamo Cardano and Nicolo de 


568 


8 Mathematical Systems and Matrices 


EXAMPLE 9 


EXAMPLE 10 


Brescia, commonly referred to as Tartaglia (“the stammerer”), made the first 
successful attempts to solve equations of third and fourth degree. After their dis- 
coveries, it seemed natural to pursue methods to solve equations of degree 5 and 
higher. Galois investigated the general properties of the equations involved and 
the properties of their solutions. These studies led to the theory of groups. 


Does the set S = {0, 1, 2, 3, 4}, together with the operation of multiplication 
modulo 5, form a commutative group? 


Solution The multiplication tablé for this system is shown in Table 8.16. We 
check the five properties as follows. 


TABLE 8.16 Multiplication Modulo 5 





1. The set S is closed, because all the entries in the table are elements of S. 


2. The operation is commutative, because the reflection of the bottom half of the 
table along the diagonal is identical to the top half. 


3. The operation is associative. 
4. The identity for this system is 1. 


5. All the elements, except 0, have inverses. Zero does not have an inverse 
because there is no number a in S such that 0 X a = 1. The inverses are as 
follows: 


The inverse of 1 is 1 (1 X 1 = 1). 
Theanverse of 2 1s 3: (2 San): 
The inverse of 3 is 2 (3 X 2 = 1). 
The inverse of 4 is 4 (4 X 4 = 1). 


Since the system does not have an inverse for 0, the system is not a group under 
the operation of multiplication modulo 5. fe 


If the number 0 is omitted from the set in Example 9, is the resulting system a 
commutative group? 


Solution The multiplication table for this system is Table 8.16 with the 0 row 
and the 0 column omitted. From the discussion in Example 9, we see that this 
system has all the required properties and is thus a commutative group. a 


The distributive property is the only property we have studied that involves 
two operations. We now turn our attention to a kind of mathematical system, 
called a field, which consists of a set S and two operations. 
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_ DEFINITION 8.19 











Problem Solving 














Groups and Fields 


1. Read the problem. Show that the system consisting of the set S = {0, 1, 2, 3, 4} and the operations 
of addition and multiplication modulo 5 is a field. 


2. Select the unknown. You have to show that the set S together with the operations + and X modulo 5 


form a field. 

3. Think of a plan. Thus, you have to show that + and X have the closure, associative, identity, 
What do we have to show? inverse, commutative, and distributive properties. 

4. Use the results of Example 9 to The operation + modulo 5 has the closure, associative, identity, inverse, and 
verify that the operations commutative properties, as shown in Table 8.8, and the operation X modulo 5 
of + and X modulo 5 satisfy the has the closure, commutative, associative, identity, and inverse properties 
properties stated in Definition 8.19. (except that 0 has no inverse) as shown in Example 9 of this section. Finally, < is 

distributive over + in the set of real numbers. Thus, X is distributive over + in 
the set S. 
5. Verify the solution. You can examine Tables 8.6 and 8.16 and verify the properties mentioned. In 


general, it can be shown that if p is any prime number, then the integers modulo 
p form a field under + and X . 


TRY EXAMPLE 11 NOW. Cover the solution, write your own, and then check your work. 





EXAMPLE 11 Let S = {Odd, Even}, and let + and X be two operations defined by Tables 8.17 
and 8.18 on page 570. You may recognize that these operations correspond to 
adding or multiplying odd and even numbers. For instance, an odd number added 
to an even number gives an odd number; thus, Odd + Even = Odd. Similarly, 
Even X Even = Even. Does the set S = {Odd, Even} form a field under 
the + and X operations? 
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TABLE 8.17 








www: 


For an introduction to group 
theory, access link 8.4.1 at the 


Solution 


i 
Ze 


Closure: The tables show that S is closed under the two operations. 


Associative: Both operations are associative. For example, 

Odd + (Odd + Even) = Odd + Odd = Even, and 

(Odd + Odd) + Even = Even + Even = Even, so that 

Odd + (Odd + Even) = (Odd + Odd) + Even. (You can check the other 
cases in the same way.) 


. Commutative: The two tables,show that both operations are commutative. 


. Identity: The identity for + is Even, because the column under Even in Table 


8.17 is identical to the column at the far left, and the row adjacent to Even is 
identical to the top row. You can check in the same way that the identity 
for X is Odd. 


. Inverse: The inverse of Even under + is Even because 


Even + Even = Even. The inverse of Odd under + is Odd, because Odd + 
Odd = Even. The inverse of Odd under X is Odd because Odd X Odd = 
Odd. There is no inverse of Even under X (see Definition 8.19, part 4). 


. Distributive: The distributive property of over + holds because it holds for 


multiplication over addition for the real numbers. 


Thus, the set S = {Odd, Even} with the operations + and X satisfies all the 


Bello Web site. requirements of Definition 8.19, so the system is a field. a 
Exercise 8.4 

ry In problems 1-7, consider the set S = {a, b, c} 4. Find the following: 

and the operation @ defined by the following table: a. (a @ b) @a b. a @ (b @a) 





a G a b 
b a b G 
Cc b G a 


1. Find the following: 


a.a@b b. b@c 


2. Find the following: 


a. a @ (b @c) b. (a @ b) @c 
c. Are the results in parts (a) and (b) identical? 


3. Find the following: 


a. b @ (a @ b) b. (b @ a) @b 


c. c@a 


c. Are the results in parts (a) and (b) identical? 


5. Find the following: 
a.b@c b. c@b 
c. Are the results in parts (a) and (b) identical? 


6. Is the operation @ a commutative operation? 
Explain. 


7. Is the set S closed with respect to the operation @? 
Explain. 


8. Suppose a F b means to select the first of two 
numbers a and b, as in Example 8 of this section. 
Let A = { 1,2, 3}. 

a. Make a table that will define the operation F on 
the set A. 
b. Is A closed under the operation F? 


c. Are the results in parts (a) and (b) identical? c. Is the operation F commutative? 





| Info| + jf http://college.hmco.com/mathematics f search 





_ (Remember to bookmark the Bello book-specific Web site.) 


d. For any three natural numbers a, b, and c, show 
that 


aF (bE c)=(aF b) Fc 


9. Let the operation F be defined as in problem 8, and 
let N be the set of natural numbers. 
a. Is the set N closed under the operation F? 
Explain. 
b. Is the operation F associative? Explain. 
c. Is the operation F commutative? Explain. 


10. Let S be the set of all multiples of 5 (0, 5, 10, and 

so on). 

a. Is the set S closed with respect to ordinary 
multiplication? 

b. Is the operation of ordinary multiplication 
commutative on §? Explain. 

c. Is the operation of ordinary multiplication 
associative on S? Explain. 


11. Are the following sets closed under the given 
operation? 
a. The odd numbers under addition 
b. The odd numbers under multiplication 
c. The even numbers under addition 
d. The even numbers under multiplication 


12. Give an example of an operation under which the 
set {0, 1} is 
a. not closed. 
b. not associative. 
c. not commutative. 


Let S = {©, {a}, {b}, {a, b}}. The following table will 
be used in problems 13-18. The entries in the table 
represent the set intersection of the elements in the cor- 
responding rows and columns. 





13. Supply the missing entries in the table. 


14. Find the following: 
a. ({a} M {b}) M {a, b} 
b. {a} 1 ({b} A {a, b}) ; 
c. Are the results in parts (a) and (b) identical? 
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15. Find the following: 
a. ({b}  {a, b}) N {a} 
b. {b}  ({a, b}  {a}) 
c. Are the results in parts (a) and (b) identical? 


16. In Chapter 1 you learned that for any three sets A, 
B, and C,A M (BM C) = (AN B) NC. On the 
basis of this result, would you say that the opera- 
tion M defined in the table above is associative? 


17. Is the set S closed with respect to the operation 1? 
Explain. 


18. Is the operation M commutative? How can you 
tell? 


19. Suppose that a L b means to select the larger of the 
two numbers a and b (if the numbers are the same, 
select the number). 

a. Complete the following table. 
b. If there is an identity element, what is it? 








20. Does the set A = {1, 2, 3, 4} have an identity? If 
so, what is this identity? 


21. Find the inverses of the following: 
a. | b. 2 CH3 d. 4 


22. Consider the set § = {—1, 0, 1} and the operation 
of ordinary multiplication. Complete the table. 
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23. Does the set S = {—1, 0, 1} of problem 22 have 
an identity under multiplication? If so, what is this 
identity? 


24. For the set S = {—1, 0, 1} of problem 22 under the 
operation of multiplication, find the inverses (if 
possible) of the following: 
a-al barat ce.0) 


25. If U is the set of all subsets of any nonempty set 
A, do or answer the following: 
a. Find the identity element for the operation of 
set intersection (1M). 
b. Can you find more than one identity? 


The table below will be used in problems 26-28. 





26. Is the set S = {0, 1, 2, 3} closed under the 
operation @? 


27. Does the set S have an identity with respect to the 
operation @? If so, what is this identity? 


28. Find the inverses (if they exist) of the following: 
a. 0 b. 1 Cae d. 3 


In problems 29-32, let F be defined as in problem 8 
and let a L b mean to select the larger of the two num- 
bers a and b (if a = b, assume a Lb = a) as in prob- 
lem 19. 


29. Find the following: 


aon) Fk) b. 4 F (5 L 6) 
30. Find the following: 
a. 4L (4 F 5) b. 5 L (6 F 7) 


31. Does the distributive property a F (b L c) = 
(a F b) L (a F c) hold for all real numbers a, b, 
and c? Explain. 


32. Does the distributive property a L (b F c) = 
(a L b) F (a Lc) hold for all real numbers a, b, 
and c? Explain. 


33. In ordinary arithmetic, is multiplication distribu- 
tive over subtraction? 


34. In ordinary arithmetic, is division distributive 
over subtraction? [Hint: Look at the two forms 
a (bc) =(a—> by (a 0) and CO Dine 
= (4. = OF ie): 

35. In the arithmetic of fractions, is multiplication dis- 
tributive over addition? 


36. In the arithmetic of fractions, is addition distribu- 
tive over multiplication? 


37. Let S = {a, b, c}, and let * be defined by the fol- 
lowing table. Is S a group with respect to the 
operation *? 





In problems 38—49, determine whether the given set 
forms a group under the given operation. For each set 
that is not a group, give one specific example of a con- 
dition that is not satisfied. 


38. The odd integers under the operation of addition 


39. The odd integers under the operation of multipli- 
cation 


40. The even integers under the operation of addition 


41. The even integers under the operation of multipli- 
cation 


42. The positive integers under the operation of 
addition 


43. The positive integers under the operation of mul- 
tiplication 


44. The integers under the operation of addition 
45. The integers under the operation of multiplication 


46. The real numbers under the operation of multipli- 
cation 


47. The real numbers under the operation of addition 
48. The set {—1, 0, 1} under the operation of addition 


49. The set {—1, 0, 1} under the operation of multi- 
plication 
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50. Complete the following table so that the result will 
be a group under the given operation. 





51. Let S = {a, b, c, d, e}, and let # be defined on S 
by the following table. Is the set 5 under the oper- 
ation # a group? If not, give one specific example 
of a condition that is not satisfied. 





In problems 52—56, determine whether the given sets 
form a field under the operations of addition and mul- 
tiplication. 


52. The set of positive odd integers 

53. The set of positive even integers 
54. The set of integral multiples of 5 
55. The set of integral multiples of 2 


56. The set of all real numbers 


In Other Words 


Suppose you are given a set S and a table defining the 
operation ®. For problems 57-60, explain in your 
own words the procedure for determining whether 


57. the set S is closed under the operation @. 
58. the operation ® is commutative. 
59. there is an identity for the operation @. 


60. two elements, say a and bd, are inverses of each 
other. 


61. Explain a procedure you can use to verify that the 
operation * of problem 37 is associative. How 


many cases do you have to check to be convinced 
that * is associative? 


62. Suppose that an associative operation - is defined 
for every pair of elements of a set S and that S 
is closed under this operation. There is a theorem 
that can save work when trying to show that 
this system is a group. This theorem says that 
if there is an identity element e in S such that 
e+ x = x for every element x of S and if every ele- 
ment x of S has an inverse £ in S such that £- x = e, 
then the system is a group. Explain the proce- 
dure you would follow to use this theorem to solve 
problem 37. How many cases do you have to 
check now? 


Ga Using Your Knowledge 


The distributive property can be used to shorten the 
labor in certain multiplication problems. For instance, 
the product of 6 and 999 can easily be found by 
writing 

6 X 999 = 6 X (1000 — 1) = 6000 — 6 = 5994 


Use this idea to calculate the following products: 


63. 6 X 9999 64. 8 x 99 
65. 7 X 59 66. 8 x 999 
67. 4 x 9995 68. 3 x 9998 


Discovery 


The distributive property can be used in an interesting 
way in number puzzles. Have you ever seen a magi- 
cian ask a person in the audience to think of a number 
and do several things with it? Then, without knowing 
the original number, the magician knows the number 
with which the person ended up! The following is one 
of these puzzles: 

Think of a number. 

Add 3 to it. 

Triple the result. 

Subtract 9. 

Divide by the number with which you started. 

The result is 3. 


In the following table are the calculations of four per- 
sons who selected different numbers. 
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FES Penner | “Attention!” “Right face!” “Left face!” and “About 

7 BABES eee face!” Let the operation mean followed by. L fol- 

lowed by A has the same effect in terms of the final ori- 

LY RR entation of the group members as the single command 

eS R. So we enter R in row L column A. With this infor- 

AO mation, each group leader should give the proper com- 
Soo mands to fill in the blanks in the table. 


Divide by the 

number with 

which you started. 
The result is always 3. 





69. Why does the puzzle work? (Hint: Let x be the 
number you select and work through the puzzle.) 





70. What is the result of the following puzzle? 
Think of a number. 


aebance po 1. Is the set C closed under the operation [FB]? 
Double the result. Explai 

xplain. 
Subtract 4. 


Divide by the number with which you started. . What is the identity element? 


The result is 





. What is the inverse of At? 
. What is the inverse of R? 


. What is the inverse of L? 





2a Collaborative Learning 


: ; ; . What is the inverse of A? 
Here is an actual mathematical group that provides 


aerobic benefits. Form several groups each with a copy 


of the table that follows. Select a leader for each group . Is the set consisting of the set C and the operation 
and let the rest of the members of the group stand at 


5 é [FB] ? Explain. 
attention. Consider the set C = {At, R, L, A}, where the a 
elements Ar, R, L, and A stand for the commands 9. Is the operation commutative? Explain. 


hie 
Game Theory 


GETTING STARTED __ Have It Your Way 


. Is the operation associative? Explain. 


Son nA an FB. WH WY 


yt. Have you noticed that when a fast food chain such as McDonald’s opens a 
———___ testaurant, another fast-food chain, maybe Burger King, starts a competing 
restaurant within a couple of blocks? Why do you think this happens? Either both 

chains conduct extensive fast-food demand, demographic, and location surveys, 

reach the same conclusion, and target the same population, or one of the chains 

does most of the research and the other just follows. Now, suppose McDonald’s 

and Burger King wish to open restaurants. They can decide to open on opposite 

sides of town (O) or in a central location (C) near each other. If they both open 

on opposite sides of town (O) or in a central location (C) near each other, each 

will get 50% of the targeted business. If McDonald’s opens in the central loca- 

tion (C) and Burger King on the other side of town (O), McDonald’s gets 70% 





It is not unusual to see compet- 
ing fast-food franchises in close 
proximity to one another. 
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of the business (and Burger King 30%). However, if McDonald’s opens on the 
other side of town (O) and Burger King in the central location (C), McDonald’s 
gets 40% of the business (and Burger King 60%). What should each of the fran- 
chisers do to ensure their greatest incomes? The percentage gains or losses for 
McDonald’s can be the entries in a payoff matrix, and the optimal strategies can 
be obtained by examining the rows and columns in this matrix. 


Column (C) 
Hae 
Ei ee ds 
a, aes 7 


To see how such a situation can be represented by a matrix, look at the sim- 
ple game of matching pennies. In this game, two players R and C each toss a 
penny. If they match (HH or TT), R keeps both pennies, but if they do not, C 
keeps both pennies. In the matrix representation for this game, the column head- 
ings H and T represent the outcomes (Heads or Tails) for C, the row headings 
represent the outcomes for R, and the matrix entries give the payoffs for R. Note 
that row 1, column | corresponds to the outcome HH, and since there is a match, 
R wins one penny (+1). On the other hand, in row 2, column 1, the outcomes are 
TH aud, since there is no match, R loses a penny (— 1). 

Now, for which of these situations (choosing a location or matching pennies) 
do you think it is easier to develop a winning strategy? Surprisingly enough, you 
will see in this section that it is easier to develop a winning strategy for the 


restaurant situation. 2 


In business, economics, the sciences, and the military, decisions have to be made 
in Competitive situations that are similar to games played according to formal 
rules. The branch of mathematics that deals with the analysis of competition and 
conflict is called game theory and was started because of the efforts of John von 
Neumann, Emil Borel, and Oskar Morgenstern. Two-person games (or matrix 
games) are those that have only two adversaries or players always making intel- 
ligent choices. Matching pennies and the selection of a restaurant location by 
two different franchises are examples of two-person games. Let us construct the 
payoff matrix denoting the percentage gains for McDonald’s as described in 
Getting Started. The following is the information we need: 


1. If McDonald’s selects O or C, and Burger King chooses the same location, 
each will get 50% of the business. 


2. If McDonald’s picks C and Burger King O, McDonald’s gets 70% (and 
Burger King 30%). 


3. If McDonald’s selects O, and Burger King C, McDonald’s gets 40% (and 
Burger King 60%). 


From (1), we can enter 50 in row I, column | and in row 2, column 2. 
From (2), we can enter 70 in row 1, column 2. 
From (3), we can enter 40 in row 2, column 1. 


Burger King 
CFO 
Ae he 


DO 40. 50 
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This game and the penny-matching game are constant-sum games, since the 
sum of the payoffs is a constant (in the McDonald’s—Burger King game, the 
McDonald’s percentage plus the Burger King percentage is a constant 100%). In 
the penny-matching game the sum of the payoffs is 0. Thus, matching pennies is 
called a zero-sum game. 


Saddle Points 


In game theory a player seeks an optimal strategy, a strategy that maximizes the 
player’s gain or minimizes his or her loss. What should the strategy for 
McDonald’s (the row player) be? To select row 1 or row 2? If it selects row 1, it - 
has a chance of getting 70% of the business! But Burger King will then pick col- 
umn |, and each will end up with 50%. Certainly, row 1 is better than row 2 for 
McDonald’s, since the best it can do in row 2 is 50%, but it is also possible to 
end up with only 40% if Burger King picks column 1. Thus, the best strategy for 
McDonald’s is to select row 1. If we think of McDonald’s as player R, the row 
player, this discussion suggests the following method for developing an optimal 
pure strategy for player R: 





Note that this strategy guarantees the greatest gain to R, independent of the other 
player’s choice. 

What strategy should Burger King follow? If it selects column 2, 
McDonald’s will certainly select row 1, giving McDonald’s 70% of the business. 
Thus, the best strategy for Burger King is to select column 1. 





In this game, the optimal pure strategy for McDonald’s is to select row 1 and 
the optimal pure strategy for Burger King is to select column 1. Note that 50 
is both the smallest element in its row and the largest element in its column. 50 
is called a saddle point and it is the value of this game. 
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EXAMPLE 1 If the entries represent payoff values for the row player, determine which of the 
following matrices define strictly determined games and find the values of the 


games: 
(a) 1 3 -2 (b) | -2 1 -3 
al 0 4 3 4 1 
2 -3 1 —2 -4 -] 
(e)r} 2 3 2 4 
1 4 -3 3 
1, -1 O™=1 
2) 4 2 5 
Solution 


(a) For the row player, do the following: 
1. Circle the smallest element in each row (—2, —1, and —3). 


2. The row player’s optimal strategy is to choose the row that has the largest 
circled value, that is, the row containing —1 (row 2). 


LS C2 
os 


For the column player, do the following: 


< Choose row 2 


1. Box the largest element in each column (2, 3, and 4). 


2. The column player’s optimal strategy is to choose the column with the small- 
est boxed number, that is, the column containing 2 (column 1). 


1 [3] -2 
-1 o [4] 
[2] -3 1 


, 
Choose 
column 1 
Since there is no value that is both the smallest element in its row and 
the largest in its column, there is no saddle point. This game is not strictly 
determined. 


(b) The row player circles —3, 1, and —4. Since 1 is the largest of the three num- 
bers, the row player selects row 2. The row player’s optimal strategy is to 
select the row containing 1 (row 2). 


=2. i 3 


3 4 qd) < Choose row 2 


-2 €4 =-1 
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(c) 


The column player boxes 3, 4, and 1. Since 1 is the smallest of the three num- 
bers, the optimal strategy for the column player is to select column 3, the 
column containing 1. ine 


=) aS 
oe 
2 al 
T 
Choose 
column 3 


Since the 1 in the second row, third column is both the smallest element in 
its row and the largest element in its column (it is circled and boxed), this is 
a saddle point. The value of this strictly determined game is 1. 


The row player circles the smallest numbers in each row, 2 (twice) in row 1, 
—3 in row 2, —/ (twice) in row 3, and 2 (twice) in row 4. Since 2 is the 
largest of 2, —3, —1, and 2, the row player should select row 1 or row 4 (each 
containing 2 twice). 

The column player boxes the /argest numbers in each column, the 2s in 
column |, the 4s in column 2, the 2s in column 3, and 5 in column 4. The col- 
umn player should select column | or 3. 

Since the number 2 (columns | and 3) is both the smallest element in 
rows | and 4 and the largest element in columns | and 3, the game is strictly 
determined and its value is 2, occurring at four different saddle points. Note 
that 2 is both circled and boxed each time. 

3 4 

1 C323 


ee) 0c) 
ks 


As you can see from Example 1(c), a game can have more than one saddle point 
(four in this case), but they must all have the same value. 


B. Mixed Strategies 


The penny-matching game discussed in Getting Started does not have a saddle 
point. How can we develop a strategy to play this game a large number of times? 
Clearly, player R should not always play the same strategy (say H) for if she did, 
player C might always play T and win! So, R must play H some fraction p of the 
time and win (+1) and T the rest, or 1 — p, of the time and lose (—1). What can 
C do? Let us look at the payoff matrix. 


If C always chooses H, R’s expected payoff is 
Ee =D) se Glee PGSM) dpe 


If C always chooses T, R’s expected payoff is 


E, = (p)(-1) + A pid) = —2p + 1 
Column 
H ly 


H{[+1 - 
Row ; A 
fe —jb el 


EXAMPLE 2 
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Note that these two equations can be obtained by multiplying [p 1 — p] by the 
first and second columns, respectively, in the payoff matrix. Since the expected 
payoff for R should be the same, regardless of C’s choice, 


Ey = Ey 
or 

2p = — Op ot 
Solving for p, 


p=) 

This means that if C chooses H, R’s expected payoff will be 
E,,= 2p —1=2(4) -1=0 

and if C chooses T, R’s expected payoff will be 
E,= —2p + 1 = -2(4)+1=0 


At the present time most restaurants have a smoking section (S) and a non- 
smoking section (N). Suppose that the average smoker spends $15 per meal, and 
the average nonsmoker $10. A customer enters a restaurant and the manager has 
designated smoking and nonsmoking sections. If the person is a smoker and the 
smoking section is open, the restaurant makes $15, but if only the nonsmoking 
section is open, the smoker leaves and the restaurant makes nothing. If the cus- 
tomer is a nonsmoker and only the smoking section is available, the nonsmoker 
will leave and the restaurant will make nothing, whereas if the person is a non- 
smoker and the nonsmoking section is open, the restaurant will make $10. 


(a) Construct the payoff matrix for the manager. 

(b) Is there a saddle point for this game? 

(c) What proportion of the customers should the manager expect to be smokers 
and what proportion nonsmokers? 

Solution 


(a) If we use the rows for the manager’s choice and the columns for the cus- 
tomer’s choice, the payoff matrix is 


Customer 
S N 


. ae 4 
ee esciahuienn ors) 110 


(b) Customer 
55] © 
s 
Manager x (0) al 


There is no saddle point for this matrix. 
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(c) Let p be the proportion of customers that are smokers and 1 — p the propor- 
tion that are nonsmokers. The manager’s expectation for a smoking cus- 
tomer is : 


E, = p(s) + (1 — py) = 15p 


The manager’s expectation for a nonsmoking customer is 


Ey = p(0) + (1 — p)(10) = 10 — 10p 


To make each customer’s payoff be the same, we must have 


Es = Ey 
15p = 10 — 10p 
25p = 10 
p=} 
Thus, the manager should expect 2 of his customers to be smokers and 2 to 
be nonsmokers. Ne 


How hard do you study for your tests? It probably depends on the subject and 
your instructor’s reputation. The payoff matrix gives the average grade expecta- 
tions for students when a test that can be classified as Hard (H), Medium (M), 
or Easy (£) is given. 


Instructor 
HOM WE 
H |70 80 90 
Student M |75 70 80 
E50 260 20. 


On the basis of this information, what type of test should students expect? 


Solution First, we note that there is no saddle point. Think of the students and 
the instructor as competitors in a two person game. Certainly, the students would 
never choose row 3, since all the grades there are lower than the corresponding 
grades in row 1. Thus, the students eliminate row 3. (We say that row 1 domi- 
nates row 3). The result is 


Instructor 

iia 

H |70 80 90 
Student 

oat ae 70 a] 


On the other hand, the instructor would never let the students make 90s and 80s, 
that is, would never choose column 3. (Note that both columns 1 and 2 dominate 
column 3, since their corresponding values are smaller than those in column >); 


Thus, we can eliminate column 3 from further consideration; this leaves the 
2 X 2 matrix 


Instructor 
H M 
H i 2 
MitT5 70 


Student 


a 


www: 


To further explore game theory, 
saddle points, and strategies, 
access links 8.5.1 and 8.5.2 at 


the Bello Web site. 


Exercise 8.5 


In problems 1-8, decide whether each payoff matrix 
represents a strictly determined game. If the game is 
strictly determined, find the optimal pure strategy for 
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Now, let h be the proportion of times a hard test is given. Then 1 — h of the time 
the test will not be hard. The student’s expectation for a hard test is 


EO) Cl = 75) 

The student’s expectation for not having a hard test is 
Eo IKSO) + (= h)0) 

Thus, 
h(70) + (1 — h)(75) = h(80) + (1 — h)(70) 


—5h + 75 = 10h + 70 
=. 


ss on the basis of the pO given, the students should expect a hard test 
5 of the time and a medium test 2 + of the time. No easy tests are given! a 


13. Use the given payoff matrix to find the optimal 
mixed strategy and the value of the game for the 
row player. 


each player and the value of the game. 


re 
3 


J: 


| 
| 


In problems 9-12, do the following: 
a. Determine whether there is a saddle point. 
b. Find the mixed strategy for the row player. 


10. 
12. 


ot 


7 3 4 
-1 0 


A 
er 


a 


(Remember to bookmark the Bello book-specific Web site.) 


6 0 
2 4 


a 
DANG se 


=3 2 
jf 3 14. 


10 2453 1738 


Use the given payoff matrix to find the optimal 
mixed strategy and the value of the game for the 


row player. 
Lae 2 5 
gar Or ay 5,730 
hay 213 
8 —4 
Ae | 2 15. You are preparing for a test, but you don’t know 


whether it is an essay test or a multiple choice test. 
You can spend 2 or 4 hr studying for this test and 
the table shows the probable scores that you 
would make. On the basis of this table, what 


should you do? 
Ff ‘| Multiple 
21 Essay Choice 
11,0 eg 2 br 70 80 | 
6 3 pene 85 75 





| Info | 7 http://college.hmco.com/mathematics ] Seaizh 
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John must prepare for an English test and for a 
mathematics test. He decides to study 3 hr for one 
of the tests and 2 hr for the other. The table shows 
the probable scores he would make. What should 
he do? 


"English 2 hr 


Mathematics 3 hr 
English 3 hr 
Mathematics 2 hr 





Ann is planning to invest some of her savings in 
bonds, stocks, and money market funds. Her 
expected return will depend on whether interest 
rates rise or fall during the year. The table shows 
the expected returns. Find Ann’s optimum invest- 
ment strategy and the corresponding expected 
return. 


Bonds 


"Stocks ; 
Money market 





When stocks increase in price on a certain day, 
their prices tend to decrease the next day, and vice 
versa. The payoff matrix shows the pertinent per- 
cents. In the long run, what fraction of the time 
will the stock increase in price? 


Tomorrow’s Price 


Increase Decrease 
Today’s Increase 0.2 0.8 
Price Decrease 0.6 0.4 


Two gas stations R and C are competing with each 
other at a certain location. The percentage of the 
business captured by each station is dependent on 
the price and is given in the payoff matrix. How 
should station R price its gasoline? 


Station C 

SOO) S110 
Sperone $1.00 ree 4 
$1.10 30% 710% 


20. 


21. 


22. 


23. 


Manhattan is divided into three sectors: Uptown 
(U), Midtown (M), and Lower (L). The proportions 
of the time that a taxicab operating in Manhattan 
picks up a passenger in any sector and drops the 
passenger off in any sector are given by the payoff 
matrix. What is the expected percent of fares 
going from upper Manhattan to a different sector? 


Drop Off 
US ii TE 
U8? OS MNO 4a OE] 
Pick Up M |03 0.6 O.1 


L 0:2560330.4 


Car manufacturer’s ads rely on the performance or 
safety of the cars being advertised. Market studies 
show that ads based on performance are effective 
for 70% of the younger buyers and 20% of the 
older buyers, while ads based on safety are effec- 
tive for 80% of the older buyers and 40% of the 
younger buyers. If this process is viewed as a 
game between the manufacturer and buyers, do or 
answer the following: 

a. Give the payoff matrix for the game. 

b. In what proportion should the two kinds of ads 

be mixed for maximum effectiveness? 


You and your friend play a game with pennies and 
nickels. Each of you puts down a coin. If the coins 
match, you take both, and if they do not match, your 
friend takes both. Write the matrix for this game. 
What is your optimal mixed strategy and what is 
your corresponding expected payoff for this game? 


A farmer has a large acreage planted in strawber- 
ries. A freeze is predicted and the farmer must 
decide whether to turn on his water sprays to pro- 
tect the crop. He estimates that if there is a freeze 
and he turns on the sprays, he will save the crop 
and be able to sell it for $6000. If there is no 
freeze, he will be out the $400 in water and pump- 
ing costs. If he does not turn on the sprays and 
there is a freeze, he will lose $4000, but if there is 
no freeze, he can sell the crop for $4000. Make a 
matrix to show these figures and find the farmer’s 
optimal mixed strategy and his corresponding 
expected payoff. 


In Other Words 


24. 


Why do you think the value of a strictly deter- 
mined game is called a saddle point? 


25. Explain why, when a row i dominates another row 
j in a payoff matrix, j can be eliminated. 


26. Explain why, when a column i dominates a col- 
umn j in a payoff matrix, j can be eliminated. 


Ge Using Your Knowledge 


We are now ready to use your knowledge in love 
games. A young student is planning to send flowers, 
poems, or candy to his sweetheart, but there are several 
things to take into account. She may be allergic to 
flowers or on a very strict diet. The payoff matrix for 
the situation is 


Sweetheart’s Response 
Allergic Ona diet 


Flowers a 4 
He Sends Poems D) 5 
Candy 3 =2 


27. Which of the rows is dominated by row 2? 
28. Which row can be eliminated? 
29. What is the student’s optimal mixed strategy? 


30. What is the student’s expected value for this love 
game? 


ae Collaborative Learning 


We would be remiss if we failed to give you the oppor- 
tunity to solve a classic problem: The Prisoner’s 
Dilemma. Suppose two suspects, Bonnie and Clyde, 


Research Questions 
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are taken into custody and separately questioned by 
police. Each has the choice of confessing to the crime 
or not. If each confesses, both will be prosecuted and 
go to prison for 10 years. If neither confesses, both will 
serve a 1-year sentence on minor charges. However, if 
only one confesses and agrees to testify against the 
other, the one who confesses will go free and the other 
will go to prison for 20 years, the maximum charge. 
Let us write their prison sentences as ordered pairs of 
the form (B, C). The matrix for this situation will look 
like this. 


Clyde 
Confess Don’t 
Bonnie Confess 
Don’t 
1. Fill in the entries in the matrix with the four ordered 
pairs corresponding to the situations in which both 


confess, neither confesses, and one confesses and 
the other doesn’t. 


2. If Bonnie wants to minimize her time in jail, what 
is her best strategy: confess or not? 


3. If Clyde wants to minimize his time in jail, what is 
his best strategy: confess or not? 


4. What happens if they both reason the same way, so 
that both confess? 


5. What happens if they both keep quiet and don’t 
confess? 


6. What do you think the “dilemma” is? 


To further explore the Prisoner’s Dilemma, 
access links 8.5.3 and 8.5.4 at the Bello 
Web site. 


1. John von Neumann, Emil Borel, and Oskar Morgenstern are contributors to the 
development of game theory. Go to link 8.5.5 and find out the contributions of 


each to the theory. 


2. Write a small history of game theory stating the main contributors as well as 


their contribution. 


3. What is the Prisoner’s Dilemma, who discovered it, and what is its importance? 


State a different version and solution to the problem. 


(Remember to bookmark the Bello book-specific Web site.) 


| Info| =f http://college.hmco.com/mathematics | Seah | 
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Chapter8 SUMMARY 


Section 


8.1 


8.1 


8.1A 


8.1A 


8.1B 


8.1C 


8.2A 


8.3 


8.3 
8.4 


8.4 


8.4 


Item 


Matrix 


kA 


fats 


AB 


Augmented matrix 


Mathematical system 


a = b (mod m) 


Closure property 


Associative property 


Commutative property 


8 Mathematical Systems and Matrices 


Meaning 


A rectangular array of numbers 
enclosed in square brackets (or 
parentheses) 


The corresponding elements of 
matrices A and B are equal. 


Multiplication of each element 
of matrix A by the number k 


The sum of matrices A and B 


The product of the matrices 
A and B 


The identity matrix 


A matrix consisting of the 
coefficients of the variables and 
the constants in a system of 
equations 


A set of elements with one or 
more operations; relations; and 
rules, axioms, or laws 


a — bisa multiple of m. 


A set S is closed under an 
operation * if, for all a and b in 
A,ax*bisinA. 


An operation * is associative if, 
for all a, b, and c in A, (a * b) « 
c=ax(b*c). 


An operation * is commutative 
if, for alla and binA,a*b= 
b* a. 


Example 


ea 

5 lea ng 
bal laa 
al* alles 


Lore 


0 Aha 26] 


[3 a| 
For a2 X 2 matrix, 


a 


The augmented matrix for the 
system 


xt+ty+z=3 

See 5y, =] 
y+z=3 

1s 

Loft aes 

Pivotal 

OP aries t+ Ss 


The set of integers with the four 
fundamental operations 


3 = 8 (mod 5) 
The set / of integers is closed 


under the operation +. 


The operation + is associative. 


The operation + is 
commutative. 


Section 


8.4 


8.4 


8.4 


8.4 


8.4 


8.4 


8.5 


8.5A 


8.5A 


8.5A 


Item 


Identity 


Inverse 


Distributive property 


Group 


Commutative group 


Field 


Zero-sum game 


Optimal strategy 


Strictly determined game 


Saddle point 


Research Questions 


Meaning 


An element e is an identity for * 
if, for every a in A, 
a*x*e=a=erxa. 


An element b is the inverse of a 
ifa*b=e=bx«a(eis the 
identity for *). 


The operation « is distributive 
over the operation # if, for 
every a, b, and c in A, 
ax*x(b#c) = (axb)#(axc). 


A mathematical system consist- 
ing of a set S and an operation * 
that has the closure, associative, 
identity, and inverse properties 


A group with the commutative 
property 


A set S and the operations * and 
# with the closure, associative, 
commutative, and identity 
properties; the distributive 
property of ¥ with respect to *; 
and the inverse property (except 
that there is no inverse for the 
identity with respect to *) 


A game in which the payoff to 
one player is the opposite of the 
payoff to the opposing player 


A strategy that maximizes a 
player’s gain or minimizes his 
or her loss 


A game in which the payoff 
game matrix has a saddle point 


A point in the payoff matrix that 
is both the smallest element in 
its row and the largest element 
in its column 
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Example 


0 is the identity for addition. 


—3 and 3 are additive inverses. 


X is distributive over +. 


The set of integers under 
addition is a group. 


The set of integers is a 
commutative group under +. 


The set R of real numbers and 
the operations +, X is a field. 


Sources of information for these questions can be found in the Bibliography at the 
end of the book. 


1. Write a report on the uses of matrices in science with particular emphasis on the 
work of Werner Heisenberg, W. J. Duncan, and A. R. Collar. 


586 8 Mathematical Systems and Matrices 


2. Find out which mathematician first introduced the term matrix. 
3. Who received the 1973 Nobel Prize for economics and how did he use matrices? 


4. Write a report on how matrices are used in game theory and the contribution of © 
John von Neumann to this field. 


5. In 1858 Arthur Cayley, an English mathematician, published A Memoir on the 
Theory of Matrices. What was discussed in this book, and what was the name of 
the only theorem appearing in the book? 


6. In the Human Side of Mathematics it was stated that Sophie Germain won a 
French Academy prize for one of her research papers. Write a short report giving 
the name of this paper and detailing its content. 


7. Emmy Noether (1882-1935) was a creative mathematician who made 
significant contributions to the area of abstract algebra. Write a short report 
about the life of this famous woman. 


Chapter 8 PRACTICE TEST 


1. Given the three matrices below, find x and y such that 2A + B = C. 


Z 24 
AL Slats 2) camlonae 
Sapy, 3 Z OFtO 
For problems 2-3, suppose that 
eee =e Ml 0 
A=i2 —1. 3 and B= A. 3, 42 
4 Le Landis coz 
2. Find A + B. | 
3. Find 2A — 3B. 


4. To build three types of zig-zag toys, the Zee-Zee Toy Company requires 
materials as listed below. Suppose that Zee-Zee decides to build 20 type I, 25 
type II, and 10 type III zig-zag toys. Use matrices to find the number of units 
of frames, wheels, chains, and paint needed for the job. 





5. Zee-Zee finds that frames cost $2 each, wheels $1 each, chains $.75 each, and 
paint $.50 per unit. Use matrices to find the total cost of these items for each 
type of zig-zag toy in problem 4. 


Chapter 8 Practice Test 


6. If 

A —5 — 

A= | and B= eae 
Ie sed -1 4 

calculate AB and BA. 
In problems 7 and 8 let 

y Ome eae 0 

A=|2 -1 3 and = Abe) 
4 il 1 2a] 


7. Find AB and BA. 
8. Find (A + B)?. 


9. Use matrices to solve the system 


x + 3y = 19 
y + 3z= 10 
L333 


10. On counting the money in her piggy bank, Sally found that she had 122 coins, 
all nickels, dimes, and quarters. If the total value of the coins was $15, and the 
total value of the quarters was 4 times the total value of the nickels, how many 
of each kind of coin did Sally have? 


11. The augmented matrix of a system of three equations in the three unknowns y 
y, and z is reduced to 


Se Nes ae) a | 
Oe 24 
Oe Or lef 27 


Find the solution of the system. 


12. Suppose the reduced matrix in problem 11 were 


PAIL: cg dds] (0 
OPS 2id 
OREO Oe 2 


What could be said about the system of equations? 


13. Suppose the reduced matrix in problem 11 were 


Bade lh laid 
OF 232254 
O00 5 0 


Find the solution of the system. 


In problems 14 and 15, find the answers in 12-hr clock arithmetic. 
14. a. 3@ 11 b. 8 ®9 36) 9 do C12 
15. a. 3) 5 b. 6® 8 oe de 
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16. Are the following statements true or false? 
a.) = 2.(mod:3) b. 9 = 5 (mod 4) 
c. 9 = 2 (mod 6) 


17. Find the values of n in the following: 
a. 3 + 2 =n (mod 5) b. 4 X 3 =n (mod 5) 
c. 2 — 4 =n (mods) d. 4 =n (mod 5) 


In problems 18 and 19, find all possible replacements for n for which each congru- 
ence is true. 


18a 6 = Vmod 7) b. 3 — n= 4 (mod 7)- 
19. a. 2n = 1 (mod 3) b. 5 = 2 (mod 3) 


Problems 20—24 refer to the operation * defined by the table. 





20. Use the table to find the result of each of the following operations: 
a. ($* ¢) * # 
b. $ * (¢ * #) 
c. ($ * #) * (% * ¢) 


21. Is the set S = {#, $, %, ¢} closed with respect to the operation «? Explain. 
22. Is the operation * commutative? Explain. 
23. Find the identity element for the operation *. 


24. Find the inverse of each of the following: 
a. # b. $ €.% d. ¢ 


25. The following table defines the operation @. 
a. Find the identity element if there is one. 
b. Does any element have an inverse? 
c. Is the operation commutative? 





26. Suppose that a S b means to select the second of the two numbers a and b, and 
a L b means to select the lesser of the two numbers (if the numbers are equal, 
select the number). 

a. Is S distributive over L? Explain. 
b. Is L distributive over S? Explain. 


27. 


28. 


29. 
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Is the set {0, 1, 2} together with addition modulo 3 a commutative group? 
Explain. 


Is the set {1, 2} together with multiplication modulo 3 a commutative group? 
Explain. 


Is the set of all rational numbers along with the ordinary operations of addition 
and multiplication a field? Explain. 


Problems 30-32 refer to the set {O, 1} and the operations @ and ««) as defined by 
the following tables. 


30. 
31. 
32. 
33. 


34. 


35. 





Is the set {0, 1} together with the operation G4) a group? 
Is the set {0, 1} together with the operation (X) a group? 
Is the set {0, 1} together with the two operations G) and «&) a field? 


Determine which of the following payoff matrices represent strictly determined 
games and find their values. 


aalar2 0 8 Ds ee = 48 =I Cah if 2 1 4 
1 Srey —4 25. 6 fel 0 1 

2 3 1 3 + 1 Z S.- >6.6 

Z 3 2 4 


In the following strictly determined game, find the optimal pure strategy for the 
row player and give the payoff when both players use their optimal strategies: 


2 | 

| 

The Hills Area Rapid Transit (HART) is planning a new rapid transit system. 
Planners estimate that 60% of the commuters presently using HART will 
continue to do so next year but that 40% of them will switch to using their own 
cars. On the other hand, the planners predict that 30% of commuters presently 
using their own cars this year will switch to HART but 70% will continue to 
use Cars. 

a. Give the payoff matrix for the game. 

b. What is the expected percentage of commuters using HART next year? 
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—_ 
: 


9. 
10. 
11. 
12. 


133 


14. 
1S: 
16. 
17. 


18. 
19. 
20. 
21. 
22. 
23. 


24. 
25. 
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Answers to Practice Test 


Answer 





i 
: 


ek 2 Lapel 


(2025 e 0) eae 


a) a) 
Frames Wheels Chains Paint 
=[ 85 155 90 65 | 


. Type I, $5.25; type II, $7.00; type III, $14.50 
10) 
. AB = BA = 
4 


1 
=S.7 Ae esl Sots ileal 


TABS) 50) | BAR Oa) 


eee ee OS 
LTS ee 
I. Ag) 2) 
23 14 9 
x=-2,y=7,z=1 
40 nickels, 50 dimes, 32 quarters 
x= =p y=0,7=2 
The system has no solution. 
x= =i wi aie — Coe ae = k, where 
6 SB 
k is any real number 
a. 2 bea C6 d. 5 
a. 3 Diel2 c. 9 d. No solution 
True b. True c. False 
n=0 b. n=2 c n=3 
n=4 
n=2 + 7k, k any integer 
- n=6+ 7k, k any integer 
. n= 2 + 3k/2, k any integer 
. n= 1 + 3k, k any integer 
a. # b. # c. % 





cepopapep 


Yes. All the entries in the table are elements of S. 


Yes. The table is symmetrical across the 
diagonal from upper left to lower right. 
w 

a. # b. ¢ c. % d. $ 

a. No identity element b. No 

c. No 
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8.4 
8.4 


* Review 


4,5 


4,5 


4,5 


So Neb 


Gl 
aU 
& 





526-527 
527-528 
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524-532 


532 
530-531 


530-531 


530-531 


540-543 
544-545 
540-541 
541-542 


542-543 
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553-554 
554 ' 
556 
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563-564 
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565 
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If You Missed Review 





le(s) Page(s) 





26. a. Yes.a S (bLc)=b Lcand(a S$ b)L 
(a S c)=b Lc. Therefore, § is distributive 
over L. 

b. Yes.a L (b S c)=aLcand(a Lb)S 
(a Lc) =a Lc. Thus, Lis distributive over S. 

27. Yes. The system has the five properties (closure, 27 ; 8.4 9 568 
associative, identity, inverse, and commutative), ; 
so the system is a commutative group. ; 

28. Yes. The same explanation as for problem 27. ‘ 28 ; 8.4 10 568 

29. Yes. The system has the six properties (closure, i 29 8.4 11 569-570 
associative, commutative, identity, distributive ; 
of multiplication over addition, and inverses, 
except there is no inverse for 0 with respect to | 
multiplication), so the system is a field. i 

30. Yes. All the requirements of Definition 8.18 are 30 8.4 9-11 568-570 
satisfied. i 

31. No. The element 0 has no inverse. ' 31 8.4 9-11 568-570 

32. Yes. All the requirements of Definition 8.19 are | 32 8.4 11 
satisfied. g 

33. a. Not strictly determined | 33 j 8.5 1 577-578 
b. Strictly determined. Value = 1. : 

c. Strictly determined. Value = 2. 

34. Row player’s optimal strategy is play row 1. ; 34 8.5 2,3 579-581 
(Column player’s optimal strategy is play | 
column 2.) Row player’s payoff when both 
players use their optimal strategies is —6. 


8.4 8 567 








35. a. This Year b. 50% : 35 | 8.5 2,3 579-581 
Hee ' 
Bo a. 
Next Year C [0.3 0.7 
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Counting Techniques 


You use counting every day. “How many shopping days are 
left until Christmas?” or “How many students are in your 
class?” In this chapter, you will study how to determine the 
number of ways in which more complicated events can occur 
without actually counting them. For example, do you know 
how many ways 6 numbers can be randomly picked from a set 
of 49 numbers? The answer is 13,983,816. If there are 53 num- 
bers to pick from, it gets worse. Then you have 22,957,480 
ways of selecting the 6 winning numbers! You can see that 
your chances of picking the right numbers to win a lottery 
jackpot are pretty slim. The counting methods discussed in 
this chapter are the following: 


1. Tree diagrams, a useful technique when the number of 
outcomes is small 


2. The sequential counting principle (SCP), a method based 
on generalizations made about tree diagrams 


3. Permutations, a procedure that counts the number of 
ordered arrangements that can be made with r objects 
selected from a set of n objects 


4. Combinations, a method that counts the number of 
atrangements that can be made with r objects selected from 
a set of n objects when order is not important 


All these counting techniques will be extremely useful when 
you examine probability in the next chapter. Make sure you 
master the techniques in this chapter before you go on. 


ottfried Wilhelm Leibniz was born in Leipzig, Germany, in 1646. At an early age, he had 
aes the then current textbook knowledge of mathematics, philosophy, theology, 
and law. By the time he was 20, he had already begun to have ideas for a kind of universal 
mathematics, which later developed into the symbolic logic of George Boole. 





http://college.hmco.com/mathematics 


For links to various Internet sites related to topics and sections in Chapter 9, 
please access the Bello, Topics in Contemporary Mathematics, Web site at 
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When, supposedly because of his youth, he was refused the doctor of laws degree at 
the University of Leipzig, he moved to Nuremberg. There, a brilliant dissertation on a 
historical method of teaching law earned him the doctorate at the University of Altdorf in ; 
1666. The rest of his career was spent in the diplomatic service for the estate of the Duke of 
Brunswick at Hanover. 

In 1672, while on a diplomatic visit to Paris, he met physicist Christian Huygens, whom 
he persuaded to teach him some mathematics. Then, in 1673, on a visit to London, he 
became acquainted with some British mathematicians and exhibited his calculating 
machine (the first mechanical device that could do multiplication). This and some of his 
earlier work earned him a foreign membership in the Royal Society. 

Leibniz's appointment at Hanover allowed him ample time to devote to his favorite 
studies, and he produced an enormous number of papers on a variety of subjects. His 
writings on philosophy were highly regarded, and he made contributions to law, religion, 
history, literature, and logic. In 1682, he helped establish a journal, the Acta Eruditorum, of 
which he became editor-in-chief. Most of his mathematical papers appeared in this journal 
from 1682 to 1692. 


Gottfried Wilhelm Leibniz 
(1646-1716) 


In his dream of a “uni- 
versal characteristic” 
Leibniz was well over 


Looking Ahead: Leibniz’s outstanding achievements in mathematics were his Oe COT ies ahead of 
discovery of calculus (independent of Isaac Newton) and his work on combinatorial his age. 
analysis, which involves counting techniques, the subject of this chapter. 


a 
The Sequential Counting Principle (SCP): A Problem-Solving Tool 


GETTING STARTED Trees and Breakfast Possibilities 


—E. T. Bell 








yt. Why does it seem nearly impossible to win the lottery or open a combination 
lock by just guessing at the numbers? Because the number of possibilities is so 
large! Consider another problem. At breakfast, the server asks “How do you 
want your eggs? Fried (f), poached (p), or scrambled (s)? Rye (r) or white toast 
(w)? Juice (7) or coffee (c)?” How many choices do you have? To answer this 
type question, you can use a tree diagram, a picture that details the possibilities 
at each step. In this case, the diagram will be a three-step process (pick eggs, 
toast, and beverage). The first step will have 3 branches indicating the 3 differ- 
ent ways in which you can order your eggs, as shown in Figure 9.1. Each of the 
3 branches will have 2 branches (rye or white) and each of these branches will 
have 2 other branches (coffee or juice). The total number of possibilities corre- 
sponds to the number of branches, 3 X 2 X 2 = 12. By tracing each path from 
left to right you can see all 12 possibilities. For example, the third choice in the 
list is fwe (fried egg, white toast, and coffee). 

Now look at a lottery game called Cash 3, played with three identical urns, 
each containing 10 balls numbered from 0 to 9. A ball is chosen from the first urn 
(10 choices), then another one from the second urn (10 choices), and a third ball 
from the last urn (10 choices). How many possibilities are there in all? 

If you drew the tree diagram, it would have 10 X 10 X 10 = 1000 branches, the 
number of possibilities for Cash 3. 

What about the combination lock? Since there are 40 possible numbers to 

choose as your first number, 40 for the second, and 40 for the third, the total 
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FIGURE 9.1 
Eggs Toast Beverage 
Cc fre 
r 5 A 
J 9 
sp fwe 
w : 
Ties Nese 
c 
e Pp c Pwe 


J pwj 
é SLE 


J sy] 
swe 


Boag 
sean 
meee sin 
ee 
ath 
eae 


J sw] 


number of possibilities is 40 x 40 X 40 = 64,000. That is why it is nearly impos- 
sible to open the lock just by picking numbers at random! 

In this section you will study tree diagrams and then develop a formula for 
counting the number of possibilities associated with different events. ee 


Counting is not always as easy as 1, 2, 3. For example, can we tell in how many 
different ways Funky Winkerbean can answer the questions on a true/false test? 
There are many situations in which the answer to the question “How many?” is 
the first step in the solution of a problem. Earlier in the book, we counted the 
number of subsets of a given set and we used Venn diagrams to count the num- 
ber of elements of various sets. In this chapter, we shall consider a few counting 
techniques that are important in many applications and that we shall use when 
we study probability. 


Ple d F for False 
to 


In 
the following: 


Eso; 
eeny meeny! 





FUNKY WINKERBEAN by Tom Batiuk by permission of North America Syndicate, Inc. 


Tree Diagrams 


Let us return to Funky Winkerbean. He is still taking a true/false test and guess- 
ing at the answers. If we assume that there are just two questions and that Funky 
answers both, in how many different ways can he respond? 

In order to answer this question, we have to find all the possible ways in 
which the two questions can be answered. We do this by constructing a tree 
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FIGURE 9.2 diagram, as shown in Figure 9.2. In the figure, the first set of branches of the 
tree shows the 2 ways in which the first question can be answered (7 for true, F 
for false), while the second set of branches shows the ways in which the second 
question can be answered. By tracing each path from left to right, we find that 


Possible 
1st 2nd _ Responses 


Ree i ae there are 4 end results, which correspond to the 2 < 2 = 4 ways in which the two 
<a T FT questions can be answered. The 4 possibilities are TT, TF, FT, and FF. 
F ee FFF The tree diagram technique is used again in the next example. 


EXAMPLE 1 A woman wants to purchase a car. She has a choice of 2 body styles (convertible 
or hardtop) and 3 colors (red, blue, or green). Make a tree diagram and find how 
many choices she has. 


Solution We make a tree diagram as in the Funky Winkerbean problem. As 
shown in Figure 9.3, for each of the body styles, convertible (c) or hardtop (h), 
the woman has 3 choices of color, red (r), blue (b), or green (g). Thus, she has 


2 X 3 = 6 choices. © 
FIGURE 9.3 
Body Possible 
Style Color Choices 
r Convertible, red 
c oe b Convertible, blue 
nen. g Convertible, green 
r Hardtop, red 
SA Soe ae Pp 
tt) Hardtop, blue 
Meare g Hardtop, green 


B. Sequential Counting Principle (SCP) 


In Example 1, we found that if there are 2 ways to do a thing (select a body style) 
and 3 ways to do a second thing (select a color), then there are 2 X 3 = 6 ways 
of doing the two things in succession in the stated order. This example illustrates 
a basic principle. 





[The SCP is sometimes called the Fundamental Counting Principle (FCP).] 
Note that it is assumed that the second event can occur inn ways for each of the 
ways in which the first event can occur. 

For example, the number of ways in which two cards can be drawn in suc- 
cession from a pack of 52 cards is 52 X 51 = 2652, because the first card can be 
drawn in 52 ways, whereas the second card can be drawn in only 51 ways. If the 


first card is returned to the deck (before the second card is drawn), then the 
answer is 52 X 52. 


EXAMPLE 2 


EXAMPLE 3 


EXAMPLE 4 
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Johnny’s Homestyle Restaurant has 12 different meals and 5 different desserts 
on the menu. How many meal choices followed by a dessert choice does a 
customer have? 


Solution There are 12 choices for the meal and 5 choices for the dessert. Thus, 
by the SCP, there are 12 X 5 = 60 choices in all. a 


The SCP can be extended to cases in which 3, 4, or more things occur in suc- 
cession. Thus, if the customer in Example 2 also has the choice of selecting a 
cookie (vanilla, chocolate, or almond) to go with the dessert, then the number of 
choices the customer has is 


aNaanae 3 choices (vanilla, chocolate, almond) 


12x 5 X 3 = 180 


We now state a more general sequential counting principle. 





In a Peanuts cartoon, Charlie Brown has just received a chain letter. If he sends 
this letter to 6 of his friends, these 6 friends send letters to 6 of their friends, and 
all these people send letters to 6 of their friends, how many letters will be sent 
starting with Charlie Brown’s? 


Solution Charlie Brown sends 6 letters, and each of the people receiving one of 
these sends 6 letters. Thus, by the SCP, these 6 people send a total of 6 X 6 = 36 
letters. Then, each of the 36 people receiving one of these sends 6 letters. Again 
by the SCP, these 36 people send a total of 36 X 6 = 216 letters. Therefore, the 
total number of letters is the sum 


6 + (6 X 6) + (36 X 6) = 6 + 36 + 216 = 258 By 


Alice and Betsy agreed to meet at 2 P.M. and go shopping in one of the 3 cloth- 
ing stores in their hometown. However, they forgot to specify which store. If 
Alice and Betsy were both on time and each went to 1 of the 3 stores, find 


(a) the number of ways in which they could miss each other. 
(b) the number of ways in which they could meet. 
Solution 


(a) Alice could go to any one of the 3 stores and Betsy could go to either of the 
remaining 2 stores. Thus, by the SCP, there would be 


3xX2=6 
ways in which they could miss each other. 


(b) In order to meet, they would both have to go to the same one of the 3 stores. 
Thus, there are just 3 ways in which they could meet. & 
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Problem Solving 


. Read the problem. 


2. Select the unknown. 


. Think of a plan. 
We have to find the number of 
choices we have to fill each of the 
ten blanks. 


. Use the SCP to carry out the 
plan. How many numbers can we 
place in the following? 


The first blank 

The second blank 

The third blank 

The fourth blank 

Each of the remaining six blanks 


. Verify the solution. 


TRY EXAMPLE 5 NOW. 


Sometimes it is advantageous to use a diagram to represent the individual 
events in a sequence of events. For example, suppose we want to find out how 
many different telephone numbers are possible. Telephone numbers consist of a 
three-digit area code, followed by a seven-digit number (ten digits in all); we 
must find the number of ways in which the blanks in the diagram can be filled. 


(eg) ee 


The answer is 10 X 10 X 10 X: xX 10= 10! or 10 billion numbers. But wait, 
the following are some restrictions:* 


1. The area code cannot begin with 0 or | (why?). 
2. The second digit in the area code must be 0 or 1. 
3. The seven-digit number after the area code cannot begin with 0 or I. 


Now, how many telephone numbers are possible? To solve this new problem, we 
will again use ten blanks to represent the individual numbers to be picked. 


The Sequential Counting Principle 


How many telephone numbers can be made using the three given restrictions? 


We want to find the number of telephone numbers that are possible under the 
given restrictions. 


The idea is to find the number of ways in which each of the ten blanks can be 
filled and then use the SCP to find the total number of possibilities. Note that spe- 
cial restrictions apply to blank 1 (no 0s or 1s), blank 2 (must be 0 or 1), and blank 
4 (no Os or Is). 


The first restriction permits us to use 8 numbers (2, 3, 4, 5, 6, 7, 8, 9) in blank 1, 
the second restriction lets us use 2 numbers (0, 1) in blank 2, there are no restric- 
tions for the third blank so we can use 10 numbers in blank 3, and the third 
restriction allows 8 numbers in blank 4 (no Os or 1s). We can use 10 numbers in 
each of the remaining six blanks. Using the SCP, the number of different tele- 
phone numbers is 


(8 2 10) 8 1010 - 10 10 10 10 
128 X 107 = 1,280,000,000 





Cover the solution, write your own, and then check your work. 





*Because of a shortage of area codes and telephone numbers, these restrictions were changed in 
January 1995. For example, Mobile’s area code is now 334 and Cape Canaveral’s is 321. Note that 
if the second digit in the area code can be any digit, there will be 10 choices for that second digit. 


EXAMPLE 5 


EXAMPLE 6 


FIGURE 9.4 


[a FREECHANCE | 
This coupon is better than all | 
the rest! When you check out, 
ask the clerk to hand you the 
three dice. Pick your luck | 
number and give them a toss. If 
your number comes up, the 
room charges for your entire 
stay are on us!!! | 
(Validated Coupon Issued At Check In) 


COUPON 
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A game consists of four cubes, each with 6 different words or phrases inscribed, 
one on each face. If it is assumed that the first cube has pronouns on its faces, the 
second auxiliary verbs, the third verbs, and the fourth adverbs, find how many 
different phrases can be formed. 


Solution We draw four blanks representing the four events. 


There are 6 choices for each of the blanks (each cube has 6 sides), so we enter a 
6 on each line. 


6666 
The number of possibilities, by the SCP, is 6 X 6 X 6 X 6 = 64 = 1296. fal 


A slot machine has three dials, each having 20 symbols, as listed in Table 9.1. 
The 6 symbols (bar, bell, cherry, lemon, orange, plum) are all different. 


(a) How many symbol arrangements are possible on the three dials? 


(b) In how many ways can we get 3 bars (the biggest payoff)? 


TABLE 9.1 





Each dial has 20 symbols. 


Solution 


(a) We draw three blanks representing the three dials. 


There are 20 choices for each of the blanks (each dial has 20 symbols), so we 
enter a 20 on each line. 


20 20 20 


The number of possibilities is 20 X 20 < 20 = 8000. 


(b) The number of different ways we can get 3 bars is 1 X 3 X 1 = 3, because 
we have | bar on the first dial, 3 on the second, and 1| on the third. 


The Clearwater Hilton Inn has a free-chance coupon, as shown in Figure 9.4, 
that works like this: When you check out, ask the desk clerk to hand you the three 
dice. Pick your lucky number and give them a toss. Look at the sum of the 
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EXAMPLE 7 


EXAMPLE 8 


numbers on the three dice. If your number comes up, the room charges are can- 
celed. Does this sound easy? Look at the next example. 


Three dice are thrown. 
(a) How many different outcomes are possible? 


(b) If you picked 4 as your lucky number, in how many ways could you get a 
sum of 4? 


Solution 


(a) We draw three blanks, one for each die (singular of dice), to represent the 
possible outcomes. 


There are 6 choices for each blank because a die can come up with any num- 
ber from | to 6. So we enter a 6 on each line. 


666 
By the SCP, there are 6 X 6 X 6 = 216 outcomes possible. 


(b) One way to solve this part of the problem is to reason that in order to get a 
sum of 4, one of the three dice must come up 2 and the other two dice must 
come up |. Thus, the only choice we have is which die is to come up 2. This 
means that there are only three ways to get a sum of 4 out of the 216 possi- 
ble outcomes (see the tree diagram in Figure 9.5). @ 


FIGURE 9.5 


Black Green Red 





peecael 1  (sum2+1+1=4) 

<i eel (sum 1+2+1=4) 
1 

Se (sum 1+ 1+2=4) 


Zip codes start with a five-digit number. 

(a) How many different five-digit Zip codes are possible? 

(b) How many are possible if 0 is not to be used as the first digit? 

Solution 

(a) bed draw five blanks, each to be filled with the number of choices for that 
1git. 


Since there are 10 digits (0, 1, 2, 3, 4, 5, 6, 7, 8, 9), there are 10 choices for 
each blank. 


10 10 10 10 10 
Thus, by the SCP, there are 10 X 10 X 10 X 10 X 10, that is, 
10° = 100,000 


different five-digit Zip codes possible. 


EXAMPLE 9 


“6? ete lelalacetata larrtagaaye 
6 aaadg @ | 

4 V¥OVHKON ia i 
Keg 


EXAMPLE 10 
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Note that this result gives a good estimate of the number of cities and 
towns in the United States. (Towns too small to have their own Zip code 
make up for cities and towns that have more than one Zip code.) 


(b) If we cannot use a 0 for the first digit, we will have only 9 choices for the 
first box, but the others will still have 10 choices. Again, by the SCP, there 
are 9 X 10 X 10 X 10 X 10, that is, 


9 X 104 = 90,000 


different possible five-digit Zip codes that do not start with a 0. a 


Two cards are drawn in succession and without replacement from a deck of 52 
cards. Find the following: 


(a) The number of ways in which we can obtain the ace of spades and the king 
of hearts, in that order 


(b) The total number of ways in which two cards can be dealt 


(c) The total number of ways in which two cards can be dealt with replacement; 
that is, the first card is drawn, recorded, and placed back in the deck, and then 
the second card is drawn and recorded. 


Solution 


(a) There is | way of selecting the ace of spades and 1 way of selecting the king 
of hearts. Thus, there is 1 X 1 = 1 way of selecting the ace of spades and the 
king of hearts, in that order. 


(b) There are 52 ways of selecting the first card and 51 ways of selecting the sec- 
ond card. Thus, there are 52 X 51 = 2652 ways in which the two cards can 
be dealt. 


(c) There are 52 ways of selecting the first card and 52 ways of selecting the sec- 
ond card. Thus, there are 52 * 52 = 2704 ways in which the two cards can 
be dealt. a 


Applications 


The techniques we have studied can be used to determine the cost effectiveness 
of alternative courses of action. Suppose your doctor tells you that you can be 
treated with drug A or B. You may then need a second visit (or not) depending 
on your tolerance for the drug. The costs for drugs A and B are $80 and $50 
respectively. Your doctor charges $50 per visit. 


(a) How many choices are possible? 


(b) What are the highest and lowest possible costs for your treatment? 


Solution 


(a) We can use the SCP to find the number of choices. Draw two blanks repre- 
senting the choice of drugs (A or B) and whether you need a second visit 
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(Yes or No). Since there are 2 choices for each blank, there is a total of 4 
choices. 


cashes 
Drug 2nd visit 


(b) Let us draw a tree diagram as in Figure 9.6 and label the possible costs. 
FIGURE 9.6 ; 
The highest possible cost is $180, the lowest $100. 
3 ’ : Need 2nd 
a v visit ($50) 


Lao Drug A ($80) 


Total ($180) 
($50 + $80 + $50) 














No 2nd 


Tree diagrams are so important a 
visit ($0) 


in the decision-making process 
that software companies publish, 
sell, and support decision 
analysis software. Problems 33 
and 40 and Example 10 are 
adapted from one such company. 
To further explore these topics, 


Total ($130) 
($50 + $80) 






Visit ($50) 





Need 2nd 
visit ($50) 






Total ($150) 
($50 + $50 + $50) 






Drug B ($50) 






No 2nd 





access link 9.1.1 at the Bello visit ($0) Total ($100) 
Web site. ($50 + $50) 

a 
my 4. In 1935, a chain letter fad started in Denver, 


Colorado. The scheme worked like this: You 


‘ I d 4 shirts. U tree diagram k , s 
Pe uah as? Suits and VstitscU sa g would receive a letter with a list of 5 names, send 


to find how many different outfits he can wear. 


. At the end of a meal in a restaurant, Elsie wants to 
have pie a la mode (pie topped with ice cream) for 
dessert. There are 5 flavors of ice cream—choco- 
late, vanilla, strawberry, peach, and coffee—and 
there are 2 kinds of pie—apple and cherry. Make 
a tree diagram to find how many choices Elsie has. 


3. Research Associates selects 4 people and asks 


their preferences regarding 2 different styles of 
blue jeans. If it is important to know which person 
prefers which style, how many different outcomes 
are possible? Use a tree diagram. 


> | = ¥ http://college.hmco.com/mathematics 





a dime to the person at the top of the list, cross that 
name out, and add your name to the bottom of the 
list. Suppose you received one of these letters 
today and sent it to 5 other persons, each of whom 
sent it to 5 other persons, each of whom sent it to 
5 others, and so on. 
a. How many letters would have your name on 
the list? 
b. How much money would you receive if the 
chain were not broken? 
Note: Don’t do this! Chain letters are illegal! 


- Refer to the slot machine in Example 6, and deter- 


mine in how many ways you can get 
a. 3 bells. b. 3 oranges. c. 3 plums. 


(Remember to bookmark the Bello book-specific Web site.) 


6. 


10. 


11. 


12. 


13. 


14. 
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An ordinary deck of playing cards contains 52 
cards, 26 red and 26 black. If a card is dealt to each 
of 2 players, find in how many different ways this 
can be done if the following occur: 

a. Both cards are red. 

b. Both cards are black. 

c. One card is black and the other is red. 


- In poker, a pair of aces with any other pair is a 


good hand. 

a. In how many ways can you get a pair of aces 
when 2 cards are dealt from the deck? 

b. If the two pairs are aces and eights, the hand is 
considered to be unlucky! In how many ways 
can you get a pair of aces and then a pair of 
eights, in that order, when 4 cards are dealt 
from the deck? (This superstition dates back to 
1876 when Wild Bill Hickok was shot dead by 
Jack McCall during a poker game. What hand 
was Wild Bill holding when he fell dead? A 
pair of aces and a pair of eights!) 


- Mr. C. Nile and Mr. D. Mented agreed to meet at 


8 P.M. in one of the Spanish restaurants in Ybor 
City. They were both punctual, and they both 
remembered the date agreed on. Unfortunately, 
they forgot to specify the name of the restaurant. 
If there are 5 Spanish restaurants in Ybor City and 
each man goes to one of these, find 

a. the number of ways they could miss each other. 
b. the number of ways they could meet. 


. In how many ways can | man and | woman, in 


that order, be selected from 5 men and 6 women? 


How many different sets of 2 initials can be made 
from the letters of the English alphabet? 


How many different sets of 3 initials can be made 
from the letters of the English alphabet? 


A man wants to buy a ring. Suppose that he has 2 
choices of metals (gold and silver) and 3 choices 
of stones (diamond, emerald, and ruby). How 
many choices does he have? 


The Good Taste Restaurant has 7 entrees, 6 veg- 
etables, and 9 desserts on its menu. If you want to 
order 1 entree, 1 vegetable, and | dessert, how 
many choices do you have? 


Anairline recently introduced its newest hub. There 
are 2 flights from Tampa to Dayton and 2 flights 
from Dayton to Lansing. In how many ways can 
you fly from Tampa to Lansing via Dayton? 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 
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An airline has 8 flights from Miami to Washington 
and 2 flights from Washington to Dayton. In how 
many ways can you fly from Miami to Dayton via 
Washington? 


In Connecticut, auto license plates carry 3 digits 

followed by 3 letters. 

a. How many arrangements are possible for the 3 
letters? 

b. How many arrangements are possible for the 3 
numbers? 

c. How many different license plates can be made 
using 3 numbers followed by 3 letters? 


How many two-digit numbers are there in the set 
of natural numbers? (Hint: 10 is a two-digit num- 
ber, but 01 is not.) 


How many three-digit numbers are there in the set 
of natural numbers? 


Social Security numbers consist of nine digits. If 
the first digit cannot be 0, how many Social 
Security numbers are possible? 


Telephone numbers within the same area code 
consist of seven digits. For local calls, the first 
digit cannot be a 0 or a 1. How many local tele- 
phone numbers are possible? 


A combination lock has 40 numbers on its face. To 
open this lock, you move clockwise to a certain 
number, then counterclockwise to another num- 
ber, and finally clockwise again to a third number. 
If no number is used twice, what is the total num- 
ber of combinations? 


Romano’s Restaurant has 6 items you can add to 
your pizza. The dessert menu lists 5 different des- 
serts. If you want a pizza with | of the 6 items added 
and a dessert, how many choices do you have? 


Problems 23-30 refer to the menu on the next page. 


23. 


24. 


How many choices does Billy have if he decides 
to get the following? 

a. An item from group A 

b. A soup 

c. A dessert 

d. An item from group A, a soup, and a dessert 


How many choices does Sue have if she decides to 
get the following? 

a. An item from group B 

b. An item from group B, a soup, and a dessert 
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Family Dinners 
FOR 2 PERSONS 13.00 — Select 1 from Group A and 1 from Group B’ 
FOR 3 PERSONS 18.00 — Select 1 from Group A and 2 from Group B 
FOR 4 PERSONS 24.00 — Select 2 from Group A and 2 from Group B 


FOR 5 PERSONS 30.00 — Select 2 from Group A and 3 from Group B 
FOR 6 PERSONS 36.00 — Select 3 from Group A and 3 from Group B 


Entree 
EGG ROLL (One Per Person) 


Soup: -ROAST PORK WONTON or EGG DROP 
(Served Individually) 


‘ 


A B 
SHRIMP WITH LOBSTER SAUCE CHICKEN CHOW MEIN 
CHOW HAR KEW SHRIMP CHOW MEIN 
BUTTERFLY SHRIMP CHICKEN CHOP SUEY 
CHOW GAI KEW SHRIMP CHOP SUEY 
WOR SUE GAI BEEF CHOP SUEY 
MOO GOO GAI PAN BEEF WITH BEAN SPROUT 
LEMON CHICKEN ROAST PORK EGG FOO YOUNG 
GREEN PEPPER STEAK ROAST PORK LO MEIN 


WOR SUE OPP (PRESSED DUCK) BARBECUED SPARERIBS 
SWEET & SOUR PORK 





Served with fried rice and hot tea 
Group A in Exchange for Group B—$1.50 extra 


CHOICE OF DESSERTS 
PINEAPPLE CHUNKS, ALMOND COOKIES, KUMQUATS, FORTUNE COOKIES. 


EXTRA SERVICE ON ANY FAMILY DINNER INCLUDING SOUP $1.00 








25. How many choices does Pedro have if he decides 31. Write out all the different ways in which the ele- 
to get the following? ments of the set {a, b, c} can be matched in pairs 
a. An item from group A or B with the elements of the set {@, &, %} if the order 
b. Anitem from group A or B, a soup, and a dessert in each pair is important. For example, the pair 


26. How many choices do Bob and Sue have if they (a a SS aren icon the aaa 


decide to get the following? 32. Determine how many different couples Escort 
a. One item from group A and one item from Dating Service can select if it has 120 men and 
group B 210 women registered with the service. 
b. The family dinner, which includes soup and 
dessert, one item from group A, and one item ital 
from group B 


Problems 33-36 are adapted from David C. Skinner, 


27. Sam and Sally are having a family dinner, which Introduction to Decision Analysis (Florida: Prob 
includes soup and dessert, one item from group A, bilistic Publishing, 1996) - OT Ones 
and one item from group B. If Sally decides to get 8 : 
an item from group A, which forces Sam to have 33. Many investors buy stocks during a bull market 
an item from group B, how many choices do they (rising prices); others do so during a bear market 
have? (falling prices). You can decide to buy a risky 

28. In problem 27, if Sam does not want to eat shrimp, lockers Soaseral vi maul fund VAG savour 
how many choices do they have? topalamemben at Choices 

29. In problem 27, if Sam wants to avoid all the vari- a8 anes oes buy Pee ee pert aM 
eties of chop suey, how many choices do they have? ea Geb d eductible). ot ahi? pace 

mium (low deductible). Then you may or may not 

30. In problem 27, if Sam does not want the roast have an accident. How many possibilities are 


pork, how many choices do they have? there? 
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35. You inherit some money and want to invest it in 
mutual funds, stocks, or futures. Each of these 
investments can go higher or lower. How many 
possibilities are there? 


36. You are in charge of a company that is about to 
bring its new product to market. Here are your 
choices: select a large, medium, or small market; 
then launch, license out, or sell rights to the prod- 
uct. How many choices do you have? 


Problems 37-38 are adapted from Robert Clemen, 
Making Hard Decisions: An Introduction to Decision 
Analysis (Belmont, Calif.: Wadsworth Publishing Co., 
1996). 


37. The research and development department of a 
company can develop (D) or abandon (A) a certain 
product. If it decides to develop the product, it 
may obtain a patent (P) for it or not (N). If the 
patent is obtained, it can license (Li) the product or 
sell the product (S) directly. If it sells the product 
directly, sales can be high (H), low (L), or medium 
(M). Draw a tree diagram showing all the possi- 
bilities. 


Problems 38 and 39 are adapted from Ann Haddix et 
al., Prevention Effectiveness: A Guide to Decision 
Analysis and Economic Evaluation (New York: 
Oxford University Press, 1996). 


38. What decisions have to be made in case of a hur- 
ricane? First, you should listen to the weather 
forecast. The possibilities are “Will make land- 
fall” or “Will not make landfall.” Next, you have 
to make a decision: evacuate or not. Finally, the 
hurricane makes landfall or not. Draw a tree dia- 
gram showing all the possibilities. 


39. A health care worker gets accidentally stuck with 
a needle. What are the possible courses of action? 
Here are some: Treat with AZT to try to prevent 
HIV (or not treat). If the person is treated with 
AZT, there may be some side effects (or no side 
effects) and the person may get the HIV virus (or 
not). Those that do not get the AZT treatment may 
or may not get the HIV virus. Draw a tree diagram 
showing all possibilities. 


40. A company is considering two projects (P, and 
P,) that must be approved (A) or rejected (R) by 
the Research and Development (R&D) depart- 


ment. If the product is approved by R&D, it can be 
a market success (S) or a failure (F). Draw a tree 
diagram showing all possibilities. 


eo” In Other Words 


41. The SCP indicates that if one event can occur in m 
ways and another event in n ways, then the 
sequence of events can occur in m X n ways. State 
a similar principle when a single event can occur 
in m ways or inn ways. 


42. Many states are changing the configuration of 
their license plates. Florida, for example, changed 
from 3 digits followed by 3 letters to 3 letters fol- 
lowed by 2 digits and 1 letter. Explain why you 
think this change was made. 


Ga Using Your Knowledge 


43. If a “word” is any arrangement of 4 different let- 
ters, how many 4-letter “words” can be formed 
from the letters B, O, N, and K? 


44. How many 3-letter “words” can be formed from 
the letters B, O, N, and K, where each letter is to 
be used once? 


45. In problem 11 we found the number of different 
sets of 3 initials that are possible. If a town has 
27,000 inhabitants, each with exactly 3 initials, 
can you show that at least two of the inhabitants 
have the same initials? 


Discovery 


In a trial in Sweden, the owner of a car was charged 
with overtime parking. The police officer who accused 
the man had noted the position of the air valves on the 
front and rear tires on the curb side of the car and 
ascertained that one valve pointed to the place occu- 
pied by 12 o’clock on a clock (directly upward), and 
the other one to 3 o’clock. (In both cases the closest 
hour was selected.) After the allowed time had 
elapsed, the car was still there, with the valves point- 
ing to 12 and 3 o’clock. In court, however, the man 
claimed that he had moved the car and returned later. 
The valves just happened to come to rest in the same 
position as before! At this time an expert was called to 
compute the probability of such an event happening. 
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If you were this expert and you assumed that the 
two wheels move independently of each other, use the 
SCP to find 


46. the number of ways in which the front air valve 
could come to rest. 


47. the number of ways in which the front and rear air 
valves could come to rest. 


The defendant, by the way, was acquitted! The judge . 


remarked that if all four wheels had been checked 
(assuming that they moved independently) and found 
in the same position as before, he would have rejected 
the claim as too improbable and convicted the man. 


48. Again, assume you are the expert and find the 
number of positions in which the four air valves 
could come to rest. 


49. The claim that the two wheels on an automobile 
move independently is not completely warranted. 
For example, if the front air valve points to 12 and 
the rear (on the same side) points to 3, after a 
complete revolution of the front wheel, where will 
the rear air valve be? (Assume no slippage of the 
wheels.) 


50. On the basis of your answer to problem 49, how 
many positions were possible for the two wheels 
on the curb side of the car if the owner did move it 
and return later? 


Make improvements 


Rent1.tree 


Defer improvements 


ae Collaborative Learning 


A tree diagram serving, asa model for a certain situa- 
tion can be analyzed on the basis of expected costs, 
effectiveness, or a combination of both. Examine the 
diagram below, where the notation $500/10 means that 
the cost of the treatment is $500 and the quality of the 
treatment 10. 


No side 
effects 


New $500/10 


drug 










Side 
effects 


Choose a 
treatment 









Conventional ($500 + $100)/8 


therapy 






$250/9 


1. Which is the most inexpensive treatment? How 
much is it? 

2. Which is the most expensive treatment? How much 
is it? 

3. According to the diagram, which treatment offers 


the best quality? Discuss why you think that is. 


4. According to the diagram, which treatment offers 
the lowest quality? Discuss why you think that is. 


vs decision-making model for a rental property is 
shown below. 


Lease begins Sept. 1 













<1 $22,200 
Rent for $1950 Lease begins Oct. 1 
J $20,250 
Lease begins Nov. 1 
<1 $18,300 
Lease begins Sept. 1 
$24,000 
Rent for $2100 Lease begins Oct. 1 
$21,900 
Lease begins Nov. 1 
$19,800 
Rent to Fords 
<I $21,300 
Lease begins Sept. 1 
J $23,100 
Rent for $1950 Lease begins Oct. 1 
<I $21,150 


Lease begins Nov. 1 
<I $19,200 
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5. Discuss the conditions that have to be met to maxi- 6. Discuss the conditions that have to be met to mini- 
mize the amount of money made. Are the condi- mize the amount of money made. Are the condi- 


tions realistic? Explain. 





GETTING STARTED 


oS 


EXAMPLE 1 


32 


tions realistic? Explain. 





Permutations in the Medical Lab 


Have you heard of animal research in medical labs? The possibility of adverse 
reactions and side effects makes experimenting with medicines risky to test on 
humans, so lab animals are used for these tests. For example, some patients take 
blood-pressure medicines, blood thinners, and cholesterol-lowering medicines. 
To test for adverse reactions or differences in the way individual medicines 
work, a lab may want to experiment with animals by giving them 3 different 
medicines chosen from a group of 5 medicines and studying the results. How 
many lab animals are needed to perform the experiment? 

In mathematics, an ordered arrangement of r objects selected from n objects 
without repetition is called a permutation. The number of such permutations is 
denoted by 


Pn, r) 


Available Chosen 


Here we want to find P(5, 3), the number of permutations of 3 of the 5 objects. 
To do so, we can use the sequential counting principle. Since we wish to select 
3 medicines from among 5, there are 5 choices of medicines for the first selec- 
tion, 4 for the second and 3 for the third. Thus, the number of ways in which we 
can select 3 objects from a group of 5 (in our case, the number of lab animals 
needed for testing) is 5 X 4 X 3 = 60. Note that the first animal may be given 
medications A, B, and C in that order. If the researcher decides to use medica- 
tions A, C, and B, a different animal is needed because the order in which medi- 
cines is given is extremely important. Thus, we have found that the number of 
permutations of 5 objects, taken 3 at a time, is 60. We will study permutations in 
this section and develop a new type of notation, called factorial notation, that 
will help us write and compute permutations more efficiently. me 


In Section 9.1 we used the sequential counting principle (SCP) to determine the 
number of ways in which a sequence of events could happen. A special case of 
this principle occurs when we want to count the possible arrangements of a 
given set of elements. 


In how many different orders can we write the letters in the set {a, b, c} if no let- 
ter is repeated in any one arrangement? 


Solution We have 3 choices for the first letter, 2 for the second, and 1 for the 
third. By the SCP, the number of arrangements is 3 X 2 X 1 = 6. al 
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A. Permutations 


FIGURE 9.7 If we are asked to display the arrangements in Example 1, we can draw the tree 
diagram shown in Figure 9.7, in which each path corresponds to one such 




















a ma z A a arrangement. There are 6 paths, so the total number of arrangements is 6. Notice 
a - hae that in this example abc and acb are treated as different arrangements, because 
b— c a bea the order of the letters is not the same in the two arrangements. This type of 
‘ ee a b cab arrangement, in which the order is important, is called a permutation. 
b a cba . 


DEFINITION 9.1 


Graph It | 


To find P(n, r), go to the : , ‘ 
Foner ((2nd] [MODE]), The notation ,P,.is sometimes used instead of P(n, r). 
[jeuter a ances IMATE [<] In Example 1, we saw that the number of permutations of the letters in the 


set {a,b,c} is3 X 2 X 1 = 6. Thus, P(3, 3) = 6. A notation that is convenient 
2 |, enter r, and [ENTER]. ; i , 
| ie ns ees to represent 3 X 2 X | is 3! (read “3 factorial’’). 





DEFINITION 9.2 





Thus, / 
Ale TAXCO o ae ale =i) 4 


and 


S!=5X4xX3X2xX1= 120 


EXAMPLE 2 Compute the following: 


(a) 6! (b) 7! (c) = 

Solution By Definition 9.2, 

(a) 6} =6X5XK4X3xk2xX1=720 

(b) 71 = 7X 6X5 X%4 x3 <2 <1 = 5040 


6! OX Sexi x Bx DXA 1 
(c) 31 = BxBxi = 120 Note that = #2 & 





EXAMPLE 3 Wreck-U Car Club organizes a race in which 5 automobiles, A, B, C, D, and E 
are entered. There are no ties. 


(a) In how many ways can the race finish? 


(b) In how many ways can the first 3 finishers come in? 


| Graph : 








To find 5! with your grapher, 

| go to the home screen, enter 
5, and press [<] [4] 

_ [ENTER]. The result 120 is 


shown. 


| 
| 

















FIGURE 9.8 

First Second Third — nth 

blank blank blank blank 
EXAMPLE 4 
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Solution 


(a) The number of ways in which the race can finish if there are no ties is the 
number of permutations of 5 things taken 5 at a time. By Definition 9.1, this 
number is P(5, 5), so, by the SCP, 


P(5,5) =5-4-3-2-1=5! = 120 


(b) Here we need the number of ordered arrangements of 3 out of the 5 cars, that 
is, the number of permutations of 5 things taken 3 at a time. Again, by 
Definition 9.1, this number is P(5, 3), and by the SCP, 


P(5,3) =5:°4-3 = 60 i 


By Definition 9.1, P(n, r) is the number of permutations of n objects using 
r of these objects at a time. We can now obtain formulas to compute these 
numbers. 


1. If we use all n of the objects, we must find P(n, n). We can think of n blanks 
to be filled with n objects, as shown in Figure 9.8. We have n choices for the 
first blank, (n — 1) choices for the second blank, (n — 2) choices for the third 
blank, and so on, until we come to the last blank, for which there is only 1 
object left. By the SCP, we have 





2. The procedure used to evaluate P(n, n) can be applied to P(n, r). We think of 
r blanks to be filled by r of the n objects. There are n choices for the first 
blank, n — 1 choices for the second blank, n — 2 choices for the third blank, 
and so on, until there are n — r + 1 choices for the rth blank. Thus, by the 
SCP, we have 





You should keep in mind that the n in P(n, r) is the number of objects avail- 
able and the r is the number of spaces to be filled. (Notice that if r = n, then the 
preceding two formulas agree exactly.) 


The symbols , P., P.. » and P” are sometimes used to represent the number of 
permutations of n things, r at a time. 

Some calculators have a factorial (n!) key and a P(n, r) or ,P. key. By fol- 
lowing the instructions for the calculator, you can get answers to many of the fol- 


lowing examples and problems without having to do all the detailed arithmetic. 


Compute the following: 


(a) P(6, 6) (b) P(7, 3) (c) P(6, 2) 
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To iy Example 4(b), go to 
the home screen and enter 7 


(4) [2] 3 [ENTER]. 
You obtain 210. — 





EXAMPLE 5 
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Solution 
(a) Here we use the formula for P(n, n) with n as 6, 
P(6,6) =6:5-4-3-2-1=6! = 720 


(b) We wish to find the number of permutations of 7 objects, taken 3 at a time. 
We use the formula for P(n, r) with n = 7 and r = 3. 


PC, 3).=.7,..6" 5 = 210 
(c) We proceed as in part (b), but with n = 6 and r = 2. 
P@,.2) = 6-5 = 30 Bi 


By using the definitions of n! and (n — r)!, we can obtain the useful formula 





We can verify this formula as follows: 


pli unt Gul) (ni 2) pe ne nhl) Get eB) OCD 
(n—r)! (nT) >> + (3)2)4) 


=2 nn — 2)2 (n= re 1) = Poy) 
as the formula states. Notice that for r < n, 


Pint) = nn 2) (ne ee 
P(n, r)[(n — r)!] 


We want this formula to hold also in the case n = r; that is, we want 


P(n, n) = P(n, n)(O!) 


For this reason, 0! is defined to be 1. 





Use the preceding formula for P(n, r) to compute the answer to part (b) of 
Example 4. 


Solution 
an 
a C3 3)! ee. 
_1X6X5X4X3X2X1 
AXZX2X I} 
=7X6X5 


= 210 es 


EXAMPLE 6 


EXAMPLE 7 
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The Complementary Counting Principle 


The number of elements in a set A can sometimes be calculated more easily by 
an indirect rather than a direct method. If U is the universal set, the number of 
elements in A can be obtained by subtracting the number of elements in A’ from 
the number in °U. This gives us the complementary counting principle, 


n(A) = nC) — n(A’) 


How many ways are there to select at least one male dog if four dogs are 
available? 


Solution The only alternative to selecting at least one male dog is selecting no 
male dogs; that is, the four dogs are all females. This is just one of all the possi- 
ble cases. Since there are four places to fill, with 2 possible choices for each 
place (male or female), the total number of possible arrangements is 

nu) =2X2*2X2=24 = 16 
Thus, 


n(at least one male) = 16 — n(no males) 
16-—1=15 # 


The Additive Counting Principle 


Another useful counting principle is the additive counting principle, giving the 
number of elements in the union of two sets, which we obtained earlier in the 
book. If A and B are two sets, then 


n(A U B) = n(A) + n(B) — n(A NB) 


The use of this formula is illustrated in the next example. 


How many two-digit numbers are divisible by 2 or by 5? 


Solution Let A be the set of two-digit numbers divisible by 2, and let B be the 
set of two-digit numbers divisible by 5. For two-digit numbers divisible by 2, the 
first digit can be any digit from 1 to 9 (9 choices), and the second digit can be 0, 
2, 4, 6, or 8 (5 choices). Thus, 


n(A) =9X 5 =45 


For two-digit numbers divisible by 5, the first digit can be any digit from 1 to 9 
(9 choices), and the second digit can be 0 or 5 (2 choices). Thus, 


n(B) =9 X 2 = 18 


Since A  B is the set of numbers divisible by both 2 and 5, the first digit can 
still be any digit from 1 to 9 (9 choices), and the second digit can only be 0 
(1 choice). Thus, 


n(ANB)=9X1=9 
and the desired number is 


n(A U B) = n(A) + n(B) — n(A NO B) 
=45+18-9=54 


That is, the number of two-digit numbers divisible by either 2 or 5 is 54. bl 
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EXAMPLE 8 


www: 


To further explore Example 8, 
access links 9.2.1, 9.2.2, and 
9.2.3 at the Bello Web site. 


1. In how many different orders can the letters in the 


set {a, b, c, d} be written? 


2. In how many different ways can 4 people be 


seated in a row? 


Applications 


Now that you have learned about permutations, you have to be careful using the 
formulas because there are teachers watching. As-a matter of fact, Bob Swain, a 
Souderton High School mathematics teacher, found a mistake in a Boston Chicken 
(arestaurant chain) ad. The ad, featuring a famous quarterback, claimed that there 
are 3360 combinations of three-item meals available to customers. (Actually, it 
was determined later that what the ad intended to convey was the fact that you 
could have 3360 three-item side dishes to accompany your main meal.) Anyway, 
Mr. Swain proved this statement wrong and in the process got a free lunch for 
himself and 30 of his students! (Who says there is no free lunch anymore?) 


Suppose Boston Chicken has 16 side dishes. 
(a) In how many ways can you select 3 of them? 
(b) How many permutations of 16 objects taken 3 at a time are there? 


(c) Suppose you select carrots, potatoes, and broccoli. If you had selected broc- 
coli, potatoes, and carrots, would the end result be different? 


(d) Is the order in which you select your side dishes important? 
Solution 


(a) You can use the SCP by filling in the 3 blanks below. Since you have 16 
choices for the first vegetable, 15 for the next, and 14 for the last, the num- 
ber of ways in which you can select the 3 side dishes (no repetitions) is 


16 X 15 X 14 = 3360 
(b) The number of permutations of 16 items taken 3 at a time is 


16s: 16-15. - 14- 13! 


EUS.) 5 aerate 13! 


= 16-15-14 = 3360 


(c) You end up with the same 3 side dishes, so the end result is the same. 


(d) The order is not important, so this is not a permutation. | 


4. In how many different ways can 7 people be lined 
up at the checkout counter in a supermarket? 


5. An insurance agent has a list of 5 prospects. In 
how many different orders can the agent phone 
these 5 prospects? 


6. If the agent in problem 5 decides to phone 3 of the 


3. If 6 horses are in a race and they all finish with no prospects today and the other 2 prospects tomor- 
ties, in how many ways can they come in? row, in how many ways can the agent do this? 





ttp://college.hmco.com/mathematics If Seaszh | 


(Remember to bookmark the Bello book-specific Web site.) 





In problems 7-20, compute the given number. 





Loe! 8. 10! 
10! 
979! 10. aT 
11! 8! 
11. Fai 12; 161 
9! 
13. 514! 14. P(9, 4) 
15; PGl0;-2) 16. aes 
2) 
7: are 13.2 P(8; 3) 
19.3 =P(8.,5) 20. 4- P(3, 3) 


21. A student is taking 5 classes, each of which uses 1 
book. In how many ways can she stack the 5 books 
she must carry? 


22. Suppose 10 people are entered in a race. If there 
are no ties, in how many ways can the first 3 
places come out? 


23. A basketball coach must choose 4 players to play 
in a particular game. (The team already has a cen- 
ter.) In how many ways can the remaining 4 posi- 
tions be filled if the coach has 10 players who can 
play any position? 





24. Rework problem 23 if the coach does not have a 
center already and must fill all 5 positions from 
the 10 players. 
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In problems 25-28, assume the cards are drawn with- 
out replacement. 


25. In how many ways can 3 hearts be drawn from a 
standard deck of 52 cards? 


26. In how many ways can 2 kings be drawn from a 
standard deck of 52 cards? 


27. In how many ways can 2 red cards be drawn from 
a standard deck of 52 cards? 


28. In how many ways can 4 diamonds be drawn from 
a standard deck of 52 cards? 


29. How many three-digit numbers can be formed 
from the digits 1, 3, 5, 7, and 9 with no repetitions 
allowed? 


30. How many even three-digit numbers can be 
formed from the digits 2, 4, 5, 7, and 9 with no 
repetitions allowed? (Hint: Try filling the units 
place first.) 


31. Ared die and a green die are tossed. In how many 
ways is it possible for both dice to come up even 
numbers? (Distinguish between the two dice.) 


32. In problem 31, in how many ways is it possible for 
one of the dice to come up an odd number and the 
other to come up an even number? 


33. Out of 5 children, in how many ways can a family 
have at least 1 boy? 


34. If two dice are tossed, in how many ways can at 
least one of the dice come up a 6? (Hint: There are 
5 ways a single die can come up not a 6.) 


Six coins are tossed; in how many ways can you have 
35. no tails. 36. at least one tail. 


37. at least two heads. 38. at most one head. 


39. How many of the first 100 natural numbers are 
multiples of 2 or multiples of 5? 


40. How many of the first 100 natural numbers are 
multiples of 2 or multiples of 3? 
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41. How many license plates using six digits can the 
state of Vermont issue if 

a. repetition of digits is permitted? 

b. repetition of digits is not permitted? 

c. In the 1990 census the population of Vermont 
was about 600,000. Why do you _ think 
Vermont allows repetition of digits in its 
license plates? (It now uses three letters and 
three numerals.) 


42. How many license plates using one digit followed 
by three letters and then three digits can the state 
of California issue if 
a. repetition of letters and numbers is permitted? 
b. no repetition of letters or numbers is _per- 


mitted? 
To see U.S. and Canadian license plates, access 
a FE link 9.2.4 at the Bello Web site. 


www- 


43. Most radio stations licensed after 1927 use four 
call letters starting with K or W, for example, 
WELA in Tampa or KROW in Huntsville, MO. 
Assuming no repetitions, how many four-letter 
sets are possible? 


44. Your nine-digit Social Security number is divided 
into three parts: area (XXX), group (XX), and 
serial (XX XX). The area indicates the state on the 
original application, the group has no special sig- 
nificance, and the serial represent a straight 
numerical progression. 

a. How many Social Security numbers are possi- 
ble if repetitions are permitted? 

b. How many if repetitions are not permitted? 

c. How many if repetitions are not permitted and 
groups under 10 have never been assigned? 
You can go to link 9.2.5 to read more about 
Social Security numbers. 








Info} # ¥ http://college.hmco.com/mathematics Msee 


—_ In Other Words 


45. Give at least two reasons why 0! had to be defined 
as l. ; 


46. How would you define P(n, 0)? Verify your 
answer by finding P(n, 0) using the formula for 
Per), 


47. In your own words, what is the additive counting 
principle? 


48. Explain under what circumstances it is advanta- 
geous to use the additive counting principle. 


Ga Using Your Knowledge 


If you are interested in horse racing, here are some 
problems for you. 


49. Five horses are entered in a race. If there are no 
ties, in how many ways can the race end? 


50. In problem 49, if we know that 2 horses are going 
to be tied for first place, in how many ways can the 
race end? 


51. It seems unlikely that if 5 horses are entered in a 
race, 3 of them will be tied for first place. 
However, this actually happened! In the Astley 
Stakes, at Lewes, England, in August 1880, 
Mazurka, Wandering Nun, and Scobell triple 
dead-heated for first place. If it is known that these 
3 horses tied for first place, in how many ways 
could the rest of the horses finish? 


52. You probably answered 2 in response to problem 
51, because it is unlikely that there will be a tie for 
fourth place. However, the other 2 horses, 
Cumberland and Thora, did tie for fourth place. If 
ties are allowed, in how many different ways 
could Cumberland and Thora have finished the 
race in the preceding problem? 


_) Discovery 





In this section you learned that the number of permu- 
tations of n distinct objects is n!. Thus, if you wish to 
seat 3 people across the table from you, the number of 


hf} (Remember to bookmark the Bello book-specific Web site.) 


possible arrangements is 3!. However, if 3 persons are 
to be seated at a circular table, the number of possible 
arrangements is only 2! = 2. If the persons are labeled 
A, B, and C, the two arrangements look like those in 


the figure. 
A A 
-) = 


At first glance it may seem that there should be 
3! = 6 different arrangements, like those in the next 


figure. 
A A B 
(1) (2) (3) 
B G GE 
(4) (5) (6) 


However, a closer look will reveal that arrangements 
(1), (4), and (5) are identical; in all of them B is to the 
right and C to the left of A. Similarly, (2), (3), and (6) 
are identical, because in every case C is to the right and 
Bis to the left of A. To avoid this difficulty, if you have, 
say, 4 persons to be seated at a circular table, you seat 
one of them and use this person as a reference. The rest 
of the people can be seated in 3! ways. You have the 
following relationship: 








53. From this discussion, can you discover in how 
many ways n persons can be seated around a cir- 
cular table? 


54. In how many ways can 4 people (including A and 
B) be seated at a circular table so that A and B are 
facing each other? 
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55. In problem 54, find the number of ways in which 
the people can be seated so that A and B are not 
facing each other. 


56. In problem 54, find the number of ways in which 
the people can be seated so that A and B are next 
to each other. 


a Calculator Corner 


Many calculators have a factorial [x!] or [n!] key. Thus, 
to find 6!, you first enter the number 6 and then acti- 
vate the factorial key. The steps are 


(5) o fF 
In addition, some calculators even have a key that will 
calculate P(n, r), the key. To enter the n and the r, 
you must use other special keys. If the [a] and the [b] 
keys are those special keys on your calculator and you 
wish to find P(7, 3), as in Example 4(b), you enter 


[7] [2] [3] [B] Gana} [P, | 


1. Use your calculator to check the answers to prob- 
lems 7 and 14. 


The answer is 210. 


ae Collaborative Learning 


In Example 8 we discussed the number of ways in 
which the three side dishes could be selected, the num- 
ber of permutations of the three side dishes possible, 
and the number of different choices you had for the 
three side dishes. The three important words here are 
selected, permutations, and different choices. Let us 
discuss this further. 

Form three groups and consider the set A = 
‘ay Dae. a, ey. 


Group 1 
1. In how many ways can you select three letters from 
the set A? 


2. Make a list to confirm your answer. 


3. Is the order in which you select the letters impor- 
tant? Explain why or why not. 


Group 2 
4. How many permutations of three letters can be 
made using the letters in set A? 


5. Make a list to confirm your answer. 
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6. Is the order in which you select the letters impor- 
tant? Explain why or why not. 


Group 3 
7. How many different choices consisting of three let- 
ters can be made using the letters in set A? 


8. Make a list to confirm your answer. 


Research Questions 


9. Is the order in which you select the letters impor- 
tant? Explain why or why not. 


Now, discuss your findings among the members of 
all three groups and establish a procedure to solve 
problems involving the words select, permutations, 
and different choices. 


Many notations for n factorial, or factorial n, have been used by mathematicians. 
Find the name of the person and the year in which the given notation for n factorial 


or factorial n was used. 
Notation Person Year 


M 


[p]” 


ar 


[n 


n!} 


Le 
2. 
3 
4. 
Ds 
6. 
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am 


Planetary Conjunctions and Combinations 


Have you heard of planetary conjunctions? When two or more planets are in line 
with Earth and the Sun, as shown in Figure 9.9, you have what is known as a 


planetary conjunction. In certain cultures planetary conjunctions were believed 
to exert special influences on events. According to Hindu tradition, a special 
dreaded conjunction was that of the seven planetary bodies known to man at that 
time (Sun, Moon, Mercury, Venus, Mars, Jupiter, and Saturn), an event that was 
supposed to occur in 26,000 years and result in the end of the world. 


FIGURE 9.9 


Conjunction 





EXAMPLE 1 
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Rabbi Ben Ezra, a Jewish scholar, used an original computational method to 
show that the number of possible conjunctions of two or more of these planetary 
bodies was 120. How did he do it? Using permutations and combinations, Ben 
Ezra reasoned that the number of conjunctions of 2 planets was P(7, 2) = 42, but 
a conjunction of the Sun and Moon, for example, was the same as a conjunction 
of the Moon and Sun. Since there were 2! ways of arranging 2 planets, he divided 
P(7, 2) by 2! to obtain the correct result, 21. For 3 planets, the number of con- 
junctions was P(7, 3) = 210, but this number had to be divided by 3! = 6 to 
account for repetitions; thus the number of possible conjunctions involving 3 
planets was 35. 

In mathematics, a set of objects that can be selected disregarding their order 
is called a combination of the objects. The number of combinations of n objects 
taken r at a time is denoted by C(n, r). In our example, 





Jed GP? BORG 
C(7, 2) = “o*) and C(7, 3) = o ) 
In general, 
P(n, r) 
OT) age 


Now, can you help Ben Ezra find how many different planetary conjunctions are 
possible? You need to find C(7, 2) + C(7, 3) + C(7, 4) + --- + C(7, 7). If 
you arrive at a total of 120, you are on the way to understanding the formula for 
combinations. 

Here is another way of thinking about the concept itself. C(n, r) counts the 
number of subsets of r objects that can be made from a set of n objects. Thus, 
C(4, 2) counts all the subsets of 2 objects that can be formed from a set of 4 
objects. (If the set is {a, b, c, d}, the subsets are {a, b}, {a, c}, {a, d}, {b, c}, 
{b, d}, and {c, d}, a total of 6.) By the formula, 


PAs 12> 


C4, 2) = ae 





Now, you have both the concept and the formula for combinations! z 


In Section 9.2, we found the number of ordered arrangements that are possible 
with n distinguishable objects. Sometimes we may wish to count the number of 
subsets of these objects that can be selected if we disregard the order in which 
the objects are selected. Such subsets are called combinations. We use the sym- 
bol C(n, r) to denote the number of combinations of r objects that can be formed 
from a set of n objects. The symbols ,C,, oe C", and (”) are also used to rep- 
resent C(n, r). 


How many different sums of money can be made from a set of coins consisting 
of a penny, a nickel, and a dime if exactly 2 coins are selected? 


Solution Because the order in which we select the coins is not important (select- 
ing a nickel and then a dime gives the same sum as selecting a dime and then a 
nickel), the question asked is equivalent to finding C(3, 2), the number of com- 
binations of 2 things that can be formed using a set of 3 things. One of the sums 
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EXAMPLE 2 


EXAMPLE 3 


is 6¢ (it makes no difference whether the penny is selected first and then the 
nickel, or vice versa), the second sum is 11¢, and the third sum is I5¢. Hence, 
C(3, 2), the number of combinations of 3 objects taken 2 at a time, is 3. i 


Consider the set S = {a, b, c, d}. 


(a) How many combinations of 2 elements are possible using elements of the 
set S? 


(b) How many permutations of 2 elements are possible using elements of the 
set S? 


(c) How many subsets of 2 elements does the set S have? 


TABLE 9.2 





Solution 
(a) The 6 possible combinations are shown in Table 9.2. Hence, C(4, 2) = 6. 
(b) P(4, 2) = 4 X 3 = 12. The 12 permutations are shown in Table 9.2. 


(c) This problem is equivalent to finding the number of combinations that 
can be made from 4 objects using 2 at a time; hence, the answer is 6, as in 
part (a). i 


We can see from Table 9.2 that every combination determines 2! permuta- 
tions, so P(4, 2) = 2! - C(4, 2). We use a similar argument to solve Example 3. 


How many sets of three letters can be made from the English alphabet? 


Solution Here we want to find C(26, 3). One of the possible combinations is, for 
example, {A, B, C}. This choice determines 3! = 6 permutations (ABC, ACB, 
BAC, BCA, CAB, and CBA). If we were to make a table similar to Table 9.2, we 
would see that to each combination there corresponds 3! = 6 permutations. 
Hence, there are 6 times as many permutations as there are combinations. That 
is, P(26, 3) = 6 - C(26, 3); but P(26, 3) = 26 X 25 x 24 = 15,600, so 
15,600 = 6 X C(26, 3), or C(26, 3) = 2600. a 


The number of ways in which we can select a combination of r objects from 
a set of n objects is C(n, r). The r objects in any one of these combinations can 


“screen ([2nd] ( [and] [MODE] en enter 
/n(26) [MATH] [<] [3] and 


‘1(3). ‘When you press enter, 
the answer will cea 


EXAMPLE 4 


EXAMPLE 5 
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be arranged (permuted) in r! ways. By the SCP, the total number of permutations 
is r! X C(n, r); but this number is P(n, r). Hence, 


P(n, r) = (r!)C(n, r) 


so dividing both sides by r!, we have 





The following useful form of the formula for C(n, r) is obtained in the next 
example: 





Show that C(n, r) has the form given above. 


Solution We know that 








a P(n, r) re n! 
C(n, r) = 7 and P(n, r) = Gor 
Thus, by substituting for P(n, r), we obtain 
PAST) n! n! 
2s er ners Ga UT Herp) 
as given. a 


The meaning of C(n, r) can also be stated in terms of a set of n elements. 





Note that this is just a repetition of the statement made at the beginning of this 
section. 


How many subsets of at least 3 elements can be formed from a set of 4 
elements? 


Solution If we wish to have at least 3 elements in the subset, we can have either 
3 or 4 elements. Using the preceding statement, the number of subsets of 3 ele- 
ments that can be formed from a set of 4 elements is 

4! 


C4,3)= a9, = 4 
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EXAMPLE 6 


ce Graph It 


To do Example 6, go to the 


home screen ([2nd] [MODE]) 
and press 26 [<] 
3 [ENTER]. To find C(8, 2), 
press 8 [<] 2 

as shown. 





and the number of subsets of 4 elements that can be formed from a set of 4 ele- 
ments is 


4! 
C4, 4) = Fo =! 


Thus, the number of subsets of at least 3 elements that can be formed from a set 
of 4 elements is 4 + 1 = 5. (Try it with the set {a, b, c, d}.) | 


Compute the following: 

(a) C(26, 3) (b) C(8, 2) 

Solution 

(a) From the second formula for C(n, r), we get 


20! 263X125 x 24 x25) 


COS) Si aipat 31221 =e) 
(b) Similarly, 
Si Se ak ot 
C82) =a = af = 28 (3 


You can make your work easier by noting possible cancellations, as in the 
solutions for Example 6. 


EXAMPLE 7 


How many different 2-card hands are possible if we use an ordinary deck of 52 
cards? 


Solution The question asked is equivalent to “How many combinations are there 
of 52 elements, 2 at a time?” Using the first formula for C(n, r), we find 


BOQ sso 51 


CO? 2) pie Se a1 =1326 Bi 





Suppose you are asked to find the number of combinations of 10 objects, 8 
at a time. You can see that if you take away any combination of 8 of the objects, 
a combination of 2 of the objects is left. This shows that C(10, 8) = C(10, 2). 
This result can be verified directly as follows: 





_ PCO, 8) _10-9-8-7-6:-5-4-3 10-9 
COO Bie a Ger eer ae i aaa 
and 
P10, 2 10-9 
C(10, 2) = “= = 9 
Therefore, 


C(10, 8) = C(10, 2) 
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In general, 





The second formula for C(n, r), which was verified in Example 4, makes this 
obvious because 


n! 
Cia rg eter)! 
n! n! 


~@—-Nia—ntn! @—nn CO” 





COpnia ty) = 








EXAMPLE 8 _Romano’s Restaurant offers the pizza menu in Figure 9.10. Find how many dif- 
ferent pizzas you can order with the following: 


FIGURE 9.10 
(a) 1 item (b) 2 items (c) 3 items (d) 4 items 
ROMANO'S Solution 
Greek - Italian Restaurant (a) Because there are exactly 6 different items available, there are 6 different 
Menu For Lunch & Take Out pizzas with | item. Note if you use the formula for C(6, 1), it gives ° = 6. 
555-6666 (b) The order in which the items are added is not important. (If you order pep- 
PIZZA peroni and onion, you get the same pizza as if you order onion and pepper- 
TOTES EEGO ee oni.) Thus, you need to find the number of combinations of 6 things, taken 2 
10"-6 PIECES ata time. 
eee (652) ¥6<5 
Pecillo ae (62 haps 
ITEMS i 
Se ee (c) Here, you need C(6, 3). 
P(6,3) “6-5-4 
ps aa ome ee 
eek 
or (d) The answer is C(6, 4), which is the same as C(6, 2) = 15 al 
DESSERTS _ 
‘Try Our Delicious Homemade Desserts 
RICE PUDDING time ec 1.50 
GALACTOBURICO ............2-..55- 1.50 
reek Custard with Fillo 

ek asees a BrP ome Rare neaics 2.50 EXAMPLE 9 
Walnuts, Honey, and Fillo : ; , . 
se Let us go back to the problem of selecting three side dishes from 16 available 
ee eres 250 | dishes (Section 9.2, Example 8) and count the number of choices we have for our 


Italian-style Ice Cream 





three side dishes 

(a) without any repetitions (we have to pick three different dishes). 
(b) with one repetition (say aba or ccd or eff). 

(c) with three repetitions (say aaa, bbb, or ccc). 

Solution 

(a) Without repetition, there are 


16! 16-15-14 : 
C(16, 3) = Sal «a6 ek 560 choices 
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www 

To further explore combinations 
and permutations, access links 


9.3.2 and 9.3.3 at the Bello 
Web site. 


(b) With one repetition there are 16 choices for the first dish, 1 choice for the 
second (it has to be the same as the first), and C(15, 1) for the last dish, a 
total of 

15! A ee 
16ers Coal) = 16-7441 = 16-15 = 240 choices 

(c) With three repetitions, we have a total of 16 choices (say 3 macaroni or 3 
broccoli or 3 whatever!). 


Note that the total number of choices is 560 + 240 + 16 = 816 and that is the 
total number of choices we have to select our three side dishes, which is what 
Mr. Swain said! : a 


Before you go to the exercises, you should know that some calculators have 
a C(n, r) or a ,C, key so you can work most of the problems without doing all 
the detailed arithmetic. If you do not have one of those calculators, go to link 
9.3.1 and use the one provided there. 


In problems 1 —6, evaluate each of the following: 15. Let T be a set of 10 elements. 


£.€6,2):and P (5; 2) 2. C(6, 4) and P(6, 4) 


a. How many subsets of 3 elements does T have? 
b. How many subsets of less than 3 elements does 


J CUO) andl (753) 4. C(5, 0) and P(5, 0) T have? 


5. C(9, 6) and P(9, 6) 6. C(7, 0) and P(7, 0) 


In problems 7—10, find the number of combinations 
that can be made from the following: 


7. 5 objects taken 4 at a time 
8. 9 objects taken 3 at a time 
9. 10 objects taken 2 at a time 


10. 12 objects taken 3 at a time 


11. How many subsets of 2 elements can be made 


from a set of 8 elements? 


c. How many subsets of no elements does T have? 
d. How many subsets of more than 9 elements 
does T have? 


16. How many different sums of money can be 
formed from a penny, a nickel, a dime, a quarter, 
and a half-dollar if exactly 3 coins are to be used? 


17. Rework problem 16 using 4 coins. 
18. Rework problem 16 using at least 2 coins. 


19. Let A = {1, 2, 3, 4, 5}. 
a. How many subsets of 3 elements does the set A 
have? 
b. How many subsets of A have no more than 3 


12. How many subsets of 5 elements can be made elements? 


from a set of 7 elements? 


20. If 20 people all shake hands with each other, how 


13. How many different 8-element subsets can be many handshakes are there? 
made from a set of 12 elements? 


21. The Greek alphabet has 24 letters. In how many 


14. How many different 10-element subsets can be ways can 3 different Greek letters be selected if 
made from a set of 15 elements? the order does not matter? 





| Info | = 9 http://college.hmco.com/mathematics | Seah | 


(Remember to bookmark the Bello book-specific Web site.) 


22. 


23. 


24. 


25. 


26. 


27. 


28. 


29. 


30. 


31. 


32. 


33. 


34. 


The mathematics department is sending 5 of its 10 
members to a meeting. How many different sets of 
5 members can be selected? 


A committee is to consist of 3 members. If there 
are 4 men and 6 women available to serve on this 
committee, how many different committees can 
be formed? 


The Book of the Month Club offers a choice of 3 
books from a list of 40. How many different selec- 
tions of 3 books each can be made from this list? 


How many different 5-card poker hands are possi- 
ble using a deck of 52 cards? 


A restaurant offers 8 different kinds of sand- 
wiches. How many different sets of 2 sandwiches 
could you select? 


The U.S. Senate has 100 members. How many 
different 5-member committees can be formed 
from the Senate? 


In how many ways can a committee of 7 be 
formed from a group of 12 eligible people? 


Johnny has a $1 bill, a $5 bill, a $10 bill, and a $20 
bill in his pocket. How many different sums of 
money can Johnny make with these bills if he uses 
at least 1 bill each time? 


Desi has 6 coins: a penny, a nickel, a dime, a quar- 
ter, a half-dollar, and a dollar. How many different 
sums of money can Desi form using just 2 of these 
coins for each sum? 


Refer to problem 30. How many different sums of 
money can Desi form if she uses at least 1 coin 
each time? 


How many different committees can be formed 
from 8 people if each committee must consist of at 
least 3 people? 


In how many ways can 8 people be divided into 2 
equal groups? 


A diagonal of a polygon is a line segment joining 
two nonadjacent vertices. How many diagonals 
does a polygon of 


a. 8 sides have? b. n sides have? 


(Hint: Think of all the lines joining the vertices 
two at a time. How many of these lines are sides 
and not diagonals?) 
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@&™” in Other Words 


35. Write in your own words the difference between a 
permutation of 3 objects and a combination of 3 
objects. 


36. You know that a combination for your locker uses 
the numbers 1, 2, 3. 
a. Will the combination 1, 2, 3 necessarily open 
the locker? 
b. What are the permutations of 1, 2, and 3? Will 
one of these open the locker? Explain. 


37. Discuss why a combination lock should really be 
called a permutation lock. 


38. Consider P(n, r) and C(n, r). 
a. Discuss the conditions under which P(n, r) = 
C(n, r) and explain why. 
b. Is P(n, r) greater than or less than C(n, r)? 
Explain. 


) Using Your Knowledge 


The following figure shows the famous Pascal’s trian- 
gle. The triangle counts the number of subsets of k ele- 
ments that can be made from a set of n elements, that 
is, C(n, k). If you consider n to be the row number and 
k the diagonal number, you can find C(5, 2) by going 
to the fifth row, second diagonal. The answer is 10. 
Note that the value 10 is obtained by adding the 4 and 
6 above 10 in the triangle. Similarly, the 5 in the fifth 
row, first diagonal is found by adding the 1 and 4 
above 5 in the preceding row. 





39. Construct the next two rows of Pascal’s triangle. 


40. Use Pascal’s triangle to find the following: 
a. C(6, 4) BCGs3) 
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41. You might have learned in algebra that 


(a + b)? = 1 
(a+ b)i= la + 1b 
(a+ b= 1a? + 2ab + 1b? 


(a + b)3 = 1a3 + 3a2b + 3ab? + 1b? 


Compare Pascal’s triangle with the given expres- 
sions and then find the following: 
a. (a + byt b. (a+ bp 


42. Use Pascal’s triangle to find (a + b)°. 


— Discovery 


Suppose a fair coin is flipped 5 times in succession. 
How many different outcomes are possible? Since the 
coin can fall in either of 2 ways (heads or tails), the 
number of different outcomes is 2° = 32. 

In how many different ways can the outcome be 2 
heads and 3 tails? If you think a moment, you will real- 
ize that the answer is the number of combinations of 5 
things, taken 2 at a time. (Look at the 5 tosses and 
determine in how many ways you can select 2 of them 
when the order is unimportant.) Thus, the correct 
answer 1S 


Nn 


-4 
C(5, 2) = 5-4 = 10 


See if you can discover the answers to the following 
questions: 


43. In how many different ways can the outcome be 0 
heads and 5 tails? Call this number C(5, 0). 


44. Rework problem 43 for | head and 4 tails. 
45. Rework problem 43 for 3 heads and 2 tails. 
46. Rework problem 43 for 4 heads and | tail. 
47. Rework problem 43 for 5 heads and 0 tails. 


48. Add the answer you found for 2 heads and 3 tails 
and your answers for problems 43-47. You 
should come out with 


C3;0) "CG. VEE CO. 2) 
+-G (35, 3): & C6, 4) iGG6,9) = 32 


Explain why. 
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49. The result of problem 48 is a special case of the 
general result 


C(n, 0) + Cin, T+ CG 2 
+..C(n; n) 2” 


Can you tell why this must be a correct result? 
(Hint: Think of the coin’s being flipped n times.) 


fa Calculator Corner 


Some calculators can evaluate C(n, r). To do this, you 
must enter n and r using special keys, say [a] and [b], 
on your calculator. Thus, to evaluate C(26, 3), as in 


Example 6(a), press [a] [b] linGel. As 


before, the answer is 2600. 


1. Check the answers to Examples 6, 7, and 8 using 
your calculator. 


ae Collaborative Learning 


Suppose your group is in charge of designing license 
plates for the Department of Motor Vehicles. 


1. If you use the numbers 0—9 to create your plates, as 
Washington, D.C., did, how many license plates are 
possible? 


{ ® Celebrate & Discover® ) 


kek 
ae 
a) 


Shen Washington, D.C. le 





2. Go to an almanac or the Statistical 
Abstract of the United States or to link 
9.3.4 at the Bello Web site and determine 
the states in which your answer to the 
first question might provide enough 
license plates. 





3. The population of Wyoming is about 481,000. If 
you used the scheme described in the first question, 
do you think there would be enough license plates 
for all motorists? Hint: Suppose you have two cars! 


4. If you were in charge of designing license plates for 
the state of California, which method would you 


_ (Remember to bookmark the Bello book-specific Web site.) 
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use to make sure that there were enough license 5. How can you make sure that there are enough 
plates available? (Here’s how they actually do it.) license plates available? 
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GETTING STARTED 


ee 


6. At the present time there are two types of license 
plates in California: one digit, three letters and three 
digits; and three letters followed by three digits. 

a. How many license plates are possible using each 
of the two schemes? 

b. Which one do you think is more likely to be 
used? Explain why. 





“Counting” on Winning the Lottery 


In Section 9.1 you were asked “Why does it seem so difficult to win the lottery?” 
The answer, you found, is because there are so many possible permutations or so 
many combinations, depending on the game you play. For example, suppose you 
play a lottery in which you pick four digits and you win if the digits are drawn 
in the exact order you have chosen. To find your chance of winning, you must 
find in how many ways you can select the four digits. The number of ways in 
which you can fill the four blanks 


using the sequential counting principle and the 10 digits (0 to 9) to fill each 
blank, is 


10 x 10 x 10 X 10 


or 10,000 ways. Only one number will win, so your chance is | in 10,000. (If you 
pick 1345 and the number selected is 5431 you are out of luck.) Here the SCP 
was used as the counting method. 

You can also play this game by selecting the 24-way box. In this case, you 
select a set of 4 numbers and win if the numbers come out in any order. How 
many ways can you win now? Since there are P(4, 4), or 24, ways of permuting 
the 4 numbers you choose, your chances are increased to 24 in 10,000. Here per- 
mutations were used as the counting method. 

Other lottery games are even more challenging. For example, in many state lot- 
teries you pick 6 different numbers from a set of 49 numbers. You win the jackpot 
if you match (in any order) the 6 winning lottery numbers. How many chances 
of winning do you have now? To find out, you must find the number of ways in 
which 6 numbers can be selected from a set of 49 numbers when the order is not 
important; that is, you must find C(49, 6). If you have a calculator or if you are 
patient, you can compute C(49, 6) and obtain 13,983,816. Your chances are only 
1 in almost 14 million. Here combinations were used as the counting method. 

The examples and problems in this section will use the SCP, permutations, 
and combinations. The question you must consider is when to use which method. 
You begin this section by considering a diagram that may help you to make this 


choice. Le 
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FIGURE 9.11 


EXAMPLE 1 


EXAMPLE 2 


In the preceding sections, we discussed the use of the sequential counting prin- 
ciple (SCP), permutations, and combinations in simple counting problems. Very 
often, the most difficult step in dealing with a counting problem is to decide 
which method or formula to use. We shall try to make this decision easier in the 
following discussion. 


Permutations and Combinations 


As you recall, if the problem involves two or more events that are to occur in suc- 
cession, you must use the SCP. For problems that involve choosing r items from 
a set of n different items, with no repetitions allowed, remember the diagram 
shown in Figure 9.11. 





The next example will help to clarify this idea. 


An employment agency has 5 highly skilled workers listed. Find in how many 
ways 2 of these workers can be selected given the following: 


(a) The first one is to be in charge and the second one is to help. 


(b) They are simply to do a job. 


Solution In both parts of this problem, 2 workers are to be selected from 5. 


(a) If the first worker is to be in charge and the second to help, then the order in 
which they are picked is important. Hence, we must use permutations. The 
answer is 


P(5, 2) = 5-4 = 20 


(b) Here the order is not important. (It makes no difference if Joe and Sally, or 
Sally and Joe are picked; both will do the job.) Thus, we must use combina- 
tions, and the answer is 


C6,2).=5— = 10 fH 


Sometimes, we must combine more than one principle in solving a counting 
problem. We illustrate this in the next example. 


A television network has 6 different half-hour programs during prime time (7 to 
10 P.M.). You want to watch 3 programs in one evening. 


(a) How many choices do you have? 


(b) If exactly 1 of the programs must be after 9 p.M., how many choices do you 
have? 


EXAMPLE 3 


EXAMPLE 4 
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Solution In this problem, you can choose the programs, but you must watch 
them at the times when they are presented. No permutations are allowed. Thus, 
to answer the questions, you must use combinations. 


(a) Here, you simply need to select 3 of the 6 programs. This means 


65 <4 


C6, 3) = 3-544 





= 20 choices 


(b) Divide the problem into two parts as follows: 
1. Select 1 program after 9 p.M. There are 2 choices. 
2. Select 2 other programs from 4 before 9 P.M. There are 


4-3 
C(4, 2) = peapies 6 choices 


Now use the SCP to combine the two sets of choices. This gives 


6-2 = 12 choices fi 


Here is another view of the television problem. A local station manager has 10 
different half-hour programs available and needs to schedule 6 of them in the 
hours from 7 to 10 P.M. The station manager feels that 4 of the programs are 
unsuitable for showing before 9 P.M. but is obligated to show 2 of these some- 
time during the evening. How many choices does this leave for the evening’s 
schedule? 


Solution We divide this problem into two parts, as we did in Example 2(b). 
Here, however, the station manager can control the order as well as the choice of 
programs. Therefore, this problem requires permutations. 


1. For the hours from 7 to 9 P.M., there are 6 (10 — 4) programs available and 
the manager must select 4 of them. Since the order of showing has to be con- 
sidered, the number of choices is P(6, 4) = 6:5-4-3 = 360. 


2. For the hour from 9 to 10 P.M., there are 4 programs, of which 2 must be 
selected. The number of choices is P(4, 2) = 4:3 = 12. 


Now, we can use the SCP to give us the total number of choices, which is 
360 - 12 = 4320. (Pity the poor station manager!) Si 


Roy and Rosie are eating out at an oriental restaurant (see the menu on page 
604). They select a special family dinner that allows an individual choice of 1 of 
2 soups, | entree from 10 items in group A, | entree from 9 items in group B, and 
an individual choice of 1 of 4 desserts. How many different possibilities are 
there? 


Solution We consider the following two cases: 


1. Roy picks an entree from group A and Rosie picks one from group B. Thus, 
Roy has a choice of 2 soups, 10 entrees, and 4 desserts, so by the SCP, he has 
2-10-4 = 80 choices. At the same time, Rosie has a choice of 2 soups, 9 
entrees, and 4 desserts, so she has 2 - 9 - 4 = 72 choices. Hence, by the SCP, 
together they have 80 - 72 = 5760 different choices available. 
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TABLE 9.3 


ZyZ\X ZZX ZZX 
ZyXZ, ZXZ ZXZ 
XZyZ1 XZZ XZZ 





2. Roy picks an entree from group B and Rosie picks one from group A. This 
simply exchanges the choices we found in case 1, so the number of choices 
for both is again 5760. 


Thus, the total number of possibilities is 2 - 5760 = 11,520. |_| 


Permutations of Nondistinct Objects 


In the preceding examples, all the objects considered were distinct (you could 
tell them apart). Here is a different type of problem. If you go to Madison, 
Wisconsin, and look at the white pages of the telephone book, you might find 
that the last name listed is Hero Zzyzzx (pronounced “Ziz-icks”). Can you find 
in how many different ways the letters in Mr. Zzyzzx’s last name can be 
arranged? Before tackling this problem, look at a simpler one. It is conceivable 
that no one calls Mr. Zzyzzx by his proper last name; perhaps he is named Zzx 
(Zicks) for short. In how many different ways can the letters in the name Zzx be 
arranged? To do this problem, you ignore the capitalization and rewrite the name 
as Z,Z,X so that you now have three distinct things. Then look at all the possible 
arrangements of z,, Z,, and x. After this step, erase the subscripts and look at 
the arrangements again. Table 9.3 shows the two sets of arrangements. Notice 
that with the subscripts you have 3 distinct objects, which can be ordered in 
P(3, 3) = 3! = 6 ways. The second half of the table, with subscripts erased, 
shows that two permutations of Z,, Zy, and x, in which the 2 z’s are simply inter- 
changed, become identical. Hence, to find the number of distinct arrangements 
without subscripts, you must divide the number with subscripts by the number 
of ways in which the identical letters can be permuted. Because there are 2 z’s, 
they can be permuted in 2! ways, so the number of arrangements of zzx is 


3! 


Bian 


A similar argument leads to the general result. 





With this formula, you can find the number of distinct arrangements of the let- 
ters in the name Zzyzzx. Now regard the Z and the z as distinct, so there are 6 
letters, 1 Z, 3 z’s, 1 y, and 1 x. The formula gives 


6! 


ii ~ 8574 = 120 
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EXAMPLE 5 In how many different ways can the letters in the name Minnie be arranged? 


Solution There is a total of n = 6 letters in the name: 1 M, 2 i’s, 2 n’s, and le. 
Thus, Bian Mn 2 n, = 2, and n, = 1. Hence, the number of distinct arrange- 
ments is 





6! 6-5-4-3-2-1 
MOU (alee lea ee 7 
EXAMPLE 6 The last name in the San Francisco phone book used to be (are you ready?) 


Zachary Zzzzzzzzzra. (Please, don’t ask how to pronounce it!) In how many dis- 
tinguishable ways can the letters in Zzzzzzzzzra be arranged? 


Solution Here, n = 11,n, = 1 (1 Z), n, = 8 (8 z’s), n,=-1 (11), andn, = 1 
(1 a). Thus, the number of distinct arrangements is 


11! 


Tis 11° 10:9 = 990 Oo 


C. Applications 


There is one counting technique that has not been discussed in this section: tree 
diagrams. These diagrams can be used to “help make better decisions in litiga- 
tion management.” Let us see how. (Source: TreeAge Software.) 


EXAMPLE 7 A lawyer handling legal cases “first identifies the factual and legal uncertainties 
in a case and then decides: Should we litigate or settle?” If we litigate, we can 
lose or win a summary judgment. If we lose, the jury finds liability (high, 
medium, or low) or there may not be any liability. Draw a tree diagram and show 
all the possibilities for the case. 


Solution We draw the tree shown in Figure 9.12 and label the branches. 


FIGURE 9.12 High damages 












Liability Medium damages 








Lose summary 
judgment 








Does the jury Low damages 


find liability? 











How does the judge rule 
on defendant’s motion 
for summary judgment? 


Litigate 






No liability 






Should we litigate 
or settle? Win summary 
judgment 





Settle 
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To learn more about Example 7, 


access link 9.4.1 at the Bello 
Web site. 


Exercise 9.4 


L 
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Three cards are dealt in succession and without 

replacement from a standard deck of 52 cards. 

a. In how many different orders can the cards be 
dealt? 

b. How many different 3-card hands are possible? 


. An employment agency has 6 temporary workers. 


a. In how many ways could 4 of them be assigned 
to the research department? 

b. In how many ways could 3 of them be assigned 
to 3 different companies? 


. The playbook for the quarterback of the Dallas 


Cowboys contains 50 plays. 

a. In how many ways could the quarterback select 
3 plays to use in succession in the next 3 downs? 

b. In how many ways could he select a set of 3 
plays to study? 


. A student must take 3 different courses on 


Mondays. In how many ways can the student do 

this given the following? 

a. There are 6 different courses, all available at 
each of the 3 hours 8, 9, and 10 A.M. 

b. Only 1 of these courses is available each hour 
between 8 A.M. and 2 P.M. (6 hr). 


- Rework problem 4(b) if the student wants to keep 


the hour from 12 noon to 1 p.m. free for lunch. 


- A student wishes to schedule mathematics, 


English, and science. These classes are available 

every hour between 9 A.M. and noon (3 hr). 

a. How many different schedules are possible? 

b. How many schedules are possible if this stu- 
dent wants to take mathematics at 11 A.M. with 
her favorite instructor, Mr. B.? 





As you can see, there are 6 distinct possibilities identified by the < symbol. In 
the next chapter we will be able to assign probabilities to each of the events 
involved. For example, “The reality is that more than 90% of all cases end up 
being resolved through settlement, rather than trial.” a 


. Peter must select 3 electives from a group of 


7 courses. 

a. In how many ways can Peter do this? 

b. If all 7 of these courses are available each of the 
4 hr from 8 A.M. to noon, from how many dif- 
ferent schedules (hours and what course at each 
hour) can Peter choose? 


. At the University of South Florida, a student must 
take at least 2 courses from each of 5 different 
areas in order to satisfy the general distribution 
requirement. Each of the areas has the number of 
courses indicated in the table. 





a. If Sandy has satisfied all the requirements 
except for area V, and she wishes to take 3 
courses in this area, how many choices does 
she have? 

b. Bill has already satisfied his requirements in 
areas I, II, and III. Now he wishes to take the 
minimum number of courses in areas IV and V. 
How many choices does he have? 


- Aclass consists of 14 boys and 10 girls. They want 


to elect officers so that the president and secretary 

are girls, and the vice president and treasurer are 

boys. 

a. How many possibilities are there? 

b. How many are there if 2 of the boys refuse to 
participate? 


(Remember to bookmark the Bello book-specific Web site.) 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


A7: 


A company has 6 officers and 4 directors (10 dif- 
ferent people). In how many ways can a commit- 
tee of 4 be selected from these 10 people so that 
the following hold? 

a. 2 members are officers and 2 are directors. 

b. 3 members are officers and 1 is a director. 

c. All the members are officers. 

d. There are no restrictions. 


There are 4 vacancies on the scholarship commit- 
tee at a certain university. In order to balance the 
men and women on the committee, 1 woman and 
3 men are to be appointed. In how many ways can 
this be done if the following are available to 
serve? 

a. 7 men and 8 women 

b. 5 men and 2 women 


Romano’s Restaurant has the menu shown in 
Example 8 of Section 9.3. In how many ways can 
a meal consisting of a pizza with 3 toppings, 2 
beverages, and a dessert be chosen? The menu 
shows that there are 6 toppings for the pizza, 6 
beverages, and 5 desserts offered. 


How many distinct arrangements can be made 
with the letters in the word TALLAHASSEE? 


How many distinct arrangements can be made 
with the letters in the word MISSISSIPPI? 


Do you know what a palindrome is? It is a word 
or phrase with the same spelling when written 
forward or backward. The longest single-word 
palindrome in the English language is the word 
REDIVIDER. How many distinct arrangements 
can be made with the letters in this word? 


There is a place in Morocco with a name 
that has 8 vowels in a row in its spelling! Do 
you know what place this is? It is spelled 
ISJOUAQUOUENE. How many distinct arrange- 
ments can be made with the letters in this name? 


A contractor needs to buy 7 electronic compo- 
nents from 3 different subcontractors. The con- 
tractor wants to buy 2 of the components from 
the first subcontractor, 3 from the second, and 
2 from the third. In how many ways can this be 
done? 


18. 


19. 


20. 


21. 


22. 
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9.4 Miscellaneous Counting Methods 


An advertiser has a contract for 20 weeks that pro- 
vides 3 different ads each week. If it is decided 
that in no 2 weeks will the same 3 ads be shown, 
how many different ads are necessary? [Hint: You 
need to find the least n such that C(n, 3) = 20.] 


A cable television network wishes to show 5 
movies every day for 3 weeks (21 days) without 
having to show the same 5 movies any 2 days in 
the 3 weeks. What is the least number of movies 
the network must have in order to do this? (See the 
hint in problem 18.) 


Repeat problem 19 but assume the network wants 
to show the movies for 8 weeks. 


Polly needs to take biology, English, and history. 
All these are available every hour between 9 a.m. 
and 3 p.M. (6 hr). If Polly must schedule 2 of these 
courses between 9 A.M. and | P.M. and | course 
between | and 3 P.M., how many schedules (hours 
and course each hour) are available to her? 


Roy must elect 3 courses from among 4 courses in 
group I and 3 courses in group II. If he must take 
at least 1 of his 3 electives from each group, how 
many choices does he have? (Hint: First find how 
many choices he has if he elects only 1 course 
from group I. Then find how many choices he has 
if he elects 2 courses from group I. Since he must 
do one or the other of these, the final answer is the 
sum of the two answers.) 


AzA- Applications 


Problems 23-25 are adapted from David C. Skinner, 


Introduction — to 


Decision Analysis (Florida: 


Probabilistic Publishing, 1996). 


23. 


Suppose you wish to invest $1000 for a year. You 
have three choices: a mutual fund, a management 
company, or a CD. Each of the investments may 
have a high or a low yield. Mutual funds return 

6-10%, management companies 5-10%, and 

CDs 3-4%. 

a. Make a tree diagram showing all possibilities. 
At the end of each branch write the amount of 
money expected from the investment. 

b. Based on your tree diagram, what is the highest 
value for the investment? 

c. Based on your tree diagram, what is the lowest 
value for the investment? 
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24. Do you bet at all? Let us look at a hypothetical 
problem and perhaps you won’t. Suppose you are 
considering betting on the horses. You can either 
place the bet or not. If you place a $200 bet, you 
can win $50,000 or lose your $200 (—$200). 

a. Make a tree diagram showing all possibilities. 
At the end of each branch write the amount 
associated with that branch. 

b. Based on your diagram, what is the highest 
(best) amount you can get? 

c. Based on your diagram, what is the lowest 
(worst) amount you can get? 


25. A company is considering the introduction of a 
new product. The market size for the product can 
be extremely high or low. If the market size is 
extremely high, sales can be high ($2000), 
medium ($1000), or low ($750). If the market size 
is low, sales can be high ($750), medium ($500), 
or low ($300). 

a. Make a tree diagram showing all possibilities. 
At the end of each branch, write the amount 
expected from that outcome. 

b. Based on your tree diagram, what is the highest 
amount of money you can get and under what 
conditions? 

c. Based on your tree diagram, what is the lowest 
amount of money you can get and under what 
conditions? 


26. Here is a personal investment decision. You can 
buy high, low, or preferred stocks. For each of 
these types of stocks, the market can go up, stay 
the same, or go down. In the case of the high risk 
stocks, if the markets go up, you get $1500; if it 
stays the same, you get $100; but if it goes down, 
you lose $1000 (—$1000). With the low risk 
stock, you get $1000 when the market goes up and 
$200 if it stays the same, but you lose $100 
(—$100) if the market goes down. The preferred 
stock will always pay $500 regardless of market 
conditions. 

a. Make a tree diagram showing all possibilities. 
At the end of each branch write the amount 
associated with the outcome corresponding to 
that branch. 

b. Based on your tree diagram, what is the highest 
amount of money you can expect and under 
what conditions? 

c. Based on your tree diagram, what is the lowest 
amount of money you can expect and under 
what conditions? 


EE In Other Words 


27. Describe in your own words how you would 
decide which of the formulas to use (SCP, permu- 
tations, combinations) in a counting problem. 


28. Which formula would you use in a counting prob- 
lem involving indistinguishable objects? Explain. 


Ge " Using Your Knowledge 


Do you know an easy way of finding how many posi- 
tive integers are exact divisors of a given positive inte- 
ger? For example, how many exact divisors does 4500 
have? The easy way to answer this question is to write 
4500 first as a product of its prime divisors. 


4500 = 273257 


Now you can see that every exact divisor of 4500 must 
be of the form 223°5°, where a is 0, 1, or 2; bis 0, 1, or 
2; and c is O, 1, 2, or 3. Because there are 3 choices for 
a, 3 choices for b, and 4 choices for c, the SCP tells you 
that the number of exact divisors of 4500 is 3 - 3: 4 
= 36. Notice that the exponents in the prime factor- 
ization of 4500 are 2, 2, and 3 and the number of exact 
divisors is the product (2 + 1)(2 + 1)(3 + 1). Try this 
out for a small number, say 12, for which you can 
check the answer by writing out all the exact divisors. 


29. How many exact divisors does 144 have? 
30. How many exact divisors does 2520 have? 


31. If the integer N = 243°5°74, how many exact divi- 
sors does N have? 


32. How many exact divisors does the number 243273 
have? 


@ 
ae Collaborative Learning 


The tree on page 633 shows a model of a decision 
whether to vaccinate for a specific disease. The numbers 
appearing on individual branches indicate the proba- 
bility that the event associated with that branch will 
occur. For example, if the decision is made to vacci- 
nate, the probability that there are no complications is 
0.99, or 99%. In addition, different numbers are given 
at the end of each branch. Those numbers represent the 
quality of that particular course of action. Thus, if the 
decision is made not to vaccinate and there is no dis- 
ease, the quality number is 10 (see the bottom branch). 
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This tree models a decision of whether to vaccinate for a specific disease. 
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.90 
1. What is the best quality number in the diagram and 3. What is the worst quality number in the diagram 
what course of action has to be taken to obtain that and under which conditions does it occur? 
number? : : 
4. Why do you think there are two courses of action 
2. Discuss which one of the two courses of action that merit a 5 for their quality number? What 
associated with the highest quality number is, in actions could be taken to get a 5? 


your opinion, best for the patient. 


Chapter9 SUMMARY 


Section Item Meaning Example 

9.1B SCP Sequential counting principle: If If there are 3 roads to go to 
one thing can occur in m ways, the beach and 2 dates are 
a second thing can then occur in available, then you have 
n ways, a third thing can occur 3 X 2 = 6 different choices. 


in r ways, and so on, then the 
sequence of things can occur in 
mxXnxXrxX-*-: ways. 


9.2A Permutation An ordered arrangement of n 
distinguishable objects, taken r 
at a time with no repetitions 
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Section 


924 


Lass 


SIZ. 


928 


9.26 


a6 


93 


9.4 
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Item 


n! (n factorial) 


eit) 


0! 


Complementary 
counting principle 


Additive counting 
principle 


Combination 


Gino) 


Permutations of a 
set of n objects, 
not all different 


Research Questions 


Sources of information for these questions can be found in the Bibliography at the 


end of the book. 


Meaning 

n(n — 1)(n — 2)-*- 3)Q)M) 

Ais) nis) ee) 
n! 

"Gl 


I 


n(A) = nu) — n(A’) 


n(A U B) = n(A) + n(B) — n(A NB) 


A selection of r objects without 
regard to order, taken from a set of 
n distinguishable objects 





n! P(n, r) 
niin » 7! 
n! 
Saree 
ny!n»! i 


1. Who introduced the symbol n!, in what work, and why? 


2. Write a report about the journal that Leibniz helped establish, the position he 


attained with the journal, and his mathematical achievements. 


3. Research and write a paper on Leibniz’s life, giving particular emphasis to De 


Ars Combinatoria, one of his works. 


4. Write a report about Ben Ezra and his contributions to combinatorics. 


5. This man rediscovered Euclid’s 32nd proposition, invented the first calculating 
machine at the age of 18, and, inspired by a persistent toothache, became a 
successful researcher of the properties of the cycloid (a geometric curve). Find 


out who this mathematician was and write a paper detailing the events 
mentioned. 


Example 

3!=3-2-1=6 
6! 

P(6, 2) = (6) 


If U = {a, b, c,d} and A = 
{a, c, d}, then A’ = {b} and 
n(A) = nC) — n(A’); or 
Sra 


If A = {a, b,c} and B= 

{b, c, d}, then A U B= 

{a, b,c, d\ JA (VB=Ab ch, 
and n(A U B)=n(A) + 
n(B) — n(A M B); or 
Ao a 


6! 
C(Gi2 ye a14I 


The number of arrangements 


6! 
of the letters aabbbc is BNI 
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Chapter9 PRACTICE TEST 


1. 


12. 


13. 
14. 


15. 
16. 


17. 


18. 


19. 


. Compute the following: a. 7! De 


A student wants to take two courses, A and B, both of which are available at 9, 
10, and 11 A.M. Make a tree diagram to show all the possible schedules for that 
student. Use a notation like (A, 9) to mean course A at 9 A.M., (B, 11) to mean 
course B at 11] A.M., and so on. 


. Arestaurant offers a choice of 2 soups, 3 entrees, and 5 desserts. How many 


different meals consisting of a soup, an entree, and a dessert are possible? 


- a. Two dice are thrown. How many different outcomes are possible? 


b. In how many ways could you get a sum of 5? 


- Two cards are drawn in succession and without replacement from a standard 


deck of 52 cards. In how many ways could these be a black jack and a red card, 
in that order? 


. An airline has 3 flights from city A to city B and 5 flights from city B to city C. 


In how many ways could you fly from city A to city C using this airline? 


7! 
4! 


. Compute the following: a. 3! x 4! b. 3! + 4! 
. Find the following: a. P(5, 5) b. P(6, 6) 
. Find the following: a. P(8, 2) Ins JA 3) 
10. 
11. 


In how many ways can 4 people be arranged in a row for a group picture? 


Three married couples are posing for a group picture. They are to be seated in a 
row of 6 chairs, with each husband and wife together. In how many ways can 
this be done? (Hint: First count the number of ways in which the couples can 
be arranged.) 


Bobby has 6 pigeons: 2 white, 2 gray, and 2 gray and white. In how many ways 
can Bobby select 3 of his pigeons and include exactly 1 white bird? 


How many counting numbers less than 50 are divisible by 2 or 5? 


How many different sums of money can be made from a set of coins consisting 
of a penny, a nickel, a dime, and a quarter if exactly 2 coins are selected? 


How many subsets of 3 elements does the set {a, b, c, d, e, f} have? 
Find the following: a. C(5, 2) b. C(6, 4) 


a C6 Re bh 
Find the following: a. C(6, 0) "G(53) 





Two cards are drawn in succession and without replacement from a standard 
deck of 52 cards. How many different sets of 2 cards are possible? 


A student wants to schedule mathematics, English, science, and economics. 
These 4 classes are available every hour between 8 A.M. and noon (4 hr). How 
many different schedules are possible? 
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20. 


21. 


22. 


23. 


24. 


25. 


Billy has 5 coins: a penny, a nickel, a dime, a quarter, and a half-dollar. 
How many different sums of money can Billy form by using 1, 2, or 3 of 
these coins? 


The A-1 Company needs 3 skilled employees, 1 to be in charge and 2 to 
help. If the company has 5 competent applicants, in how many ways can 
the employees be selected? 


On a certain night, there are 8 half-hour programs scheduled on a 
television station. If you want to watch 4 of these programs, how many 
choices do you have? 


How many distinct arrangements can you make with the letters in the word 
boogaboo? 


How many distinct arrangements can be made with the letters in the 
palindrome “Madam I’m Adam’’? (Disregard the apostrophe and 
capitalization.) 


On August 26, 1982 a total of 1977 stocks were traded on the New York 
Stock Exchange for a volume of 137,350,000 shares. Of the 1977 stocks 
traded, 1189 advanced (a), 460 declined (d), and 328 were unchanged (n). 
Suppose at the end of the day, you marked a, d, or n after each stock 
traded. How many distinct arrangements of all the a’s, d’s, and n’s are 
possibie? (Do not try to simplify your answer.) 


Answers to Practice Test 





Answer If You Missed Review 
9 Queston Secon, = xan 
Le (B, 10) 1 9.1 1 596 
(A, 9) ee / , 
(B, 11) | 
(B, 9) : 
(A, 10) ces 
(B, 11) 
(B, 9) 
(A, 11) Se 
(B, 10) 
2. 30 2 9.1 2 597 
3. (a) 36 (b) 4 3 9.1 3,4 597 
4. 52 4 91 5-9 599-601 
Sells 5 91 10 601-602 
6. (a) 5040 (b) 210 6 9.2 2 608 
7. (a) 144 (b) 30 7 9.2 2 608 
8. (a) 120 (b) 720 8 9.2 3,4 608-610 
9. (a) 56 (b) 210 : 9 9.2 4 609-610 
10. 24 10 9.2 5 610 
11. 48 11 9.2 5 610 
D2, 12 j 92 6 611 
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Answer If You Missed Review 






13. 29 

14. 6 

15. 20 

16. (a) 10 = (b) 15 
17.(a) 1 = (b) 3 
18. 1326 

19. 24 

20. 25 

21. 30 

22. 70 

23. 840 

24. 34,650 


___1977! 
25. 1789146013381 
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os 
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9.4 
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9.4 
9.4 
9.4 
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Probability 


In this chapter we will examine probability, the science of 
determining the likelihood or chance that an event will occur. 

The study of probability dates back to the Assyrians and 
Sumerians who had games similar to dice. The Egyptians even 
had dicelike objects called tali made from the heel bones of 
animals, polished and engraved so that when thrown, they 
could land on any of four different sides with different proba- 
bilities, since the talis were not uniformly shaped. 

In Section 10.1 we shall study how to assign probabilities 
to an event. We will use the ideas of Chapter 9 (tree diagrams, 
the sequential counting principle, permutations, and combina- 
tions) to handle more complex problems and consider some of 
the theories and formulas that facilitate the computations in 
probability. Because probability is heavily dependent on arith- 
metic, the absence of these formulas and methods long ham- 
pered the development of the theory of probability. It was not 
until the contributions of Blaise Pascal, Pierre Fermat, and 
Pierre-Simon Laplace that the theory was fully developed. 

Sections 10.4 and 10.5 are devoted to the study of condi- 
tional probability and independent events, ideas that are used 
in medicine, law, and insurance. 

We end the chapter by studying odds and mathematical 
expectation. If a state has a lottery, we can verify the odds of 
the game and the probability of obtaining different prizes. But 
our applications of mathematical expectation are not limited 
to gambling. We also use the idea as a management tool to 
determine which way to proceed when confronted with differ- 
ent business decisions involving outcomes with given proba- 
bilities and to consider the results that can be expected when 
these outcomes occur. 


For links to various Internet sites related to topics and sections in Chapter 10, 
please access the Bello, Jopics in Contemporary Mathematics, Web site at 
http://college.hmco.com/mathematics 
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The Human Side of Mathematics 


laise Pascal is undoubtedly one of the greatest might-have-beens in the history of 

mathematics. His most original contribution was to the theory of probability, but this 
notoriety was shared by the famous French mathematician Pierre Fermat. Although Pascal 
did first-rate mathematics, he was distracted by philosophical subtleties and buried his 
talent in searching for answers to metaphysical questions. 

Born in the French province of Auvergne in June of 1623, Pascal moved with his father 
and sisters to Paris when he was 7 years old. The boy was blessed with a brilliant mind, and 
at the age of 12 plunged into the study of geometry, even proving a few theorems on his 
own without any book to help. 

By the age of 17, Pascal had written an amazing essay on conic sections, including new 
and deep theorems on the properties of these curves. So profound was this work, that 
René Descartes could not believe it had been done by anyone so young. 

At the age of 18, Pascal had invented the world’s first calculating machine and had 
begun to work in physics and mechanics. But he continued his scientific work for only a few 
years and quit at the age of 27 to devote himself to religious contemplation. 

He lapsed into mathematics only a few times after this. He was 31 when the Chevalier 
de Méré proposed to him a problem on the division of the pot in an unfinished gambling 
game. Pascal wrote to Fermat about the problem, and in the ensuing correspondence these 
two men shared equally in establishing basic results in the theory of probability. 








Blaise Pascal 
(1623-1662) 


It is truth very certain 
that, when it is not in 
our power to determine 
what is true, we ought to 
follow what is most 
probable. 

—René Descartes 


Looking Ahead: Pascal and Fermat were not the first to delve into matters of probability theory. However, 
mathematicians’ interest in this field grew because of Pascal’s and Fermat’s writings and prompted the thorough 


development of the theories contained in this chapter. 





GETTING STARTED Probability and the Tonight Show 


[tea | 
Sample Spaces and Probability 





yt. Which is more probable, appearing on the Tonight Show or winning the jackpot 
in your state lottery with a single ticket? (If there is no lottery in your state, the 
probability of winning it is, of course, 0.) According to a book called What Are 
the Chances, the probability of appearing on the Tonight Show is 1 in 490,000, 
that is, aaa What is the probability of winning the jackpot in your state lottery? 
In most lotteries you buy a $1 ticket and pick 6 numbers from 1 to 49. (In 
California and Florida you pick numbers from 1 to 53.) If you match all 6 num- 
bers, you win the jackpot. How probable is that? Since there is only | set of win- 
ning numbers and C(49, 6) possible number combinations, your probability is 1 
in C(49, 6), that is, 1 in 13,983,816. It is much more probable that you will 
appear on the Tonight Show! If you are playing the California or Florida lottery, 
the probability that you hold a winning ticket is even smaller, since there are 
more possible number combinations, namely, C (53, 6) instead of C(49, 6). This 
makes the probability of winning the California or Florida jackpot 1 in 


22,957,480. 





The odds of appearing on the 
Tonight Show are better than the 
odds of winning the lottery in 
your state (if there is one). 
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Probability theory was developed by mathematicians studying gambling 
games. In 1654, Antoine Gombaud, better known as the Chevalier de Méré, 
offered even money that in 4 rolls of a die, at least one 6 would come up. He rea- 
soned that since the chance that a 6 will come up when a die is thrown is 2, in 4 
rolls the chances of getting at least one 6 should equal $ = 3. Do you think he was 
right? You will be able to give the answer after you read this section! Zz 


The theory of probability is an important tool in the solution of many problems 
in the modern world. Although the most obvious applications are in gambling 
games, important applications occur in many situations involving an element of 
uncertainty. Probability theory is used to estimate whether a missile will hit its 
target, to determine premiums on insurance policies, and to make important 
business decisions such as where to locate a supermarket or how many checkout 
clerks to employ so that customers will not be kept waiting in line too long. 
Various sampling techniques, which are used in opinion polls and in the quality 
control of mass-produced items, are based on the theory of probability. 

We want the probability of a given event to be a mathematical estimate of 
the likelihood that this event will occur. The following examples show how a 
probability can be assigned to a given event. 


EXAMPLE 1 
A fair coin is tossed; find the probability of a head coming up. 


Solution At this time we are unable to solve this problem because we have not 
even defined the term probability. However, our intuition tells us the following: 


1. When a fair coin is tossed, it can turn up in either of 2 ways. Assuming that 
the coin will not stand on edge, heads and tails are the only 2 possible 
outcomes. 


2. If the coin is balanced (and this is what we mean by saying “the coin is fair”), 
the 2 outcomes are considered equally likely. 


3. The probability of obtaining heads when a fair coin is tossed, denoted by 
P(H), is 1 out of 2. That is, P(H) = 5. i 


Activities such as tossing a coin (as in Example 1), drawing a card from a 
deck, or rolling a pair of dice are called experiments. The set U of all possible 
outcomes for an experiment is called the sample space for the experiment. 
These terms are illustrated in Table 10.1. 

Returning to Example 1, we see that the set of all possible outcomes for the 
experiment is U = {H, T}. But there are only two subsets of U that can occur, 
namely {H} and {7}, and each of these is called an event. If heads comes up, 
that is, if the event E = {H} occurs, we say that we have a favorable outcome 
or a success. Since there are 2 equally likely events in U, and 1 of these is E, we 
assign the value 5 to the event E. 

We now expand on the problem discussed in Example 1. Suppose that the 
coin is tossed 3 times. Can we find the probability that 3 heads appear? As 
before, we proceed in three steps as follows: 
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TABLE 10.1 Experiments and Sample Spaces 


Experiment Possible Outcomes. Sample Space UW 


A penny is tossed. Heads or tails are equally {H, T} 
likely outcomes. 


There are 3 beige and A beige or a red ball is {b,, by, D3, 14) Tp» 13} 
3 red balls in a box; equally likely to be 
1 ball is drawn at drawn. 
random. 


A penny and a nickel (ASE) aD): 
are tossed. Ee = (FL) ie) 


One die is rolled. The numbers from 1 to 6 (1S 2354 25No} 
are all equally likely 
outcomes. 


The pointer is spun, as The pointer is equally {Dee 
shown in Figure 10.1. likely to point to 1, 2, 3, 
or 4. 
FIGURE 10.1 


An integer between 1 The integers from | to 50 iil line vcnloe ys OO 


and 50 (inclusive) is are all equally likely to 
selected at random. be selected. 





1. The set of all possible outcomes for this experiment can be found by drawing 
a tree diagram as shown in Figure 10.2. As we can see, the possibilities for 
the first toss are labeled H and T, and likewise for the other two tosses. The 
number of outcomes is 8. 


2. The 8 outcomes are equally likely. 


3. We conclude that the probability of getting 3 heads, denoted by P(HHH), is 
1 out of 8; that is, P(HHH) = }.* 


If we want to know the probability of getting at least 2 heads, the 4 outcomes 
HHH, HHT, HTH, and THH are favorable out of the 8 outcomes shown in Figure 
10.2, so the probability of getting at least 2 heads is . =n 


*Technically, we should write P({ HHH }) instead of P(HHH). However, we shall write P(HHH) 
whenever the meaning is clear. 


FIGURE 10.2 
Tree diagram 


DEFINITION 10.1 


Problem Solving 
pee 


1. Read the problem. 


2. Select the unknown. 


3. Think of a plan. 
We have to find out how many 
outcomes are possible when the 
first number is selected and in how 
many ways each of the four given 
events (a), (b), (c), and (d) can 
occur. 
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First Second Third 


Toss Toss Toss Outcomes 


i —— ae 
H aa" 
T ———- HHT 
H 
os H HTH 
T aaa 
T 

















HIT 
H THH 

H a 
T THT 

T 

H TTH 

T ee 
T TIT 





In examples such as these, in which all the possible outcomes are equally 
likely, the task of finding the probability of any event E can be simplified by 
using the following definition: 


Suppose an experiment has n (2) possible outcomes, all equally likely. : 

Suppose further that the event E occurs in n(E) of these outcomes. Then, 

the probability of event E is given by 2 
_humber of favorable outcomes —n(E) 


- © s number of possible outcomes S nC) 





a 


In the previous example n(U) = 8 and n(E) = 4, so that 
pen ead, asl 





( )=T@ly) 82 


We illustrate the use of equation (1) in the following examples. Note that 
0 = P(E) = 1 because 0 S n(E) S nA). 


Computing Probability 


There are 75 possible numbers in Bingo. Find the probability that the first num- 
ber selected is the following: 


(a) 25 (b) 80 (c) An odd number (d) A number less than 80 





We want to find the probability of four events: (a), (b), (c), and (d). 


If we select a number from a group of 75 numbers, there are 75 equally likely 
outcomes; that is, the universal set is 


U = {1,2,3,..., 75} and n(U) = 75 


Let T be the event that number 25 is selected. 
Let E be the event that number 80 is selected. 
Let O be the event that an odd number is selected. 


Let L be the event that a number less than 80 is selected. 
continued 
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4. Use Definition 10.1 to find the 
probability of each event. 
In how many ways can we do 
the following? 


(a) Select number 25. 


(b) Select number 80. 


(©) Select an odd number. 


(d) Select a number that is less 
than 80. 


5. Verify the solution. 


TRY EXAMPLE 2 NOW. 


EXAMPLE 2 


EXAMPLE 3 


(a) There is only one way of selecting number 25; thus, 


pay eee 
Wee, n(QU) 75 
(b) There is no way number 80 can be selected; thus, P(E) = 2, = 0. This event 
is impossible. 


(c) There are 38 odd numbers that are 75 or less; thus, P(O) = 38. 


(d) All 75 numbers in Bingo are less than 80; thus, P(L) = B = |. This event is 
certain. 


Are all the probabilities we have computed between 0 and 1, inclusive? 


Cover the solution, write your own, and then check your work. 





A single die is rolled. Find the probabilities of obtaining the following: 
(a) A number greater than 4 (b) An odd number 
Solution 


(a) Let E be the event in which a number greater than 4 appears. When a die is 
rolled, there are 6 equally likely outcomes, so that n(U) = 6. There are two 
outcomes (5 and 6) in E; that is, n(E) = 2. Hence, 

NEE 12. 


ROL) = 6203 





P(E) = 


(b) Let O be the event in which an odd number appears. Three outcomes 
(1, 3, 5) are in O. Thus, P(O) =? =}. a 


Ten balls numbered from 1 to 10 are placed in an urn. If 1 ball is selected at ran- 
dom, find the probabilities of the following: 

(a) An even-numbered ball is selected (event E). 

(b) Ball number 3 is chosen (event T). 

(c) Ball number 3 is not chosen (event T’). 


Solution 


(a) There are 5 outcomes (2, 4, 6, 8, 10) in E out of 10 equally likely outcomes. 
Hence, P(E) = + = ;. 


(b) There is only | outcome (3) in the event T out of 10 equally likely outcomes. 
Thus, P(T) = +. 


(c) There are 9 outcomes (all except the 3) in T’ out of the 10 possible out- 
comes. Hence, P(T’) = s. & 


FIGURE 10.3 


EXAMPLE 4 


EXAMPLE 5 





EXAMPLE 6 
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In Example 3 we found P(T) = th and P(T’) = i so that P(T’) = 1 — P(T). 
This is a general result because TU T’ = Wand TAT’ = ©. Thus, 


n(T UT’) = n(T) + n(T’) = n(QU) 
Therefore, 


n(T) ns n(T’) e nU) 
nw) nC) nA) 





or, by Definition 10.1, 
Oy aR c=) 


Thus, the probability P(T’) of an event not occurring is 
Alp 
The next example illustrates the use of this idea. 


A coin is thrown 3 times. Find the probability of obtaining at least 1 head. 


Solution Let E be the event that we obtain at least 1 head. Then E’ is the event 
that we obtain 0 heads, that is, that we obtain 3 tails. From the above discussion, 
P(E) = 1 — — ). Here, P(E’) is the same as P(TTT) = 3 hence, P(E) = 1 — 
P(TTT) = 1-3 =3. fs 


The science of heredity uses the theory of probability to determine the likelihood 
of obtaining flowers of a specified color when crossbreeding. Suppose we rep- 
resent with letters the genes that determine the color of an offspring flower. For 
example, a white offspring has genes WW, a red offspring has genes RR, and a 
pink offspring has genes RW or WR. When we crossbreed 2 pink flowers, each 
plant contributes one of its color genes to each of its offspring. The tree diagram 
in Figure 10.3 shows the 4 possibilities. Assuming that these possibilities are all 
equally likely, what are the probabilities of obtaining the following? 


(a) A white flower (b) A pink flower (c) Ared flower 
Solution 


(a) We see oon the tree diagram that the probability of obtaining a white flower 
(WW) is j. 
Il 


(b) The probability of obtaining a pink flower (RW or WR) is ; = 3. 
(c) The probability of obtaining a red flower (RR) is }. [si 


Two dice are rolled. Find the following: 
(a) The sample space for this experiment 
(b) The probability that the sum of the two numbers coming up is 12 


(c) The probability that the sum of the two numbers coming up is 7 
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FIGURE 10.4 


EXAMPLE 7 


Solution 





Ed ES) 0) Ll el 


(a) Figure 10.4 shows the 36 possible outcomes. The sample space for this 
experiment is as follows: 


Gey ieee Cope CEA eins) G) 

LPs) (2, 3) NOs Cy 5) 2256) 

Ce ones (O55) e054 ns (Se) os 0) 

(4,1) (4,2) 43) 44 ©45) €4 6) 

Or) tn). Or3) Oy 4 Ono) Or) 

COAL PAGH2)) (673) 674) Ged) ite (OG) 
Note: Since we want the sum of the two numbers, we can think of the sample 
space as 

BSL Lol SAG Oy 

SOA AD Or Pie ere 


1 Seo lO: Ay 


(b) The probability that the sum of the two numbers coming up is 12 is x, 
because there is only 1 favorable case, (6, 6), and there are 36 possible out- 
comes, all equally likely. 


(c) There are 6 favorable cases [(6, 1), (5, 2), (4, 3), (3, 4), (2, 5), and (1, 6)] out 
of 36 possible. Thus, the probability is & = 4. i 


Find the probability of getting a king when drawing 1 card at random from a 
standard deck of 52 playing cards. 


Solution A standard deck of playing cards consists of 4 suits (clubs, diamonds, 
hearts, and spades) of 13 cards each. The clubs and spades are printed in black; 
the diamonds and hearts are printed in red. Each suit contains 9 cards numbered 
from 2 to 10, an ace, and 3 picture cards: a jack, a queen, and a king. Since 4 of 
the 52 cards are kings, the probability of drawing a king is = a: 


EXAMPLE 8 


FIGURE 10.5 
Decision about summer job, 
based on pay and level of fun. 
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Applications: Tree Measures 


Definition 10.1 presupposes that all possible outcomes in an experiment are 
equiprobable. What if they are not? If we are dealing with a stochastic process 
(stochos means “guess” in Greek), a sequence of events where the outcome of 
each particular experiment depends on chance, we use a tree measure. In a tree 
measure we associate each probability with the branch of the tree representing 
the predicted outcome. This idea is illustrated next. 


The tree measure in Figure 10.5 shows the probabilities associated with making 
a decision about a summer job on the basis of level of fun and length of work 
week. Note that the sum of the probabilities under “Level of fun with trail crew” 
add up to 1 (0.10 + 0.25 + 0.40 + 0.20 + 0.05 = 1). 


Trail crew 








0.05 


Job decision 






. Average length of work week | 





(a) What is the sum of the probabilities for the branches under “Average length 
of work week”? 


(b) Suppose you live in Los Angeles and you determine that the probability of 
an urban job is 0.9. What is the probability of a trail crew job? 


(c) Based on your answer to (b), what is the probability that you decide to get 
the urban job and work 34 hr per week? 


(d) What is the decision associated with the highest probability? 
Solution 

(a) The sum is 0.35 + 0.50 + 0.15 = 1. 

(b) The probability of a trail crew job is 1 — 0.9 = 0.1. 


(c) To find the probability that you decide to get the urban job and work 34 hr 
per week, follow the “Urban job” branch and the “34 hr’ branch. The prob- 
ability is 0.9 X 0.50 = 0.45. 
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(d) You have to find the branch with the highest probability. Here are the prob- 
abilities for each individual branch: 


Trail Crew and 5 0.1 X 0.10 = 0.01 

Trail Crew and 4 0.1 X 0.25 = 0.025 

Trail Crew and 3 0.1 X 0.40 = 0.040 

Trail Crew and 2 0.1 X 0.20 = 0.020 

ap Trail Crew and | 0.1 X 0.05 = 0.005 

ey Urban job and 40 hr 0.9 X 0.35 = 0.315 
eo Urban job and 34 hr 0.9 X 0.50 = 

To further explore probability, Urban job and 30 hr 0.9 X 0.15 = 0.135 


tree measures, and stochastic 


processes, access links 10.1.1, The highest probability (0.450) corresponds to the branch representing the out- 


10.1.2, and 10.1.3 at the Bello come “Urban job and 34 hr.” Note that the sum of the probabilities for all 
Web site. branches is 1. & 
Exercise 10.1 

On a single toss of a die, what is the probability of 13. A spade is drawn. 


eo anes ae 
poke ee etnc ty uowsnel 14. One of the picture cards (jack, queen, or king) is 


1. The number 5 drawn. 

2. An even number 15. A picture card or a spade is drawn. 

3. A number greater than 4 16. Ared card or a picture card is drawn. 

4. Anumber less than 5 17. An executive has to visit 1 of his 5 plants for an 


inspection. If these plants are numbered 1, 2, 3, 4, 
and 5 and if he selects the plant he will visit at ran- 
dom, find the probability that 

a. he will visit plant number 1. 

b. he will visit an odd-numbered plant. 


A single ball is taken at random from an urn contain- 
ing 10 balls numbered 1 through 10. What is the prob- 
ability of obtaining the following? 


5. Ball number 8 c. he will not visit plant number 4. 
6. An even-numbered ball 18. Four fair coins are tossed. 
7. A ball different from 5 a. Draw a tree diagram to show all the possible 
outcomes. 
8. A ball whose number is less than 10 b. Find the probability that 2 or more heads come 
9. A ball numbered 12 se 
Scat c. Find the probability that exactly 1 head comes 
10. A ball that is either less than 5 or odd up. 
19. A disk is divided into 3 equal parts numbered 1, 2, 
In problems 11-16, assume that a single card is drawn and 3, respectively (see the figure on the following 
from a well-shuffled deck of 52 cards. Find the proba- page). After the disk is spun and comes to a stop, a 
bility of the following: fixed pointer points to 1 of the 3 numbers. Suppose 
lt mate oes that the disk is spun once. Find the probabilities that 
a. the disk stops on the number 3. 
12. The king of spades is drawn. b. the disk stops on an even number. 


(Remember to bookmark the Bello book-specific Web site.) 


ttp://college.nmco.com/mathematics Seach | 








Many companies send packages from one location to 
another using delivery services such as Airborne and 
Federal Express. Assume that a person can select from 
8 such delivery services A, B, C, D, E, F, G, and H. 
Assuming one of the services is to be selected at ran- 
dom to mail a package, do problems 20-23. 


20. Find the probability that company A is selected. 
21. Find the probability that company G is selected. 


22. Find the probability that company C is not used to 
mail the package. 


23. Find the probability that 1 of the first 3 companies 
is selected. 


24. The genetic code of an organism is the self- 
reproducing record of the protein pattern in that 
organism. This code is formed by groups of small 
molecules that can be of 4 kinds: adenine (A), 
cytosine (C), guanine (G), and thymine (T). 

a. Draw a tree diagram to find all possible groups 
of 2 molecules. Note: It is possible for both 
molecules to be of the same kind. 

b. Assume that all the outcomes in part (a) are 
equally likely. Find the probability of obtaining 
2 adenine molecules in a row. 

c. Find the probability of obtaining a guanine 
molecule and a cytosine molecule, in that 
order. 

d. Find the probability of obtaining two cytosine 
molecules in a row. 


25. In a survey conducted on a Friday at Quick Shop 
Supermarket, it was found that 650 of 850 people 
who entered the supermarket bought at least 1 
item. Find the probability that a person entering 
the supermarket on a Friday will purchase 
a. at least 1 item. b. no item. 


26. Two common sources of nicotine are cigarettes 
and cigars. Suppose that 35% of the adults in 
the United States smoke cigarettes but not cigars 
and 10% smoke both cigarettes and cigars. 
Find the probability that a randomly selected 
adult does not smoke cigarettes. (Hint: Draw a 
Venn diagram.) 
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Use the following survey table in problems 27-30. 
The table gives the numbers of males and females 
falling into various salary classifications. 


1Ge 40 200 240 


Average 300 160 460 
Highs F * S00" 8” 300° = )800 


Totals 840» «660—«1500. 
On the basis of the information in the table, find the 


probability that a person selected at random from those 
surveyed 


27. a. is a female. b. is a male. 


28. a. has a high income. b. has a low income. 


29. is a female with 


a. an average income. b. a high income. 


30. is a male with 


a. a low income. b. a high income. 


In problems 31-35, find the probability of obtaining 
on a single toss of a pair of dice (see Example 6) 


31. asum of 7. 32. asum of 2. 


33. the same number on both dice. 
34. different numbers on the two dice. 
35. an even number for the sum. 


36. Referring to Example 8, what is the most unlikely 
outcome that could occur? Hint: Recall that the 
probabilities of being on the trail crew and the 
urban job are 0.1 and 0.9 respectively. 


37. If we are to decide at random on selecting the trail 
crew or the urban job, what is the outcome with 
a. the highest probability? 
b. the lowest probability? 


38. You are planning to market a new product and have 
the following possibilities and given probabilities: 
Select a large (0.25), medium (0.50), or small (0.25) 
market and, after your market selection, launch, 
license, or sell the rights to the product. If after 
market size your next decision is made at random, 
a. which outcome has the highest probability? 

b. which outcome has the lowest probability? 
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39. If in problem 38 market research indicates that the 
probabilities that a product is launched, is 
licensed, or has its rights sold are 0.20, 0.30, and 
0.50 respectively, 

a. which outcome has the highest probability? 
b. which outcome has the lowest probability? 


_ In Other Words 


40. Explain in your own words what is meant by a 
probability experiment and the corresponding 
sample space. Give an example. 


41. Explain under what circumstances the probability 
formula 


P(E) = n(E) 





does not apply. Give an example. 


42. Two dice are rolled. One student claims that there 
are only 3 ways in which a sum of 7 can occur. 
Explain what is wrong. 


Ge Using Your Knowledge 


Do you have to have surgery soon? The chances are 
that you will have no trouble at all! The following table 
gives the statistics for the numbers of certain opera- 
tions and the numbers of successes in a recent year. 
Using these statistics, estimate the probabilities of 


43. a gallbladder operation’s being successful. 
44. an appendectomy’s being successful. 


45. a hernia operation’s being successful. 





Gallbladder 
Appendectomy 
Hernia 













472,000 465,300 it 
784,000 781,000 © 
508,000 506,000 


ae Collaborative Learning 


Have you read the column “Ask Marilyn” in Parade 
magazine? Sometimes a great deal of controversy is 


generated by the answers given. Here are a couple of 
instances you can discuss. 


1. You’re at a party with 199 other guests when rob- 
bers break in and announce they’re going to rob one 
of you. They put 199 blank pieces of paper in a hat, 
plus one marked “you lose.” Each guest must draw 
a piece, and the person who draws “you lose” gets 
robbed. The robbers think you’ re cute, so they offer 
you the option of drawing first, last, or any time in 
between. Source: Parade, 3 January 1999, p. 16 
and Chance. 

a. Marilyn said she would choose to draw first, 
explaining that “It would make no difference to 
my chances of losing—any turn is the same— 
but at least I'd get to leave this party as soon as 
possible.” What is the probability that you pick 
the paper marked “you lose” if you are the first 
person who draws? Is the probability different if 
you are the 100th person who draws? Explain 
why or why not. 

b. One letter argues for drawing first: “You said 
any turn is the same, but I believe that would be 
true only if the partygoers all had to replace the 
papers they drew before another selection was 
made. But if they keep the papers (the scenario 
intended by the question), wouldn’t the odds of 
losing increase as more blanks were drawn? If 
so, drawing first is best.” If 100 blanks have 
been drawn, the chance that the next slip says 
“you lose” is indeed | in 100. Why doesn’t this 
mean you should draw early if you have the 
choice? 

c. The first letter mentions the distinction between 
sampling with replacement and without replace- 
ment, which Marilyn does not directly address. 
Is the answer really the same in both scenarios? 
Discuss your answer. 

d. When would you choose to make your draw? 
Why? 


2. Here is another problem that appeared in Marilyn’s 
column. Given that a family has 2 children and at 
least 1 is a boy, what is the probability that the fam- 
ily has 2 boys? 

a. Marilyn said the answer was }. Can you prove 
this? 

b. Readers said that it was easy to give stories for 
which the answer would be 5. Can you make up 
one such story? 
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10.2 
Counting Techniques and Probability 


GETTING STARTED Poker Improbabilities 





yt. Have you ever played poker? John Scarne’s Complete Guide to Gambling claims 
fi samaanoeed that 95 out of 100 adults have played the game! In his book Poker Stories (1896) 
John F. B. Lillard tells the story of a professional gambler stopping for a beer at 
a saloon in Butte, Montana. As luck would have it, a poker game was in progress, 
so the hustler decided to join in and make some money. After playing for a while, 

the hustler dealt himself four aces. 


(GA) craph 1 


To verify the answer, go to 
the home screen ({2nd] 
[MODE]) and press 48 

[1] [5] 
[=] 52 [Mari] [] [5] 5 
[ENTER]. The answer is a 
decimal. How do you know 
the answer is equivalent to 
sas? Press 1 [=| 54,145 


[ENTER]. You get the same 


answer, SO you are correct! 
YB nc] 


_Ans/ Sntr Ss 3c 





 1,.846892603¢ -5 
VUUG: 
-1,846892603« -5 





Do you know the probability of getting four aces in a poker hand? Since there 
are four aces in a deck, there is only 1 way of getting four aces if the fifth card 
can be any of the 48 remaining; hence, there are 1 - C(48, 1) = 48 ways of get- 
ting four aces of the C(52, 5) = 2,598,960 possible poker hands (see Example 6 
for the computation). Thus, the probability of four aces in poker is only 


AS aetb, del 
2,598,960 54,145 





Assured of winning, the hustler made a fair-sized bet that forced every player 
to drop out, except for one old stalwart with gray whiskers and a deadpan poker 
face. The old cowboy didn’t blink, he merely shoved all his chips into the pot and 
called. The hustler showed his four aces and reached for the pot. 

“Not so fast, sonny,” said the cowboy, laying down three clubs and two dia- 
monds. (Can you find the probability of getting three clubs and two diamonds? It is 


COS. S): 7G has2) :, 41225308 143 
E@255) ~ 2,598,960 16,660 





652 


10 Probability 


A. 


EXAMPLE 1 


“What do you mean, not so fast?” the hustler said. “My four aces have a 
lower probability and they should win.” 

“Of course they should—ord’ narily,” the cowboy said, “But in this town a 
Lollapalooza beats anythin’, and that’s what ve got, three clubs and two dia- 
monds, a Lollapalooza.” 

The hustler knew he had just been out-hustled, but he figured he could still 
change his “luck.” On the next deal, the hustler dealt himself a Lollapalooza and 
gave four aces to the old cowboy with the gray whiskers. Again he made a fair- 
sized bet and again the old cowboy stayed while the rest dropped out. The hus- 
tler pushed all his chips to the center of the table. The cowboy called again. 

“Well,” the hustler said grinning, “This time I can’t lose. Seems I’ve got the 
Lollapalooza!” 

But the old cowboy was already bellied-up to the table, raking in the pot. 
“Sorry, pardner,” he said, as the hustler looked on, “Only one Lollapalooza per 
night!” 

In this section, you will use the sequential counting principle (SCP), permu- 
tations, and combinations to find the probabilities of many events, including dif- 


ferent poker hands. ee 


The counting techniques that we studied in Chapter 9 play a key role in many 
probability problems. We now see how these techniques are used in such 
problems. 


Using Tree Diagrams 


Have you heard of the witches of Wall Street? These are people who use astrol- 
ogy, tarot cards, or other supernatural means to predict whether a given stock 
will go up, go down, or stay unchanged. Not being witches, we assume that a 
stock is equally likely to go up (U), go down (D), or stay unchanged (S$). A bro- 
ker selects two stocks at random from the New York Stock Exchange list. 


(a) What is the probability that both stocks go up? 
(b) What is the probability that both stocks go down? 
(c) What is the probability that one stock goes up and one goes down? 


Solution In order to find the total number of equally likely possibilities for the 
two stocks, we draw the tree diagram shown in Figure 10.6 at the top of page 653. 


(a) There is only | outcome (UU) out of 9 in which both stocks go up. Thus, the 
probability that both stocks go up is 4. 


(b) There is only 1 outcome (DD) in which both stocks go down, so the proba- 
bility that both go down is 4. 


(c) There are 2 outcomes (UD, DU) in which one stock goes up and one down. 
Hence, the probability of this event is 2. 


(Notice that the tree diagram shows that there are 4 outcomes in which one stock 


stays unchanged and the other goes either up or down. The probability of this 
event is thus 3.) 


TABLE 10.2 
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FIGURE 10.6 


First Second 
Stock Stock Outcomes 


Oe UY 
U 
| 
S 


Using Permutations and Combinations 


UD 
US 
DU 
DD 
DS 
SU 
SD 


EAS Se a $e ae 


SS a 


In many games of chance, probability is used to determine payoffs. For exam- 
ple, a slot machine has three dials with 20 symbols on each dial, as listed in Table 
10.2. In the next example, we shall find the probability of getting certain arrange- 
ments of these symbols on the three dials. 


EXAMPLE 2 

Refer to the slot machine described in Table 10.2 to answer the following questions: 
(a) What is the probability of getting 3 bars? 

(b) What is the probability of getting 3 bells? 

(c) What is the probability of getting 3 oranges? 

(d) What is the probability of getting 3 plums? 


(e) On the basis of your answers to these questions, which outcome should have 
the greatest payoff and which the least? 


Solution 


(a) We draw three blanks representing the three dials. 


There are 20 choices for each of the blanks (each dial has 20 symbols), so we 
enter a 20 on each blank. 


20 20 20 

The total number of possibilities is 20 X 20 X 20 = 8000. Now, the number 
of ways to get 3 bars is 1 X 3 X | = 3, because the first dial has | bar, the 
second has 3 bars, and the third has | bar. Thus, 


number of favorable cases 5 


OS number of possible outcomes ~ 8000 
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EXAMPLE 3 


EXAMPLE 4 


(b) The number of ways of getting 3 bells is 1 * 3 X 3 = 9. Thus, 


9 
P(3 bells) = 3000 


(c) The number of ways of getting 3 oranges is 3 X 6 X 7 = 126. Thus, 


126 63 
P(3 oranges) = 8000 = 3000 


(d) The number of ways of getting 3 plums is 5 X 1 X 5 = 25. Thus, 
4 


25 
P(3 plums) = 8000 ~ 320 
(e) Since 3 bars is the outcome with the lowest probability and 3 oranges 
is the outcome with the highest probability, the greatest payoff should be 
for 3 bars, and the least for 3 oranges. (This is how payoffs are actually deter- 


mined.) @ 


Suppose you are 1 of a committee of 10 people, of whom 2 are to be chosen for 
a particular task. If these are selected by drawing names out of a hat, what is the 
probability that you will be 1 of the 2 selected? 


Solution First calculate the probability that you will not be selected. Since there 
are 9 people not including you, there are P(9, 2) ways of selecting 2 not includ- 
ing you. Also there are P(10, 2) ways of selecting 2 people from the entire 10. 
Hence, the probability P’ that you will not be selected is 

ED 2) 9x38 4 


FF TAPCO 2) aL ODKOOM 


So the probability that you will be selected is 


;_l 
Placer aes = 


The next example deals with a problem involving ordinary playing cards. 
Note that in solving part (a), you can use combinations, permutations, or the 
SCP. The important thing is to be consistent in the computation. 


Two cards are drawn in succession and without replacement from an ordinary 
deck of 52 cards. Find the probability that 

(a) the cards are both aces. 

(b) an ace and a king, in that order, are drawn. 


Solution 


(a) Here, the order is not important because we are simply interested in getting 
2 aces. We can find this probability by using combinations. The number of 
ways to draw 2 aces is C(4, 2), because there are 4 aces and we want acom- 
bination of any 2 of them. The number of combinations of 2 cards picked 
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from the deck of 52 cards is C (52, 2). Thus, the probability of both cards 
being aces is 


G2 IP AND) P5092) PEED). ove 3r. 1 





C(S2 9D) OL 2 ; 2! MUP(52: 2) 52-51 i 
We can also find the probability using By the SCP, there are 4 
permutations. The number of ways to ways of drawing the first 
draw 2 aces is P(4, 2) and the number ace and 3 for the second, 
of ways of picking 2 cards from 52 is out of 52 choices for the 
P(S2-2). first card and 51 for the 
second. 
(b) In this part of the problem, we want to consider the order in which the 2 cards 


are drawn, sO we use permutations. The number of ways of selecting an 
ace is P(4, 1) and the number of ways of selecting a king is P(4, 1). By 
the SCP, the number of ways of doing these two things in succession is 
P(4, 1)P(4, 1). The total number of ways of drawing 2 cards is P(52, 2), so 
the probability of drawing an ace and a king, in that order, is 

P(4, 1)PG,1). 2424 4 


PCD) awe 52 51) 1663 = 





In part (a) of Example 4, we found that 


C52). weP(4.2) 
C6252) ePG2:2) 


This equation is a special case of a general result that can be obtained as follows: 











C(m,r) _ in 
C(n, r) iz C(m, r) . Cn, r) 
FAME anor Ent) 
Lae ee 
_ P(m,r) anew Ui, G) 
oe ert P(n,r) P(n,r) 


Suppose we take one suit, say hearts, out of a standard deck of 52 cards. Shuffle 
the 13 hearts and then draw 3 of them. What is the probability that none of the 3 
will be an ace, king, queen, or jack? 


Solution Here the order does not matter, so we use combinations. The number 
of combinations of 13 things taken 3 at a time is C(13, 3). There are 9 cards not 
including the ace, king, queen, or jack, and the number of combinations of these 
taken 3 at a time is C(9, 3). Thus, the required probability is 


Ce oy ge gad pe 
Crs | PUS,5) 13 lod 143 





Using permutations | ib Using the SCP B 


In Example 5, because we were taking 3 cards from both the 13 hearts and 
the 9 cards, we could use either combinations or permutations. The next exam- 
ple is one that requires the use of combinations. 
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EXAMPLE 6 


EXAMPLE 7 


EXAMPLE 8 


A poker hand consists of 5 cards. What is the probability of getting a hand of 4 
aces and | king? 


Solution Here, the order is not to be considered because any order of getting the 
aces and the king will result in a hand that consists of 4 aces and 1 king. Now, 
the number of ways in which 4 aces can be selected is C(4, 4), and the number 
of ways in which 1 king can be selected is C(4, 1). Hence, by the SCP, the num- 
ber of ways of getting 4 aces and 1 king is C(4, 4)C(4, 1). Furthermore, the total 
number of 5-card hands is C(52, 5), so the required probability is 


C4, 4)C4G 1) ates 
CGS) i ee CG2 SS) 





Since 


52-51-50-49- 48 


eo 


= 2,598,960 


the probability of getting 4 aces and 1 king is 


C(4, 4)C(4, 1) _ 4 tbl 
C(52,5) —-2,598,960 649,740 





which is very small indeed! 


Five cards are drawn from a standard deck. What is the probability of getting 
exactly 1 ace and no picture cards? 


Solution Since there are 4 aces, the number of ways of getting exactly 1 ace is 
C(4, 1). There are 36 cards that are not aces or picture cards. The number of ways 
of getting 4 of these is C(36, 4). Thus, the number of ways of getting 1 ace and 
4 of the 36 cards is, by the SCP, 


C(4, 1)C(36, 4) 


The total number of ways that 5 cards can be drawn from the entire deck is 
C(52, 5), so the required probability is 


C(4, 1)C(36,4) 4-36-35 - 34 - 33 





C6245) F 46822765205) 
235,620 
= 5 508 060 (See Example 6 to get the denominator.) 
air, 
364 . 


Do we always use the SCP and/or permutations and/or combinations in solv- 
ing a probability problem? Not necessarily; sometimes it is easier just to look at 
the possible outcomes or to reason the problem out directly. This is illustrated in 
the next example. 


A careless clerk was supposed to mail 3 bills to 3 customers. He addressed 3 


envelopes but absent-mindedly paid no attention to which bill he put in which 
envelope. 


TABLE 10.3 


zat ib es | 
a A 42 _ <Favo rable 


rie < Favorable 
ei ee Teen p 


ee 


| Favorable 
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i 
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(a) What is the probability that exactly 1 of the customers received the proper 
bill? 


(b) What is the probability that exactly 2 of the customers received the proper 
bills? 


Solution In Table 10.3 the headings C 1 Cy, and C, represent the customers, and 
the numbers 1, 2, and 3 below represent the bills bos the customers with the cor- 
responding subscripts. Thus, the rows represent the possible outcomes. 


(a) Table 10.3 shows that there are 6 possibilities and 3 cases in which exactly 
1 (that is, 1 and only 1) of the customers received the proper bill. Therefore, 
the required probability is P = 2 = 3. 


(b) Here the probability is 0, because if 2 customers received their proper bills, 
then the third one did also. This means that there is no case in which 2 and 
only 2 received the proper bills. Hi 


In Example 8, if there were 4 customers and 4 bills, then there would be a 
total of P(4, 4) = 24 cases in all. (This is just the number of ways in which the 
bills could be permuted.) You can see that it would be quite cumbersome to list 
all these cases. Instead, draw a tree showing the possible favorable cases if 1 cus- 
tomer, C,, receives the proper bill (see Figure 10.7). This shows the 1 (repre- 
senting the bill for C ,) under C > then C, can have only the 3 or the 4. If C, has 
the 3, then C, must have the 4 and C, the 2. (Otherwise more than | customer 
would receive the proper bill.) If C, has the 4, then C, must have the 2 and C 4 
the 3. These are the only 2 favorable cases possible if C, gets bill 1. The same 
argument holds if one of the other customers gets the proper bill; there are just 2 
ways in which none of the other customers gets a proper bill. Since there are 4 
customers, the SCP shows that there are only 4 X 2 = 8 favorable cases. Thus, 
the probability that exactly 1 of the customers gets the proper bill is 4 = i. 


Applications 


An oil company is considering drilling an exploratory oil well. If the rocks under 
the drilling site are characterized by what geologists call a “dome” structure, the 
chances of finding oil are 60%. The well can be dry, a low producer, or a high 
producer of oil. The probabilities for these outcomes are given in the table. 


Low producer 
High producer _ 





Source: Robert T. Clemen, Making Hard Decisions: An Intro- 
duction to Decision Analysis (2d ed.; Belmont, Calif.: 
Wadsworth Publishing Co., 1996). 

(a) Draw a tree diagram for the data given in the table. 


(b) What is the probability that the well is dry? 
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FIGURE 10.8 
The total probability for a dry well 
is 0.6 X 0.6 + 0.4 X 0.850 = 0.70. 


Dry (0.6) 






Low (0.25) 






High (0.15) 






Dry (0.850) 





Exercise 10.2 


1. Aman has 3 pairs of shoes, 2 suits, and 3 shirts. If 


Solution 


(a) 


(b) 


Since the probability of finding oil when there is a dome structure is 
60%, the probability of finding oil when there is no dome structure is 
100% — 60% = 40%. We draw the tree diagram in Figure 10.8 and label the 
first two branches “Dome (0.6)” and “No dome (0.4).” We then label three 
branches starting from the end of the “Dome” outcome and three branches 
starting from the end of the “No dome” outcome with the probabilities for a 
dry, low-, and high-producing well. 


To find the probability that the well is dry, we start at the branch in Figure 
10.8 labeled “Dome (0.6)” and continue through the branch labeled “Dry 
(0.6).” The probability of that path is 0.6 X 0.6 = 0.36. The other possibil- 
ity for a dry well is to start at the branch labeled “No dome (0.4)” and con- 
tinue through the branch labeled Dry (0.850). The probability for that branch 
is 0.4 X 0.850 = 0.34. The total probability for a dry well is the sum of the 
two probabilities, 0.36 + 0.34 = 0.70. a 


6. Two cards are drawn at random, in succession and 
without replacement, from a deck of 52 cards. 
a. Find the number of ways in which the ace of 


he picks a pair of shoes, a suit, and a shirt at ran- 
dom, what is the probability that he picks his 
favorite shoes, suit, and shirt? 


. At the end of a meal in a restaurant, a person 
wants to have pie a la mode (pie topped with ice 
cream) for dessert. There are 5 flavors of ice 
cream—chocolate, vanilla, strawberry, peach, and 
coffee—and there are 2 kinds of pie—apple and 
cherry. If the waiter picks the pie and ice cream at 
random, what is the probability that the person 
will get apple pie with vanilla ice cream? 


. A fair die is rolled 3 times in succession. What is 
the probability that even numbers come up all 3 
times? 


4. Jim belongs to a club of 40 members. A commit- 


tee of 3 is to be selected at random from the 40 
members. Find the probability that Jim is 1 of the 
3 selected. 


- Helen and Patty both belong to a club of 25 mem- 
bers. A committee of 4 is to be selected at random 
from the 25 members. Find the probability that 
both Helen and Patty will be selected. 


spades and a king can be selected, in that order. 
b. What is the probability of drawing the ace of 
spades and a king, in that order? 


- Mr. C. Nile and Mr. D. Mented agreed to meet at 


8 P.M. in one of the Spanish restaurants in Ybor 
City. They were both punctual, and they both 
remembered the date agreed on. Unfortunately, 
they forgot to specify the name of the restaurant. 
If there are 5 Spanish restaurants in Ybor City, and 
the 2 men each go to | of these, find the probabil- 
ity that they 


a. meet each other. b. miss each other. 


. P.U. University offers 100 courses, 25 of which 


are mathematics. All these courses are available 
each hour, and a counselor randomly selects 4 dif- 
ferent courses for a student. Find the probability 
that the selection will not include a mathematics 
course. (Do not simplify your answer.) 


. Apiggy bank contains 2 quarters, 3 nickels, and 2 


dimes. A person takes 2 coins at random from this 
bank. Label the coins Q,, Q,, N,, N,, N3, D,, and 
D, so that they can all be regarded as different. 
Then find the probabilities that the values of the 2 
coins selected are the following: 

a. 35¢ b. 50¢ 


10. Acommittee of 2 is chosen at random from a pop- 
ulation of 5 men and 6 women. What is the prob- 
ability that the committee will consist of 1 man 
and 1 woman? 


In problems 11-15, assume that 2 cards are drawn in 
succession and without replacement from an ordinary 
deck of 52 cards. Find the probability that 


11. two kings are drawn. 
12. two spades are drawn. 


13. aspade and a king other than the king of spades (in 
that order) are drawn. 


14. a spade and a king other than the king of spades 
(not necessarily in that order) are drawn. 


15. two red cards are drawn. 


In problems 16 and 17, assume that there is an urn con- 
taining five $50 bills, four $20 bills, three $10 bills, 
two $5 bills, and one $1 bill and that the bills all have 
different serial numbers so that they can be distin- 
guished from each other. A person reaches into the urn 
and withdraws one bill and then another. 


16. a. In how many ways can two $20 bills be with- 
drawn? 
b. How many different outcomes are possible? 
c. What is the probability of selecting two $20 
bills? 


17. a. In how many ways can a $50 bill and a $10 bill 
be selected in that order? 
b. What is the probability of selecting a $50 bill 
and a $10 bill in that order? 
c. Whatis the probability of selecting two bills, one 
of which is a $50 bill and the other a $10 bill? 


18. If 2% of the auto tires manufactured by a company 
are defective and 2 tires are randomly selected 
from a week’s production, find the probability that 
neither is defective. 


19. In problem 18, find the probability that at least 1 
of the 2 selected tires is defective. 


20. A box contains 10 computer disks and 2 are defec- 
tive. If 2 disks are randomly selected from the box, 
find the probability that both are defective. 


21. Asurvey showed that 10% of high school football 
players later played football in college. Of these, 
5% went on to play professional football. Find the 
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probability that a randomly selected high school 
football player will play both collegiate and pro- 
fessional football. 


22. An urn contains 5 white balls and 3 black balls. 
Two balls are drawn at random from this urn. Find 
the probability that 
a. both balls are white. 

b. both balls are black. 
c. one ball is white and the other is black. 


23. In this problem, do not simplify your answers. 
What is the probability that a 5-card poker hand 
will contain the following? 

a. 2 kings, 2 aces, and 1 other card 
b. 3 kings and 2 aces 


24. A box of light bulbs contains 95 good bulbs and 5 
bad ones. If 3 bulbs are selected at random from 
the box, what is the probability that 2 are good and 
1 is bad? 


25. A plumbing company needs to hire 2 plumbers. 
Five people (4 men and 1 woman) apply for the job. 
Since they are all equally qualified, the selection is 
made at random (2 names are pulled out of a hat). 
What is the probability that the woman is hired? 


26. Low-calorie food is required to contain no more 
than 40 calories per serving. The Food and Drug 
Administration (FDA) suspects that a company is 
marketing illegally labeled low-calorie food. If an 
inspector selects 3 cans at random from a shelf 
holding 10 cans (3 legally labeled and 7 illegally 
labeled), what are the probabilities that the fol- 
lowing are legally labeled? 

a. All 3 cans selected 
b. Only 2 of the 3 cans selected 


In problems 27-32 a poker hand consisting of 5 cards 
is drawn. Find the probability of obtaining 


27. a royal flush (ten, jack, queen, king, ace of the 
same suit). 


28. a straight flush (five consecutive cards of the same 
suit). 


29. four of a kind (four cards of the same face value). 


30. a full house (one pair and one triple of the same 
face value). 


31. a flush (five cards of the same suit but not a 
straight or royal flush). 
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32. a straight (five consecutive cards, not all of the 
same suit). 


33. Referring to Example 9, what is the probability of 
drilling a low-producing well? 


34. Referring to Example 9, what is the probability of 
drilling a high-producing well? 


35. On the basis of the answers to Example 9 and 
problems 33 and 34, what is the outcome with the 
highest probability? Explain. 


Problems 36—40 refer to the following table showing 
the death penalty and racial status distribution for 326 
convicted murderers. 





Source: M. Radelet, “Racial Characteristics 
of the Death Penalty,” American Sociological 
Review 46: 918-927. 


36. a. Start a tree diagram similar to that in Example 
9 with two branches labeled white and black. 
b. What is the probability that a person selected at 
random from the 326 convicts is white? Write 
the answer on the appropriate branch. 
c. What is the probability that a person selected at 
random from the 326 convicts is black? Write 
the answer on the appropriate branch. 


37. The first set of branches for the tree corresponding 
to the table were labeled “White” and “Black.” 
The second set of branches should be labeled 
“Yes” and “No” for whites and “Yes” and “No” 
for blacks. 

a. What is the probability that a white convict 
received the death penalty? Write the answer 
on the appropriate branch. 

b. What is the probability that a black convict 
received the death penalty? Write the answer 
on the appropriate branch. 


38. Using a tree diagram, find the probability that a 
convict (either race) did not receive the death 
penalty. 


39. Using the table, find the probability that a convict 
(either race) did not receive the death penalty. 


40. Is your answer to problem 39 the same as your 
answer to problem 38? Explain why or why not. 


@®™” In Other Words 


Three people, a mathematician, a statistician, and a 
fool, observed 10 tosses of a coin. Heads came up 10 
times. Do you agree with statements 41—43? Explain 
why or why not. 


41. Tails are “due.” Bet on tails. 
42. Heads are “hot.” Bet on heads. 
43. It is a random fluke. Don’t bet. 


44, Explain which strategy you think 
a. the statistician will pick. 
b. the mathematician will pick. 
c. the fool will pick. 
If you do this right, you will answer the classic rid- 
dle, “How do you tell the difference between a 
mathematician, a statistician, and a fool?” 


Ga Using Your Knowledge 


Dr. Benjamin Spock, a famous pediatrician, was 
accused of violating the Selective Service Act by 
encouraging resistance to the Vietnam War. In his trial, 
the defense challenged the legality of the method used 
to select the jury. In the Boston District Court, jurors 
are selected in three stages, as follows: 


45. The clerk of the court selects 300 names at random 
from the Boston City Directory. If the directory 
lists 76,000 names (40,000 women and 36,000 
men), what is the probability of selecting 150 men 
and 150 women? (Do not simplify.) 


46. The 300 names are placed in a box, and the names 
of 30 potential jurors are drawn. If the names in 
the box correspond to 160 women and 140 men, 
find the probability that 15 men and 15 women are 
selected. (Do not simplify.) 


47. The subgroup of 30 is called a venire. From the 
venire, 12 jurors are selected. If the venire consists 
of 16 women and 14 men, what is the probability 
that the final jury consists of 6 men and 6 women? 
(Do not simplify.) 


By the way, it was shown that the Spock trial judge 
selected only about 14.6% women, while his col- 


leagues selected about 29% women. This showed that 
the trial judge systematically reduced the proportion of 
women and had not selected a jury legally. 


Fe Calculator Corner 


You can use a calculator to compute expressions such 
as C(52, 5) in Example 6. To do this, enter 


[52] [a] [5] [b} [2nd] [n¢] 


ae Collaborative Learning 


Have you heard of the birthday problem? Here it is. 
Discuss or prove why this is so: In a group of 23 peo- 
ple, at least 2 have the same birthday with probability 
higher than 5. Hint: It is easier to find the answer to the 
related question: In a group of 23 people, what is the 
probability that all of them have different birthdays? 
Divide into groups. 


1. Suppose your group consists of 5 students. What is 
the probability that all 5 have different birthdays? 
Assume there are 365 days in a year. Hint: The 
birthday for the first student falls on any one of the 


365 days in the year, with probability #2, so the 





GETTING STARTED 


eet: 
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probability that the second student has a different 
birthday is 3°. For the third student, the probability 
is 3¢5, for the fourth 3%, and for the fifth 3. Thus, 
the probability that all 5 students have different 
birthdays is 


365 . 364 Y S035 362 e 361 
OSL 50) F305 13008) 305 





= 0.97 


2. If you follow the pattern in part (1), the probability 
that in a group consisting of 10 students all have 
different birthdays is 


365 | 364 363 _ 362 365 — 10 + 1 


BGs. 3653651 36k 365 


What is the probability that in a group of 23 stu- 
dents all have different birthdays? 


3. If the probability that all 23 students in the group of 
part (2) have different birthdays is qg, the probabil- 
ity that at least 2 have the same birthday is 1 — gq. 
Find this probability. 


4. Is the answer to part (3) more than 50%? 


To further explore the collaborative learning 
i exercise, access link 10.2.1 at the Bello 


Www: Web site. 





Advertising and Probability 


Does advertising influence a consumer’s decision when buying a car? A car deal- 
ership conducted a survey of people inquiring about a new model car. Of the peo- 


ple surveyed, 45% had seen an advertisement for the car in the paper, 50% even- 
tually bought one of these cars, and 25% had neither seen the ad nor bought a car. 
What is the probability that a person selected at random from the survey read the 


ad and bought a car? 


At this time, we are unable to answer this question. However, let us assume 
that 100 persons were surveyed. The information from the survey is as follows: 


45 saw the ad (S). 
50 bought a car (B). 


25 neither saw the ad nor bought a car (S’ M B’). 


(Remember to bookmark the Bello book-specific Web site.) 





(o'| = q http://college.nmco.com/mathematics | Seare ch | 
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FIGURE 10.9 
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(b) 





EXAMPLE 1 


We can draw a Venn diagram, as in Figure 10.9(a), using the sets S and B. Since 
25 persons neither saw the ad nor bought a car, we place 25 persons outside both 
circles. This means that we must have 75 persons in S U B. Since S has 45 per- 
sons and B has 50 (45 + 50 = 95), there must be 20 persons in SN B, as shown 
in Figure 10.9(b). Thus, the number of persons that saw the ad and bought a car 
is 20. 

If we generalize this idea to probability (see Example 3), the probability that 
a person selected at random read the ad and bought a car is a = i. Compare this 
with the probability that a person bought a car without even seeing the ad. Did 
seeing the ad make a lot of difference? ; 

In this section we will formalize some of the ideas we have used. What do 
we think the probability for an impossible event should be? What about the prob- 
ability of an event that is certain to occur? The answers to these questions are 
given in properties 1 and 2 that follow. We will use these properties to solve 


many of the examples in this section. se 


In this section we give four properties that are useful in the computation of prob- 
abilities. The letters E, A, and B stand for events in a sample space U. 





Property | states that an impossible event has a probability 0. The next 
example illustrates this idea. 


A die is tossed. What is the probability that a 7 turns up? 


Solution The sample space for this experiment is 


U = {1, 2, 3, 4,5, 6} 


so it is impossible for a 7 to come up. Thus, P(7) = 0. a 





Property 2 says that the probability of any event is a number between 0 and 
1, inclusive. This follows because the number of favorable cases cannot be less 
than 0 or more than the total number of possible cases. Thus, P(E) = 1 means 
that the event E is certain to occur. 





Property 3 says that the probability of event A or B is the probability of event 
A plus the probability of event B, decreased by the probability of events A and 


EXAMPLE 2 


EXAMPLE 3 


EXAMPLE 4 
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B. Note the key words or and and. The subtraction of P(A M B) is to ensure that 
events belonging to both A and B are not counted twice. 


A penny and a nickel are tossed. What is the probability that one or the other of 
the coins will turn up heads? 


Solution If we use subscripts p and n for penny and nickel, respectively, we can 
list the possible cases as follows: (A, HI), (H,,, Pr); (Ty H,,), and (7, T,). Since 
there are 3 favorable cases out of the 4 possible, 
=3 
PH, OT aia 
We can check that equation (3) gives 
Fr. OIE) a P(H,) ie RCE? vie RG, mige re) 
wash ile (3 
2 2 4 4 


as before. Bi 


A card is drawn from a pack of 52 playing cards. Find the probability that the 
card is either an ace or a red card. 


Solution Let A be the event in which the card drawn is an ace, and let R be the 
event in which the card drawn is red. Then by equation (3), 


P(A U R) = P(A) + P(R) — P(AN R) 
Now, P(A) = 3, P(R) = 38, and P(A N R) = 3, so 
POSER sy sy ey a 


Equation (3), in case all outcomes in the sample space are equally likely, is 
derived from the fact that 





rE) = 2 
(E) = nl) 
Hence, 
oe On5 
eee eye US) LR) AB) 





nu) nC) 
n(A) n(B) n(ANB) 

~n(U) | n@) nO) 

P(A) + P(B) — P(A NB) 





If the outcomes are not equally likely, then the same result follows by replacing 
n(E) and n(@u) by w(E) and w(U), where these mean the sum of the weights of 
the outcomes in E and U, respectively. 


Anurn contains 5 red, 2 black, and 3 yellow balls. Find the probability that a ball 
selected at random from the urn will be red or yellow. 


Solution By equation (3), 
Piha Yp =P Gy) +2 PUY) — i PCR ) 


eae 
Saige 108 Uae = 


664 


10 Probability 


EXAMPLE 5 


EXAMPLE 6 


EXAMPLE 7 


In Example 4, notice that P(R  Y) = 0. This means the events of select- 
ing a red ball and selecting a yellow ball cannot occur simultaneously, so that 
RO Y=@. We say that A and B are mutually exclusive if AM B = ©. For any 
two mutually exclusive events A and B, it follows that P(A M B) = 0, and 
Property 3 becomes 





Show that the events R and Y of Example 4 are mutually exclusive. 


Solution Because P(RM Y) = 0,RM Y = S (property 1), so R and Y are mutu- 
ally exclusive. a 


In a game of blackjack (also called twenty-one), a player and the dealer each get 
2 cards. Let A and B be the events defined as follows: 


A The player gets an ace and a face card for 21 points. 
B The dealer gets an ace and a 10 for 21 points. 


Are A and B mutually exclusive events? 


Solution No. Both player and dealer can get 21 points. (In the game of black- 
jack, 21 points wins, and in most casinos, the dealer would be the winner with 
this tie score.) a 


The video games that you can attach to your television set have both audio and 
video. It is estimated that the probability of the audio being defective is 0.03 and 
the probability of at least one or the other (audio or video) being defective is 
0.04, but the probability of both being defective is only 0.01. What is the proba- 
bility that the video is defective? 


Solution Let A stand for the event that the audio is defective and V for the 
event that the video is defective. Then, using formula (3), with P(A) = 0.03, 
P(A U V) = 0.04, and P(A MN V) = 0.01, we get 


P(A U V) = P(A) + P(V) — PAN V) 


so that 
0.04 = 0.03 + P(V) — 0.01 
Thus, 
P(V) = 0.02 B 


We have used the formula P(T’) = 1 — P(T) to calculate the probability of 
the complement of an event. For example, if the probability that it will rain today 
is j, the probability that it will not rain today is 1 — } = 3, and if the probability 
of a stock going up in price is 3, the probability that the stock will not go up 


in price is 1 — } = 3. We now see how this property is used in the field of life 
insurance. 
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rs mapa airs Ooy) TABLE 10.4 Table of Mortality for 100,000 Americans 
Ua) Graph tt | econ eo 
_ To verify the answer to 80D) 5 | Years 
| with your grapher, enter_ LY ——— 

| 1 — 193 [+] 463 mee) ea cie | 100,000 | 40 — 78,100 
_ write the answer as a fraction, 6° : 


_ press [MATH | [1] [ENTER]. 


1 


Dt Sie, 06 S00 mada VTA 200. 
20i4- at 92600} 50) 69,800 
25 89.000" : 64,600 

30 85,400 57,900 

35 81,800 49,300 





Table 10.4 is a mortality table for 100,000 people. According to Table 10.4, 
of 100,000 people alive at age 10, some 96,300 were alive at age 15, but only 3 
were alive at age 95. A table like this is used to calculate a portion of the pre- 
mium on life insurance policies. We use Table 10.4 in the next example. 





EXAMPLE 8 Find the probability that a person who is alive at age 20 is 
(a) still alive at age 70. (b) not alive at age 70. 
Solution 


(a) Based on Table 10.4, the probability that a person alive at 20 is still alive at — 








70 is given by 
_ number alive at 70 — 38,600 _ 193 
eget 7O)— ember alive at20) 0.02 6000 8463 
eee (b) Using formula (4), we find that the probability of the person’s not being alive 
To further explore topics in at 70 is 
probability, including the ones in 
this section, access links 10.3.1, sey betas 270 
and 10.3.2 at the Bello Web site. 463 463 be 
Exercise 10.3 
In problems 1 —4, find the answer to each question and 3. Two dice are thrown. Find the probability that the 
indicate which of the four properties presented in this sum of the two faces that turn up is between 0 
section you used. and 13. 
1. Adie is thrown. Find the probability that the num- 4. An absent-minded professor wished to mail 3 
ber that turns up is a 0. report cards to 3 of her students. She addressed 


3 envelopes but, unfortunately, did not pay any 


2. Adie is thrown. Find the probability that an odd or attention to which card she put in which envelope. 


an even number comes up. 






| Info | 





(Remember to bookmark the Bello book-specific Web site.) 
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What is the probability that exactly 2 students 
receive their own report cards? (Assume that all 3 
envelopes were delivered.) 


A single ball is drawn from an urn containing 10 balls 
numbered | through 10. In each of problems 5-8, find 
the probability that the ball chosen 1s 


5. an even-numbered ball or a ball with a number 
greater than 7. 


6. an odd-numbered ball or a ball with a number less 
than 5. 


7. an even-numbered ball or an odd-numbered ball. 


8. a ball with a number that is greater than 7 or less 
than 5. 


In problems 9-13, a single card is drawn from a deck 
of 52 cards. Find the probability the card chosen is 


9. the king of hearts or a spade. 
10. the ace of hearts or an ace. 
11. the ace of diamonds or a diamond. 
12. the ace of clubs or a black card. 


13. the king of hearts or a picture card (jack, queen, or 
king). 


14. The U.S. Weather Service reports that in a certain 
northern city it rains 40 days and snows 50 days in 
the winter. However, it rains and snows on only 10 
of those days. Based on this information, what is 
the probability that it will rain or snow in that city 
on a particular winter day? (Assume there are 90 
days of winter.) 


15. Among the first 50 stocks listed in the New York 
Stock Exchange transactions on a certain day (as 
reported in the Wall Street Journal), there were 26 
stocks that went down, 15 that went up, and 9 that 
remained unchanged. On the basis of this infor- 
mation, find the probability that a stock selected at 
random from this list would not have remained 
unchanged. 






‘ 
or more 





The table above shows the probability that there is a 
given number of people waiting in line at a checkout 
register at Dear’s Department Store. In problems 
16-20, find the probability of having 


16. exactly 2 persons in line. 

17. more than 3 persons in line. 

18. at least 1 person in line. 

19. more than 3 persons or fewer than 2 persons in line. 
20. more than 2 persons or fewer than 3 persons in line. 
In solving problems 21-25, refer to Table 10.4. 


21. What is the probability that a person who is alive 
at age 20 will not be alive at age 65? 


22. What is the probability that a person who is alive 
at age 25 will be alive at age 70? 


23. What is the probability that a person who is alive 
at age 25 will not be alive at age 70? 


24. What is the probability that a person who is alive at 
age 55 will live 80 more years? (Assume that none of 
the persons in Table 10.4 attained 100 years of age.) 


25. What is the probability that a person who is alive 
at age 55 will live less than 80 more years? (See 
problem 24.) 


Problems 26-30 refer to the following table. This table 
shows the number of correctly and incorrectly filled 
out tax forms obtained from a random sample of 100 
returns examined by the Internal Revenue Service 
(IRS) in a recent year. 


Correct 
Incorrect 


Totals 
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26. Find the probability that a form was a long form _ In Other Words 
(1040) or an incorrectly filled out form. 


27. Find the probability that a form had no itemized 99+ Explain, in your own words, what it means to say 
deductions and was correctly filled out. The probability of an event is 0. 

28. Find the probability that a form was not filled out 34+ Explain, in your own words, what it means to say 
incorrectly. “The probability of an event is 1.” 

29. Find the probability that a form was not a short 35. Explain, in your own words, the circumstances 
form (1040A). under which you can use the formula P(A U B) = 

: oe P(A) + P(B). 

30. Find the probability that a form was a long form “ @) 
(1040) with no itemized deductions and filled out 36. Explain why the probability of an event cannot be 
incorrectly. negative. 


31. A traffic light follows the pattern green, yellow, 
red for 60, 5, and 20 sec, respectively. What is the a Osis YourkKnoniedee 
probability that a driver approaching this light will 8 8 


ee , 
heesae Breet or yellow! In this section you used a mortality table to calculate 


32. A driver approaching the green light decides to go the probability that a person alive at a certain age will 
ahead through the intersection whether the light be alive at a later age. There are other tables that give 
changes or not. If it takes the driver 6 sec to get the probabilities of different events. For example, 
through the intersection, what is the probability many mortgage companies use a credit-scoring table 
that the driver makes it through the intersection to estimate the likelihood that an applicant will repay a 
before the light turns red? See problem 31. loan. One such table appears below. 


A Hypothetical Credit-Scoring Table 


Age Under 25 25-29 30-34 35-39 40-44 45-49 50 + 
(12 pts) (5 pts) (0 pts) (1 pt) (18 pts) (22 pts) (31 pts) 

Time at 1 yr or less pried yr 2-3 yr 3-5 yr 5-9 yr 10 yr + 

Address (9 pts) (0 pts) (5 pts) (0 pts) (5 pts) (21 pts) 

Age of Auto None O-1 yr 2 yr 3-4 yr 5-7 yr 8 yr + 
(0 pts) (12 nts) (16 pts) (13 pts) (3 pts) (0 pts) 

Monthly Auto None $1-$80 $81-$99 $100-$139 $140 + 

Payment (18 pts) (6 pts) (1 pt) (4 pts) (0 pts) 

Housing Cost $1-$125 $126- $275 + Owns Lives with 


(0 pts) $274 (12 pts) clear relatives 
(10 pts) (12 pts) (24 pts) 


Checking and Both Checking Savings Neither 
Savings only only (0 pts) 
Accounts (2 pts) (2 pts) 


Finance Yes No 

Company (0 pts) (15 pts) 

Reference 

Major Credit None 1 et 
Cards (0 pts) (5 pts) (15 pts) 


Ratio of Debt No debts 1-5% 6-15% 
to Income (41 pts) (16 pts) (20 pts) 
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In the table your score depends on the number of 
points you get on the eight tabulated items. To obtain 
your score, you add the scores (shown in color) on the 
individual items. For example, if your age is 21, you get 
12 points. If you have lived at your present address for 
less than a year, you get 9 more points. Moreover, if your 
car is 2 years old, you get another 16 points. So far, your 
score is 12 + 9 + 16. This should give you the idea. 

Alender using the scoring table selects a cutoff point 
from a table, such as the following table that gauges 
the probability that an applicant will repay a loan: 





37. John Dough, 27 years old, living for 3 years at his 
present address, has a 2-year-old automobile on 
which he pays $200 monthly. He pays $130 per 
month for his apartment and has no savings 
account, but he does have a checking account. He 
has no finance company reference. He has one 
major credit card, and his debt-to-income ratio is 
12%. On the basis of the credit-scoring table, what 
is the probability that Mr. Dough will repay a 
loan? 


38. What is the probability in problem 37 if Mr. 
Dough sells his car and rides the bus to work? 


39. Find the probability that you will repay a loan, 
based on the information in the table. 


Discovery 





The Venn diagrams we studied in Chapter | can often be 
used to find the probability of an event by showing the 
number of elements in the universal set and the number 
of elements corresponding to the event under consider- 
ation. For example, if there are 100 employees in a cer- 
tain firm and it is known that 82 are males (M), 9 are 
clerk typists (C), and 2 of these clerk typists are male, 
we can draw a diagram corresponding to this situation. 





From this diagram, we can conclude that 


% 8) 9 a) 

ie oa yaprsodioer remiconinges EM) Tin 
82 9 Zz 89 
PMU) = 100) 100.) 1100 500 


100-100 


Use this technique to solve the following problems. 

In problems 40—42, assume that of the 100 persons 
in a company, 70 are married, 80 are college graduates, 
and 60 are both married and college graduates. Find 
the probability that if a person is selected at random 
from this group, the person will be 


40. married and a college graduate. 
41. married or a college graduate. 


42. not married and not a college graduate. 


In a recent election, voters were asked to vote on 
two issues, A and B. A Gallup poll indicated that of 
1000 eligible voters, 600 persons voted in favor of A, 
500 persons voted in favor of B, 200 persons voted in 
favor of both A and B, and 50 persons voted against 
both issues. If an eligible voter is selected at random, 
find the probability that he or she voted 


43. for A but not B. 44. for B but not A. 
45. for both A and B. 46. against both A and B. 
47. not at all. 


ae Collaborative Learning 


To see an actual credit ratings form from Fair, Isaac 
and CO (FICO) go to link 10.3.3. The scores there are 
between 300 and 800. Higher than 660 it is OK, 
between 620 and 660 is fair, and below 620 you may 
be in trouble. To reach these scores, they consider past 
delinquency, how you used credit in the past, the age 
of the credit file, the number of times you ask for 
credit, and your mix of credit (cards, installment, and 
revolving). Discuss how these five factors can affect 
your credit-worthiness. 
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Surveys and Conditional Probability 


Have you been in a car dealership and seen consumer magazines that rank dif- 
ferent automobiles? If you are the manager of a dealership, you want to know 
whether people who read the reports in Consumer Reports or Car and Driver are 
more likely to buy a car from you. The first step is to conduct a survey of poten- 
tial buyers. Suppose the results of such a survey are as follows: 


70% of the people read the report (R). 
45% bought a car from you, the dealer (B). 
20% neither read the report nor bought a car from you, the dealer. 


You want to find the effect of reading the report (R) on buying a car from you 
(B). Thus, you must compare the probability that the person bought a car P(B) 
with the probability that the person bought a car given that the person read the 
report, denoted by P(B|R) and read as “the probability of B given R.” 

You first make a Venn diagram of the situation. Label two circles R and B and 
place 20%, the percentage of people who neither read the report nor bought a car, 
outside these two circles. This means that 80% of the people must be inside the 
two circles. But 70% + 45% = 115%, so 35% (115% — 80%) of the people must 
be in B M R, as shown in Figure 10.10. 

You can see from Figure 10.10 that P(B) = 0.35 + 0.10 = 0.45. To find 
P(B|R), you have to look at all the people who bought cars given that they read 
the report; that is, you must look inside the circle labeled R. Inside this circle, 
35% of the people out of the 70% who read the report bought a car; that is, 


P(BO R) _ 0.35 n0.35 
P(R) 0.35 + 0.35.~—0..70 





P(B\R) = = 0.50 

Thus, P(B) = 0.45 and P(B|R) = 0.50; this means that people are more likely to 
buy a car from you, the dealer, if they have read the report. For this reason many 
dealers give copies of consumer magazine articles to potential customers. In this 
section you will study conditional probability, that is, probability computed 
using a subset of the sample space. =a 
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DEFINITION 10.2 


EXAMPLE 1 


As the “Wizard of Id” cartoon shows, it is sometimes the case that in consider- 
ing the probability of an event A, we obtain additional information that may sug- 
gest a revision of the probability of A. For example, assume that in Getwell 
Hospital 70 of the patients have lung cancer (C ), 60 of the patients smoke (S), 
and 50 have cancer and smoke. If nee are 100 Sn in the hospital, and 1 is 
selected at random, then P(C) = 75 and P(S) = {,. But suppose a patient 
selected at random tells us that he or she smokes. What is the probability that this 
patient has cancer? In other words, what is the probability that a patient has can- 
cer, given that the patient smokes? The expression “given that the patient 
smokes” means that we must restrict our attention to those patients who smoke. 
We have thus added a restrictive condition to the problem. Essentially, the con- 
dition that the person smokes requires that we use S as our sample space. 

To compute P(C|S) (read “the probability of C, given S”’), we recall that there 


are 50 favorable outcomes (people who have lung cancer and smoke) and 60 ele- 
5 


ments in the new sample space (people who smoke). Hence, P(C|S) = oo = 2, 
We note that 





Cons 
P(C|S) = a 
_n(COS)/n@) _ PCS) 
7S) OCU) | a es) 


This discussion suggests the following definition: 


If A and B are events in a oe space OU and PB) + * 0, the conditional 

probability of A, given B, is denoted by P(A\B) and is 

P(AN B) 
PR). 





P(A|B) = 


Notice that the conditional probability of A, given B, results in a new sample 
space consisting of the elements in U for which B occurs. This gives rise to a sec- 
ond method of handling conditional probability, as illustrated in the following 
five examples: 


A die is thrown. Find the probability that a 3 comes up if it is known that an odd 
number turns up. 


Solution 


Method I Let T be the event in which a 3 turns up and Q be the event in which 

an odd number turns up. By equation (1), 

BE VO) 
nom 


P(T|Q) = , 


ee 


Pe 2 We know that an odd number turns up, so our new sample space is 
= {1, 3,5}. Only one outcome (3) is favorable, so 


P(T|Q) =3 o 


EXAMPLE 2 


EXAMPLE 3 


EXAMPLE 4 
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A coin is thrown; then a die is tossed. Find the probability of obtaining a 6, given 
that heads comes up. 


Solution 


Method I Let S be the event in which a 6 turns up, and let H be the event in 
which heads comes up. 
BGS eel 1 


Sat erie 





Method 2 We know that heads comes up, so our new sample space is U = 
CEEOL ACHE 2 CE . (H, 4), (H, 5), (H, 6)}. Only one outcome is favorable, 
(H, 6), so P(S|H) = % a 


Two dice were thrown, and a friend tells us that the numbers that came up were 
different. Find the probability that the sum of the two numbers was 4. 


Solution 


Method 1 Let D be the event in which the two dice show different numbers, and 
let F be the event in which the sum is 4. By equation (1), 


POE 'e D) 


REIS = pgp) 


Now, P(F MN D) = Z, because there are two outcomes, (3, 1) and (1, 3), in which 
the sum is 4 and the numbers are different, and there are 36 possible outcomes. 
Furthermore, 





a1 Sor Si 
fe SG 6 
SO 
PCD ieneen fl 
AEP) eesemny De cases 


Method 2 We know that the numbers on the two dice were different, so we have 
36 — 6 = 30 (36 minus 6 outcomes that show the same number on both dice) 
elements in our sample space. Of these, only two, (3, 1) and (1, 3), are favorable. 
Hence, P(F|D) = % = %- i 


Two dice are thrown and a friend tells you that the first die shows a 6. Find the 
probability that the sum of the numbers showing on the two dice is 7. 


Solution 


Method I Let S, be the event in which the first die shows a 6, and let S, be the 
event in which the sum is 7. Then 
P(S, M S;) * * 


ES ey is 


Oo 


1 
P(S,|S,) = 6 
Method 2 We know that a 6 comes up on the first die, so our new oe space 
is U = {(6, 1), (6, 2), (6, 3), (6, 4), (6, 5), (6, 6)}. Hence, P(S,|S,) = t, because 
there is only one favorable outcome, (6, 1). |_| 
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EXAMPLE 5 


FIGURE 10.11 


TABLE 10.5 Strokes per 
1000 People 


Borderline 
High 





EXAMPLE 6 


Suppose we represent with the letters B and b the genes that determine the color 
of a person’s eyes. If the person has two b genes, the person has blue eyes, oth- 
erwise, the person has brown eyes. If it is known that a man has brown eyes, what 
is the probability that he has two B genes? (Assume that both genes are equally 
likely to occur.) 


Solution The tree diagram for the four possibilities appears in Figure 10.11. 


Method 1 Let Tbe the event in which the man has two B genes, and let B be the 
event in which the man has brown eyes. By Definition 10.2 


P(T™ B) 1 
P(B) 


1 
P(T|B) = = 3 
4 

Method 2 It is known that the man has brown eyes, so we consider the 3 out- 
comes corresponding to these cases (BB, Bb, and bB). Because only | of these 
equally likely outcomes (BB) is favorable, the probability that a man has two B 


genes if it is known that he has brown eyes is i 
B  BB=brown eyes 
B a 
b  Bb=brown eyes 
B  bB=brown eyes 
b oe 
b bb = blue eyes ff 
Other important applications also make use of conditional probability. For 
example, the Framingham Heart Disease Study, begun in 1948, focused on 
strokes and heart failure. Table 10.5, based on this study, shows the number of 
strokes per 1000 people for various conditions. As we can see, the incidence of 
stroke for people aged 45-74 increases almost fourfold as blood pressure goes 
from normal to high (from 8 per 1000 to 31 per 1000). Note that the numbers in 
the body of Table 10.5 are all per 1000. This means that Table 10.5 gives approx- 
imate conditional probabilities; we can interpret the last number in Table 10.5, 
31, as meaning that the probability that a person has a stroke, given that this per- 


son has high blood pressure and is in the age group 45-74, is about joo We look 
at some other aspects of this study in the next example. 


Assume the numbers in Table 10.5 are accurate, and find the probability that 


(a) a person in the 45-74 age group has a stroke, given that the person has 
normal blood pressure. 


(b) a person in the 45-74 age group has a stroke, given that the person has either 
normal or borderline blood pressure. 


(c) a person in the 45-74 age group has a stroke. 


(d) a person has normal blood pressure, given that the person is in the 45-74 age 
group and has had a stroke. 


Solution 


(a) This probability can be read directly from the table; it is 745 = Ts: 


EXAMPLE 7 





& 


www 


To further explore the Monty 
Hall problem, access links 10.4.1 
and 10.4.2 at the Bello Web site. 


(Remember to bookmark the Bello book-specific Web site.) 
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(b) Here we have two mutually exclusive sets, those with normal blood pressure 
and those with borderline blood pressure. Hence, the required probability is 
the sum of the probabilities for the two sets, that is, 


Lc eee aS 
1000 1000 1000 500 


(c) The idea is similar to that in part (b); there are three mutually exclusive sets, 
so the required probability is the sum of the probabilities for the three sets, 
that is, 
ee isl4 =. SHAR eeeatt 

1000 1000 1000 1000 

(d) Here we know the person has had a stroke, so we can use the idea of con- 
ditional probability. The population for this condition consists of the 
8 + 14 + 31 = 53 people who have had strokes. Of these, 8 have normal 
blood pressure. Thus, the required probability is §. fe 


Have you heard of the Monty Hall Problem? It goes like this: In the game “Let’s 
Make a Deal” contestants are presented with 3 doors (A, B, C) only one of which 
has a big prize behind it (the others are empty). You do not know what is behind 
any of the doors. You choose a door. Monty then counters by showing you what 
is behind one of the other doors (which is empty) and asks you if you would like 
to stick with the door you have or switch to the other unknown door. 


(a) What is the probability that you win given that you decide to stay? 
(b) What is the probability that you win given that you decide to switch? 
Solution 


(a) Since there are 3 doors, the probability that you win by selecting the door 
with the prize is 3. 


(b) The winning prize (W) can be behind door A, B, or C. Two of the doors are 
empty (£). Here are the three possibilities: 


Bis 
1.| W E E 
De ee) WwW E 
Soe, E W 





Now, suppose you select door A (it really does not matter which door you select) 
and you decide to switch. (Remember, Monty has to show you the empty door!) 


In case 1, you will certainly lose. 
In case 2, Monty will have to show you door C and you pick B and win. 
In case 3, Monty will have to show you door B and you pick C and win. 


Thus, you win 2 out of 3 times by switching! a 
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Exercise 10.4 


1. A die was thrown. Find the probability that a 5 
came up, given that an even number turned up. 


2. Acoin was thrown; then a die was tossed. Find the 
probability of obtaining a 7, given that tails came 
up. 

3. Two dice were thrown, and a friend tells us that 
the numbers that came up were identical. Find the 
probability that the sum of the numbers was 
a. 8. b:°9: 

c. an even number. d. an odd number. 


4. Referring to Example 5 of this section, find the 
probability that a person has two b genes, given 
that the person has 
a. brown eyes. b. blue eyes. 


5. For a family with 2 children, the sample space 
indicating boy (B) or girl (G) is BB, BG, GB, and 
GG. If each of the outcomes is equally likely, find 
the probability that the family has 2 boys, given 
that the first child is a boy. 


6. A family has 3 children. If each of the outcomes in 
the sample space is equally likely, find the proba- 
bility that the family has 3 girls given that 
a. the first child is a girl. 

b. the first child is a boy. 


7. Referring to problem 6, find the probability that 
the family has exactly 2 girls, given that the first 
child is a girl. 


8. The following table gives the approximate num- 
ber of suicides per 100,000 persons, classified 
according to country and age for 1 year: 


15-24 
25-44 
45-64 


65 or over 





Based on the table, find the probability that 

a. a person between 25 and 44 years of age com- 
mitted suicide, given that the person lived in 
the United States. 


b. a person between 25 and 44 years of age com- 
mitted suicide, given that the person lived in 
Canada. 

¢. a person committed suicide, given that the per- 
son lived in Germany. 


. The personnel director of Gadget Manufacturing 


Company has compiled the following table, which 
shows the percent of men and women employees 
who were absent the indicated number of days. 
Suppose there are as many women as men 
employees. 


f eompiedha Si oot a 08 
i Caren a EM Oe: 
“Wormore "0% 
ie stotalar ¢na.)) 100% 





a. Find the probability that an employee missed 
6-10 days, given that the employee is a 
woman. 

b. Find the probability that an employee is a 
woman, given that the employee missed 6-10 
days. 


10. The following table describes the student popula- 


tion in a large college: 


Freshman (%) 


Sophomore (%) 
Junior (%) 
Senior (%) 





a. Find the probability that a randomly selected 
student is female. 

b. Find the probability that a randomly selected 
student is a junior. 

c. If the selected student is a junior, find the prob- 
ability that the student is female. 


11. An examination of Professor X’s records for the 
last 10 years shows the following distribution of 
grades in his courses: 





a. If one of Professor X’s students is randomly 
selected, what is the probability that the student 
received neither an A nor a B? 

b. If 200 of Professor X’s students were selected, 
how many would be expected to have received 
aBoraD? 

c. Ifit is known that one of Professor X’s students 
did not get a C or a D, what is the probability 
that the student received a B? 


In problems 12—14, assume that 2 cards are drawn in 
succession and without replacement from a standard 
deck of 52 cards. Find the probability that 


12. the second card is the ace of hearts, given that the 
first card was the ace of spades. 


13. the second card is a king, given that the first card 
was a king. 


14. the second card is a 7, given that the first card 
was a 6. 


The Merrilee Brokerage House studied two groups of 
industries (computers and petroleum) and rated them 
as low risks or high risks, as shown in the following 
table. Use this information in problems 15 and 16. 


Computers = 5 
‘Petroleum 20 





15. If a person selected one of these stocks at random 
(that is, each stock had probability y of being 
selected), find the probability that the person 
selected a computer stock, given that the per- 
son selected a low-risk stock. 


16. 


7s 


18. 


19. 
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If a person selected one of the stocks at random, 
find the probability that the person selected a 
petroleum stock, given that the person selected a 
high-risk stock. 


Astock market analyst figures the probabilities that 
two related stocks, A and B, will go up in price. She 
finds the probability that A will go up to be 0.6 and 
the probability that both stocks will go up to be 0.4. 
What should be her estimate of the probability that 
stock B goes up, given that stock A does go up? 


The Florida Tourist Commission estimates that a 
person visiting Florida will visit Disney World, 
Busch Gardens, or both, with probabilities 0.5, 
0.3, and 0.2, respectively. Find the probability that 
a person visiting Florida will visit Busch Gardens, 
given that the person did visit Disney World. 





A recent survey of 400 instructors at a major uni- 

versity revealed the data shown in the following 

table. Based on the data, what are the probabilities 

of the following? 

a. An instructor received a good evaluation, given 
that the instructor was tenured. 

b. An instructor received a good evaluation. 





Tenured 


Nontenured 
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20. Referring to the data in problem 19, find the prob- 
ability that 
a. an instructor received a poor evaluation, given 
that the instructor was tenured. 
b. an instructor received a poor evaluation. 


21. Billy was taking a history test, and his memory 
started playing tricks on him. He needed the date 
when Columbus reached America, and he remem- 
bered that it was 1492 or 1294 or 1249 or 1429 but 
was not sure which. Then he remembered that the 
number formed by the first three digits was not 
divisible by 3. What is the probability that he 
guessed the right date? (Hint: Recall that a num- 
ber is divisible by 3 if the sum of its digits is divis- 
ible by 3. Use this information to find which dates 
this leaves Billy to choose from.) 


22. Nancy was asked to guess a preselected number 
between | and 50 (inclusive). By asking questions 
first, Nancy learned that the number was divisible 
by 2 and/or by 3. What is the probability that Nancy 
guessed the right number after correctly using her 
information? (Hint: Eliminate the numbers that 
are not divisible by 2 or by 3. This eliminates all 
the odd numbers that are not multiples of 3.) 


23. A doctor for a pharmaceutical company treats 100 
patients with an experimental drug and another 
100 patients with a conventional drug. The results 
of the experiment are given in the following table. 
What is the probability that 
a. a patient chosen at random from the group of 

200 patients has improved, P(/)? 
b. a patient taking the experimental drug has 
improved, P(I|E)? 


Experimental (E) 
Conventional (C) 





24. The University Apartments has 1000 units classi- 
fied by size and location as shown in the follow- 
ing table. What is the probability of selecting at 
random. 

a. a first-floor apartment? 

b. a first-floor, three-bedroom apartment? 

c. asecond-floor apartment, given that it is a one- 
bedroom? 

d. a two- or three-bedroom apartment, given that 
it is located on the first floor? 








“First floor 20% ~=—-30% = 10% 
Second floor 15% 20% 5% ‘ 





Problems 25-27 refer to the following table showing 
the death penalty and racial distribution for 326 con- 
victed murderers. 








Total 


Source: M. Radelet, “Racial Characteristics 
of the Death Penalty,” American Sociological 
Review 46: 918-927. 


Let D be the person gets the death penalty, W the per- 
son is white, and B the person is black. 


25. Find P(D|W). 26. Find P(D|B). 


27. On the basis of your answers to problems 25 and 
, 26, is there much difference between outcomes for 
whites and blacks? Explain. 


Problems 28-32 refer to the following table showing 
the death penalty, racial status, and race of the victim 
distribution for the same 326 murderers. 








28. Find P(D|WW), where WW means that the defen- 
dant is white and the victim is white. 


29. Find P(D|BW). 
31. Find P(D|BB). 


30. Find P(D|WB). 


32. On the basis of your answers to problems 28-31, 
is there much difference between outcomes for 
whites and blacks? Explain and compare your 
answer with problem 27. 


&®™ In Other Words 


33. Of the two methods of solving conditional proba- 
bility problems, which do you prefer? Why? 


34. Can you find two events A and B such that 
P(A|B) = P(A)? What is the relationship between 
A and B? Explain. 


Ga Using Your Knowledge 


The Statistical Abstracts of the United States gives the 
number of crime victims per 1000 persons, 12 years 
old and over, as shown in the following table: 








GETTING STARTED 


im, 


105, 
Independent Events 


Probabilities in Bingo and Birthdays 
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Use the information in this table to do the following 
problems: 


35. a. Find the probability that the victim of one of 
the three types of crime was a male. 
b. Find the probability that the victim of one of 
the three types of crime was a female. 
c. Considering your answers to parts (a) and (b), 
which sex would you say is more likely to be 
the victim of one of these three types of crime? 


36. If it is known that an assault was committed, what 
is the probability that 
a. the victim was a male? 
b. the victim was a female? 


37. If it is known that the victim was a female, what is 
the probability that the crime was assault? 


38. If it is known that the victim was a male, what is 
the probability that the crime was robbery? 


ae Collaborative Learning 


The study cited in problems 25-32 was done several 
years ago. Go to the Statistical Abstract of the United 
States or to the Web and find more recent and similar 
Statistics to the ones given in the tables of problems 
25-32. Discuss any changes in the outcomes. 





Have you played Bingo lately? The world’s biggest Bingo contest was held in 
Cherokee, North Carolina, and offered a $200,000 prize to any player who could 


fill a 24-number card by the 48th number called (there are 75 possible numbers 
in Bingo). What is the probability that you would win this game? The probabil- 
ity that any given number on your 24-number card is drawn is 48 the probability 
of drawing a second number on your card is 71, and so on. To win, you must get 
all 24 numbers on your card in 48 draws. The probability is 


eee 
1s 74. 73 


CO On 


agen a 
52 799,399 





Note that the individual probabilities have been multiplied to find the final 
answer. In this section, you will study independent events. If two events A and 
B are independent, P(A M B) = P(A) : (B). 
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A water tower advertises bingo 
on a Florida Seminole Indian 
reservation. 


DEFINITION 10.3 


A classic use of this formula is the birthday problem. Given a group of peo- 
ple, what is P(L), the probability that at least two people have the same birthday? 
It is easier to find P(L’), the probability that no two people have the same birth- 
day, and then to compute P(L) = 1 — P(L’). Assuming that all birthdays are 
equally likely, the probability that a second person has a different birthday than 
a first is 3%, the probability that a third person has a different birthday than the 
other two is 363 and the probability that an nth person has a different birthday 
than all the others is 


326) 
365 
Thus, 
Nall iid64 36s eso etme 
= 1~ 365 365 365 365 
Now, compute some of these probabilities and note some others. When n = 2, 
364 
PO) Ae Bas 1 — 0.997 = 0.003 
When n = 3, 
364 363 
P(L) = 1 — 365 365 ~ 1 — 0.992 = 0.008 


When n = 10, P(L) = 0.117; when n = 22, P(L) = 0.476; and when n = 23, 
P(L) = 0.507. Thus, with 22 people in a room, the probability that at least two 
have the same birthday is slightly under 5; add one more person and it becomes 


slightly better than 5. Zz 


One of the more important concepts in probability is that of independence. In 
this section we shall define what we mean when we say that two events are inde- 
pendent. For example, the probability of obtaining a sum of 7 when two dice are 
thrown and it is known that the first die shows a 6 is 4; that is P(S|6) = Z. It is of 
interest that the probability of obtaining a 7 when two dice are thrown is also :, 
so P(S|6) = P(S). This means that the additional information that a 6 came up on 
the first die does not affect the probability of the sum’s being 7. It can happen, in 
general, that the probability of an event A is not affected by the occurrence of a 
second event B. Hence, we state the following definition: 





If A and B are independent, we can substitute P(A) for P(A|B) in the equation 


P(A 1 B) 
P(A|B) = aPCBY o See equation (1), Section 10.4. 
to obtain 
PAN 
P(A) ~ PAN B) 


P(B) 


DEFINITION 10.4 


EXAMPLE 1 


EXAMPLE 2 
FIGURE 10.12 


FIGURE 10.13 
J 
10 
A 
Math et ay 
10 
3 
; 10. A 
Spanish — ok 
10 


7 
0 A 

English — tone 
10 
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Then, multiplying by P(B), we get 
P(A  B) = P(A): P(B) 


Consequently, we see that an equivalent definition of independence is as follows: 





| nd Bz are independent if and only oo | 
PAN B= P(A) * PCB) ] : (2) 


Independent Events 


The preceding ideas can be applied to experiments involving more than two 
events. We define independent events to be such that the occurrence of any one 
of these events does not affect the probability of any other. The most important 


result for applications is that if n events, E » E,,..., E,, are known to be inde- 
pendent, then the following multiplication rule holds: 
PET OES OE. (0) init \irPC, P(E) * 2° PES) (3) 


The next examples illustrate these ideas. 


Two coins are tossed. Let E, be the event the first coin comes up tails, and let E, 
be the event the second coin comes up heads. Are E, and E, independent? 


Solution Because P(E, M E,) = i, PUY 5, PES , and 4 o += = i, we see 
that P(E, 9 E,) = P(E,): P(E,). erect E, and E, are independent. hdl 


We have two urns, I and II. Urn I contains 2 red and 3 black balls, while urn II 
contains 3 red and 2 black balls. A ball is drawn at random from each urn. What 
is the probability that both balls are black? 


Solution Let P(B,) be the probability of drawing a black ball from urn I, and let 
P(B,) be the a sbability of drawing a eee ball from a II. Clearly, B, ane B, 

ate independent events. Thus, P(B,) = 5 2 and P(B,) = , so P(B, NM oa) =z°s= 
& (see Figure 10.12). a 


EXAMPLE 3 


Bob is taking math, Spanish, and English. He estimates that his probabilities of 
receiving A’s in these courses are 75, 75, and 75, respectively. If he assumes that the 
grades can be regarded as independent events, find the probability that Bob makes 


(a) all A’s (event A). 

(b) no A’s (event NV). 

(c) exactly two A’s (event T). 
Solution 


@ePA— PO) FS): PE!) Sie a : = aa where M is the event in which 
he makes an A in math, S$ is he et in which he makes an A in Spanish, and 
E is the event in which he makes an A in English (see the tree diagram in 
Figure 10.13). 
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EXAMPLE 4 


(b) P(N) = P(M') - P(S') + P(E’) = 10 * 10 * 10 = 1000 
(c) There are the following three ways of getting exactly two A’s: 
1. Getting A’s in math and Spanish and not in English. The probability of 


this event is 


P(M): P(S)* PE) = °° p= 100 


2. Getting A’s in math and English and not in Spanish. The probability of 
this event is 


3. Getting A’s in Spanish and English and not in math. The probability of 
this event is 
P(M’) + P(S) > P(E) = 36° 16° 16 = i000 
Since the three events we have just considered are mutually exclusive, the 
probability of getting exactly two A’s is the sum of the probabilities we cal- 
culated. Thus, 
P(T) = 7005 + 7000 + 1000 = 1000 


where T is the event of getting exactly two A’s. = 


Do you recall the witches of Wall Street? (See Example | of Section 10.2.) The 
witches in this case are persons who claim that they use occult powers to predict 
the behavior of stocks on the stock market. One of the most famous of the 
witches claims to have a 70% accuracy record. A stockbroker selects three stocks 
at random from the New York Stock Exchange listing and asks this witch to pre- 
dict their behavior. Assuming that the 70% accuracy claim is valid, find the 
probability that the witch will 


(a) correctly predict the behavior of all three stocks. 
(b) incorrectly predict the behavior of all three stocks. 


(c) correctly predict the behavior of exactly two of the three stocks. 





The witches of Wall Street claim they can predict the behavior of 
stocks on the stock market. Do you think the witches read the Wall 
Street Journal? 
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Solution 


(a) The probability of the witch’s correctly predicting the behavior of all three 
stocks is the product 


(0.70)(0.70)(0.70) = 0.343 


(b) The probability of the witch’s incorrectly predicting the behavior of all three 
stocks is the product 


(0.30)(0.30)(0.30) = 0.027 


(c) The probability of the witch’s correctly predicting the behavior of two spe- 
cific stocks and incorrectly predicting the behavior of the third stock is the 
product 


(0.70)(0.70)(0.30) = 0.147 


Because there are 3 ways of selecting the two specific stocks, we use the SCP 
and multiply the last result by 3. Thus, the probability of correctly predict- 
ing the behavior of exactly two of the stocks is 


3(0.147) = 0.441 | 


You can visualize the calculations in Example 4(c) by looking at the tree dia- 
gram in Figure 10.14, where C represents a correct prediction and / represents an 
incorrect prediction. Each branch is labeled with the probability of the event it 
represents. Note that if you find and add the probabilities at the ends of all the 
branches, the sum will be 1. 


FIGURE 10.14 
Stock 1 2 3 
0.70 c= € 
Cae 
0.70 0.30 ~ I P(CCI) = (0.70)(0.70)(0.30) = 0.147 
C 


0.70 C — -P(CIC) = (0.70)(0.30)(0.70) = 0.147 


oS 
~~ 
=} 
Oo 
WwW 
So 
~ 


0.30 i 


0.70 C  —P(UICC) = (0.30)(0.70)(0.70) = 0.147 


\ 


0.70 
: I 
0.30 Ue 


0.30 0.70 E 


i 


0.30 I 


Stochastic Processes 


A stochastic process is a sequence of experiments in which the outcome of each 
experiment depends on chance. For example, the repeated tossing of a coin or of 
a die is a stochastic process. Tossing a coin and then rolling a die is also a sto- 
chastic process. 
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EXAMPLE 5 


EXAMPLE 6 


FIGURE 10.15 
First Second Final 
Toss Toss Outcome _ Probability 
eel 1 
D 
1 
2 Fas Le ered 
r P(H 1 = —-xX- == 
} 1 
RERTOR IN A (Tf) PTOH)=4%5 =5 
2 
Teen 
2 eel 1 
pel Ti (7.7) PU AT) =X 


In the case of repeated tosses of a coin, we assume that on each toss there are 
two possible outcomes, each with probability 5. If the coin is tossed twice, we 
can construct a tree diagram corresponding to this sequence of experiments (see 
Figure 10.15). 

In Figure 10.15 we have put on each branch the probability of the event cor- 
responding to that branch. To obtain the probability of, say, a tail and then a head, 
P(T (A), we multiply the probabilities on each of the branches going along the 
path that leads from the start to the final outcome, as indicated in Figure 10.15. 
This multiplication gives (4)G) = 7, in agreement with the results we have pre- 
viously obtained. 

It is possible to show, by means of the SCP, that the terminal probabilities are 
always correctly obtained by using this multiplication technique. Notice that 
Figure 10.15 illustrates that 


P(H 1 T) = P(A|T) - P(T) and PIT) = PTT): PW) 


A coin and a die are tossed. What is the probability of getting a head and a 5? 


Solution Since the outcomes depend only on chance, this is a stochastic process 
for which the multiplication procedure can be used. Since the probability of get- 
ting a head on the coin is 5, and the probability of getting a 5 on the die is 2, the 
probability of getting a head and a 5 is 


PH, 5) =2 Xen B 


Jim has two coins, one fair (F’) and the other unbalanced (U) so that the proba- 
bility of its coming up heads is z He picks up one of the coins and tosses it, 
and it comes up heads. What is the probability that the outcome came from the 
unbalanced coin? 


Solution We draw a tree diagram as shown in Figure 10.16. The probabilities at 
the ends of the branches are obtained by the multiplication technique. The 
starred probabilities (*) may be taken as weights for the corresponding events. 
Thus, the required probability is 


FIGURE 10.16 


EXAMPLE 7 


EXAMPLE 8 


FIGURE 10.17 
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The required probability can also be found by using the equation 


OA ee 
PUI) = Ban ee ta a 





Referring to Table 10.4 (page 665), find the probability that two men who are 50 
and 55 years old, respectively, will both be alive at age 70. 

Solution The probability that a 50-year-old man lives to 70 is 3¢ = #33, and the 
probability that a 55-year-old man lives to 70 is 4° = +33. Thus, the probability 


that both men live to 70 is 


193 193 37,249 
349 ~ 323 112,727 





= ()'33 a 


The following problem appeared in the “Ask Marylin” question-and-answer col- 
umn in Parade magazine: 


You have a hat in which there are three pancakes: One is golden on both 
sides, one is brown on both sides, and one is golden on one side and 
brown on the other. You withdraw one pancake, look at one side, and see 
that it is brown. What is the probability that the other side is brown? 


Robert Batts 
Acton, Massachusetts 


So, what do you think? There are several ways of solving the problem; we shall 
use a tree diagram. 


w 
ole 


Q 
Go| 


wo 
a\— 


Q 
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Solution Let us make a tree diagram as in Figure 10.17 and label the pancakes 
and their sides I(B, B), II(G, G), and III(G, B). Let S be the second side is brown, 
and F the first side is brown. We want 


P(S NF) 
P(S|F) = PF) 


For both sides to be brown, we must select I(B, B) with probability 7 = 
P(S M F). To find P(F) let us study the tree. 

If we select I(B, B), both sides are certainly brown, with probability 1. 

If we select II(G, G), both sides are certainly golden with probability 1. 

Finally, for I11(G, B), the first side can be G or B each with probability +. If 
you picked G first, the second side is B with probability 1. If you picked B first, 


To further explore the three 


pancake problem, access links i Bh 
10.5.1 and 10.5.2 at the Bello oe ea 2 
Web site. 5 6-6 


Exercise 10.5 


1. 





ttp://college.hmco.com/mathematics | | Seah | 


Two coins are tossed. Let E, be the event in which 
the first coin comes up heads, and let E, be the 
event in which the second coin comes up tails. Are 
E, and E, independent? 


. A bubble gum machine has 50 cherry-flavored 


gums, 20 grape-flavored, and 30 licorice- 

flavored; a second machine has 40 cherry, 50 

grape, and 10 licorice. A gum is drawn at random 

from each machine. Find the probability that 

a. both gums are cherry flavored. 

b. both gums are licorice flavored. 

c. the gum from the first machine is cherry fla- 
vored, and the one from the second machine is 
grape flavored. 


. Aradio repair shop has estimated the probability 


that a radio sent to the shop has a bad tube is i, the 

probability that the radio has a bad rectifier is §, 

and the probability that it has a bad capacitor is }. 

If we assume that tubes, rectifiers, and capacitors 

are independent, find the probability that 

a. a tube, a capacitor, and a rectifier in a radio sent 
to the shop are bad. 

b. only a tube and a rectifier in a radio sent to the 
shop are bad. 

c. none of the three parts (tube, capacitor, or rec- 
tifier) is bad. 


the second side is G with probability 1. Thus, the required probability is 


4. The following table gives the kinds of stocks 


available in three brokerage houses, H,, H,, and 
H,. A brokerage house is selected at random, and 
one type stock is selected. Find the probability 
that the stock is 


a. a petroleum stock. 
b. a computer stock. 





. Acoin is tossed 3 times. Find the probability of 


obtaining 

a. heads on the first and last toss, and tails on the 
second toss. 

b. at least 2 heads. 

c. at most 2 heads. 


. A die is rolled 3 times. Find the probability of 


obtaining 

a. an odd number each time. 

b. two odd numbers first and an even one on the 
last roll. 

c. at least 2 odd numbers. 


(Remember to bookmark the Bello book-specific Web site.) 


10. 


11. 


12. 


13. 


14. 


15. 


. Acard is drawn from an ordinary deck of 52 cards, 


and the result is recorded on paper. The card is 
then returned to the deck and another card is 
drawn and recorded. Find the probability that 

a. the first card is a spade. 

b. the second card is a spade. 

c. both cards are spades. 

d. neither card is a spade. 


- Rework problem 7, assuming that the 2 cards are 


drawn in succession and without replacement. 
(Hint: Make a tree diagram and assign probabili- 
ties to each of the branches.) 


- A family has 3 children. Let M be the event “the 


family has at most | girl,” and let B be the event 
“the family has children of both sexes.” 

a. Find P(M). b. Find P(B). 

c. Find P(BM M). 

d. Determine whether B and M are independent. 


Two cards are drawn in succession and without 

replacement from an ordinary deck of 52 cards. 

What is the probability that 

a. the first card is a king and the second card is an 
ace? 

b. both cards are aces? 

c. neither card is an ace? 

d. exactly 1 card is an ace? 


A company has estimated that the probabilities of 
success for three products introduced in the mar- 
ket are i, z and 5, respectively. Assuming inde- 
pendence, find the probability that 

a. the three products are successful. 

b. none of the products is successful. 


In problem 11, find the probability that exactly 
one product is successful. 


A. coin is tossed. If heads comes up, a die is rolled; 
but if tails comes up, the coin is thrown again. 
Find the probability of obtaining 

a. 2 tails. 

b. heads and the number 6. 

c. heads and an even number. 


In a survey of 100 persons, the data in the follow- 
ing table (see next column) were obtained: 

a. Are S and L independent? 

b. Are S’ and L’ independent? 


Referring to Table 10.4 (page 665), find the prob- 
ability that two persons, one 30 years old and the 
other 40 years old, will live to be 60. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 
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Smoker (S) i 





Nonsmoker (S$ nist 


Data for exercise 14 


In problem 15, find the probability that both per- 
sons will live to be 70. 


The Apollo module has five components: the main 
engine, the propulsion system, the command serv- 
ice module, the lunar excursion module (LEM), 
and the LEM engine. If each of the systems is con- 
sidered independent of the others and the proba- 
bility that each of the systems performs satisfacto- 
rily is 0.90, what is the probability all the systems 
will perform satisfactorily? 


A die is loaded so that 1, 2, 3, and 4 each has prob- 
ability ; of coming up, while 5 and 6 each has 
probability } of coming up. Consider the events 
A = {1, 3, 5} and B = {2, 4, 5}. Determine 
whether A and B are independent. 


On one of the experimental flights of the space 
shuttle Columbia, the mission was cut short due to 
a malfunction of a battery aboard the ship. The 
batteries in the Columbia are guaranteed to have a 
failure rate of only 1 in 20. The system of three 
batteries is designed to operate as long as any one 
of the batteries functions properly. Find the prob- 
ability that 

a. all three batteries fail. 

b. exactly two fail. 


In a certain city, the probability of catching a bur- 
glar is 0.30, and the probability of convicting a 
caught burglar is 0.60. Find the probability that a 
burglar will be caught and convicted. 


In Example 4, what is the probability of a Wall 
Street witch’s predicting correctly the behavior of 
one of the stocks and predicting incorrectly the 
behavior of the other two? 


In Example 4, suppose the broker had selected 
four stocks. What is the probability that the witch 
would give a correct prediction for two of the 
stocks and an incorrect prediction for the other 
two stocks? 
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23. Three boxes, labeled A, B, and C, contain 1 red 
and 2 black balls, 2 red and 1 black ball, and 1 red 
and 1 black ball, respectively. First a box is 
selected at random, and then a ball is drawn at ran- 
dom from that box. Find the probability that the 
ball is red. (Hint: Draw a tree diagram, assign the 
probabilities to the separate branches, and com- 
pute the terminal probabilities by using the multi- 
plication technique. Then add the terminal proba- 


bilities for all the outcomes in which the ball is ~ 


red.) 


24. There are three filing cabinets, each with two 
drawers. All the drawers contain letters. In one 
cabinet, both drawers contain airmail letters; in a 
second cabinet, both drawers contain ordinary let- 
ters; and in the third cabinet, one drawer contains 
airmail and the other contains ordinary letters. A 
cabinet is selected at random, and then a drawer is 
picked at random from this cabinet. When the 
drawer is opened, it is found to contain airmail let- 
ters. What is the probability that the other drawer 
of this cabinet also contains airmail letters? (Hint: 
Use the same procedure as in problem 23.) 


25. John has two coins, one fair and the other unbal- 
anced so that the probability of its coming up 
heads is 3. He picks one of the coins at random, 
tosses it, and it comes up heads. What is the prob- 
ability that he picked the unbalanced coin? 


26. A box contains 3 green balls and 2 yellow balls. 
Two balls are drawn at random in succession and 
without replacement. If the second ball is yel- 
low, what is the probability that the first one is 
green? 


In Other Words 


27. a. Explain, in your own words, what is meant by 
the statement “Two events A and B are inde- 
pendent.” 

b. If A and B are independent events and you 
know P(A) and P(B), how can you calculate 
P(A NB)? 


28. In Getting Started you found the probability that at 
least two people have the same birthday. Is this the 
same as finding the probability that another per- 
son has the same birthday as you do? Explain. 


a Using Your Knowledge 


Suppose a fair coin is flipped 10 times in succession. 
What is the probability that exactly 4 of the flips turn 
up heads? This is a problem in which repeated trials of 
the same experiment are made and the probability of 
success is the same for each of the trials. This type of 
procedure is often called a Bernoulli trial, and the 
final probability is known as a binomial probability. 

Let us see if we can discover how to calculate such 
a probability. We represent the 10 flips and one possi- 
ble success like this: 





Because each flip is independent of the others, the 
probability of getting the particular sequence shown is 
(510, All we need do now is find in how many ways 
we can succeed, that is, in how many ways we can get 
exactly 4 heads. This is the same as the number of 
ways we can select 4 of the 10 flips, that is, C(10, 4). 
The successful ways of getting 4 heads are all mutu- 
ally exclusive, so the probability of getting exactly 
4 heads is 


C(10, 4) 
910 


Let us suppose now that the coin is biased so that the 
probability of heads on any one toss is p and the prob- 
ability of tails is g = 1 — p. The probability of getting 
the arrangement we have shown is now p4q°. (Why?) 
Hence, the probability of getting exactly 4 heads is 


C(10, 4)p4q® 


You should be able to convince yourself that if n is 
the number of trials, p is the probability of success in 
each trial, and g = | — pis the probability of failure, 
then the probability of exactly x successes is 


Cap g 


29. Suppose that a fair coin is tossed 50 times in suc- 
cession. What is the probability of getting exactly 
25 heads? (Do not multiply out your answer.) 


30. If a fair coin is tossed 6 times in succession, what 
is the probability of getting at least 3 heads? 


31. Suppose that the coin in problem 30 is biased 2 to 
1 in favor of heads. Can you calculate the proba- 
bility of getting at least 3 heads? 


32. Suppose that a fair coin is tossed an even number 
of times, 2, 4, 6, .... What happens to the proba- 
bility of getting heads in exactly half the tosses as 
the number of tosses increases? 


33. A fair die is tossed 5 times in succession. What is 
the probability of getting exactly two 3s? 


34. In problem 33, what is the probability of obtaining 
at least two 3s? 


-® Discovery 


Suppose you have two switches, § , and S,, installed in 
series in an electric circuit and these switches have 
probabilities P(S y= a and P(S,) = 3 of working. As 
you can see from the figure, the probability that the cir- 
cuit works is the probability that § , and S,, work; that is, 


P(S,) * P(Sp) = to X 10 = 100 











A Si c B 
If the same two switches are installed in parallel 
(see the next figure), then we can calculate the proba- 
bility that the circuit works by first calculating the 
probability that it does not work, as follows: 
The probability that S, fails is 1 — a= 
The probability that S, fails is 1 — 7) = 


The probability that both S, and S, fail is 
10 X 10 = 00: 


sivsi- 


Thus, the probability that the circuit works is 
l1-®= is. By ae the probability that a 
series circuit works (3%) with the probability that a 
parallel circuit works (=), we can see that it is better 
to install switches in parallel. 


35. What is the probability that a series circuit with 
three switches, S,, S5, and S3, with probabilities s 
5, and 3 of working, will work? 
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36. What is the probability if the switches are installed 
in parallel? 


We have just seen that, under certain circumstances, it 
is better to install parallel rather than series circuits to 
obtain maximum reliability. However, in the case of 
security systems, independent components in series 
are the most reliable. For example, the soldier guard- 
ing a triple-threat security system that uses voice pat- 
terns, fingerprints, and handwriting to screen persons 
entering a maximum security area. Here is how the 
system operates: To enter a secure area, a person must 
pass through a room that has a door at each end and 
contains three small booths. In the first booth, the 
person punches in his or her four-digit identification 
number. This causes the machine inside the booth to 
intone four words, which the person must repeat. If the 
voice pattern matches the pattern that goes with the 
identification number, the machine says “Thank you” 
and the person goes to the next booth. After entering 
his or her number there, the person signs his or her 
name on a Mylar sheet. If the signature is acceptable, 
the machine flashes a green light and the person goes 
to the third booth. There, he or she punches in the iden- 
tification number once more and then pokes a finger 
into a slot, fingerprint down. If a yellow light flashes 
“IDENTITY VERIFIED,” the door opens and the per- 
son can enter the high-security area. 


37. Assume each of the machines is 98% reliable. 
What is the probability that a person fools the first 
machine? 


38. What is the probability that a person fools the first 
two machines? 


39. What is the probability that a person fools all three 
machines? 


40. On the basis of your answer to problem 39, how 
would you rate the reliability of this security 
system? 





Look at the information in Table 10.6. The odds of winning the first prize by 
picking 6 out of 6 numbers (there are 49 numbers to pick from) are said to be 
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1 in 13,983,816. But in Section 10.1 we found that the probability of winning the 
first prize is marta: Isn’t there a difference between odds and probability? Of 
course there is! What most state lotteries mistakenly report as odds are actually 
the probabilities of winning. ; 


TABLE 10.6 State Lottery 


Gof6 numbers * 1 in 13,983,816 


5 of 6 numbers 1 in 54,200.84 — 
4 of 6 numbers 1 in 1032.4 

3 of 6 numbers 1 in 56.66 
Overall odds 1 in 53.66 





To explain further, the probability of an event is a fraction whose numera- 
tor is the number of times the event can occur and whose denominator is the total 
number of possibilities in the sample space. Thus, if we throw a die, the proba- 
bility of getting a number greater than 4 is 2, since there are two favorable out- 
comes of numbers greater than 4 (5 and 6) out of 6 total possibilities (1, 2, 3, 4, 
5, and 6.) The odds in favor of an event are defined as the ratio of favorable to 
unfavorable occurrences for the event. Thus, the odds for getting a number 
greater than 4 are 2 to 4, since there are 2 favorable outcomes (5 and 6) and 4 
unfavorable ones (1, 2, 3, and 4). These odds are sometimes written as 2 : 4 (read 
“2 to 4”). Now, back to the lottery ticket. Since the probability of winning the 
first prize is 1 to 13,983,816, the odds of winning the first prize are 1 to 
13,983,815, not 1 to 13,983,816. 

Some probabilities are given in Table 10.7. What are the corresponding odds? 


TABLE 10.7 


Getting married if you are 18 or older 


Having 3 or more children 
Developing high blood pressure 
Getting accepted to medical school 
Never eating candy 


Bl-Slauirn Ia ce 





Note that if the odds for the event are 64 to 36, the probability of the event should 
be 


oe 
64+36 100 ~ 


We shall study more about the relationship between odds and probability in this 


section. pee : 
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In this chapter we have several times used games of chance to illustrate the con- 
cepts of probability. In connection with these games, we often encounter such 
statements as “The odds are | to 5 for throwing a 1 with a die” or “The odds are 
12 to 1 against picking an ace from a deck of cards.” When a person gives us | 
to 5 odds for throwing a 1 with a die, it usually means that if a 1 does occur, we 
pay $5 and, if a 1 does not occur, the person pays $1. These statements simply 
compare the number of favorable outcomes to the number of unfavorable out- 
comes. Thus, odds of 1 to 5 mean that there are 5 times as many unfavorable as 
favorable outcomes. 


A. Odds 






DEFINITION 10.5 total. ance of favorite outcomes is f and 


_ the total numbe 1 ofun unfavorable outcomes i Is u, the odds i in 1ayOr of E 





For instance, there are 4 aces in a standard deck of 52 cards. Thus, if a single 
card is drawn from the deck, there are 4 ways of getting an ace (favorable) and 
48 ways of not getting an ace (unfavorable). Thus, the odds in favor of drawing 
an ace are 4 to 48, or | to 12. 


Favorable Unfavorable 


EXAMPLE 1 A fair die is rolled. What odds should a person give 
(a) in favor of a | turning up? (b) against a | turning up? 
Solution 


(a) In this case, there is 1 favorable outcome, so f = 1, and there are 5 unfavor- 
able outcomes, so u = 5. Thus, the odds are | to S. 


(b) There are 5 ways in which 1 does not turn up (favorable) and | way in which 
1 turns up (unfavorable), so the odds againsta 1 turningupareStol. M& 


EXAMPLE 2 A horse named Camarero has a record of 73 wins and 4 losses. Based on this 
record, what is the probability of a win for this horse? 


Solution Here, f = 73 and u = 4, since the probability of an event is 


Number of favorable outcomes 
Number of possible outcomes 





Favorable > fell dee Ts ge tle 
Possible = fe +u 73 + Ben aah @ 





If n is the total number of possible outcomes, and f and u are as before, then 
we know that 


Ss 


BE a, and P(not FE) = > 
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EXAMPLE 3 


EXAMPLE 4 


Therefore, 


BEE cael ie a 


P(notE) u/n u 

Thus, an equivalent definition of odds in favor of the event E is 
P(E) to P(not E) 

or, since P(not E) = 1 — P(E), 
P(E) to LF) 


In the case of the die in Example 1(a), the odds are z to 2, which is the same as 1 
to 5. Note that if P(E) and P(not E) are expressed as fractions with the eae 
denominator, we can compare just the numerators. For example, if P(E) = 2 
then P(not E) = 1 — 5 mie so the odds in favor of E are 2 to 5. 


A horse named Blue Bonnet has won 5 of her last 8 races and is thus assigned a 
probability of 3 of winning her ninth race. Assuming this probability is correct, 
what are the odds against Blue Bonnet’s winning that race? 


Solution Since P(winning) = 2 we know P(not winning) = | — 2 = 2. Thus, the 
odds in favor of Blue Bonnet are 5 to 3, and the odds against her are3 to5. @ 


The Florida lottery prints 250 million tickets for each game. The prizes and the 
number of instant winning tickets are shown in the first two columns of Table 
10.8. Entry tickets are to be sent to the Lottery Department for drawings in which 
14 big prizes are awarded (see columns 3 and 4 in Table 10.8). If you buy a sin- 
gle Florida lottery ticket, what is the probability that you win $50? What are the 
odds in favor of this? 


Solution According to Table 10.8, of the 250 million tickets printed, 208,333 
win $50. Therefore, the probability of your winning $50 with 1| ticket is 


208,333 : 


250,000,000 1200 


Since 1 — 7309 = tee, the odds in favor of your winning $50 are1 to 1199. 


TABLE 10.8 


| 1,000,000 | $ + 10,000 
Free ticket 25,000,000 | $ 15,000. 


Sr 25 857000 000 ae een oe 
$85  . 53000,000) Ses G00n lame 
oo 25. ATS Ooh 

ES 50; 1, | 208300 

SeSeOO Lae 3125 





DEFINITION 10.6 


EXAMPLE 5 


DEFINITION 10.7 
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Expected Value 


In many games of chance, we are concerned with betting. Suppose that a given 
event E has probability P(E) = f/n of occurring and P(not E) = w/n of not occur- 
ring. If we now agree to pay f dollars if E does not occur in exchange for receiv- 
ing u dollars if E does occur, then we can calculate our “expected average win- 
nings” by multiplying P(E) (the approximate proportion of the times we win) by 
u (the amount we win each time). Similarly, our losses will be P(not E) X f, 
because we lose f dollars approximately P(not £) of the times. If the bet is to be 
fair, the average net winnings should be 0. Let us see if this is the case. Our net 
winnings will be 





P(E) X u — P(not E) X f = TN eee 
Sy 
Our gain Our loss 
ae 





"aim 
as they should be. Since the odds in favor of E are f to u, we state the following 
definition: 


If the probability that event E will occur is fin and the probability that E 
will not occur is u/n, where n is the total number of possible outcomes, 
8 odds of f to uw in favor of E occurring constitute a fair bet. 


A woman bets that she can throw a 7 in one throw of a pair of dice. What odds 
should she give for the bet to be fair? 


Solution P(7) = & =. Here 1 = fand f + u = 6, so u = 5. Hence, the odds 
should be | to 5. a 


Sometimes we wish to compute the expected value, or mathematical expec- 
tation, of a game. For example, if a woman wins $6 when she obtains a | in a 
single throw of a die and loses $12 for any other number, we can see that if 
she plays the game many times, she will win $6 one-sixth of the time and 
she will lose $12 five-sixths of the time. We then expect her to gain 
($6)(z) — ($12)(2) = —$9, that is, to lose $9 per try on the average. 

For another example, if a fair die is thrown 600 times, we would expect 
(2)(600) = 100 ones to appear. This does not mean that exactly 100 ones will 
appear but that this is the expected average number of ones for this experiment. 
In fact, if the number of ones were far away from 100, we would have good rea- 
son to doubt the fairness of the die. 


lf oe k possible outcomes of an experiment are assigned the values a,, 
Dye gy and they occur with probabilities Pi Do - ++ > Pys Tespectively, 
a then the erp value of the experiment is given by 





E= aD + G,py 7 ap; oe a,P, 
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Problem Solving 


. Read the problem. 
. Select the unknown. 


. Think of a plan. 
Find how much you can expect to 
get if you match 5, 6, 7, 8, 9, or 10 
numbers. Subtract the $2 cost of 
the ticket. 


- Use Table 10.9 to find the expected 
value of the winnings for matching 
the following: 


A casino game called Keno is played with 80 balls numbered 1 through 80. 
Twenty winning balls are chosen at random. A popular bet is the $2, 10-number 
bet in which you select 10 numbers and the casino will pay you, say, $4 if exactly 
5 of the numbers you picked match 5 of the 20 that were selected. What is the 
probability of that happening? 

There are 80 numbers altogether, 10 you pick and 70 you do not. There are 
C(10, 5) ways to pick the 5 matching numbers from your 10. That leaves 
C(70, 15) for the numbers you do not pick. 

Thus, the number of ways of matching 5 numbers from the 10 is 


COO eG Osta) 
The number of combinations when 20 balls are picked from 80 is C(80, 20). 
Thus, 
G40,5)- C@0x 15) 


P(match 5) = C(80, 20) 


= 0.0514277 
Table 10.9 gives the payoffs and probabilities for a $2, 10-number bet. 


TABLE 10.9 


0.0514277 
0.0114794 
$ 280 0.0016111 | 
$ 1800 0.0001354 
$ 8000 0.0000061 
$50,000 0.0000001 


Mathematical Expectation 


Find the mathematical expectation for a $2, 10-number bet in Keno. 
You want to find the mathematical expectation of a $2 bet. 
To find how much you can expect to get for matching 5, 6, 7, 8, 9, or 10 num- 


bers, multiply the payoffs by their probabilities and add to get your winnings. 
Then, subtract $2. 


Here are the payoffs times the probabilities rounded to two decimal places. 


continued 





_ 5 numbers 
6 numbers 

7 numbers 

8 numbers 

9 numbers 
10 numbers 


Subtract the cost of 
find E. 


5. Verify the solution. 


the $2 ticket to 


TRY EXAMPLE 6 NOW. 


EXAMPLE 6 


DEFINITION 10.8 


EXAMPLE 7 


EXAMPLE 8 


EXAMPLE 9 
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$4 - 0.0514277 = $0.21 
$40 - 0.0114794 = $0.46 
$280 - 0.0016111 = $0.45 
$1800 - 0.0001354 = $0.24 
$8000 - 0.0000061 = $0.05 


$50,000 - 0.0000001 = $0.01 
$1.42 


E = $1.42 — $2.00 = —$.58 


Thus, your expected value is —$.58. (You lose 58 cents!) 


Do this with a calculator! 


Cover the solution, write your own, and then check your work. 





A die is thrown. If an even number comes up, a person receives $10; otherwise, 
the person loses $20. Find the expected value of this game. 


Solution We let a, = $10 and a, = —$20. Now P= 2 = } and p= 5, 80 


E = ($10)(3) — ($20)(5) = — $5. a 


In Example 6, the player is expected to lose $5 per game in the long run, so 
we Say that this game is not fair. 





A coin is thrown. If heads comes up, we win $1; if tails comes up, we lose $1. Is 
this a fair game? 


Solution Here, a, = $1, a, = —$1, and p, = p, = 3, so E = (1)(5) — 1G) = 0. 
Thus, by Definition 10.8, the game is fair. a 


A die is thrown. A person receives double the number of dollars corresponding 
to the dots on the face that turns up. How much should a player pay for playing 
in order to make this a fair game? 


Solution The player can win $2, $4, $6, $8, $10, and $12, each with probability 
z, so expected winnings (the player does not lose) are E = 2(%) + 4(%) + 6(4) ai 
8(4) + 10(2) + 12(4) = 2 = $7. A person paying $7 can expect winnings of 0. 
Thus, $7 is a fair price to pay for playing this game. Fe 


Dear’s Department Store wishes to open a new store in one of two locations. It 
is estimated that if the first location is chosen, the store will make a profit of 
$100,000 per year if successful and will lose $50,000 per year otherwise. For the 
second location, it is estimated that the annual profit will be $150,000 if suc- 
cessful; otherwise, the annual loss will be $80,000. If the probability of success 
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EXAMPLE 10 


at each location is 7, which location should be chosen in order to maximize the 
expected profit? 


Solution For the first location, a, = $100,000, p, = 2, = — $50,000, and 
Poa ;. Thus, the expected profit is 


E, = $100,000@) — $50,000) = $75,000 — $12,500 = $62,500 
For the second location, a, = $150,000, p= 3, C= — $80,000, and P= i. 
Thus, the expected profit is 

ES $150,000(3). — $80,000(7) = $112,500 — $20,000 = $92,500 


The expected profit from the second location ($92,500) is greater than that for 
the first location ($62,500), so the second location should be chosen. |_| 


Decision problems that depend on mathematical expectation require three 
things for their solutions: options, values, and probabilities. From Example 9 we 
have the information given in Table 10.10. With this information we can find the 
expected value for each option and hence make the desired decision. 


TABLE 10.10 























{ 












weal Thy Crs cob oat betes aii what Ws betes causa La Lda {etek Besar eepbe (LUE Fe CD a ee 
Values $100,000 —$50,000 $150,000 —$80,000 
Prebabilicigs? (M00 annan Onn IG FAT Fa! a 


‘ 
} } oi 
t " uh it ; 










However, sometimes it is easier to write all the information using a tree dia- 
gram as we shall show next. 


Suppose you have two choices for a personal decision. Let us call these choices 
A and B. With choice A, you can make $20 with probability 0.24, $35 with prob- 
ability 0.47, and $50 with probability 0.29. With choice B you can lose $9 with 
probability 0.25, make nothing ($0) with probability 0.35, and make $95 with 
probability 0.40. Make a tree diagram and determine what your decision should 
be if you want to maximize your profit. 


Solution We first draw the tree diagram for this situation as in Figure 10.18 with 
the branches labeled with their respective probabilities and the monetary out- 
comes indicated at the end of the corresponding branches. 

The expected value E, for A is 


E, = (0.24)($20) + (0.47)($35) + (0.29)($50) 
=) $480 of ching $16.45. TH an$14 50 
= $35.75 

The expected value Ep for B is 

Ex = (0.25)(—$9) + (0.35)($0) + (0.40)($95) 
Sli #O2 2s a $0 hnngnos 
== $3575 


FIGURE 10.18 





| B 


For some more expected value 
examples, access link 10.6.1. To 
read about odds and probabilities 


regarding lotto games, visit link 
10.6.2 at the Bello Web site. 


Exercise 10.6 


Ly In problems 1-7, find the odds in favor of 
obtaining 


1. 
2. 
J 


a 2 in one throw of a single die. 
an even number in one throw of a single die. 


an ace when drawing | card from an ordinary deck 
of 52 cards. 


. ared card when drawing | card from an ordinary 


deck of 52 cards. 


. 2 tails when an ordinary coin is thrown twice. 


. at least | tail when an ordinary coin is thrown 


twice. 


. a vowel when | letter is chosen at random from 


among the 26 letters of the English alphabet. 


In problems 8-12, find the odds against obtaining 


8. 
2. 
10. 


11. 


12. 


a 4 in one throw of a single die. 
an odd number in one throw of a single die. 


the king of spades when drawing 1 card from an 
ordinary deck of 52 cards. 


one of the picture cards (jack, queen, king) when 
drawing | card from an ordinary deck of 52 cards. 


at most 1 tail when an ordinary coin is thrown 
twice. 


(Remember to bookmark the Bello book-specific Web site.) 


i: 


14. 


15. 
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0.24 

$20 
0.47 

$35 
0.29 

$50 
0.25 

-$9 
0.35 

$0 
0.40 

$95 


Both decisions have the same expected value! We will discuss possible 
courses of action in the Collaborative Learning. g 


If you buy 1| Florida lottery ticket, what is the 
probability of your winning $5, according to Table 
10.8? What are the odds in favor of your winning 
$5? 


If you buy | Florida lottery ticket, what is the 
probability of your winning $5000, according to 
Table 10.8? What are the odds in favor of your 
winning $5000? 


If the correct odds in favor of Johnny’s winning a 
race are 3 to 2, what is the probability that Johnny 
wins? 


The information for problems 16-25 was taken from 
the book What Are the Chances? by Bernard Siskin, 
Jerome Staller, and David Rorvik. Find the missing 
numbers. 


16. 


17. 


Event Probability Odds 


' Smet 1 
Being the victim of a 20 
serious crime in your 
lifetime 


Being the victim of a 
serious crime in San 
Antonio, where there 
are 630 violent crimes 
per 100,000 population 


| Info | = J] http://college.hmco.com/mathematics | Seagh | 
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18. 


19. 


20. 


21. 


22. 


23. 


24. 


Za: 


26. 


za. 


28. 


29. 


30. 
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Event Probability Odds 


Having complications 1to4 


during surgery in June 


NI 


Having complications 
during surgery in July 
when new interns and 
residents are brought in 


Having high 4 
cholesterol levels 
Publishing 1 of the 10 


bestselling novels of 
the year 


10 to 4867 


Getting rich by hard 41 to9 


work 


Being a top executive StGw 
of a major company 


without going to 


college 
Completing 4 yearsof 0.19 
college 
Growing up being 0.33 


incompetent in math 


A coin is thrown twice. If heads comes up either 
time, we get $2; but if heads does not occur, we 
lose $4. What is the expected value of this game? 


Two dice are thrown. If the sum of the dots show- 
ing is even, we get $10; otherwise, we lose $20. 
What is the expected value of this game? 


A die is thrown. A person receives the number of 
dollars corresponding to the dots on the face that 
turns up. How much should a player pay in order 
to make this game fair? 


In a recent charity raffle, there were 10,000 tickets 
in all. If the grand prize was a used Lincoln 
Continental (priced at $21,500), what is a fair 
price to pay for a ticket? 


If in problem 29 the charity paid $20,000 for the 
Lincoln and wished to make a profit of $10,000 
from the raffle, for how much should each ticket 
sell? 


31. 


32. 


33. 


34, 


35. 


36. 


A man offers to bet $3 against $5 that he can roll a 
7 on one throw of his pair of dice. If he wins fairly 
consistently, are his dice fair? Explain. 


Louie gets an “entry” ticket in the Florida lottery 
and offers to sell it to you for $10. Refer to Table 
10.8 on page 690 and determine whether this is a 
fair price. Explain. 


If in Example 9 of this section the probabilities of 
success in the first and second locations are = and 
2, respectively, what location should be chosen in 
order to have a maximum expected profit? See 
Table 10.10 on page 694. 


Gadget Manufacturing Company is debating 

whether to continue an advertising campaign for a 

new product. Its research department has pre- 

dicted the gain or loss to be derived from the deci- 

sion to continue or discontinue the campaign, as 

summarized in the following table. The president 

of the firm assigns odds of 4 to 1 in favor of the 

success of the advertising campaign. Find 

a. the expected value for the company if the 
advertising campaign is continued. 

b. the expected value for the company if the 
advertising campaign is discontinued. 

c. the best decision based on the answers to parts 
(a) and (b). 





Continue ~$10,000 


$ 5000 


$20,000 
$30,000 


Discontinue 





Repeat problem 34 assuming the president of the 
firm assigns odds of 4 to 1 against the success of 
the advertising campaign. 


An oil drilling company is considering two sites 
for its well. The probabilities for getting a dry, a 
low-, or a high-producing well at site A are 0.6, 
0.25, and 0.15 respectively. The costs for the three 
eventualities are —$100,000, $150,000, and 
$500,000. For site B, the probability of finding a 
dry well, resulting in a $200,000 loss, is 0.2. The 
company estimates that the probability of a low- 
producing well is 0.8, and in that case it would 


make $50,000. Make a tree diagram for this situa- 

tion and 

a. find the expected value for site A. 

b. find the expected value for site B. 

c. On the basis of your answers to (a) and (b), 
which site should the company select? 


37. Suppose you have the choice of selling hot dogs at 
two stadium locations. At location A you can sell 
100 hot dogs for $4 each, or if you lower the price 
and move to location B, you can sell 300 hot dogs 
for $3 each. The probability of being assigned to 
A or B is equally likely. Make a tree diagram for 
this situation and find 
a. the expected value for A. 
b. the expected value for B. 
c. Which location has the better expected value? 


= 1n Other Words 


38. Explain the difference between the probability of 
an event and the odds in favor of an event. 


39. Explain why betting in Keno is not a fair bet. 


40. Explain in your own words what information is 
needed to solve a decision problem that depends 
on mathematical expectation. 


Ga Using Your Knowledge 


The graph shows the probabilities that a baseball team 
that is ahead by 1, 2, 3, 4, 5, or 6 runs after a certain 
number of innings goes on to win the game. As you can 
see, if a team is leading by | run at the end of the first 


1.000 


Probability of winning 
oom Oo mS, fo 
DN ~ oo \o 
S S S S 
oO oO oO So 


0.500 


1 2 3 4 5 6 fi 8 
Number of innings completed 
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inning, the probability that this team wins is about 
0.62. If a team is ahead by 2 runs at the end of the first 
inning, then the probability of this team’s winning the 
game is about 0.72. 

Suppose a team is ahead by | run at the end of the 
first inning. The probability that this team wins the 
game is about 0.62, which can be written 


eas! 
100 50 


Therefore, the odds in favor of this team’s winning the 
game should be 31 to 19 (50 — 31). Use the graph 
shown above to solve the following problems: 


41. Find the probability that a team leading by 2 runs 
at the end of the sixth inning 
a. wins the game. b. loses the game. 


42. For the same situation as in problem 41, find 
a. the odds in favor of this team’s winning the 
game. 
b. the odds against this team’s winning the game. 


43. At the end of the sixth inning, a team is ahead by 
4 runs. A man offers to bet $10 on this team. How 
much money should be put up against his $10 to 
make a fair bet? 


Discovery 


In American roulette, the wheel has 38 compartments, 2 
of which, the 0 and 00, are colored green. The rest of the 
compartments are numbered from | through 36, and 
half of them are red and the other half black. The wheel 
is spun in one direction, and a small ivory ball is spun in 


Curves represent 
the number of runs 
by which the team 
is ahead. 
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the other direction. If the wheel is fair, all the compart- 
ments are equally likely and hence the ball has proba- 
bility 3g of landing in any one of them. If a player bets, 
say, $1 on a given number and the ball comes to rest on 
that number, the player receives from the croupier 36 
times his or her stake, that is, $36. In this case, the 
player wins $35 with probability 4 and loses $1 with 
probability zr The expected value of this game is 


E = $353) — $1G§) = —Sis¢ 
This may be interpreted to mean that in the long run, 


for every dollar that you bet in roulette, you are 
expected to lose 53¢. 





A second way to play roulette is to bet on red or 
black. Suppose a player bets $1 on red. If the ball stops 
on a red number (there are 18 of them), the player 
receives twice his or her stake; in this case the player 
wins $1. If a black number comes up, the player loses 
his or her stake. If a 0 or 00 turns up, then the wheel is 
spun again until it stops on a number different from 0 
and 00. If this is black, the player loses the $1, but if it 
is red, the player receives only his or her original stake 
(gaining nothing). 


44, What is the expected value of this game? 


45. If you place 50¢ on red and 50¢ on black, what is 
the expected value of the game? (Hint: The 
answer is not 0.) 
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Section Item Meaning 
10.1 Experiment An activity 
10.1 Sample space 


The set of all possible 
outcomes for an experiment 


ae Collaborative Learning 


In Example 10 the expected values for choices A and B 
were the same. We may rely on conditional probability 
to make our decision. Form two groups. One will study 
choice A and the other choice B. 


Group A 
1. What is the probability that you lose money given 
that you choose A? 


2. What is the probability that you make more than 
$50 given that you choose A? 


3. Based on your answers to 1 and 2, make an argu- 
ment in favor of choosing A. 


Group B 
4. What is the probability that you do not make any 
money given that you choose B? 


5. What is the probability that you make more than 
$50 given that you chose B? 


6. Based on your answers to 4 and 5, make an argu- 
ment in favor of choosing B. 


Now, one more debate. Which do you think is best: to 
play $50 one week in the lottery or to play $1 for 50 
weeks? (The possible number of combinations for the 
lottery is C(n, r), where n is how many numbers you 
can select and ris how many correct numbers you need 
to win). Assume tickets cost $1. 


7. What is the probability that you win your state lot- 
tery with one ticket? What about with 50 tickets? 


8. What is the probability that you lose in the state 
lottery? What about losing 50 times in a row? 


9. What is the probability that you win at least once 
when playing the lottery 50 weeks in a row? 


10. On the basis of your answers to 7 and 9, which is 
best: $50 one week or $1 for 50 weeks? 


Example 


Tossing a coin, drawing a card 
from a deck 


The sample space for tossing a 
coin is {H, T}. 


Section 


10.1 


LOE 


10.3 
10.3 
10.3 
10.3 


10.4 


10.5 


10.5A 


10.5B 


10.6A 


10.6B 


Item 
P(E) 
RUE) 
P(E) =0 
P(E) = 1 
P(A U B) 


Mutually exclusive 
events 


P(A|B), the 
probability of A, 
given B 


Independent events 


P(E, NE, M-+-NE,) 


Stochastic process 


Odds in favor 


Expected value 


Research Questions 


Meaning 

The probability of event E, 
n(E) 

nQU) 





PE i 


i PD) 


E is an impossible event. 
F is a certain event. 
PAN PB) PAC) B) 


Two events that cannot occur 
simultaneously, P(A M B) = 0 


P(A MB) 
P(B) 


P(A 1B) = P(A): P(B) 


PAE) CE) ce P(E,); 
when the events are 
independent 


A sequence of experiments in 
which the outcome of each 
experiment depends on chance 


The ratio of favorable to 
unfavorable occurrences 


E=ayp, + Ap, + oan s + 4,Py 
where the a’s are the values 
that occur with probability 
P,P, and so on 
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Example 


When tossing a coin, the 
probability of tails is P(T) = 3. 


The probability of a 3 when 
rolling a die is £. The probability 
of not rolling a 3 is 2. 


Rolling a 7 on a die 


Rolling less than 7 on a die 


Getting a 5 and a 6 on one throw 
of a die 


The probability that a die turns 
up 3 (T) when thrown, given that 
an odd number (O) comes up is 
BCE UO). se tate 

SGR(G) sto nS 


NIH lar 


Throwing a 6 with a die and tails 
with a coin are independent 
events. 


The event H: obtaining heads 
when a coin is thrown, and the 
event S: obtaining a 6 when a die 
is thrown, are independent 
because PH M S) = P(A): P(S). 


The odds for a 3 when tossing a 
die are | to 5. 


The expected value of getting 
heads when a coin is thrown 
and you are paid $2 is 

Ba -3 = $1. 


Sources of information for these questions can be found in the Bibliography at the 
end of the book. 


1. Write a report about Antoine Gombaud, the Chevalier de Méré, and the 


gambling problem he proposed to Pascal. 


2. Write a report about the correspondence between Pascal and Fermat and its 


influence in the development of the theory of probability. 
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10. 


. Find the name, author, and year of publication of the first work on the 


mathematical treatment of probability. 


. The Arts Conjectandi was published in 1713 after the death of its author, a 


brilliant member of a mathematical family. Write a paragraph detailing the 
circumstances under which the book was published, its contents, and a 
genealogical table of the family. 


. The theory of probability was studied by the Russian mathematicians P. L. 


Chebyshev, A. A. Markov, and Andrei Nikolaevich Kolmogorov. Write a 
paragraph about their contributions to probability. . 


- He was the examiner of Napoleon and later his interior minister, a senator, and 


a count. He was also the author of Theorie Analytique des Probabilities. Who 
was this mathematician and what were his contributions to probability? 


. Probability theory contains several paradoxes, among them the Petersburg 


paradox. Write a paper explaining this paradox and telling which mathemati- 
cians tried to solve it. 


. Find out how insurance companies use mortality tables to establish the cost of 


life insurance premiums. 


. Investigate and write several paragraphs about three areas that use probability 


(weather, sports, and genetics, for example). 


Find out what the Needle problem is. 


Chapter 10 PRACTICE TEST 


be 


2. 


A single fair die is tossed. Find the probability of obtaining 
a. a number different from 7. b. a number greater than 2. 


A box contains 5 balls numbered from | to 5. If a ball is taken at random from 
the box, find the probability that it is 
a. an even-numbered ball. b. ball number 2. c. not ball number 2. 


- Abox contains 2 red balls, marked R , and R,, and 3 white balls, marked Ww, 


W,, and W. 

a. If 2 balls are drawn in succession and without replacement from this box, 
find the number of elements in the sample space for this experiment. (We 
are interested in which balls are drawn and the order in which they are 
drawn.) 

b. Do part (a) assuming the balls are drawn in succession with replacement. 


- Two cards are drawn at random and without replacement from a standard deck 


of 52 cards. Find the probability that 
a. both cards are red. b. neither card is an ace. 


- Acard is drawn at random from a standard deck of 52 cards and then replaced. 


Then another card is drawn. Find the probability that 
a. both cards are red. b. neither card is red. 


. A fair coin is tossed 5 times. What is the probability of obtaining at least 1 head? 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 
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. An urn contains 5 white, 3 black, and 2 red balls. Find the probability of 


obtaining in a single draw 
a. a white or a black ball. b. a ball that is not red. 


- Three cards are drawn in succession and without replacement from a standard 


deck of 52 cards. What is the probability that they are all face cards (jack, 
queen, king)? 


- Astudent estimates that the probability of his passing math or English is 


0.9, the probability of his passing English is 0.8, but the probability of his 
passing both is 0.6. What should be his estimate of the probability of his 
passing math? 


Two dice are rolled. Find the probability that the sum turning up is 11, given 
that the first die showed a 5. 


Two dice are rolled. Find the probability that the sum turning up is 11, given 
that the second die showed an even number. 


Two dice are rolled. 

a. Find the probability that they show a sum of 10. 

b. Find the probability that the first die comes up an odd number. 
c. Are these two events independent? Explain. 


A certain drug used to reduce hypertension (high blood pressure) produces side 
effects in 4% of the patients. Three patients who have taken the drug are 
selected at random. Find the probability that 

a. they all had side effects. 

b. none of them had side effects. 


Roland has to take an English course and a history course, both of which are 
available at 8 A.M., 9 A.M., and 3 P.M. If Roland picks a schedule at random, 
what is the probability that he will have English at 8 A.M. and history at 3 P.M.? 


The probability that a cassette tape is defect-free is 0.97. If 2 tapes are selected 
at random, what is the probability that both are defective? 


Acard is selected at random from a deck of 52 cards. What are the odds in 
favor of the card’s being 
a. aking? b. not a king? 


The probability of an event is 3 Find 
a. the odds in favor of this event occurring. 
b. the odds against this event occurring. 


The odds in favor of an event occurring are 3 to 7. 
a. What are the odds against this event occurring? 
b. What is the probability that the event will not occur? 


A coin is tossed twice. If exactly 1 head comes up, we receive $5, and if 2 tails 
come up, we receive $5; otherwise, we get nothing. How much should we be 
willing to pay in order to play this game? 

The probabilities of being an “instant winner” of $2, $5, $25, or $50 in the 
Florida lottery are 75, 3. ao» and 7300» respectively. What is the mathematical 
expectation of being an “instant winner”? 
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Answers to Practice Test 






Le (ayt! * by 1 10.1 12 641,644 
Rar D4 Mee 2 Ne el0:1 3 644 : 
3. (a) 20 = (b) 25 3 + 10.1 4,5 645 
4 (a) = (hb) & 4 10.1 6 645-646 
5 (at  (b)! 5 10.1 6 645-646 
oa 6 10.1 4 645 
7.(a)t  (b) 4 Z 10.2 1-4 651-655 

8. au 8 10.2 5-8 655-657 

9. 0.7 : 9 | 10.3 2,7 663, 664 
10. 2 10 10.4 1 670 
11. § 11 10.4 2,3 671 

12. (a)% # (b)} 12 10.4 3,4 671 

(c) No. P(A NM B) = % #P(A)P(B) 

13. (a) 0.000064 —_(b) 0.884736 13 10.5 1-4 679-681 
14. 5 14 , 10.5 5 682 

15. 0.0009 15 ' 10.5 6,7 682-688 
16. (a) ltol2 = (b) 12tol 16 10.6 1 689 

17. (a) 3to4 ~— (b) 4 to3 17 10.6 3,4 690 

18. (a) 7t0o3) = (b) 18 : 10.6 3 690 

19. $3.75 19 10.6 8 693 

20. 383¢ 20 10.6 6-8 693 
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Statistics 


Americans are fascinated by numbers. Consider the Guinness 
Book of World Records, almanacs, surveys, and so on. But 
what are the meanings of all these numbers, and how can we 
interpret them? In this chapter we discuss different ways of 
organizing and reporting data. The simplest way is to use the 
frequency distribution of Section 11.1, a type of table that 
tells us how many objects of different types we have in each 
of several categories. Such a distribution can then be repre- 
sented by a graph called a histogram. 

When we want to describe an entire sample or population 
by a number, we use an average. The three most common 
averages are the mean, the median, and the mode. Each of 
these averages, which are studied in Section 11.2, uses one 
number to try to tell us where the “middle” of a set of data is. 
However, averages cannot tell us how far data values are 
spread out away from this “middle.” For this we use the range 
and the standard deviation. Using means, standard devia- 
tions, and z-scores, we can compute precisely how far from 
the “middle” we are. These topics are covered in Sections 11.3 
and 11.4. 

In real life, newspapers and magazines present data using 
many varieties of graphs including line, bar, and circle graphs. 
We study these in Section 11.5. 

An important aspect of statistics is predicting the likeli- 
hood of future outcomes based on data gathered from earlier 
observations. For example, can we predict winning Olympic 
times based on athletes’ past performances, or the incidence of 
cancer based on exposure to ultraviolet sunlight? We will 
make predictions and study scattergrams and correlations in 
the last two sections of the chapter. 


For links to various Internet sites related to topics and sections in Chapter 11, 
please access the Bello, Jopics in Contemporary Mathematics, Web site at 
htto://collese.hmco.com/mathematics 
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The Human Side of Mathematics 


tatistical analysis emerged in London, where in 1662 John Graunt published a ‘ ; SGA 

remarkable book, Natural and Political Observations upon the Bills of Mortality. - aaa oo em : 

At that time, the population of London had already reached approximately 100,000. © Bills of Mortal 
Overcrowding, the difficulties of obtaining even the daily necessities of life, the prevalence | Desire 6 
of disease, and the many plague years all combined to make Londoners exceedingly 
interested in reports of births and deaths. After the great plague in 1603, these reports, 
which had appeared only sporadically before, were published weekly. The causes of death 
(weird diseases such as jawfaln, King’s-Evil, planet, and tissick) were reported in the Bills of 





Mortality, published regularly starting in 1629, and presented as London's “dreadful Bills of Mortality, 
visitations.” seventeenth-century 
After this perhaps morbid beginning for statistical analysis, many mathematicians, London 


among them such famous ones as Laplace (1749-1827) and Gauss (1777-1855), made 
important contributions to the basic ideas of statistics. Furthermore, the analysis of 
numerical data is fundamental in so many different fields that one could make a long list of 
scientists in such areas as biology, geology, genetics, and evolution who contributed greatly Snorage on ee 
to this study. The well-known names of Charles Darwin (1809-1882), Gregor Mendel DeeaC Crea: 
(1822-1884), and Karl Pearson (1857-1936) would surely be included in this list. —Morris Kline 


pM 
Sampling and Frequency Distributions 


GETTING STARTED Comparison Shopping for Jeans 


Let the world be our 
laboratory and let us 








v A buyer for a large department store wanted to compare prices of high-quality 
———— jeans for men and women. One way to do this is to look in a consumer magazine 
at the 15 best-rated jeans for men and women and their prices. The prices appear 
in Table 11.1. How can we organize the information so that we can make mean- 

ingful comparisons? Let us look at prices for women’s jeans. 

Since these prices range from $52 to $19, we will break them into three 
classes (you could as easily make it 4 or 5). To do this, we divide the range of 
prices by the number of classes to get the width of each class: 

2 = 2 = 11 (width) 

The lower limits for our classes will be 19, 19 + 11:='30, and 30 + 11'= 41, 
as shown in Table 11.2. The corresponding upper limits are 29, 40, and 51. 
Notice that there is a gap between the end of one class and the beginning of the 
next (from 29 to 30, for example). We can fix this by making the upper limits of 
the classes 30, 41, and 52 (instead of 29, 40, and 51). See step | in the table. Now, 
in which class will the $30 price go? 





FIGURE 11.1 


Number 
CoOorRFN WwW HUD YY 





WAS 355 465 


Price in dollars 


TABLE 11.1 


Sears Jeans That Fit 
Wrangler Prorodeo 
Chic Heavenly Blues 
P.S. Gitano 

Gap Straight Leg 
Lee Easy Rider 


L. L. Bean Stretch 

Lands’ End Square Rigger 
L. L. Bean Double L 
Levi’s 501 

Lee Relaxed Rider 

Calvin Klein 

Levi’s 902 

Bonjour 

Gap Classic Contour 


TABLE 11.2 


11.1 Sampling and Frequency Distributions 


Wrangler Prorodeo 
Wrangler American Hero 
Levi’s 509 

Wrangler Rustler 

J.C. Penney Long Haul 
Guess/Georges Marciano 
Wrangler American Hero L 
Levi’s 550 

Lands’ End Square Rigger 
Levi’s 501 

Gap Tapered Leg 

L. L. Bean Double L 
Sears Roebucks 

Gap Easy Fit 

Lee Riders Straightleg 
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*Note that 52 must go in the third class. 


With this convention we can tally the prices falling in each class (step 2) and 
note their frequency (step 3). We can then make a picture of this information, 
called a histogram, in which each of the classes is represented by a bar whose 
width is 11 units, the class width, and whose height is given by the frequency 
as shown in Figure 11.1. Note that this histogram does not show the lower and 
upper limits. Rather, each class is described by a single value called its mid- 
point. Sometimes the lower and upper limits are shown as well. 

To see a misuse of statistics when constructing a histogram, look at the 


Discovery section. ee 


The word statistics brings to the minds of most people an image of a mass of 
numerical data. Statistics can be defined as the science of collecting, organizing, 
and summarizing data (descriptive statistics) so that valid conclusions can be 
drawn from them (inferential statistics). 
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DEFINITION 11.1 


EXAMPLE 1 


Sampling 


Who will be the next governor in your state? What about the next president of 
the United States? A veritable army of statisticians, analysts, and pollsters (peo- 
ple who conduct surveys or polls) spend a lot of time and money to try to deter- 
mine what percent of the vote each candidate will receive. How do they do it? 
Obviously, it is impossible to ask each registered voter (the population) for 
whom he or she plans to vote, so analysts concentrate on a select, smaller num- 
ber of people (a sample) to represent the entire group and then project the result 
to all registered voters. In order forthe conclusions reached to be valid, a simple 
random sample must be used. 









A simple rand Jn 





Each me ber is: 
Every member of t 






Thus, to pick a random sample of 100 students from a college with 5000 stu- 
dents, number the students from 1 to 5000 and write these numbers on cards. 
Then mix up the cards and draw 100 numbers. The result will be a simple ran- 
dom sample consisting of the 100 students corresponding to the drawn cards. 
Note that if you decide to select only even numbered cards, this would not be a 
random sample because only the students numbered 2, 4, 6, and so on, would be 
chosen. Similarly, if you decide to select the first 100 students arriving at school 
this would not be a random sample. 


Suppose you want to determine whether the chips installed on the latest shipment 
of IBM computers satisfy quality control standards. Assume the shipment con- 
sists of 1000 computers and you want to pick a simple random sample of 50 
computers. 


(a) What is the population? 

(b) What procedure can you use to select the simple random sample? 
(c) What is the sample? 

Solution 

(a) The population consists of the 1000 computers. 


(b) Number the computers from | to 1000, write their numbers on cards, mix the 
cards, and draw 50 numbers. 


(c) The sample consists of the 50 computers whose numbers were drawn. 


Frequency Distributions 


Statistical studies start by collecting data. In order to organize and summarize 
this data to detect any trends that may be present, we can use three types of tools: 
frequency distributions, histograms, and frequency polygons. 


TABLE 11.3 Frequency 
Distribution 


TABLE 11.4 Frequency 
Distribution with 
Grouped Data 
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Let us look at a statistics problem that should interest a teacher and students, 
both of whom might wonder how well the students are learning a certain subject. 
Out of 10 possible points, the class of 25 students made the following scores: 


6 5 4 0 9 
2 0 8 8 1 
10 6 8 5 5 
8 ef 9 10 7 
6 5 8 4 7 


This listing shows at once that there were some good scores and some poor ones, 
but because the scores are not arranged in any particular order, it is difficult to 
conclude anything else from the list. 

A frequency distribution is often a suitable way of organizing a list of num- 
bers to show what patterns are present. First, the scores from 0 through 10 are 
listed in order in a column (see Table 11.3). Then, by going through the original 
list in the order in which it is given, we can make tally marks on the appropriate 
lines of our table. Finally, in a third column we can list the number of times that 
each score occurs; this number is the frequency of the score. 

It is now easier to see that a score of 8 occurred more times than any other 
number. This score was made by 


/ 


+ = + = 20% of the students 


Ten of the students, or 40% of the class, received scores of 8 or better. Only 6, or 
24%, received scores less than 5. 

If there are very many items in a set of numerical data, then it is usually nec- 
essary to shorten the frequency distribution by grouping the data into intervals. 
For instance, in the preceding distribution we can group the scores in intervals 
of 2 to obtain the listing in Table 11.4. 

Of course, some of the detailed information in tne first table has been lost in 
the second table, but for some purposes a condensed table may furnish all the 
information that is required. 


Histograms 


It is also possible to present the information contained in Table 11.3 by means of 
a special type of graph, called a histogram, consisting of vertical bars with no 
space between bars. In the histogram of Figure 11.2, the units on the y axis rep- 
resent the frequencies, while those on the x axis indicate the scores. 


Frequency Polygons 


From the histogram in Figure 11.2 (see page 708) we can construct a frequency 
polygon (or line graph) by connecting the midpoints of the tops of the bars, as 
shown in Figure 11.3. It is customary to extend the graph to the base line (x axis) 
using the midpoints of the extended intervals at both ends. This “ties the graph 
down” but has no predictive significance. 
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FIGURE 11.2 Histogram for Table 11.3 FIGURE 11.3 Frequency polygon 


Frequency 


TABLE 11.5 








Frequency 





O12 53.545 Sy Ome ae ore ome 0 Oldies Am Soe ee Oma 
Score Score 
EXAMPLE 2 __ Here are the hourly wages of a group of 30 workers who are performing similar 


tasks but, because of differences in seniority and skill, are paid at different rates: 
$8.00 $7.90 $8.00 $8.10 $7.90 $7.90 


7.90 7.80 7.90 8.00 7.80 8.00 
8.10 7.70 7.90 7.80 8.10 8.00 
8.00 8.10 8.20 7.80 8.20 8.10 
7.70 8.00 7.80 110 7.80 8.00 


(a) Make a frequency distribution of these rates. 

(b) What is the most frequent rate? 

(c) How many workers are being paid less than $8 per hour? 
(d) Make a histogram of the wage rate distribution. 

(e) Make a frequency polygon of the distribution. 

Solution 


(a) Table 11.5 lists the wage rates from the lowest ($7.70) to the highest 
($8.20). We tally these from the given data and obtain the desired frequency 
distribution. 


(b) From the frequency distribution, we read off the most frequent rate to be $8 
per hour. 


(c) Again, we read from the frequency distribution that 15 workers are being 
paid less than $8 per hour. 


(d) The desired histogram appears in Figure 11.4. 

(e) Figure 11.4 (see page 709) also shows the frequency polygon. & 
In making a frequency distribution in which the data are to be grouped, we 

use the following procedure: 


1. Decide on the number of classes into which the data are to be grouped. This 
depends on the number of items that have to be grouped but is usually 
between 3 and 15. 
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FIGURE 11.4 


Number of workers 





Rate (dollars per hour) 


(a) The width of each class is given by 


largest data value — smallest data value 
desired number of classes 





Class width ~ 


The symbol ~ means “approximately.” If we want the class width to be 
a whole number, we round up to the nearest whole number. 


(b) The lowest and highest values in each class are called the lower class 
limit and upper class limit, respectively. Note that the difference 
between the lower class limit of one class and that of the next should be 
the class width. 


(c) The center of the class is called the midpoint. 


(d) To make sure that the bars in a histogram touch, we can do either of the 
following: 


(i) Use the halfway points between the upper limit of one class and the 
lower limit of the next class, the class boundaries, as the endpoints 
of the bars. 


(11) Use the upper class limit of the first class as the lower class limit of 
the second class and stipulate that values falling on class limits will 
be included in the next higher class. 


2. Sort or tally the data into the appropriate classes. 
3. Count the number of items in each class. 
4. Display the results in a table. 


5. If desired, make a histogram and/or frequency polygon of the distribution. 
a 


By following this procedure in the next two examples, we will see that it is 
really not very difficult to tabulate a frequency distribution and construct a his- 
togram or frequency polygon. 

Sometimes the upper class boundaries are included in the corresponding 
lower class as in the next example and in problems 13 and 17 of Exercise 11.1. 
You will see that the inequalities in the distribution tables show this. 
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Problem Solving 


1. Read the problem. 
2. Select the unknown. 


3. Think of a plan. 


4. Use the procedure we have studied 
to carry out the plan. 
What is the class width? 
What are the class limits? 
What are the class boundaries? 
Are these boundaries convenient 
for this problem? 


Make the frequency distribution. 
Draw the histogram. 


5. Verify the solution. 


TRY EXAMPLE 3 NOW 


EXAMPLE 3 


Making Histograms 


Make a frequency distribution with three classes and construct the correspond- 
ing histogram for the men’s jeans’ prices shown in the Getting Started section. 


We want to make a frequency distribution and then a histogram for the men’s 
jeans’ prices. 


We need to create three.classes and determine their frequencies. 


Since the highest price is 60 and the lowest 14, the class width is 


60 — 14 


3 PA D3S 


which is rounded up to 16. The lower limits for our classes are 14, 30, and 
46, making the upper limits 29, 45, and 61. ‘Thus, the class boundaries are 
the halfway points between 29 and 30 (29.5), 45 and 46 (45.5), and 
45.5 + 16 = 61.5. However, these boundaries are not convenient or natural, so 
we choose to make our class limits 14 to 30, 30 to 46, and 46 to 62. The classes 
can be described by the inequalities shown in Table 11.6, where p represents the 
price. The tallies and frequencies are shown in Table 11.6 and the histogram in 
Figure 11.5. 


TABLE 11.6 FIGURE 11.5 


14=p<30 Willl 
30<p<46 W 
46=p<62 | 


144 30 46 62 


Cover the solution, write your own, and then check your work. 





In a study of voter turnout in 20 cities with populations of over 100,000 in the 
United States, the following data were found: 


Turnout Rate as a Percent of the Voting Age Population 


85.2 72.4 81.2 62.8 TAG 
Pek Sie 76.6 58.5 70.0 
76.5 74.1 70.0 80.3 65.9 
74.9 70.8 67.0 L25 aay 


Inspection of the data shows that the smallest number is 58.5 and the largest is 
87.2. This time we go from 55 to 90, with the convenient class width of 5 units. 


TABLE 11.7 


257 = 60 


60 <r=65 
6I—n= 70) 
10<rs75 
15 <r=80 
80 < rs 85 
85 <r=90 
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FIGURE 11.6 


Number of cities 





SOU OD Oe SOMES oo) 
Voting rate (%) 


(a) Make a frequency distribution of the data on voting rate (r) using a class 
interval of 5%, so that the classes will be 55 < r < 60, 60 <r<65,..., 
Soa = 90) 


(b) Make a histogram and a frequency polygon of this distribution. 
(c) In what percent of the cities was the voting rate greater than 80%? 
(d) In what percent was the voting rate less than or equal to 70%? 
Solution 


(a) The required frequency distribution appears in Table 11.7. (You should 
check this table.) 


(b) The histogram and frequency polygon are shown in Figure 11.6. These are 
constructed from the frequency distribution, just as before with ungrouped 
data. 


(c) In 4 out of 20 cities, the voting rate was greater than 80%. Thus, the required 
percent is 3 = 20%. 


(d) In 6 out of 20 cities, the voting rate was less than or equal to 70%. Thus, in 
30% of the cities, no more than 70% of the voting-age population voted. 


Applications 


Earlier in the book we used the data in Table 11.8 to represent the number and 
percent of homes that were owner occupied, renter occupied, or vacant. 


TABLE 11.8 


Wpaieeiniee 
ilsOS: 
DOU 


Owner occupied 686 51% 1,379 54% 


Renter occupied 439 32% 815 32% 
Vacant 232 17% BHT), 15% 
Total housing units eS Sy/, 2,571 
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FIGURE 11.7 
Housing by tenure 
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A better visual representation of this information can be obtained by using his- 
tograms. A software program created by Tetrad Computer Applications trans- 
lates the information into the histograms shown in Figure 11.7. 


EXAMPLE 4 An investment banker is studying the histograms in Figure 11.7. 
(a) Which tract has the most owner-occupied homes? 
(b) Which tract has the most vacant homes? 


a (c) If you are the banker, in which tract would you invest your money? 


ae Solution 


If you are studying biology, an F 

“Applied Population and (a) Tract 1405 has the most owner-occupied homes. 
Samples” lesson may be found at 
link 11.1.1. For an interactive 
histogram site, access link 11.1.2 (c) It is better to invest in tract 1405 where houses are owner occupied rather 
at the Bello Web site. than vacant. o 


(b) Tract 1302 has the most vacant homes. 





7 Info| = J] http://college.hmco.com/mathematics fs 


h # (Remember to bookmark the Bello book-specific Web site.) 
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What is descriptive statistics? 
What is inferential statistics? 


What is the difference between a population and a 
sample? 


. The shoe sizes of all the members of the U.C. 


basketball team were recently collected and 
organized in a frequency distribution. Do these 
data represent a sample or a population? Explain. 


- A survey in USA Today reports that 29% of the 


1006 households surveyed stated that their 
favorite shopping day was Saturday. 

a. What is the implied population? 

b. What is the sample? 


. The students in a statistics class took a random 


sample of 50 colleges and universities regarding 
student fees at the 50 institutions and concluded 
that their own student fees were higher than at 
most colleges in the country. 

a. What is the population? 

b. What is the sample? 


. A television station asked viewers to respond 


either yes or no to a certain question by calling a 
900 number to respond yes and a different 900 
number to respond no. Each call costs $.50. 

a. Is this a simple random sample? 

b. Explain why or why not. 


. In 1936, on the basis of a sample of 2,300,000 vot- 


ers selected from automobile owners and tele- 
phone subscribers, the Literary Digest predicted 
that Alf Landon, the Republican candidate for 
president, would be elected. Actually, the Demo- 
cratic candidate, Franklin D. Roosevelt, won. 

a. What was the population? 

b. Was the sample a random sample? Explain. 


. Consider the population of all students in your class. 


a. How could you get a random sample of ten stu- 
dents from this population? 

b. List three ways of getting samples from this 
population that are not random samples. 


Animportant concept in the manufacturing process 
is quality control. Products are inspected during pro- 
duction and the equipment is adjusted to correct any 


11. 


12. 


13. 
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defects. Since not every product can be examined, 
how would you draw a random sample of 10 of the 
next 50 CD players coming off an assembly line? 


Thirty students were asked to list the television 
programs each had watched during the preceding 
week. From this list, the number of hours each had 
spent watching television during the week was 
calculated. The results are 


1 5 4 oat ee 3 uo G 
OFFIZ 8) Ad > 4 8 Je 2 I 
0 ars Ss 10) (2 Oe i 4 


a. Make a frequency distribution of the number of 
hours of television watched per student. Label 
the three columns “Number of hours,” “Tally 
marks,” and “Frequency.” 

b. What is the most frequent number of hours 
watched per student? 

c. How many students watched television more 
than 10 hr? 

d. How many students watched television 5 hr or 
less? 

e. What percent of the students watched televi- 
sion more than 7 hr? 


Make a histogram for the data obtained in prob- 
lem 11(a). 


Have you read in the newspapers or magazines 
about cases in which individuals became so dis- 
gusted with the amount of time they had to wait to 
see a doctor or a dentist that they sued for lost 
wages? The waiting times for 50 patients are 
given in the table below. 


OS r= SiS 


Ie 70 

PO h= 105 
10.5<t< 14.0 
14.0<¢=17.5 
ioe = 21.0 
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a. Make a histogram for this set of data. 

b. What percent of the patients waited 7.0 min or 
less? 

c. What percent of the patients had to wait more 
than 10.5 min? 


General Foods Corporation, in testing a new prod- 
uct, which they called Solid H, had 50 people (25 
men and 25 women selected at random) taste the 
product and indicate their reactions on the picture 
ballot shown. The boxes on the ballot were then 
assigned scores Of 43.942. Ole and 
—3 in order from left to right, top to bottom. 




















Please check the box under the picture that expresses how 


you feel toward the product you have just tasted. 


The table below shows the frequencies for this taste 
test. (Incidentally, no significant difference was 
found between the men’s and women’s reactions.) 





a. Make a histogram of these data. 
b. What percent of the tasters liked Solid H? 
c. What percent were undecided? 


15. 


16. 


17: 


Would you like to be a writer? Look at the follow- 
ing list of authors whose books were published at 
the ages given: 


Age 
Allen Dulles (The Boer War: A History) 8 
Hilda Conkling (Poems by a Little Girl) 9 
Betty Thorpe (Fioretta) 10 
Nathalia Crane (Janitor’s Boys) 10 
David Statler (Roaring Guns) 9 
Erlin Hogan (The Four Funny Men) 8 
Minou Drouet (First Poems) 8 
Dorothy Straight (How the World Began) 6 
Kali Diana Grosvenor (Poems by Kali) 7 


Benjamin Friedman (The Ridiculous Book) 9 


a. Make a frequency distribution showing the 
number of authors for each age. 

b. Make a histogram for the distribution in 
part (a). 

c. What percent of the authors were less than 8 
years old when they published their first books? 


How tall are you? The following are ten famous 
people and their heights: 


Height (in.) 
Honoré de Balzac 62 
(French novelist) 
Napoleon Bonaparte 66 
(French emperor) 
Yuri Gagarin (Soviet cosmonaut) 62 
Hirohito (Japanese emperor) 65 
Nikita Khrushchev (Soviet leader) 63 
James Madison (U.S. president) 64 
Margaret Mead (U.S. anthropologist) 62 
Pablo Picasso (Spanish painter) 64 
Mickey Rooney (U.S. actor) 63 
Tutankhamen (Egyptian king) 66 


a. Make a frequency distribution showing the 
number of people for each height. 

b. Make a histogram for the distribution in 
part (a). 


The following are 25 stocks listed on the New 
York Stock Exchange and their closing prices at 
the end of a recent year: 


American 205 Hewlett Oi 
Express Packard 

American Realty 5 Inland Steel 212 

Canadian Pacific 15; Kellogg 653 


18. 


19. 


Chase 17; McDermott i; 
Manhattan Pepsico 33; 
Chrysler 11; Phillips 24 
Corporation Petroleum 
Continental 93 Reynolds >) 
Bank Aluminum 
Delta Airlines 665 Sears 375 
Exxon 60§ Sun Company 37% 
Ford Motor OR Petey ca Oe 
General 53; Transamerica 39% 
Dynamics Union Pacific 51} 
General Motors 28% Ul SiGe (oe 
Goodrich 42 


a. Make a frequency distribution of these stocks, 
grouped in intervals of $10. The first two lines 
of your table should look like this. 


Ong P7==F 10 
10<P=20 





b. What is the most frequent price interval for 
these stocks? 

c. How many of the stocks sold for more than $40 
per share? 

d. How many of the stocks sold for $30 or less per 
share? 

e. What percent of the stocks sold for prices 
between $203 and $30 per share? 

f. What percent of the stocks sold for $20 or less 
per share? 


Make a histogram for the data obtained in prob- 
lem 17(a). 


Do you know that certain isotopes (different 
forms) of the elements are used in nuclear reactors 
and for medical purposes such as the treatment of 
cancer? At the present time, about 1400 isotopes 
have been observed, but, of these, only 332 occur 
naturally. The table lists the number of elements 
having 1-10 naturally occurring isotopes. For 
instance, there are 22 elements having only 1 such 
isotope but only 1 element having the maximum 
number, 10. Make a histogram and a frequency 
polygon for these data. 
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20. Twenty apprentices were asked to measure the 


21. 


22. 


diameter of a steel rod with a micrometer (an 
instrument that can measure to thousandths of an 
inch). Their results (in inches) were 


0.254 0.245 0.253 0.251 
0.249 0.252 OD51 0.252 
0.247 0.251 0.250 0.247 
0.251 0.249 0.246 0.249 
0.250 0.248 0.249 0.253 


a. Make a frequency distribution of these meas- 
urements. 

b. What single measurement has as many meas- 
urements above it as below it? 

c. What percent of the measurements are between 
0.249 and 0.251 in., inclusive? 

d. What would you take as the best estimate of the 
diameter? Why? 


The following is a quotation from Robinson 
Crusoe, which many of you have probably read: 


“Upon the whole, here was an undoubted testi- 

mony that there was scarce any condition in the 

world so miserable, but was something nega- 

tive or something positive, to be thankful for 

ily 

a. There are 151 letters in this quotation. Make a 
frequency distribution of the 151 letters. 

b. Which letter occurs most frequently? 

c. What percent of the letters are vowels? 


Four coins were tossed 32 times, and each time 
the number of heads occurring was recorded, as 
follows: 
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23. 


24. 


25. 
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1 2 2 1 
2 3 0 5 
3 1 3 2 
2 3 Zz 1 
Z 1 2 3 
4 3 3 + 
1 2 2 | 
Z 0 1 Z 


Label three columns “Number of heads,” “Tally,” 
and “Frequency,” and prepare a frequency distri- 
bution for these data. 


a. Make a histogram for the data in problem 22. 
b. Now make a frequency polygon for the data in 
problem 22. 


A high school class was asked to roll a pair of dice 
3000 times. The sums of the top faces of the dice, 
the frequency of these sums, and the theoretical 
number of times the sums should have occurred 
appear in the following table. Make a histogram 
for these data showing the actual frequency with a 
solid line and the theoretical frequency with a dot- 
ted line (perhaps of a different color). 


2 
Ss 
4 
=) 
6 
a 
8 
5 
10 
11 


jk 
nN 


In a study of air pollution in a certain city, the fol- 
lowing concentrations of sulfur dioxide in the air 
(in parts per million) were obtained for 30 days: 


O.040 5 O17 SOS a0 Sa Ou On asO Og 
0:09 - 0.16" 0.20, 02257 O06 + 10.05 
0:08" :4).05 TH OMT O10 Te 0109] uOiO7, 
O:0S5* 0:02841710,08') RLOI0S TP Osea 001 
0.03" O.06E O12 0.01 ty hietoi04 


26. 


27. 


28. 


29. 


30. 


a. Make a frequency distribution for these data 
grouped in the intervals 0.00—0.04, 0.05—0.09, 
0.i0—0.14, 0.15—0,19, and 0.20—0.24. 

b. For what percent of the time was the concen- 
tration of sulfur dioxide more than 0.14 part per 
million? 


Make a histogram and a frequency polygon for the 
data in problem 25. 


The following are the minimum weekly salaries 
(rounded to the nearest hundred dollars) for per- 
sons engaged in film production: 


$7800 $5200 $4600 $1900 $1800 $1600 
$1500 $1400 $ 800 $ 700 $ 700 $ 600 


a. Make a frequency distribution using four 
classes with the upper class limit of the first 
class as the lower class limit of the second. 

b. Make a histogram and a frequency polygon 
from your frequency distribution. 


The following numbers represent the salaries of 
the 15 best-paid players in the National Hockey 
League (in thousands of dollars): 


$2000 $1500 $950 $700 $600 
$.550.. .$ 510. .$510. + $500 5.58485 
$ 475 $ 467 $446 $425 $425 


a. Make a frequency distribution using four 
classes with the upper class limit of the first 
class as the lower class limit of the second. 

b. Make a histogram and a frequency polygon 
from your frequency distribution. 


Here are the salaries of the 25 best-paid baseball 
players in 1947 (in thousands of dollars): 


$90 $75 $65 $60 $44 $30 $30 $28 $26 $25 
$23 $23 $20 $20 $20 $20 $20 $20 $20 $20 
$20 $20 $20 $20 $20 


a. Make a frequency distribution using five 
classes with the upper class limit of the first 
class as the lower class limit of the second. 

b. Make a histogram and a frequency polygon 
from your frequency distribution. 


Are the weights of players on different football 

teams very different? The charts on page 717 

show the weights (Wt.) of the Chicago Bears and 

the San Francisco 49ers. 

a. Make frequency tables and histograms for each 
of the two teams using six classes. 

b. Can you tell whether either team has heavier 
players? 








Jim Harbaugh..............cc00.. QB 
KeviniBulleia «ee K 
MaurnyiBufords.c.-s. 0.0. P 
Peter Tom Willis...........60.600.. QB 
Chris Gardocki.........<<c........ P/K 
Mark Carrier...............ccc.c0000. S 
Donnell Woolford................. CB 
Johnny Bailey...........0..00.0. RB 
Shaun Gayle... S 
BraghiMuUSten ccaek: nn sewla FB 
John Mangum................000. CB 
Dennis Gent yiccve:.cses-c0.<s- WR 
James RouSe............cceeceee FB 
Mark Green.........cceeeceeeeeeeee RB 
Lemuel Stinson................... CB 
Darren Lewis...............00.06.. RB 
Neal Anderson................0..- RB 
Markus Paula. S 
Maurice Douglass............... CB 
Davidilatert 5 e.tocckes S 
Mike Singletary...............00.. LB 
Jim Morrissey.............00008. LB 
Dante Jonesiniitenc. Chea LB 
ONNPROPC Rake tsgrachiesci tc: LB 


6-2 


5-11 


5-10 
5-8 
6-0 
5-11 


5-10 
5-14 


5-Alli 
6-0 
6-0 


6-1 
6-1 


—_ 


—_ 


nk 





lommlhayelcs:s 25 te G 
Mike Stonebreaker.............. LB 
Rom Rivera. 200 48..4128 LB 
StahlMomasw. cece eee ip 
MarkiBortzs cts cert eins G 
Jay Hilgenberg.................... C 
Jerry Fontenot..........0.0c008 C 
James Williams.................... DE 
Wiliam Perry...........0.0ccc00 DT 
John Wojciechowski............ G 
Ron Mattes!3 Seu bl. 25: il 
Steve McMichael................. DT 
Keith Van Horne.............006. a 
James Thornton.............00006- ie 
Anthony Morgan.................. WR 
Wendell Davis.............00000608 WR 
Keith JenningS...............0006. We 
Tom Waddell..............c00ceee WR 
Glen Kozlowski................0.6- WR 
Trace Armstrong..............0.. DE 
RichardiDents a: cc ee DE 
TIL MRA E2 Valet oocccecp secre rine bee DT 
Chris\Zorich eee DT 
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OGHRNOKOP, Seixas. Ee 

Mike iGofen 2-home OY K 

SIOVONOUNG)-22ics.:cescccdsssven QB 
SIEVE BONO tae Ae QB 
Bill Musgrave.............00:0000 QB 
MOUGIBOWIES:. ccccisccseccodcesscess FS 
Spencer Tillman.................. RB 
Harry Sydney.....:.:.....c..0s00 FB 
POM Gittiteessese = eee teceoe. ce CB 
Keith Henderson................. RB 
Dexter Carter................00.. RB 
Merton Hank6.............0000000 CB 
Johnnie Jackson...............-. FS 
David Whitmore.................5+ aS 
David Waymet..........:::::000 FS 
TomiRathiman is. ciccsccccnvsces FB 
KeVini@WiStccerwesesghes coeneesee CB 
Bill Romanowski.................. LB 
Mitch Donahue.................... LB 
Keith DeLong............:cccee LB 
ChUCKSINOMNAS kaicievctecres es C 

Jesse Sapoluss.c.s...s.2...02-- C 

Guy Melntyre:.-............ncceence G 

JHB UGA: coos tebe ldeedveccsesectee NT 
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Player oP 
Roy Fostetiiscaectccs seer G 
Tomi Nevilleya.jete onsen G 
Frank: Pollack. 1... T-G 
Steve Wallace...........0..e Th 
Pierce Holts ese one DE 
Hats: Bantoniecses: see G-T 
WONEY ICO reeiec eter meen scree WR 
Jamie Williams...................- WE 
Jonnlaylottneees sare WR 
Brent JOneS<.te acct es toes, TE 
Sanjay Beach..............0:060 WR 
Mike Sherrard........00.......00. WR 
Wesley Walls...............:::000 E 
Darin Jordanacsenntee ee. LB 
LarryjRobentsec.cc.rese eee DE 
TimanniSseenc ecm. ore ee LB 
Greg JoelSON.:......0000c00.0. DE 
Charles Haley...........c.0:000 LB 
Michael Carter........00.......... NT 
Dennis Brown..................... DE 
Ted Washington..................- NT 
Antonio .GOSSi-.vcci000c be LB 
Mike Walter............cc0c0ceeeee LB 
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31. Are you looking for a printer for your computer? 
The following are the list prices (in dollars) of the 
15 best-rated color printers: 


$500 $300 $475 $280 $550 $265 $300 $310 
$250 $240 $300 $250 $190 $290 $180 


a. Find the class width using five classes. 

b. Make a frequency table with the five classes 
showing the class boundaries and frequencies. 

c. Make a histogram showing the boundaries. 


32. One of the top-grossing films of all time is Titanic, 
which grossed more than 600 million by 1999. 
But which films are the losers? The following are 
the amounts lost by the ten biggest movie failures 
(in millions): 


$35 $25 $23.3 $20 $20 
$18.5 $17 $16.6 $15 $14 


a. Find the class width using three classes. 

b. Make a frequency table with the three classes 
showing the class boundaries and frequencies. 

c. Make a histogram showing the boundaries. 


33. Do you think you’re getting old? Still, you’re 
probably not nearly as old as Shigechiyo Izumi of 
Japan, who almost made it to 121 years. The fol- 
lowing are the authenticated ages of the 25 oldest 
people, rounded to the nearest year: 


I21SONS iS 14 13-113" Wd eitl Sarl 12 
LIZA? tt Pele LL ALO PTE) Lt 
Pe 02 1t0 110 110 110-109 


a. Find the class width using five classes. 

b. Make a frequency table with the five classes 
showing the class boundaries and frequencies. 

c. Make a histogram showing the boundaries. 


Problems 34—37 refer to the data in Example 4. 

34. Which tract has the most renter-occupied homes? 
35. Which tract has the fewest renter-occupied homes? 
36. Which tract has the fewest vacant homes? 


37. On the basis of your previous answers, which tract 
would you select to sell renter’s insurance? 


Problems 38 and 39 refer to the following table. An ad 
for a home pregnancy test claimed 99.5% accuracy as 
shown in the table at right. 





Test says pregnant 


Test says not pregnant 
Total 





38. a. What was the sample size? 
b. How many times was the test incorrect? 
c. What percent is that? 


39. Look at Definition 11.1. Do you think that a sim- 
ple random sample was followed to obtain the 
data in the table? Why or why not? 


40. Midway Airlines published ads in the New York 
Times and the Wall Street Journal claiming that 
“84 percent of frequent business travelers to 
Chicago prefer Midway Metrolink to American, 
United, and TWA.” If it is known that Midway 
only has 8% of the traffic between New York and 
Chicago, can you explain how it may have arrived 
at this figure? 


41. At the bottom of the ad cited in problem 40 the 
fine print stated that the survey was “conducted 
among Metrolink passengers between New York 
and Chicago.” Is the sample used a representative 
random sample? (See Definition 11.1.) Why or 
why not? 


&®™” In Other Words 


42. When making a histogram, why is it necessary to 
make the class boundaries the endpoints of the 
bar? 


43. Explain the difference between class limits and 
class boundaries. 


44. A survey of the weight of 200 persons and a his- 
togram of the last digit of each weight show that 0 
occurred 130 times and 5 occurred 123 times. 
What might be wrong with the survey? 


Ge Using Your Knowledge 


Around 1940 it was estimated that it would require 
approximately 10 years of computation to find the 
value of the number 7 (pi) to 1000 decimal places. But 
in the early 1960s a computer calculated the value of 7+ 


to more than 100,000 decimal places in less than 9 hr! 
Since then, several hundred thousand decimal places 
for a have been calculated. Here are the first 40 deci- 
mal places for zr. 


3.14159 
26433 


26535 
83279 


89793 
50288 


45. Make a frequency distribution of the digits after 
the decimal point. List the digits from 0 to 9 in 
your first column. 


23846 
41971 


46. What are the most and the least frequently occur- 
ring digits? 


Mathematicians are interested in knowing whether 
the digits all occur with the same frequency. This ques- 
tion can hardly be answered with so few decimal 
places. You should notice that only two of the digits 
occur with a frequency more than one unit away from 
what you should expect in 40 decimal places. 





. Discovery 


Misuses of Statistics In this section we have shown an 
honest way of depicting statistical data by means of a 
histogram. But you can lie with statistics! Here is how. 
In a newspaper ad for a certain magazine, the circula- 
tion of the magazine was as shown. The heights of the 
bars in the diagram seem to indicate that sales in the 
first 9 months were tripled by the first quarter of 
the next year (a whopping 200% rise in sales!). 


47. Can you discover what was the approximate jump 
in sales from the first 9 months to the first quarter 
of the next year? 


ze 


3,100,000 





First 9 Past)» |” First 


months quarter quarter 


(Remember to bookmark the Bello book-specific Web site.) 
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48. Can you discover what was the approximate per- 
cent rise in sales? 


49. Can you discover what is wrong with the graph? 


ae Collaborative Learning 


Many of the problems in the Discovery section deal 
with the misuses of statistics. Now, it is your turn to 
find some of these misuses. Form two or more groups. 


1. Discuss how statistics can be misused or mislead- 
ing. Concentrate on examples involving sampling 
and histograms. 


2. Get the book How to Lie with Statistics by Darrell 
Huff and find some other misuses of statistics 
involving sampling and histograms. 


Hint: For help with collaborative learning 
exercise | and to further explore problems 
47-49, access link 11.1.3 at the Bello Web site. 





The chart below shows cosmetic products that cause 
allergies. 


Medium 


Cosmetics and allergies 


Low 





ttp://college.hmco.com/mathematics If Seah | 
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3. Which two products cause the most allergies? a difference whether the chart is a histogram or 
Suppose you want to sell hypoallergenic prod- not? 
ee a P roa 5. A type of chart called’a Pareto chart is used in 
would you concentrate on manufacturing? Dis- quality control programs. The chart is used to 
Se improve quality control in production and service 

4. Look at the definition of histogram given in the industries. In a Pareto chart, the tallest bar is 
text. According to that definition, is the chart a placed on the left and the rest of the bars in 
histogram? Discuss why or why not. If not, what descending order by height, so the chart highlights 
type of chart is it? Does the chart convey the idea the major causes of problems. Convert the chart to 
that some products are more likely to produce a Pareto chart. Is it more clear now which products 
allergic reactions, and if so, do you think it makes produce allergies? 





GETTING STARTED Tongue Twister Averages 


yt. Is there a relationship between the number of words in a tongue twister and the 
difficulty in reciting it? Table 11.9 shows several tongue twisters and the per- 

centage of successful attempts out of 30 total attempts at reciting each. What is 

the average number of words in each? It depends on what we mean by average. 

The most commonly used average of a set of n numbers is the mean (the arith- 

metic average) which is obtained by adding all the numbers in the set and divid- 

ing by n. The mean of the number of words in the given tongue twisters is thus 


Wee 1 3+ 4 lO ak GS als 35 Oe epee 
13 





TABLE 11.9 


“The seething sea ceaseth and thus the seething 
sea sufficeth us” 

“The sixth sick sheik’s sixth sheep’s sick” 

“The Leith police dismisseth us” 

“Sixty-six sick chicks” 

“Toy boat” (said five times fast) 

“Tie twine to three tree twigs” 

“She sells seashells by the seashore” 

“Long slim slick sycamore saplings” 

“How much wood could a woodchuck chuck if 
a woodchuck could chuck wood?” 

“Peter Piper . . .” (you know this one) 

“Three new blue beans in a new-blown bladder” 

“Twixt six thick thumbs stick six thick sticks” 

“Better baby buggy bumpers” 
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Another type of average is the median, the middle value of an ordered set of 
numbers (there are as many values above as below the median). Let us arrange 
the number of words in each twister in ascending order. 


4455667891011 13 35 


In this case, the median number of words is 7. 

The easiest average to compute is the mode, the value occurring most often. 
We see that 4, 5, and 6 are modes for these numbers; they occur twice each. If 
Peter Piper were replaced by “Zack zapped Zeus zinc,” the most common num- 
ber of words (the mode) would then be 4. 

So, what is the average number of words in these tongue twisters? Either 4, 
5, 6, 7, or 9.5. Which of the numbers is most representative? In this section we 
shall study these three types of averages—the mean, the median, and the 
mode—and how they can be used and misused (see the Discovery section) in 


different situations. os : 


Alberto and Barney have just gotten back their test papers. There are 9 questions 
and each one counted 10 points. Their scores are given in Table 11.10. 


TABLE 11.10 





TABLE 11.11 Who do you think wrote a better paper? As you can see, Alberto’s average score 
is 2 = 8, and Barney’s average score is 8 = 8.1. Barney clearly has the higher 
average and concludes that he wrote the better paper. Do you agree? 

Alberto does not agree, because he did as well as or better than Barney on 6 
of the 9 questions. Alberto thinks that Barney’s higher average does not tell the 
whole story, so he tries something else. First, he makes a frequency distribution 
of the two sets of scores, as shown in Table 11.11. 

On inspecting this list, Alberto says “I did better than you did, Barney, 
because I scored 10 more often than any other number, and you scored 7 more 
often than any other number.” Would you agree with Alberto? 


















enl MM AVERAGE HEIGHT. _THATLL BE ALL, 
Your. [ AVERAGE WEIGHT..AVERAGE | GLUBBENZONKERHEIMER. 
LGOKS... AVERAGE AGE. ir aa nyt 
AVERAGE INTELLIGENCE, I l jf 


I HEAR YOURE LOOKING FOR 
AN AVERAGE TROOPER To PUT 
ON THE RECRUITING FOSTER. 













Mae 








2 HAVE 
AVERAGE 
LIKES... 
AVERAGE 
DISLIKES.,, 








Reprinted with special permission of North America Syndicate, Inc. 


722 11. Statistics 


The first given averages, 8 and 8.1, are the means. These are the ones that 
most of us think of as the averages. 


DEFINITION 11.2 





Alberto used a different kind of measure, called the mode. 






DEFINITION 11.3 The mode of a set of numbers is that number of the set that oct urs mo 
often. — ae - oe 








If no number in the set occurs more than once, then there is no mode. 
However, if several numbers all occur an equal number of times and more than 
all the rest, then all these several numbers are modes. Thus, it is possible for a set 
of numbers to have more than one mode. 

The mean and the mode are useful because they give an indication of a sort 
of center of the set. For this reason they are called measures of central 
tendency. 


EXAMPLE 1 Ten golf professionals playing a certain course scored 69, 71, 72, 68, 69, 73, 71, 
70, 69, and 68. Find the following: 








(a) The mean (average) of these scores (b) The mode of these scores 
Solution 
~ 69+ 71+72+ 68 + 69 + 73+ 71+ 70+ 69+ 68 700 
(a)! a= =~ =70 
10 10 
(b) The score that occurred most often—the mode—is 69 (3 times). || 


There is a third commonly used measure of central tendency, called the median. 


DEFINITION 11.4 


TABLE 11.12 
Alberto 
Barney 





The median is circled in each case. 
Now, look in Table 11.12 for the three measures we have found for the 


scores. The mode and the median in this case would appear to some people to be 
evidence that perhaps Alberto did write a better paper than Barney. 





EXAMPLE 2 


=. | Graph It 


To do Example 2(a), clear 

_ any lists by pressing 

[4] and tell your 
-grapher you want to do 

[ statistics by pressing 
[1]. Enter the values as the 

- list L, by pressing 300 

250 [ENTER], and so 

on. Now, you have the list 

{300, 250, ... , 400}. To find 

the mean of the numbers in 

L,, go to the home screen 


([2nd] [MODE]) and press 
[<] [3]. what 


mean do you want? The mean 
of the numbers in L,, so 


What if you want the median? 


Press [2nd] [Stat] [=] [4] 
_ [and] [Lx] [ENTER] 








You can close parentheses 
_ after L, if desired! 


3 
6 
6 
8 
5 
2 
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Have you been exercising lately? You must exercise if you want to keep your 
weight down. The following are 10 different activities with the corresponding 
hourly energy expenditures (in calories) for a 150-lb person: 


Fencing 300 Square dancing 350 
Golf 250 Squash 600 
Running 900 Swimming 300 
Sitting 100 Volleyball 350 
Standing 150 Wood chopping 400 


(a) Find the mean of these numbers. 

(b) Find the median number of calories spent in these activities. 
(c) Find the mode of these numbers. 

Solution 


(a) The mean x is obtained by adding all the numbers and dividing the sum by 
10. Thus, 


ein 
Vine ai 


peo 00 pe 250 ae 900M LOO F150: 350 600 4: 300: + 350-4 400 
. 10 





= 370 calories per hour 


(b) To find the median, we must first arrange the numbers in order of magnitude, 
as follows: 
Sitting 100 
Standing 150 
Golf 250 
Fencing 300 
Swimming 300 é 300 + 350 
Square dancing sso pcan) oem e ee 
Volleyball 350 
Wood chopping 400 
Squash 600 
Running 900 


Since we have an even number of items and there is no middle value, the 
median is the average of the two middle items. 


(c) The mode is the number with the greatest frequency if there is one such num- 
ber. In this case, the numbers 300 and 350 both occur twice, while all other 
numbers occur just once. Thus, there are two modes, 300 and 350. a 


EXAMPLE 3 


For the frequency distribution of wage rates given in the table at the left, find the 
following: 


(a) The mean rate (b) The mode (c) The median rate 
Solution 


(a) Referring to the table at the left, make the calculation shown in Table 11.13 
on page 724; the mean rate is $7.94 per hour. 
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| ee Graph It 


To do Example 3(a), enter the 
numbers in the first column 
as list L, and the frequencies 
as L,. Go to the home screen 


([2nd] [MODE]) and press 


[star] D>] CrJ[ENTER). This 


means that you are doing 
one-variable statistics. But on 
_ which variables? It should be 
on the variables you entered, 
L, and L,. Press L, ie 
L, [ENTER]. The mean 
is 7.94 as before. If you scroll 
down by pressing [v]. the 
median is given as 7.95 


EXAMPLE 4 


TABLE 11.14 





EXAMPLE 5 


TABLE 11.13 


23.10 
46.80 
47.40 


64.00 
40.50 
16.40 
30)238.20 
7.94 =x 


. 





(b) The mode is the most frequent rate, $8 per hour. 


(c) Since 15 workers get $7.90 or less and the other 15 get $8.00 or more 
per hour, the median rate is the mean of $7.90 and $8.00, that is, $7.95 per 
hour. i= 


Table 11.14 shows the distribution of scores made by a large number of students 
taking a five-question true/false test. 


(a) Which is the median score? (b) What is the mean score? 


Solution 
(a) Table 11.14 gives the proportion of students making each score, so the sum 
of these proportions must be 1. To find the median (the middle value), we 


add the proportions starting from the top until we get a sum of 0.5 or more. 
This occurs when we add the first four items. Thus the median score is 3. 


(b 


wa 


To find the mean score, we add the products of the scores and their propor- 
tions as follows: 
0 xX 0.05 = 0 
1 X 0.05 = 0.05 
2 X 0.10 = 0.20 
3 X 0.35 = 1.05 
4 X 0.25 = 1.00 
5 X 0.20 = 1.00 
sum = 3.30 


Since the sum of the proportions is 1, the mean score is 3.30. B 


In a physics class, half the students scored 80 on a midterm exam. Most of the 


remaining students scored 70 except for a few who scored 20. Which of the fol- 
lowing statements is true? 


(a) The mean and the median are the same. 


(b) The mean and the mode are the same. 


EXAMPLE 6 


FIGURE 11.8 


EXAMPLE 7 
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(c) The mean is less than the median. 
(d) The mean is greater than the median. 


Solution Since half the students scored 80 and the next best score was 70, the 
median score on the midterm is 75 (midway between 80 and 70). Also, not all 
the remaining students scored 70, so the mean is less than 75. Thus, statement (c) 
is correct. a 


Figure 11.8 shows the distribution of scores on a placement test for students at 
South High School. Jn the chart x is the score and y is the frequency. Which of 
the following statements is true? 


(a) The mode and the mean are the same. 
(b) The mode and the median are the same. 


(c) The median is less than the mode. 


(d) The median is greater than the mode. 





Solution The chart shows that the mode is x = 1. It also shows that more than 
20 students scored higher than 1. Hence the median must be greater than 1, and 
therefore statement (d) is correct. a 


Remember the housing units we studied in Section 11.1? Averages are used to 
find the number of rooms per unit. For example, in Tract 1302 (column 1) the 
number of rooms per unit is 4.8 (see Table 11.15). 


(a) Find the average (mean) number of 1-room houses in the four tracts. 
(b) Find the average (mean) number of 2-room houses in the four tracts. 
(c) Find the median number of 2-room houses in the four tracts. 
Solution 


(a) The average (mean) number of 1-room houses is the sum of the numbers in 
the first row divided by 4, the number of tracts, that is, 
43.3, 19.4> 39.420: 121 


4 oA a 30.25, or approximately 30 
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TABLE 11.15 





(b) This time, we add the numbers in the second row and divide by 4. 


28 + 67 i oo aan Zn 2 e2 5 ot eRe eiee 





(c) The median of 28, 67, 98, and 137 is obtained by arranging the numbers in 
order of magnitude and finding the average of the two middle numbers as 


shown. 
28 
a} pies = 82.5, or about 83 
98 2 : 
137 & 


In this section, we introduced three measures of central tendency. The 
following shows how they compare: 


1. The mean (arithmetic average) is the most commonly used of the three meas- 
ures. A set of data always has a unique mean, and this mean takes account of 
each item of the data. On the negative side, finding the mean takes the most 
calculation of the three measures. Another bad feature of the mean is its sen- 
sitivity to extreme values. For instance, the mean of the data 2, 4, 6, and 8 is 
4 = 5, but the mean of 2, 4, 6, and 28 is 2 = 10, a shift of 5 units toward the 

extreme value 28. 





Www: 2. The mode has the advantage of requiring no calculation. However, the mode 
To adahonteaea eee may not exist, as in the case of the data 2, 4, 6, and 8. On the other hand, the 
modes and standard eee on mode may be most useful. For example, suppose a shoe manufacturer surveys 
go to link 11.2.1. To further 100 women to see which of three styles, A, B, or C, of shoes each one prefers 
explore descriptive statistics, and finds style A selected by 30 women, style B by 50, and style C by 20. The 
access link 11.2.2 at the Bello mode is 50 and there is not much doubt about which style the manufacturer 
Web site. will feature. 


(Remember to bookmark the Bello book-specific Web site.) 
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3. The median always exists and is unique, as in the case of the mean. However, 
the median requires very little computation and is not sensitive to extreme 
values. Of course, in order to find the median, the data must be arranged in 
order of magnitude, and this may not be practical for large sets of data. But 
the most important disadvantage of the median is its failure to take account 
of each item of data. Hence, in many statistical problems, the median is not a 


reliable measure. 


. Find the mean and the median for each set of 

numbers. 

Dailey ore lls, ole) 

e ded. 916, 25 

d. For which of these sets are the mean and the 
median the same? Which measure is the same 
for all three sets? Which (if any) of the sets has 
a mode? 


bales. 9.27581 


. Show that the median of the set of numbers 1, 2, 
4, 8, 16, 32 is 6. How does this compare with the 
mean? 


. Out of 10 possible points, a class of 20 students 
made the following test scores: 


ORO 2, 4y5, 55 6,:6;°678):8,.8;5,8,,9, 9, 9, 
10, 10 


Find the mean, the median, and the mode. Which 
of these three measures do you think is the least 
representative of the set of scores? 


. Find the mean and the median of the following set 
of numbers: 


0, 3, 26, 43, 45, 60, 72, 75, 79, 82, 83 


. An instructor gave a short test to a class of 25 stu- 
dents. The scores on the basis of 10 were 





> 
1 
3 
ee 
ear 


The instructor asked two students, Agnes and 
Betty, to calculate the average score. Agnes made 
the calculation 


3+4+5+64+7+84+94+10 52 
8 Kgs 








= 6.5 


and said the average score is 6.5. Betty calculated 
a weighted average by multiplying each score by 
the number of students attaining that score, adding 
the results, and dividing by the total number of 
students as shown. 


PU BEN See Sota ae. e ey ts // atts hia COME 3) 5110 
25 





Mette 
linet 7.08 


She then said the average was 7.08. Who is cor- 
rect, Agnes or Betty? Why? 


. An investor bought 150 shares of Fly-Hi Airlines 


stock. He paid $60 per share for 50 shares, $50 per 
share for 60 shares, and $75 per share for 40 
shares. What was his average cost per share? 
(Compare with problem 5.) 


. Make a frequency distribution of the number of 


letters per word in the following quotation: “For 

seven days seven priests with seven trumpets 

invested Jericho, and on the seventh day they 

encompassed the city seven times.” 

a. Find the mode(s) of the number of letters per 
word. 

b. Find the median. (You can use your frequency 
distribution to do this.) 

c. Find the mean of the number of letters per 
word. 

d. Do you think your answers would give a good 
indication of the average length of words in 
ordinary English writing? Why or why not? 
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8. The following are the temperatures at 1-hr inter- 


10. 


vals in Denver, Colorado, from 1 P.M. on a certain 
day to 9 A.M. the next day: 


1 P.M. 90 8 P.M. 81 3 A.M. 66 
2 P.M. 91 9PM. 719 4 A.M. 65 
3 PM. 92 10 P.M. 76 5 A.M. 66 
4PM. 92 11 PM. 74 6 A.M. 64 
5 P.M. 91 12m 71 7 AM. 64 
6 P.M. 89 1 A.M. i 8 A.M. Al 
7 PM. 86 2 A.M. 69 9 A.M. 75 
a. What was the mean temperature? The median 
temperature? 


b. What was the mean temperature from 1 P.M. to 
9 p.M.? The median temperature? 

c. What was the mean temperature from midnight 
to 6 A.M.? The median temperature? 


. Suppose that a dime and a nickel are tossed. They 


can fall in four different ways: (H, H), (H, T), 
(T, H), and (T, T), where the first letter indicates 
how the dime falls and the second letter, the nickel. 
How many tosses do you think it would take, on 
the average, to get all four possibilities at least 
once? A good way to find out is by experimenting. 
Take a dime and a nickel and toss them to get your 
data. For example, on the first trial it took 11 tosses 
to get all four possibilities, (H, H), (H, T), (T, H), 
and (7, T). You can keep track of what happens 
with a frequency distribution like the following: 


Trial 1 Trial 2 Trial 3 
(HA) | WK 
He) wal I 
(T,H) — |ill I 
(T,T) TH Il | 
11 i 12 (etc.) 


You will need to make tally marks in the trial col- 

umn until there is at least one mark for each pos- 

sibility. Then write the total number of tosses at 
the bottom of the column. A new column will be 
needed for each trial, of course. Do 20 trials. 

a. When you finish the 20 trials, make a fre- 
quency distribution of the number of tosses 
required to give all four possibilities. 

b. Use the frequency distribution you obtained in 
part (a) to find the median number of tosses. 

c. Find the mean number of tosses needed to 
obtain all four possibilities. 


The mean score on a test taken by 20 students is 
75; what is the sum of the 20 test scores? 


12. 


13. 


14. 


15. 


16. 





. A mathematics professor lost a test paper belong- 


ing to one of her students. She remembered that 
the mean score for the class of 20 was 81 and that 
the sum of the 19 other scores was 1560. What 
was the grade on the paper she lost? 


If in problem 11 the mean was 82, and the sum of 
the 19 other scores was still 1560, what was the 
grade on the lost paper? 


The mean salary for the 20 workers in company A 
is $90 per week, whereas in company B the mean 
salary for its 30 workers is $80 per week. If the 
two companies merge, what is the mean salary for 
the 50 employees of the new company? 


Astudent has amean score of 88 on five tests taken. 
What score must she obtain on her next test to 
have a mean (average) score of 80 on all six tests? 


The table below shows the distribution of families 
by income in a particular urban area. 


D2G008 iu 


10,000-14,999 
15,000-19,999 


20,000-24,999 
25,000-34,999 
35,000—49,999 
50,000-79,999 
80,000-119,999 

120,000+ 


a. What proportion of the families have incomes 
of at least $25,000? 

b. What is the median income range? 

c. Find the mean of the lower limits for the annual 
incomes. 

d. Find the amount below which 36% of the fam- 
ilies have lower incomes. 


In a history test given to 100 students, 50 earned 
scores of 80 or more. Of the other students, 40 
earned scores between 60 and 75, and the other 10 
earned scores between 10 and 40. Which one of 
the following statements is true about the distribu- 
tion of scores? 

a. The mean and the median are the same. 

b. The mean is less than the median. 

c. The median is less than the mean. 


17. In a mathematics test given to 50 students, 25 
earned scores of 90. Most of the other students 
scored 80, and the remaining students scored 30. 
Which of the following statements is true about 
the distribution of scores? 

a. The mode is the same as the mean. 
b. The median is greater than the mean. 
c. The mode is greater than the mean. 
d. The mean is greater than the median. 


18. The following graph shows the distribution of 
scores on a placement test given to juniors at West 
High School. Which of the following statements 
applies to this distribution? 


Frequency 





Placement score 


a. The mode and the mean are the same. 
b. The mode is greater than the mean. 

c. The mode and the median are the same. 
d. The mode is less than the median. 


19. One hundred students took a mathematics test. 
None of the students scored over 95 or less than 
50. Which of the following is the most reasonable 
estimate of the mean (average) score? 
a. 80 b. 60 c.-70 d. 55 


20. Gretchen owns five $5000 municipal bonds. Each 
quarter, she receives the following interest pay- 
ments: $81.25, $112.50, $118.75, $125.00, and 
$137.50. Which of the following is the most rea- 
sonable estimate of the mean (average) interest 
payment? 
a. $108 d. $105 


b. $116 c. $120 


Problems 21 and 22 refer to Table 11.15. 


21. Find the mean and median number of 3- or 4-room 
houses in the four tracts. 


22. Find the mean and median number of 5- or 6-room 
houses in the four tracts. 
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The ABC Consumer Comfort Index rates the economy, 
the buying climate, and personal finances. The three 
resulting numbers are added and divided by 3. For a 
particular week the results were as follows: 


General Population 


Overall index 
State of economy 42 
Personal finances 34 
Buying climate 0 

Note that 


AQ tr 34--b-0~ -76 
mer or 


Find the mean of the following overall indexes classi- 
fied by: 


23. Income 
Under $15K —18 
$15K-$24.9K 8 
$25K-$39.9K 5 
$40K-$49.9K 46 
Over $50K 62 
24. Education 
< High School Saal 
High Sch. Grad. 16 
College + 45 


The following table will be used in problems 25-29: 


Share of Company Vehicles by Maker Among Hispanic 
Business 500 Companies 


ae 3 y 
oe Si iT 
Saree 
= 


He. 





Domestics 
Ford 43% 
GM 29% 
Chrysler 71% 
Subtotal 719% 
Imports 


BMW* 6% 
Mercedes Benz* 6% 
Toyota 5% 
Nissan 1% 
Other** 3% 

Subtotal 21% 





mies 

**Other includes Isuzu, Mazda, and Volvo. 

© 1998 Hispanic Business Inc. Reproducing or copying requires 
written permission. 

Source: 1998 Hispanic Business Auto Survey of the 500 largest 
Hispanic-owned companies (June 1998). 
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Find the mean (average) and median share of 
25. Ford vehicles in 1995-1998 

26. GM vehicles in 1995-1998 

27. Chrysler vehicles in 1995-1998 

28. BMW vehicles in 1995-1998 

29. Mercedes Benz vehicles in 1995-1998 


Attendance at Top Five Amusement/Theme Parks in the 
United States* (in millions) 


The Magic Kingdom 

at Walt Disney World 

Lake Buena Vista, FL 
Disneyland 

Anaheim, CA 
Epcot at 

Walt Disney World 

Lake Buena Vista, FL 
Disney-MGM Studios 

at Walt Disney World 

Lake Buena Vista, FL 8.0 
Universal Studios Florida 

Orlando, FL eT, 


*Top five designation derived from 1997 attendance ranking. 
Source: Amusement Business 


The table above shows the attendance (in millions) of 
the top five amusement/theme parks in the United 
States from 1994 to 1997. Find the mean (average) and 
median attendance at 


30. The Magic Kingdom. 
32. Epcot. 


31. Disneyland. 

33. Disney-MGM. 
34. Universal Studios Florida. 

Do you surf the Web? What about shopping on the 


Web? The tables in the following column give the top 
Web sites and the top shopping sites. 





Top Web Sites Overall 


yahoo.com 
aol.com — 
msn.com 


geocities.com 

go.com — 
netscape.com 
excite.com 

lycos.com 
microsoft.com 
bluemountainarts.com 





Source: Media Metrix, Inc. 
Top Shopping Sites 


bluemountainarts.com 
AOL Shopping Channel 
amazon.com 

ebay.com 

CNET Software Download 


Services 
barnesandnoble.com 
cdnow.com 
columbiahouse.com 
musicblyd.com 
valupage.com 





Source: Media Metrix, Inc. 


35. What is the average number of visitors to the ten 
top Web sites overall? 


36. What is the average number of visitors to the ten 
top Web shopping sites? 


The table below shows the number of meals purchased 
at restaurants (per person). 


Annual Meals (Including Snacks) Purchased at Commercial Restaurants per Person 


On-premise 


69 70 68 
Off-premise 43 45 48 


Source: NPD Group’s CREST service 


G2rs 624 sp 64ne eBaabAl 
59 61 63 65 66 


68 66 64 64 63 
53. SS Hse ae 
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37. Find the average number of meals purchased on- 
premise from 1984 to 1997. 


38. Find the average number of meals purchased off- 
premise from 1984 to 1997. 


&® In Other Words 


39. Explain in your own words what is meant by the 
median of a set of scores. Is the median a good 
measure of a set of scores? 


40. What is meant by the mode of a set of scores? Is 
this a good measure? If so, for what purpose? Give 
an example. 


G@ Using Your Knowledge 


Have you ever been in the checkout line at a super- 
market or department store for so long that you were 
tempted to walk out? There is a mathematical theory 
called queuing (pronounced “cueing”) theory that 
studies ways in which lines at supetmarkets, depart- 
ment stores, and so on, can be reduced to a minimum. 
The following problems show how a store manager 
can estimate the average number of people waiting at 
a particular counter. 


41. Suppose that in a 5-min interval customers arrive 
as indicated in the following table. (Arrival time 
is assumed to be at the beginning of each minute.) 
In the first minute, A and B arrive. During the 
second minute, B moves to the head of the line 
(A was gone because it took 1 min to serve him), 
and C and D arrive, and so on. From the figure, 
find 
a. the average (mean) number of people in line. 
b. the mode of the number of people in line. 





Boss Boss' son Boss' 
$100,000 $50,000 assistant 
$25,000 








42. Use the ideas of problem 41 and suppose that the 
list of arrivals is as shown in the table below. 
(Assume it takes 1 min to serve the first customer 
in line and that the customer leaves immediately.) 
a. Draw a diagram showing the line during each 
of the first 5 min. 

b. Find the mean of the number of people in line 
during the 5 min. 

c. Find the mode of the number of people in line. 





a Discovery 


Misuses of Statistics We have just studied three meas- 
ures of central tendency: the mean, the median, and the 
mode. All these measures are frequently called aver- 
ages. Suppose that the chart below shows the salaries 
at Scrooge Manufacturing Company. 





Boss' Workers 
secretaries $6,000 each 
$10,000 
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43. Scrooge claims that the workers should not union- 
ize; after all, he says, the average salary is 
$21,000. Can you discover what average this is? 


44. Manny Chevitz, the union leader, claims that 
Scrooge Manufacturing really needs a union. Just 
look at their salaries! A meager $6000 on the aver- 
age. Can you discover what average he means? 


45. B. Crooked, the politician, wants both union and 
management support. He says that the workers are 
about average as far as salary is concerned. You 
can figure it out. The company’s average salary is 
$8000. Can you discover what average B. 
Crooked has in mind? 


a Calculator Corner 


If you have a calculator with (read “sigma plus”) 
and keys, you are in luck. The calculation for the 
mean is automatically donéYor you. First, place the cal- 


culator in the statistics mode (press or 


[stat]). To find the mean of the numbers in Example 2, 


enter [300] [+] [250] [2+] [900] [2+] [100] [2+] [150] 


2] [550] [2] [600] [+] [300] +) [ss0l [2+] Hoel 
[=+] [2nd] [x]. T 


eae gives the mean x = 370. 


Collaborative Learning 





Form two groups. One group will investigate race dis- 
crimination complaints, and the other sex discrimina- 
tion complaints, as shown in the table below. Then 
answer the questions. 


1. What was the average number of complaints for 
race and for sex from 1993 to 1997? 


2. What was the average number of resolutions for 
race and for sex from 1993 to 1997? 


3. What were the average monetary benefits for race 
and for sex per resolved case from 1993 to 1997? 


Discussion Which average monetary benefits per 
resolved case were greater, race or sex discrimination? 
Why? 


Discrimination Complaints: Number of Complaints Received, Number of Cases 
Resolved, and Amount of Monetary Benefits for Different Types of Workplace 


Discrimination 


Complaints received 


Resolutions 
Monetary benefits 
(millions) 
Sex 


Complaints received 


Resolutions 
Monetary benefits 
(millions) 





31,695 
27,440 


29,986 
SS 31,674 


$ 33.3 $ 397 $ 30.1 
ZNO 


21,606 


25,860 
21,545 


26,181 
26,726 
$ 44.0 


$ 44.1 $ 23.6 


Source: U.S. Equal Employment Opportunity Commission 





GETTING STARTED 


ei 


Ratings Deviations for Movies and TV 


Which programs get the best television ratings, weekly series or movies? The 
ratings for the ten best series and ten best movies according to the Top 10 
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TABLE 11.16 TABLE 11.17 
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Almanac are shown in Table 11.16. If you were a manufacturer selling your prod- 
uct to consumers, would you buy television advertisement time during a series 
or during a movie? Before you make up your mind, look at Table 11.16 and note 
that the series ratings range from 18 to 24 (6 points) while the movies ratings 
range from 19 to 25 (also 6 points). Since the range is the same in both distri- 
butions, you might look next at the mean rating in each category. But the mean 
is 21 in both cases. What else can you look at to try to determine the best air time 
for an advertiser? There is a measurement that indicates how the data differ from 
the mean, and it is called the standard deviation (s). The standard deviation, 
like the range, is a measure of the spread of data. To obtain the standard devia- 

‘ tion of a set of numbers, start by computing the difference between each meas- 
urement and the mean, that is, x — x, as shown in Table 11.17 for the movie rat- 
ings data. 

Unfortunately, if you add the x — x values, you get a sum of 0. (This will 
always be true when finding standard deviations. Can you figure out why?) 
Therefore, you square each x — x value before you do the addition, and then 
arrive at a sum of 32. If you were looking at the entire population of movies on 
TV, you would then divide this number by the population size to get a type of 
“average squared difference” of ratings from the mean. However, this sample 
does not include the entire population so, as a rule, divide instead by | less than 
the nurnber in the sample (here, that number is 10 — 1 = 9) to make the final 
value of the standard deviation a bit larger. You then have s? = ¥, in units of 
squared ratings points. What kind of unit is that? To return to ratings points, you 
need to take the square root of >. 


jel 32, 4v2 
Si 9 or 3 


(Remember that V32 = V16-2 = 4\/2.) A calculator or square root table 
gives s = 1.89. For the series data, s = 1.94 (try it); this means that series ratings 
are slightly more dispersed or spread out. You might like advertising time during 
movies because their ratings are closer together and slightly less variable. 
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11 Statistics 


DEFINITION 11.5 


DEFINITION 11.6 


In this section you will learn how to find the range and calculate the standard 


deviation of a set of sample data. Fa 


Most of the time we want to know more about a set of numbers than we can 
learn from a measure of central tendency. For instance, the two sets of numbers 
{3, 5, 7} and {0, 5, 10} both have the same mean and the same median, 5, but 
the two sets of numbers are quite different. Clearly, some information about how 
the numbers vary will be useful in describing the set. 

A number that describes how the numbers of a set are spread out, or dis- 
persed, is called a measure of dispersion. A very simple example of such a 
measure is the range. 





The two sets {3, 5, 7} and {0, 5, 10} have ranges 7 — 3 = 4and 10 — 0 = 10, 
respectively. Because the range is determined by only two numbers of the set, it 
gives very little information about the other numbers of the set. The range gives 
only a general notion of the spread of the given data. 

As noted in Getting Started, if we add all the deviations from the mean, the 
x — x values, we always get a sum of 0. Accordingly, the most commonly used 
measure of dispersion, the standard deviation, uses the squares of the deviations 
x, — xX in the following definition: 





In order to find the standard deviation, we have to find the following: 


. The mean x of the set of numbers 
. The difference (deviation) between each number of the set and the mean 
. The squares of these deviations 


. The sum of the squared deviations divided by: 1 


Nn BF W NO 


. The square root s of this quotient 


The last four steps motivate the name root-mean-square deviation, which is 
often used for the standard deviation. As we shall see, the number s gives a good 
indication of how the data are spread about the mean. 


EXAMPLE 1 





EXAMPLE 2 
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The ages of 5 schoolchildren were found to be 7, 9, 10, 11, and 13. Find the stan- 
dard deviation s for this set of ages. 


Solution We follow the five steps given above, as shown in Table 11.18. 
1. The mean of the 5 ages is 


Pee eens ls: | 50 
5 wanes 





x= 10 (column 1) 


2. We now find the difference (deviation) between each number and the mean 
(column 2). 


3. We square the numbers in column 2 to get column 3. 


TABLE 11.18 Calculation of the Standard Deviation 





4. We find the sum of the squares in column 3 divided by 5 — 1. 


9+1+0+1+9 20 


| oe iae 


5. The standard deviation is the square root of the number found in step 4. 
Thus, s = V5 ~ 2.2. Note that V5 can be found from a table or with a 
calculator. . a 


The number s, although it seems complicated to compute, is a most useful 
number to know. In many practical applications, about 68% of the data are 
within 1 standard deviation from the mean. That is, 68% of the numbers lie 
between x — s and x + s. Also, about 95% of the data are within 2 standard devi- 
ations from the mean; that is, 95% of the numbers lie between x — 2s and x + 2s. 

For example, if the mean of a set of 1000 numbers is 200 and the standard 
deviation is 25, then approximately 680 of the numbers lie between 175 and 225, 
and all but about 50 of the numbers lie between 150 and 250. Thus, even with no 
further information, the number s gives a fair idea of how the data are spread 
about the mean. These ideas are discussed more fully in Section 11.4. 


A consumer group checks the price of 1 dozen large eggs at 11 chain stores, with 
the following results (see top of next page): 
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EXAMPLE 3 





Store Number 


Price (cents) 





Find the mean, median, mode, and standard deviation. What percent of the data 
are within | standard deviation from the mean? 


Solution In Table 11.19 the data are arranged in order of magnitude. The mean 
is found to be 68¢. The median is the middle price, 68¢. The modes are 68¢ and 
72¢. The calculation of the standard deviation is shown in the table. The result is 
s = 4.3. To find the percent of the data within 1 standard deviation from the 
mean, we first find x — s = 63.7 and x + s = 72.3. By examining the data, we 
see that 8 of the prices are between these two numbers. Thus, 73% of the prices 
are within | standard deviation from the mean price. 

Note that you are not expected to calculate square roots. Use Table I in the 
back of the book or a calculator. Both forms of the answer, 18.8 and 4.3, are 
given in the answer section. 


TABLE 11.19 


ee 
188 


io = 18.8 


s= V18.8 ~ 4.3 


We have been studying for some time now. I think we need a vacation. Let 
us go from New York to Honolulu. What do we need? Book a flight, a hotel and 
a car. Figure 11.9 gives the prices we found. 

We can ask a lot of questions about these prices. Some have a simple answer 
and others are harder to compute (unless you have a calculator!). We shall 
answer some questions now and leave some for the exercises. 


(a) What is the range of prices for the flight? What is the mode? 


(b) In the last column, there are two prices for a rental car. The first price is the 
price of renting an economy model for one day, the second for renting a com- 
pact. What is the range of prices for the economy model? 


FIGURE 11.9 


734.20 


(US Dollars) 


816.20 


(US Dollars) 


837.20 


(US Dollars) 


837.20 


(US Dollars) 


837.20 


(US Dollars) 
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RADISSON ALA MOANA t 5 
1168 Rooms / 38 Floors Intemational 
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360 Rooms / 12 Flo 


Prices depend on time of travel. 


www: 


To further explore standard 
deviations, access links 11.3.1, 
11.3.2, and 11.3.3 at the Bello 
Web site. 


(Remember to bookmark the Bello book-specific Web site.) 





(c) What is the mean rental price for an economy model? 


(d) What is the standard deviation for an economy model? 


Solution 








US $21.99 /Day 
US $23.99 /Day 


US $24.99 /Day 
US $26.99 /Day 


US $31.98 /Day 
US $34.98 /Day 


US $33.99 /Day 
US $37.99 /Day 


US $34.99 /Day 
US $36.99 /Day 
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(a) The range is the difference between the highest price ($837.20) and the low- 
est price ($734.20), which is $837.20 — $734.20 = $103. The mode is the 


price that occurs most often, $837.20. 


(b) The prices for the economy model range from $21.99 to $34.99. Thus, the 


range is $34.99 — $21.99 = $13.00. 


(c) To find the mean for the economy model, it is much more practical (and 
expedient) to use whole numbers. The mean of the numbers is 


+ 25+ 32+ 34+ 
x= eters = $29.60 ~ $30.00 


(d) To find the standard deviation, use the table below. 


SO H6G: 
eouou 


_ Migne 
29.16 
733.20 


43320 = 33.3 


s = V33.3 ~ 5.8 


OK, vacation is over; back to work the exercises! 





ttp://college.hmco.com/mathematics f Seazgh | 
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In problems 1-10 do the following: 


Senin We = 


a: 


13. 


14. 


iS; 


a. State the range. 
b. Find the standard deviation s. 


2 See oer one A Dol, 45-9, 16;-25 

5, LOSS 20625 A. 6,98 12 IS SAS 

= ids Ose eee 6. 4, 6, 8, 10, 12 
Cp tan Ges Jigee S;. 2, OL 45673; 10%, 2 


Sarco eel Ol, 2.0 
bien 45 0 4.6 
11. 


Out of 10 possible points, a class of 20 students 
made the following test scores: 


0; 0; 1, 2, 4, 4,5, 6, 6, 6, 7, 8, 8, 8, 8,.9, 9,9, 
10, 10 


. What ts the mode? 

. What is the median? 

. What is the mean? 

. Calculate the standard deviation. 

- What percent of the scores lie within 1 standard 
deviation from the mean? 

What percent of the scores lie within 2 standard 
deviations from the mean? 


cekonwn 


x0 


Suppose that the 4 students who scored lowest on 
the test in problem 11 dropped the course. Answer 
the same questions as in problem 11 for the 
remaining students. 


Elmer Duffer plays golf on a par 75 course that is 

really too tough for him. His scores in his last 10 

games are 103, 110, 113, 102, 105, 110, 111, 110, 

106, and 110. 

. What is the mode of Elmer’s score? 

. What is his median score? 

. What is his mean score? 

. Calculate the standard deviation of his scores. 

. Which of his scores are more than 1 standard 
deviation from his mean score? What percent 
of the games is this? 


cna ef 


Answer the same questions as in problem 13 for 
the lowest 8 of Elmer’s 10 scores. 


The daily numbers of pounds of garbage for 6 dif- 
ferent households were 


G2 abo eo 


16. 


17. 


18. 


Find the range, mean, and standard deviation of 
the weights. 


The carry-on luggage weights (in pounds) for a 
random sample of 10 passengers during a domes- 
tic flight were 


30, 30, 32, 35, 37, 40, 40, 40, 42, 44 


Find the range, mean, and standard deviation of 
the weights. 


The response times of 6 emergency fire calls were 
measured to the nearest minute and found to be 6, 
7,9, 12, 3, and 5 min. Find the range, mean, and 
standard deviation for the calls. 


From 1918 to 1931 Babe Ruth was the American 
League home-run champion 12 times (he did not 
win in 1922 and 1925). The numbers of home runs 
he hit to earn the titles were 


i 29 54-59 41 46 
47 60 54 46 49 46 


Find the range, mean, and standard deviation for 
the number of home runs. 


Problems 19-26 refer to Figure 11.9. 


19. 


20. 


21. 


22. 


23. 


24. 


25. 


There are two prices (low and high) given for each 
of the five hotels. Find the range between the high 
and the low price for each of the hotels. 


Calculate the average (mean) price between the 
low and the high price for each of the five hotels. 


Calculate the average (mean) of the answers in 
Exercise 20. 


a. Calculate the standard deviation of the prices 
in Exercise 20. 

b. What percent of the prices lie within 1 standard 
deviation of the mean? 

c. What percent of the prices lie within 2 standard 
deviations of the mean? 


The second price for each of the rental cars in 
Figure 11.9 is the price for renting a compact car 
for one day. Find the range of the prices. 


Calculate the average (mean) of the prices for 
renting a compact car for one day. 


Calculate the standard deviation of the prices for 
renting a compact car for one day. 


26. What percent of the prices for renting a compact 
car for one day lie 
a. within | standard deviation of the mean? 
b. within 2 standard deviations of the mean? 


&® In Other Words 


27. Suppose the standard deviation of a set of num- 
bers is 0. What does this tell you about the num- 
bers? Explain. 


28. Two classes, each with 100 students, took an 
examination with a maximum possible score of 
100. In the first class, the mean score was 75 and 
the standard deviation was 5. In the second class, 
the mean score was 70 and the standard deviation 
was 15. Which of the two classes do you think had 
more scores of 90 or better? Why? 


] Using Your Knowledge 


A binomial experiment is one that consists of a num- 
ber of identical trials, each trial having only two possi- 
ble outcomes (like tossing a coin that must fall heads 
or tails). Let us consider one of the outcomes as a suc- 
cess and the other as a failure. If p is the probability of 
success, then | — p is the probability of failure. 

Suppose the experiment consists of n trials; then 
the theoretical expected number of successes is pn. 
For instance, if the experiment consists of tossing 
a fair coin 100 times, then the expected number of heads 
is ( 5)(100) = 50. This means that if the experiment of 
tossing the coin 100 times is repeated many times, then 
the average number of heads is theoretically 50. In 
general, if a binomial experiment is repeated many 
times, then the theoretical mean (average) number of 
successes is pn, where p is the probability of success in 
one trial and n is the number of trials in the experiment. 

If we let P, denote the probability of k successes 
and n — k failures in a binomial experiment with n 
trials, then the set of numbers P), P,, P,,..., P,, con- 
stitutes a binomial frequency distribution. The fol- 
lowing simple formula has been obtained for the stan- 
dard deviation of such a distribution: 


s= Vnp(1 — p) 


For example, if the experiment consists of tossing a 
fair coin 10,000 times and tallying the number of 
heads, then n = 10,000, p = 3, x = 5000, and 


s = V10,000G)(1 — 4) = V2500 = 50 
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If this experiment (tossing the coin 10,000 times) were 
repeated many times, then we would expect the aver- 
age number of heads to be close to 5000. Although we 
are not justified in expecting the number of heads in 
any one experiment to be exactly 5000, we may expect 
that about 68% of the time the number of heads will be 
between 4950 and 5050. 


29. Ifa fair die is rolled, the probability that it comes 
up 2 is and the probability that it comes up not 2 
is 2. If we regard 2 as a success and any other num- 
ber as a failure, what is the standard deviation for 
the experiment of rolling the die 180 times? 


30. Suppose that in rolling a die we regard a 3 or a 
4 as a success and any other number as a failure. 
What is the standard deviation for the experi- 
ment of rolling the die 18 times? How far away 
from the mean would the number of successes 
have to be before we became suspicious of the 
die’s honesty? 


31. Suppose a die is loaded so that the probability that 
a 6 comes up is }. If we regard a 6 as a success and 
any other number as a failure, what is the standard 
deviation for the experiment of rolling the die 400 
times? 


bal Calculator Corner 


If you have a calculator with a key, it will com- 
pute the standard deviation for a set of data at the push 
of a button. For example, to find the standard deviation 
of Example 1, set the calculator in the statistics mode 
and enter 


[7] +) (2) +) fo) E+) fo) E+) [3] Pend) [20-1] 


The result is given as 2.2. 


ae Collaborative Learning 


Women in Managerial/Administrative Positions 





Source: “Women of Color in Corporate Management: A Sta- 
tistical Picture,” American Catalyst. 
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The table on the previous page shows the percent of 3. What percent of the numbers obtained in part 2 are 

women in managerial/administrative positions. within | standard deviation of the mean? 

1. Calculate the mean, median and range of the num- 4. What percent of the numbers obtained in part 2 are 
bers. within 2 standard deviations of the mean? 

Discussion Which of the three measurements gives a Discussion What does the information obtained in 

better indication of the wide variability of the scores? parts 3 and 4 tell you? Does the information indi- 

Explain. cate that there is a wide variability in the numbers? 

Explain. 


2. Round the percents to the nearest whole number 
and find the standard deviation of the four numbers. 





GETTING STARTED S.A.T. Deviations 


ol Do you remember your S.A.T. verbal and mathematics scores? In a recent year, 

———— the mean score for the verbal portion was p (read “mu’”) = 425 with a standard 
deviation of o (read “sigma’”) = 110, while the mathematics scores had a mean 
of 475 and a standard deviation of 125. Suppose you scored 536 on the verbal 
portion and your friend scored 600 on the mathematics portion. Which is the bet- 
ter score? It might not be the 600! To be able to compare scores, you must learn 
about the normal curve shown in Figure 11.10. = 


FIGURE 11.10 
Area under a normal curve 





U-30 w-20 L-o uo Ut+o PIG +30 


(Se pod ty 
68% 
95% 
100% 


Note: Nearly 100% of the scores lie within 3 standard deviations of 
the mean. Thus, the normal curve is not sketched outside this 
domain. 






1 heen symmetric (if you fold d the w aph in half 
ter i . i 






FIGURE 11.11 
Verbal SAT scores 
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2. Its highest point occurs over the mean u of the entire population. 
_ 3. It levels out and approaches the x axis but never touches it. 


4. The total area under any normal curve is 1 and the proportion of data 
values between 1, 2, and 3 standard deviations to either side of the mean 
is as shown in Figure 11.10. 


(Some books give these values as 34.1%, 13.6%, and 2.15%; we use the approx- 
imate values 34%, 13.5%, and 2.5% for convenience.) 

Now, for the rest of the story. If we assume that scores on the verbal and 
mathematics portions of the S.A.T. are normally distributed and have the means 
and standard deviations mentioned, we can label the curves in Figures 11.11 and 
11.12 with their respective means, ~ = 425 and 475. Remember that x is the 
mean of a sample population and s is its standard deviation, but z is the mean of 
the entire population and @ is its standard deviation. In Figure 11.11, 1 standard 
deviation to the right of the mean will be w + o, or 425 + 110 = 535, while in 
Figure 11.12, 1 standard deviation to the right of the 475 mean will be 600 
(475 + 125). Now, a score of 536 on the verbal will be slightly to the right of 1 
standard deviation (535), while a score of 600 on the mathematics will be 
exactly | standard deviation from the mean. Believe it or not, a 536 verbal score 
is comparatively better than a 600 mathematics score! 


FIGURE 11.12 Note: We are using 
Math SAT scores and a, the mean 
and standard 
deviation of the 
entire population, 
instead of x and s, 
the mean and 
standard deviation 
of a sample. 


The normal distribution we have mentioned is an example of a continuous prob- 
ability distribution studied by the French mathematician Abraham De Moivre 
and the German mathematician Carl Gauss (as a matter of fact, normal distribu- 
tions are sometimes called Gaussian distributions in his honor). First, we must 
learn to recognize normal distributions. 


The Normal Distribution 


Look at the curves in Figure 11.13. They are not normal distributions! The curve 
labeled (a) is not symmetric, (b) is not bell shaped, (c) crosses the x axis, and (d) 
has tails turning up away from the x axis. We show some normal curves in 
Example 1. 
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FIGURE 11.13 


EXAMPLE 1 


FIGURE 11.14 





-3 -2 -1l 0 1 2°98 


Problem Solving 





(a) (b) (c) (d) 


Consider the normal curves in Figure 11.14. 
(a) What is the mean for A? 

(b) What is the mean for B? 

(c) What is the standard deviation for A? 
(d) What is the standard deviation for B? 


(e) What percent of the values would you expect to lie between —3 and —1 
in B? 


(f) What percent of the values would you expect to lie between 0 and 1 in A? 


Solution 
(a) The mean for A is 0 (under the highest point). 
(b) The mean for B is also 0. 


(c) The interval from 0 to 1 must have 3 standard deviations, so each of them 
must be § unit. 


(d) The standard deviation for B is | (there are 3 to the right of 0). 


(e) Since there are 2 standard deviations between —3 and —1, 2.5% + 13.5% = 
16% of the values would be in that region. (Refer to Figure 11.10 for the 
values.) 


(f{) Half of the values should be between 0 and 1. i] 


The Normal Distribution 
Refer to the S.A.T. data given in Getting Started and Figure 11.10. 


(a) What percent of the scores would you expect to be under 425 on the verbal 
portion of the S.A.T.? 


(b) What percent of the scores would you expect to be between 350 and 475 on 
the mathematics portion of the S.A.T.? 


(c) If 1000 students took the S.A.T., how many students should score more than 
600 on the mathematics portion? 


continued 
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We are asked several questions about S.A.T. scores. There are two things that are 
essential: the information in Figure 11.10 (Memorize it!) and the corresponding 
information given in Figures 11.11 and 11.12. 










If we examine Figure 11.10, we see the following: 





50% of the values are to the left of pw. 


34% of the values are between w — o and p. 






13.5% + 2.5% = 16% of the values are to the right of uw + o. 







Thus, we have the following: 





(a) In Figure 11.11 pp = 425, so we expect 50% of the scores to be to the left of 
pw and to be less than 425 on the verbal portion. 


(b) In Figure 11.12 « = 475 and uw — o = 350. Thus, 34% of the scores are 
between uw — o = 350 and pw = 475. 







(c) In Figure 11.12 16% of the values are to the right of w + o. Since 16% of 
1000 = 160, 160 students should score higher than 600 on the mathematical 
portion. 






Cover the solution, write your own, and then check your work. 





EXAMPLE 2 The heights of 1000 girls are measured and found to be normally distributed, 
with a mean of 64 in. and a standard deviation of 2 in. 


(a) About how many of the girls are over 68 in. tall? 
(b) About how many are between 60 and 64 in. tall? 
(c) About how many are between 62 and 66 in. tall? 
Solution We refer to Figure 11.10 for the required percentages. 


(a) Because 68 in. is 2 standard deviations above the mean, about 2.5%, or 25, 
of the girls are over 68 in. tall. 


(b) We see that 64 in. is the mean, and 60 in. is exactly 2 standard deviations 
below the mean; hence, we add 13.5% and 34% to find that 47.5%, or 475, 
girls are between 60 and 64 in. tall. 


(c) Because 62 in. is 1 standard deviation below the mean, and 66 in. is | stan- 
dard deviation above the mean, we add 34% and 34% to find that about 68%, 
or 680, girls are between these two heights. a 


EXAMPLE 3 A standardized reading comprehension test is given to 10,000 high school stu- 
dents. The scores are found to be normally distributed, with a mean of 500 and 
a standard deviation of 60. If a score below 440 is considered to indicate a seri- 
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DEFINITION 11.7 


EXAMPLE 4 


ous reading deficiency, about how many of the students are rated as seriously 
deficient in reading comprehension? 


Solution Since 440 is exactly | standard deviation below the mean, scores 
below 440 are more than | standard deviation below the mean. By referring to 
the percentages in Figure 11.10 we see that we must add 13.5% and 2.5% to get 
the total percentage of students who scored more than | standard deviation 
below the mean. Thus, 16% of the 10,000 students, or 1600 students, are rated 
as seriously deficient in reading comprehension. i 


In Getting Started, we were able to compare two scores on two different tests 
by referring to the normal curve. Now, suppose Rudie earned a score of 80 on 
her U.S. history test and a score of 80 on her geometry test. Which of these is the 
better score? Without additional information, we cannot answer this question. 
However, if we are told that the mean score in the U.S. history test was 60, with 
a standard deviation of 25.5, and the mean score in the geometry test was 70, 
with a standard deviation of 14.5, then we can use a technique similar to the one 
used in Getting Started to compare Rudie’s two scores. 


z-Scores 


In order to make a valid comparison, we have to restate the scores on a common 
scale. A score on this scale is known as a standardized score or a z-score. 









If x is a given score and we and g are the m in and standard 
the entire set of scores, then the corresponding z-score is __ 


z= Li 


Since the numerator of z is the difference between x and the mean, the z-score 
gives the number of standard deviations that x is from the mean. 


Compare Rudie’s scores in U.S. history and geometry, given all the preceding 
information. 


Solution Rudie’s z-scores are 


: 80 — 60 
USS. history Z= a5 = 0.78 
S070 
Geometry ctl waaay ace 0.69 
Thus, Rudie did better in U.S. history than in geometry. a 


Distribution of z-Scores 


For a normal distribution of scores, if we subtract ju from each score, the result- 
ing numbers will have a mean of 0. If we then divide each number by the stan- 
dard deviation a, the resulting numbers will have a standard deviation of 1. Thus, 
the z-scores are distributed as shown in Figure 11.15. For instance, 34% of the 
z-scores lie between 0 and 1, 13.5% between | and 2, and 2.5% are greater than 


FIGURE 11.15 
Distribution of z-scores 





Z-SCOFes 


EXAMPLE 6 


EXAMPLE 7 
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2. For such a distribution of scores, the probabilities of randomly selecting 
z-scores between 0 and a given point to the right of 0 have been calculated and 
appear in tables such as Table II in the back of the book. To read the probability 
that a score falls between 0 and 0.25 standard deviation above the mean, we go 
down the column under z to 0.2 and then across to the column under 5; the num- 
ber there is 0.099, the desired probability. This probability is actually the area 
under the curve between 0 and 0.25. 


EXAMPLE 5 


For the normally distributed population shown in Figure 11.16 the mean is 
. = 100 and the standard deviation is 15. Find the probability that a randomly 
selected item of the data falls between 100 and 120. 


FIGURE 11.16 





Z-SCOTES 13 


Solution We first find the z-score for 120. 


Lie e120 100 04 
een ka ss" 3 1333 


We then refer to Table II and read down the column under z to the number 1.3 
and then across the column under 3 to the desired probability, 0.408. By 


Refer to Table II. In the column under 5 and across from 2.0, the entry 0.480 
appears. What does this mean? 


Solution This means that if an item is selected at random from a normally dis- 
tributed set of data, the probability that this item is within 2.05 standard devia- 
tions from the mean is 0.480. & 


Referring to Example 5, find the probability that a randomly selected item is less 
than 110. 


Solution The probability that a randomly selected item of the data is less than 
100 is 50% because 50% of the scores are to the left of the mean (see Figure 
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FIGURE 11.17 
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www: 


To further explore the normal 
curve, normal distributions, 
and z-scores, access links 
11.4.1-11.4.4 at the Bello 
Web site. 


Exercise 11.4 


1. Farmer Brown has planted a field of experimental 
corn. By judicious sampling, it is estimated that 
there are about 20,000 plants and that a graph of 
their heights looks like that shown in the figure on 


page 747. 


a. What is the mean height of farmer Brown’s 


corn? 


b. What is the standard deviation from the mean? 
c. What percent of the cornstalks is between 90 


and 110 in. tall? 


d. About how many stalks are between 80 and 


90 in. tall? 





11.17). To find the probability that a randomly selected item is less than 110, we 
can find the probability that the item is between 100 and 110 and add this prob- 
ability to 50% = 0.50. The z-score for 110 is 





15 


The value by 0.6 and under 7 in Table II is 0.249. Thus, the probability that a ran- 
domly selected item of the data is less than 110 is 


0.50 + 0.249 = 0.749 


(See Figure 11.17.) 
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2. Suppose you were informed that the annual income 
of lawyers is normally distributed, with a mean of 
$40,000 and a standard deviation of $10,000. 

a. What would you estimate for the percent of 
lawyers with incomes over $50,000? 

b. What percent of lawyers would you estimate 
have an annual income of less than $20,000? 

c. If a lawyer were selected at random, what 
would be the probability that his or her annual 
income were more than $60,000? 

d. If the information given here were correct, 
would you think it very likely that 50% of all 
lawyers have annual incomes of over $50,000? 
Why or why not? 


agh | (Remember to bookmark the Bello book-specific Web site.) 
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Exercise 1: Farmer Brown’s corn 


Number of stalks 


" °79 


3. Part of a test given to young children consists of 


putting together a simple jigsaw puzzle. Suppose 

that such a puzzle is given to 1000 children, 

each child is timed, and a graph of the times is 

made. Suppose the graph is a normal curve with 

a mean time of 120 sec and a standard deviation of 

15 sec. 

a. About how many of the children finished the 
puzzle in less than 90 sec? 

b. How many took more than 150 sec? 

c. If you rated as “average” all the children within 
1 standard deviation from the mean, how many 
children would fall into this classification? 


. For a certain standardized placement test, it was 
found that the scores were normally distributed, 
with a mean of 200 and a standard deviation of 30. 
Suppose this test is given to 1000 students. 

a. How many are expected to make scores between 

170 and 230? 

b. How many are expected to score above 260? 
c. What is the expected range of all the scores? 


. A psychology teacher gave an objective-type test 
to a class of 500 students and, after seeing the 
results, decided that the scores were normally dis- 
tributed. The mean score was 50, and the standard 
deviation was 10. The teacher assigned a grade of 
A to all scores of 70 or over, B to scores of 60 to 
69, C to scores of 40 to 59, D to scores of 30 to 39, 
and F to scores below 30. About how many of 
each grade did the teacher assign? 


90 
L—30 U-20 U-o 





6. 


10. 
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In a study of 100 common stocks, it was found that 

the annual dividend rates were normally distrib- 

uted, with a mean of 4.0% and a standard devia- 

tion of 0.5%. 

a. About how many of these stocks do you think 
paid dividends of over 5%? 

b. About how many paid between 3% and 5%? 

c. If you picked one of these stocks at random, 
what do you think would be the probability that 
it paid at least 4.5%? 


. The lifetimes of a random sample of 200 automo- 


bile tires were found to be normally distributed, 
with a mean of 26,000 mi and a standard deviation 
of 2500 mi. About how many of these tires gave 
out before 21,000 mi? 


. Suppose that 100 measurements of the specific 


gravity of copper gave a mean of 8.8 with a stan- 
dard deviation of 0.2. Between what limits did 
about 95% of the measurements fall? 


. Suppose that 10 measurements of the length of a 


wooden beam have a mean of 20 ft and a standard 
deviation of 0.5 in. Between what limits do almost 
all the measurements fall? 


An experiment consists of tossing 100 dimes 
repeatedly and noting the number of heads each 
time. The graph of the number of heads turns out 
to be very nearly a normal curve, with a mean of 
50 and a standard deviation of 5. 
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a. Within what limits would you expect the num- 
ber of heads to be 95% of the time? 

b. What percent of the time would you expect the 
number of heads to be between 45 and 55? 

c. Suppose that a particular dime arouses your 
suspicion by turning up heads too often. You 
toss this dime 100 times. How many times will 
it have to turn up heads in order for you to be 
almost 100% certain that it is not a fair coin? 
(Hint: Most of the data in a normal distribution 
fall within 3 standard deviations of the mean.) 


The purchasing director of Druid Enterprises is 
considering the purchase of 8000 ball bearings. 
The purchase is dependent on receiving at least a 
dozen ball bearings that will last 40 days. If the 
manufacturer claims that the lifetime of each ball 
bearing is 30 days, with a standard deviation of 5 
days, what will be the decision of the purchasing 
director and why? 


The Department of Transportation (DOT) counted 

the number of vehicles using a certain road for a 

period of 50 days. The mean number of vehicles 

using the road was 350 and the standard deviation 

was 10. 

a. How many days was the road used by more 
than 360 vehicles? 

b. How many days was the number of vehicles 
using the road between 340 and 380? 

c. What is the lowest number of vehicles you 
would expect on this road on any given day? 

d. What is the highest number of vehicles you 
would expect on this road on any given day? 


In a recent year, the scores on the mathematics por- 
tion of the Scholastic Aptitude Test (S.A.T.) had a 
455 mean and a 112 standard deviation. This same 
year, the mathematics portion of the American 
College Test (A.C.T.) had a mean of 17.3 and a 
standard deviation of 7.9. A student scored 570 on 
the S.A.T. while another student scored 25 on the 
A.C.T. Which student has the higher score relative 
to the test? 


Suppose you are the manager of a cereal packing 
company. Every box must contain at least 16 oz of 
cereal. Your packing machine has a normal distri- 
bution for the weights of the cereal with a standard 
deviation of 0.05 oz and a mean equal to the set- 
ting on the machine. What will you make this set- 
ting to ensure that all of the packages contain at 
least 16 oz of cereal? 


15. 


16. 


i]. 


18. 


In a certain normal distribution of scores, the 
mean is 5 and the standard deviation is 1.25. Find 
the z-score corresponding to a score of 

a. 6. b. 7. Esato: 


In a certain normal distribution of scores, the 
mean is 10 and the standard deviation is 2. Find 
the z-score corresponding to a score of 

aenhle b. 13. ce. 14.2: 


Gretchen scored 85 on a test in German and also on 
atestin English. If the mean in the German test was 
75, with a standard deviation of 20, and the mean in 
the English test was 80, with a standard deviation 
of 15, which of Gretchen’s 85’s was the better score? 


Juan scored 88 on a Spanish test and 90 on an alge- 
bra test. If the mean on the Spanish test was 78, 
with a standard deviation of 7.5, and the mean on 
the algebra test was 82, with a standard deviation 
of 6.5, which of Juan’s scores was the better score? 


ia In problems 19—23 assume a normally distributed 
set of test scores with a mean of w = 100 and a stan- 
dard deviation of 15. 


19. 


20. 


21. 


22. 


23. 


Find the probability that a person selected at ran- 
dom will have a score between 
a. 100 and 110. b. 100 and 130. 


Find the probability that a person selected at ran- 
dom will have a score between 80 and 120. [Hint: 
In Example 5, we found the probability that the 
score is between 100 and 120 to be 0.408. The 
probability that the score is between 80 and 100 is 
also 0.408. (Recall the symmetry of the normal 
curve.)]| 


Find the probability that a person selected at ran- 
dom will have a score 


a. between 55 and 145. b. less than 60. 


Find the probability that a person selected at ran- 
dom will have a score 


a. between 75 and 100. b. more than 80. 


Find the probability that a person selected at ran- 
dom will have a score between 110 and 130. 
(Hint: In problem 19 you found the probability 
that the score will be between 100 and 110 and the 
probability that the score will be between 100 and 
130. You should be able to see how to combine 
these two results to get the desired probability.) 


24. 


25. 


26. 


21. 


28. 
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In problem 10, it was noted that the distribution of 
heads if 100 dimes are tossed repeatedly is 
approximately a normal distribution, with a mean 
of 50 and a standard deviation of 5. Find the prob- 
ability of getting 60 heads if 100 fair coins are 
tossed. (Hint: To use the normal curve, consider 
60 to be between 59.5 and 60.5 and proceed as in 
problem 23. This will give a very good approxi- 
mation and is much easier to calculate than the 
exact probability, which is C(100, 60) - 2/9.) 


The heights of the male students in a large college 
were found to be normally distributed, with a 
mean of 5 ft 7 in. and a standard deviation of 3 in. 
Suppose these students are to be divided into five 
equal-sized groups according to height. Approxi- 
mately what is the height of the shortest student in 
the tallest group? 





If 10 of the boys who show up for the basketball 
team are over 6 ft 3 in. tall, about how many male 
students are there in the college mentioned in 
problem 25? 


What is your major and how much money do you 
think you will make? The monthly income of 
computer programmers is normally distributed 
with a mean pw of $4200 and standard deviation 
a = $200. Source: College Graduates Average 
Salaries Report 


Find the z-value for a monthly income of $4400. 
Explain what the z-value you obtained means. 


Referring to problem 27, find the z-value for a 
$3800 monthly income and explain what it means. 


The following information will be used in problems 
29-34. In Florida, the daily water usage per person is 
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normally distributed with a mean of 110 gal and stan- 
dard deviation of 10 gal. 


29. 


30. 


31. 


32. 


33. 


34, 


35. 


36. 


Between which two values does 68% of the daily 
water usage per person lie? 


Between which intervals will 95% and 99% of the 
daily water usage lie? 


What is the probability that a person selected at 
random will use less than 110 gal per day? 


What is the probability that a person selected at 
random will use more than 110 gal per day? 


What percent of the people use between 100 and 
110 gal? 


What percent of the people use between 100 and 
120 gal? 


The amount of daily tips waiters receive at a 
famous restaurant is normally distributed with a 
mean of $100 and a standard deviation of $20. A 
statistically inclined waitress has decided that her 
service is poor if her daily tips are less than $70. 
On the basis of her theory, what is the probability 
that she has provided poor service? 


Referring to problem 35, if the standard deviation 
is $10, what is the probability that she has pro- 
vided poor service? 


@™ In Other Words 


37. 


38. 


39. 


40. 


Can you have two normal curves with the same 
mean and different standard deviations? Explain 
and make a sketch. 


Can you have two normal curves with the same 
standard deviation and different means? Explain 
and make a sketch. 


If you have two normal curves, is it true that the 
curve with the larger mean must also have the 
larger standard deviation? Explain your answer. 


Explain in your own words the meaning of a 
z-score. 


Ge Using Your Knowledge 


Standardized or z-scores provide a way of making 
comparisons among different sets of data. To compare 
scores within one set of data, we use a measurement 
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called a percentile. Percentiles are used extensively in 
educational measurements and enable us to convert 
raw scores into meaningful comparative scores. If you 
take an exam and are told that you scored in the 95th 
percentile, it does not mean that you scored 95% on the 
exam, but rather that you scored higher than 95% of 
the persons taking the exam. The formula used to find 
the percentile corresponding to a particular score is as 
follows: 


Percentile 


__ number of scores less than x 
of score x 


total number of scores _ 





Thus, if 80 students take a test ang 50 students score less 
than you do, you will be in the 33 ‘100 = 62.5 percentile. 
Use this knowledge to solve the following problems: 


41. A student took a test in a class of 50 students, and 
40 of the students scored less than she did. What 
was her percentile? 


42. A student took a test in a class of 80, and only 9 
students scored better than he did. What was his 
percentile? 


43. The scores in a class were as follows: 
83, 85, 90, 90, 92, 93, 97, 97, 98, 100 


a. What percentile corresponds to a score of 90? 
b. What percentile corresponds to a score of 97? 
c. What percentile corresponds to a score of 100? 
d. What percentile corresponds to a score of 83? 


44. The scores on a placement test were scaled so that 
some of the scores and the corresponding per- 
centiles were as follows: 


Score Percentile 
119 98th 
150 85th 
130 72nd 
90 50th 
60 26th 
30 10th 
20 Ist 


What percent of the scores fell between 30 and 90? 
(Hint: Look at the definition of the percentile. The per- 
centile gives the percent of what?) 


€) Discovery 


We have discovered that we can make fairly accurate 
predictions about the dispersion of the measurements 
in a normal distribution. For instance, 68% of the 





measurements fall between w — o and pw + a, 95% 
between « — 20 and pw + 2a, and nearly 100% 
between pw — 30 and «x + 30. But what can we say in 
the case the distribution is not normal? 

The great Russian mathematician Pafnuti Lvovich 
Chebyshev (1821-1894) discovered the following 
remarkable result: 





For example, if h = 2, then 1 — 1/h? = 3, so that at 
least 2N, or 75%, of the measurements fall between 
ju — 2o-and we + 20. This is not as large a percentage as 
for a normal distribution, but the amazing thing is that 
this result holds for any kind of distribution at all—as 
long as there is only a finite number of measurements! 

Suppose we have 20 numbers with a mean of 8 and 
a standard deviation of 2. How many of the numbers 
can we guarantee to fall between 2 and 14? Because 2 
and 14 are each 3 standard deviations from the mean, 
we take h = 3 in Chebyshev’s theorem and obtain 


(1 — 4) (20) = 12 = 17.8 


Thus, the theorem guarantees that at least 17 of the 20 
numbers fall between 2 and 14. 
In the same way, by taking h = 1.5, we find that 


(1 753) (20).= (3)-(20) =a 


Hence, we can guarantee that at least 11 of the 20 num- 
bers fall within 1.5 standard deviations from the mean, 
that is, between 5 and 11. 

Notice that Chebyshev’s theorem makes no claim at 
all for the case in which h < 1. 


45. If 100 measurements have.a mean of 50 and a 
standard deviation of 5, how many of the meas- 
urements must be between 


a. 40 and 60? b. 35and65? ~—s ec. 43 and 57? 


46. What is the smallest value of h that is large enough 
to guarantee that of a set of measurements at least 
the following percentages will be within h stan- 
dard deviations from the mean? 

a. 96% b. 91% c. 64% 


47. Find the mean and the standard deviation of the 
following numbers: 1, 1, 1, 2, 6, 10, fee EW slotee 
How many of these numbers lie within 1 standard 
deviation from the mean? How many lie within 
2 standard deviations from the mean? How do 
these results compare with those predicted by 
Chebyshev’s theorem? 


48. Do you think it is possible for all the items in a 
population to be Jess than 1 standard deviation 
from the mean? Justify your answer. Hint: The 
formula for the standard deviation shows that 


IG ky ty — xy es + — x)? 


49. Can Chebyshev’s theorem be used to find the per- 
centage of the measurements that must fall 
between 2 and 3 standard deviations from the 
mean? What can you say about this percentage? 


You can find the probability that a randomly selected 
item will fall between the mean and a given z-score by 
using the key on your calculator. Thus, to find the 
probability that a randomly selected item falls between 


Measure of intelligence 








Training 
Style 





Career 
Potential 


Total 
Population 
Distribution 
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the mean and a score of 120, as in Example 5, place the 
calculator in the statistics mode and press 


[129] [=] [100] [=] [=] [15] [E] and] [RO] 


The result is given as 0.40878. Note that there is a 
slight difference (due to rounding) between this 
answer and the one in the text. 


1-6. Use a calculator to rework problems 19-24 in 
Exercise 11.4. 


ea 


s Collaborative Learning 


The figure below shows intelligence quotient (IQ) 
scores under the normal curve. A raging controversy, 
fueled by a book titled The Bell Curve, claiming that 
intelligence is largely inherited, has sparked new inter- 
est in IQ tests. Form several groups. 


1. One group’s assignment is to get a copy of The Bell 
Curve and find out what the book’s actual claims are. 


2. A second group can find a copy of the Winter ’98 
issue of Scientific American (where the figure 
below was found) and find out what the g (global, 
general) factor is and how it measures intelligence. 
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Now, for the math questions. 


6. What is the z-score for a person with a score of 80? 


3. If IQ scores are normally distributed as shown in 7. If scores are normally distributed, for what percent 
the diagram, what are the mean, median, and mode of the people should IQ‘scores fall between 90 and 


for the scores? 


110? What percent of the total population distribu- 
tion is shown in that range? Are the percents differ- 


Discussion Do you think that IQ scores are normally ent? Why do you think that is? 
distributed? For example, the percentages given for 
the total population distribution apply to “young white 8. If scores are normally distributed, for what percent 


adults in the United States.” 


4. What is the standard deviation suggested in the 


figure? 


of the people should IQ scores fall between 125 and 
130? What percent of the total population distribu- 
tion is shown in that range? Are the percents differ- 
ent? Why do you think that is? 


5. What is the z-score for a person with a score of 120? 





GETTING STARTED 


ree 


Gassing Up and Pie Charts 


Americans are often fascinated with numbers. Many of the facts of American life 
are expressed in books such as The First Really Important Survey of American 

Habits, The Top 10 Almanac, The Day America Told the Truth, The Great Divide, 

and On an Average Day. These books are devoted to surveys of American habits 

using numbers, tables, and graphs. For example, do you gas up your car when it 
is ; full, } empty, ; empty, or almost empty? As you would expect, different age 
groups of different sexes behave differently. Thus, 2%, 42%, 38%, and 18% of 
males in the 21-34 age group fill their tanks when they are 3 full, ; empty, 3 
empty, or almost empty, respectively. For females, the corresponding percent- 

ages are 1%, 2%, 6%, and 91%. Why do you think this difference exists? 
Whatever the reason, you can compare the data better if the information are con- 

tained in a table with a caption and column headings like Table 11.20. Table. 
11.20 enables you instantly to compare differences based on sex. 


TABLE 11.20 Percent of People That Gas Up Car When It Is 





You can also show the division of a total quantity (100%) into its component 
parts by using a circle graph or pie chart. If you are interested only in a rough 
sketch, use the four-step procedure shown in Figure 11.18. Now, here is a word 
of caution. Mathematicians and statisticians use the starting point shown in step 
4 and move counterclockwise (see Figure 11.19a). Computer-generated pie 
charts start at the 12 o’clock point and move clockwise (see Figure 11.19b). Both 
are correct, and both methods are used in this book. 


FIGURE 11.18 
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Step 1. Make a circle. Step 2. Divide it into Step 3. Subdivide each of the 2 Step 4. Each of the subdivisions 
2 equal parts. parts into 5 equal parts. represents 75, or 10%. 


gee 


FIGURE 11.20 
The high cost of eating 








FIGURE 11.19 
(a) Percent of males gassing car (b) Percent of females 
when it is gassing car when it is 
; 2% 
1% G empty) 6% 
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A graph of a set of data can often provide information at a glance that might 
be difficult and less impressive when gleaned from a table of numbers. No table 
of numbers would make the visual impact created by the graph in Figure 11.20, 
for example. 

It is almost always possible to alter the appearance of a graph to make things 
seem better (or worse) than they are. For instance, Figure 11.21 is a portion of 
Figure 11.20, but with a compressed vertical scale. Obviously, things look better 
on this graph! Can you see why an economist might feel it politically advanta- 
geous to publish one of these graphs rather than the other? 


FIGURE 11.21 
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EXAMPLE 1 


Line Graphs 


The construction of line graphs is similar to the type of graphing we did in 
Chapter 6. As before, we draw two perpendicular [ines called axes. The hori- 
zontal line is still the x axis, and the vertical line the y axis. Each of these lines 
has equally spaced points with numbers or other identifying information 
assigned to it. For example, the numbers on the x axis may represent the num- 
bers of hours a person has worked while those on the y axis may indicate the 
earnings for that person. We make our first line graph next. 


Construct a line graph for the data in Table 11.21. 


TABLE 11.21 


January 6.4% 
February 8.0% 
March 6.0% 





Solution In Figure 11.22 we start by making a time scale and labeling the points 
Jan., Feb., and Mar. (Time is usually shown on the x axis.) We then label the y 
axis with the percents from | to 9. 


FIGURE 11.22 


Percent 





Jan. Feb. Mar. 


To graph the point corresponding to the unemployment rate for women in 
January, go to Jan. on the horizontal scale and move 6.4 units up. Mark the point 
with a dot. Now, go to Feb. on the horizontal axis and move 8.0 units up. Make 
a dot. Finally, starting at Mar., go 6 units up and mark the point. Now, join the 
first point to the second and the second to the third with two line segments. Note 
that we made a grid of horizontal and vertical lines to make the work easier to 
read. The same result can be obtained by doing the graph on graph paper. We use 
a similar procedure to add the men (shown in blue). a 


EXAMPLE 2 
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Bar Graphs 


Newspapers and magazines often publish bar graphs of the type shown in 
Figure 11.23. These graphs again have the advantage of displaying the data in a 
form that is easy to understand. It would be difficult for most people to obtain 
the same information from a table of numbers. As in the case of line graphs, bar 
graphs can also be made to distort the truth. For example, consider the two 
graphs in Figures 11.24 and 11.25. The graph in Figure 11.24 does not have the 
bars starting at 0, so it gives a somewhat exaggerated picture of the proportion 
of gasoline saved at lower speeds, even though the numerical data are the same 
for both graphs. The graph in Figure 11.25 gives a correct picture of the propor- 
tion of gasoline saved. Why do you think the first bar graph rather than the sec- 
ond would be published? 


FIGURE 11.23 
Bar graph showing metropolitan areas that will gain more than 1 million residents 
by the year 2005 


Metropolitan area population 
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A recent poll listed the features patrons liked in a restaurant as follows: 


Self-service salad bar 57% All-you-can-eat specials 37% 
Varied portion sizes 47% Self-service soup bar 30% 
More varied menu 42% 


Use horizontal bars to make a bar graph of this information. 
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Solution We label the x axis with percents equally spaced and at intervals of 10 as 
in Figure 11.26. However, since the highest percent used in the problem is 57, we 
can shorten the x axis and stop at 60%. We find the points on the graph just as we 
did for the line graphs, but instead of connecting the dots with a line, we draw a bar. 
The labels can be placed alongside the vertical axis or inside the bars as shown. 


FIGURE 11.26 


Features 


0 10 20 30 40 
Percent 


Circle Graphs 





50 60 


Graphs like those in Figures 11.27 and 11.28 are called circle graphs or pie 
charts. Such graphs are a very popular means of displaying data, and they are 
also susceptible to being drawn to make things look better (or worse) than they 


FIGURE 11.27 
Circle graph 
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FIGURE 11.28 
Where it comes from 
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EXAMPLE 3 


FIGURE 11.29 
Monthly family budget 


Other Savings 





11.5. Statistical Graphs: A Problem-Solving Tool 757 


are. For instance, compare the graph in Figure 11.27 with the version of the same 
data that was published by the Internal Revenue Service. Does the visual impres- 
sion of Figure 11.28 make you feel that individual income taxes are not quite so 
large a chunk of federal income as Figure 11.27 indicates? 

Circle graphs are quite easy to draw if you know how to use a simple com- 
pass and a protractor. For the graph in Figure 11.27, which shows where the typ- 
ical dollar of federal money comes from, 23¢ is 23% of a dollar. The entire cir- 
cle corresponds to 360°, so you would use 23% of 360°, or 82.8° ~ 83°, for the 
slice that represents 23¢, and likewise for the other slices. This is the most accu- 
rate and honest way to present data on a circle graph. 


A marketing executive for a food manufacturer wants to show that food is an 
important part of a family budget. She finds that the typical budget is as follows. 
Make a circle graph for this data. 


Monthly Family Budget 
Savings $ 300 
Housing 500 
Clothing 200 
Food 800 
Other 200 
Total $2000 


Solution First determine what percent of the total amount each of the items 
represents. 
3 


Savings sh = + = 15% Food sO = 2 = 40% 
Housing a = 4 = 25% Other aM = 15 = 10% 
Clothing ay = 75 = 10% 


Then, find out how many degrees each slice covers. 
15% of 360° = 0.15 X 360° = 54° 
25% of 360° = 0.25 X 360° = 90° 
10% of 360° = 0.10 X 360° = 36° 
40% of 360° = 0.40 x 360° = 144° 
10% of 360° = 0.10 X 360° = 36° 


Now, measure the required number of degrees with a protractor and label each 
of the slices as shown in Figure 11.29. As a check, make sure the sum of the per- 
centages is 100 and the sum of the degrees for the slices is 360. (a 


To further explore the types of graphs we have studied, access links 11.5.1 and 11.5.2 at 
the Bello Web site. 


(Remember to bookmark the Bello book-specific Web site.) Info) $ Seay 
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v3 In problems 1-6, make a line graph for the given 
data. 


x 


Rice consumed per capita in the United States 


1970 6.7 lbs 1985 9.1 Ibs 
1975 7.6 Ibs 1990 16.6 lbs 
1980 9.5 lbs 


. Daily calories needed to maintain weight for 


females in given age intervals 


11-14 2200 calories 
15-18 2100 calories 
19-22 2050 calories 
23-50 2000 calories 
51-75 1800 calories 
75+ 1500 calories 


- Percent cf married couples with and without 


children 
1960 1970 1980 1990 


With children 44% 40% 31% 27% 
Without children 30% 30% 30% 30% 


. Percent of males squeezing the toothpaste tube 


from top or bottom 


Age Bottom Top 
21-34 OF, 63 
35-44 33 67 
45-54 10 90 
53 10 90 


- Percent of females squeezing the toothpaste tube 


from top or bottom 


Age Bottom Top 
21-34 33 67 
35-44 43 ih 
45-54 30 70 
554 45 55 


- Projected percent of age ranges in the United 


States 
1950 1990 2010 2030 2050 


0-14 27% 22% 18% 19% 19% 
15-64 65% 66% 68% 62% 62% 
65+ 8% 12% 13% 20% 19% 


Gi In problems 7—12, draw a bar graph based on the 
data provided. 


7. According to Merrill Lynch Relocation Manage- 


ment, Inc., hundreds of people accepted a transfer 
from their company. The following are the num- 
bers of employees relocated in various industries: 


Industry Number 
Computers 803 
Petroleum 324 
Transportation Dd 
Public utilities 265 


Retail/wholesale 231 


Use horizontal bars to make a graph of this infor- 
mation. 


. Amanager in the food industry had to predict food 


consumption trends for the year 2000. The fol- 
lowing are the data: 


Increase in Average 


Food Consumption by 2000 
Fish 44% 
Fresh vegetables 35% 
Fresh fruits 23% 
Beef 30% 
Pork 12% 
Poultry 71% 


a. Use horizontal bars to make a graph of this 
information. 

b. If you wish to be in a growing business, which 
industry would you choose to own or manage 
in the year 2000? Which business would you 
avoid? 


- The personnel department of a major corporation 


was asked to make a vertical bar graph indicating 
the percent of salary to be replaced by pension and 
social security income for married persons who 
worked for 40 years. The following is the infor- 
mation supplied by the Bureau of Labor Statistics: 


Salary at Time Percent Received from 


of Retirement Pension and Social Security 
$20,000 93% 
$30,000 74% 


$40,000 64% 


10. 


11. 


12. 


a. Make the graph. 

b. If you retired at $20,000, what amount would 
you expect from your pension and social 
security? 


A recent survey of 5000 households showed that 
more people planned to make major purchases 
this year. The following are the percents: 


Bought Plan to Buy 
Last Year This Year 
Home 3.6% 5.0% 
Car 8.6% 11.3% 
Appliance 21.1% 43.2% 


Use side-by-side vertical bars and make a his- 
togram comparing the percent of consumers plan- 
ning to buy each of the items with the percent who 
bought each item last year. 


In a survey conducted by Chain Store Age, 
respondents indicated where their cameras were 
bought. Some of the responses were 


Source of This 2 Years 
Purchase Year Ago 
Discount stores 18.6% LIT 
Sears 11.4% 6.2% 
Department stores 15.7% 4.1% 
Specialty stores 30.0% 229% 


a. Use side-by-side vertical bars to compare 
the given percents during the specified time 
periods. 

b. On the basis of the graph, where do most peo- 
ple now buy their 35-mm cameras? 

¢. On the basis of the graph, which store category 
lost the most sales in the 2-year interval? 

d. On the basis of the graph, which stores would 
you say had the most consistent camera sales 
over the 2-year period? 


In another survey conducted by Chain Store Age, 
respondents indicated which store provided the 
best value for home electronics. The following are 
some of the results: 


Source for Best Last This 
Values Year Year 
Department stores 15% 20% 
Electronic stores 31% 20% 
Sears 17% 14% 
Discount stores 8% 10% 
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a. Use the same horizontal bars to include each of 
the four categories for the given time periods. 

b. On the basis of the graph, which stores pro- 
vided the best value for home electronics? 


Ke In problems 13-18, make a circle graph for the 
data. 


13: 


14. 


1S. 


16. 


17. 


Have you been to a meeting lately? The following 
are the numbers of hours per week spent in meet- 
ings by chief marketing executives: 


Hours Percent Hours Percent 
Fewer than 5 D 20-24 22, 

5-9 10 23-29 16 
10-14 7 29+ Lif; 
15-19 16 


Clairol, Inc., reports that the percentages of indus- 
try sales for favorite hair colorings are 


Blond 40% Black 8% 
Brunette 38% Other 1% 
Red 13% 


Have you looked in your refrigerator and found 
some UFOs (unidentified food objects)? The mak- 
ers of Saran Wrap found the following informa- 
tion from survey respondents: 


9% don’t have leftovers. 
61% have leftovers that are 6 days old or less. 
23% have leftovers that are 1—4 weeks old. 
5% have leftovers that are more than 4 weeks 
old. 
2% don’t know. 


Where do you think you use the most water in the 
home? According to National Wildlife Magazine, 
the percents of water used in different parts of the 
home are as follows: 


Toilet 40% Laundry 12% 
Shower/bath 20% Kitchen 10% 
Bathroom sink 15% Outside 3% 


What are you recording on your VCR? A survey 
by the A. C. Nielsen company indicated the per- 
cents of taping sources were as follows: 


Pay services 10% 
Basic cable 7% 
PBS 4% 
Major networks 66% 
Independent networks 13% 
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20. 


oe 


22. 


23. 
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How often do you wash your car? The following 
are the results of a survey of 1000 drivers: 

220 wash them weekly. 

180 wash them every 2 weeks. 

230 wash them once a month. 

370 never wash them! 


The National Restaurant Association surveyed 
500 customers at fast-food restaurants serving 
breakfast and compiled the following figures: 


Who Eats Breakfast Out? 
Age Number Age Number 
18-24 80 50-64 90 
25-34 130 65+ 50 
35-49 150 


a. Make a circle graph for this data. 

b. If you were the manager of a fast-food restau- 
rant serving breakfast, which age group would 
you cater to? 


Where does money used for advertising go? For 
every dollar spent in advertising, it goes as follows: 
27¢ to newspapers 
21¢ to television 
16¢ to direct mail 

7¢ to radio 

6¢ to magazines 

3¢ to business publications 
20¢ to other sources 


Make a circle graph for this data. 


A company specializing in leisure products sur- 
veyed 500 people and found their favorite activi- 
ties were as follows: 
75 read. 
250 watched TV. 
50 watched movies. 


60 had family fun. 
65 had other activities. 


Make a circle graph for this data. 


According to Pizza Today, sales of pizza by the 
“big 5” were as follows: 


Godfather’s $250 million 
Pizza Hut $3 billion 
Domino’s $2 billion 
Little Caesar’s $1 billion 
Pantera’s $350 million 


Make a circle graph for this data. (Hint: 1 
billion = 1000 million.) 


The U.S. Department of Labor updated its theo- 
retical budget for a retired couple. The high 


24. 


budget for such a couple is apportioned approxi- 
mately as follows: 


Food 22% 
Housing 35% 
Transportation 11% 
Clothing 6% 
Personal care 3% 
Medical care 6% 
Other family costs 7% 
Miscellaneous 71% 
Income taxes 3% 


Make a circle graph to show this budget. 


The pie chart shown here appeared side-by-side 
with the one in Figure 11.28. Make a circle graph 
to represent the same data. Compare the impres- 
sion made by your circle graph with that made by 
the pie chart. 


Where it goes 
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25. According to an advertisement for a color televi- 
sion, the top six brands of television sets were 
voted as best by the following percentages of 
about 2700 people: 





26. 


21. 


28. 


a. Make acircle graph to illustrate this information. 

b. Make a bar graph for the same data. 

¢c. Which of these do you think makes the stronger 
impression? Why? 


A survey made by the University of Michigan’s 
Institute for Social Research showed that many of 
the women surveyed enjoy keeping house. The 
survey found that about 67% of the women who 
responded had an unqualified liking for housework, 
while only 4% had an unqualified dislike for house- 
work. Make a bar graph to illustrate these data. 


The Mighty Midget Canning Company wants to 
impress the public with the growth of Mighty 
Midget business, which it claims has doubled over 
the previous year. It publishes the pictorial graph 
shown below. 


Previous 
year 





This year 


a. Can you see something wrong with this? (Hint: 
Your mind compares the volumes pictured here. 
The volume of acylinder is 7r7h. What happens 
if you double the radius 7 and the height h?) 

b. Draw a bar graph that correctly represents the 
situation. 


The U. B. Wary Company wants to give its stock- 
holders a very strong impression of the rapid rate at 
which earnings have grown and prints the histogram 
shown in the following figure in its annual report. 
Redraw this graph to give a more honest impression. 





11.5. Statistical Graphs: A Problem-Solving Tool 


29. 


30. 


31. 


761 


Do you know that playing golf is not a particularly 
good way to lose weight? Here is the calorie con- 
sumption per hour for five popular activities. 
Make a bar graph with horizontal bars, with each 
bar identified at the left side of your graph. 


Calories Consumed 


Activity per Hour 
Bicycling (15 mph) 730 
Running (6 mph) 700 
Swimming (40 yd/min) 550 
Walking (4 mph) 330 
Golf (walking and 

carrying your clubs) 300 


(These figures apply to a person weighing 150 1b; 
you have to add or subtract 10% for each 15-lb 
difference in weight.) 


Women are generally lighter than men, so they 
require fewer calories per day. Here are three occu- 
pations and their energy-per-day requirements. 
Make a vertical bar graph with the bars for male and 
female side by side for comparison. On the average, 
about what percent more calories does the male 
require than the female for these three occupations? 


Calories 

Required 
Occupation per Day 
University student, male 2960 
University student, female 2300 
Laboratory technician, male 2850 
Laboratory technician, female 2100 
Office worker, male 2500 
Office worker, female 1900 


Although the best a cold remedy can do is ease the 
discomfort (without curing the cold), the relief 
seems to be worth plenty to victims. Here is how 
people in the United States spent money on cold 
remedies in a recent year. Make a bar graph with 
the horizontal bars representing the data. Be sure 
to identify the bars. 


Cold Remedy Millions Spent 
Cough drops and sore 
throat remedies $130 
Nasal sprays, drops, and 
vaporizers $160 
Aspirin substitutes $275 
Cold and cough syrups $310 
Aspirin $575 
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32. The more you learn, the more you earn! The fol- 
lowing are the median incomes by educational 
attainment for persons 25 years or older: 


Level of 
Education Women Men 
Less than 8 years $ 9800 $14,600 
8 years $10,800 $16,800 
High school 

(1-3 years) $11,800 $19,100 
High school 

(4 years) $14,600 $23,300 
College 

(1-3 years) $17,000 $25,800 
College 

(4 or more years) $21,900 $33,900 


Make a side-by-side vertical bar graph for these 
data. Find the women’s income as a percentage of 
the men’s in each category. 


33. The chart below shows the annual sales for the 
ABC Bookstore for the years 1981-1990. 
a. Approximately what were the sales in 1984? 
b. When did the sales start to level off? 


Annual Sales of ABC Bookstore 


—_ 
(= 


Nn 


Annual sales ($ millions) 
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34. The circle graph shows Harry’s time allotment for 
Mondays, Wednesdays, and Fridays. What per- 
cent of the time is Harry allowing for classes and 
study? 


Classes 3 hr 


i 
Sleep ne av DRE 
: 7; ee 






Athletics “ 
2 ht Meals 2 hr 


Play 2 hr 


@®™ In Other Words 


You are the manager of a store whose sales (in mil- 
lions) for January, February, and March were $20, $21, 
and $23 million, respectively. 


35. Explain how to make a line graph that would 
a. make sales look better. 
b. make sales look flat. 


36. Explain how to make a bar graph that would 
a. make sales look better. 
b. give the impression that sales are not increas- 


ing. 


37. Explain in your own words the difference between 
a bar graph and a histogram. 


38. When is a pie chart especially useful? 





Discovery 


Misleading graphs can be used in statistics to accom- 
plish whatever deception you have in mind. The two 
graphs shown on the following page, for example, give 
exactly the same information. However, the graph at 
the top seems to indicate a steep increase in govern- 
ment payrolls, while the graph at the bottom shows the 
stability of the same payrolls! 


39. Can you discover what is wrong? 
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Government payrolls up 
PA Skill Checker 
- In the next section we will be finding the equations of 
eo 000, 000 oo certain lines called “best-fit” or “least-squares” lines. 


Write an equation in the slope-intercept form 
y = mx + b, where m is the slope and b the intercept. 
Answer the questions referring to the lines in the fig- 
ure below. 


(4, 6) 
(0, 3) 
(0, 2) 
(2, 0) 


1. What is the slope of the first line in the figure? 





2. What is the y intercept of this line? 


30 
3. Write the equation of this line in slope-intercept 
form. 
g 4. What is the slope of the second line in the figure? 
s 5. What is the y intercept of this line? 
Gey 
2 6. Write the equation of this line in slope-intercept 
& form. 
7 ee 
ae Collaborative Learning 
& This exercise requires access to the Web. Go to 
yy 


link 11.5.3. Answer and discuss the questions 
provided with each of the 5 graphs at the site. 





Making Predictions 





GETTING STARTED Olympic Predictions 


yt. Table 11.22 gives the winning times (in seconds) for the women’s 200-m dash in 
_=s——__ the Olympic Games from 1948 to 1984. The points in Figure 11.30 (a “scatter- 
gram’) are the graphs of the corresponding number pairs (1948, 24.4), (1952, 


“Info | J} http://college.hmco.com/mathematics 
P| [Sean | 


(Remember to bookmark the Bello book-specific Web site.) 
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TABLE 11.22 


participation) 
21.81 





23.7), and so on. As we can see, the points do not lie on a straight line. However, 
we can draw a straight line that goes “between” the points and seems to fit the 
data fairly well. Such a line has been drawn in Figure 11.30. Statisticians some- 
times use lines like this to make predictions. For example, the winning time for 
this event in the 1988 Olympics as indicated by the line in the graph is about 
21.4 sec. The actual winning time (made by Florence Griffith Joyner of the 
United States) was 21.34 sec. (The time predicted by the graph is less than is of 
1% in error!) In this section you will see how to make predictions by drawing 
lines to fit given data. 





Jackie Joyner Kersey (on the right) won the Gold Medal in the 
heptathlon in the 1988 Summer Olympics. 


FIGURE 11.30 
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How do we draw a line to fit data such as those in Table 11.22? One way is just 
to use our best visual judgment, but a better way is to calculate a least-squares 
line. If we have n points, Say (X,Y), (%, Vp) eaters OO y,,)» in the xy plane, a line 
y = mx + bis called the least-squares line for these points if the sum of the 
squares of the differences between the actual y values of the points and the cor- 
responding y values on the line is as small as possible. The line in Figure 11.30 
is the least-squares line for the data in Table 11.22. 


TABLE 11.23 


EXAMPLE 1 
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Table 11.23 gives the winning times in seconds for the men’s 100-m freestyle 
swim in the Olympic Games from 1960 to 1984. Make a graph of these data, and 


then draw a line “between” the points and predict the winning time for this event 
in the 1988 Olympics. 


Solution The required graph is shown in Figure 11.31. The line in Figure 11.31 
is the least-squares line for the given data. From this line, we can read the pre- 
dicted time for the 1988 Olympics as about 48.3 sec. The actual winning time 
was 48.63 sec, so the predicted time is off by less than 0.7%. Do the same for the 
1996 Olympics and see how close you came! 


FIGURE 11.31 
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_ To enter the data in Example 1 as a set of ordered pairs (x, y) = (year, time), it is 


easier to let 1960 = 0, 1964 = 4, and so on. Clear any lists in your grapher ([2nd] 


[4] [ENTER]]), go to the home screen ({2nd] [MODE]), press [1], and enter 


0, 4, 8,..., 24 under L, and 55.2, 53.4, .. . , 49.80 under L,. To find the relationship 


_ between the two, press [>] [ENTER ].* This means y = —0.22x + 54.36. 


Thus, in 1960 (x = 0), the equation predicts a time of 54.36 sec. For 1988 (x = 28), time 


_ would be y = —0.22(28) + 54.36, or 48.2 sec, very close to the value in the graph! 


LinReg : 
y=ax+b 


a=-,2179U64286 


b=5U.35964286 





continued 
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EXAMPLE 2 


FIGURE 11.32 





Suppose we have the data for sales and advertising shown in Figure 11.32. By 
looking at the scattergram, it is clear that sales increase as advertising is 
increased. Can we find a best-fitting line? This time we draw the two lines 
shown. What are their equations and how did we get them? 


$22,000 
$20,000 
$18,000 
$16,000 
$14,000 
$12,000 
$10,000 
$8,000 
$6,000 
$4,000 
$2,000 
0 


Sales ($1000s) 





100 = 200 300 400 500 600 #700 
Advertising ($1000s) 


rise : : 
Solution As you recall, m = slope = Tun: For the red line, m is about 


12,000 = 7000 _ 5000 _ 
500 — 300 200 


The intercept b is about 1000. Thus, y = 25x + 1000 (thousands). For the blue 
line 


_ 17,000 — 10,000 _ 7000 _ 


Wea Et (ne nase 


and b = 4500. Hence, y = 20x + 4500 (thousands). 


This means that if we spend $400 in advertising and use the red line as our 
predictor, we can expect y = 25(400) + 1000 = $11,000 (thousands) in sales. 
On the other hand, if we use the blue dotted line for our estimation, expected 
sales are y = 20(400) + 4500 = $12,500 (thousands). al 


Which is the best approximation? The one that is done using the method of 
“least squares.” Look at Figure 11.33, an enlargement of Figure 11.30. In Figure 
11.33 d, and d, represent the difference between the y coordinate of the data 
point and the corresponding y coordinate on the line itself. Since d, is above the 


FIGURE 11.33 
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line, d, is positive. On the other hand, since d, is below the line, d, is negative. 
If we simply add d, and d,, the result may be 0. However, the squares of d, and 
d, cannot be negative. To construct a line that is as close as possible to the one 
shown, our job is to “minimize” the sum of the squares of the d’s for all data 
points, thus the name “least squares” line. To facilitate writing the formulas for 
the calculation of such a line, we shall use the symbol > to indicate a sum. For 
example, if we have a number of x values, then x stands for the sum of these 
values. Similarly, x? stands for the sum of the squares of the x values. Thus, if 
the x values are 1, 2, 3, and 4, then 


Se 1+2+3+4=10 
and 
Xx? =14+4+9+ 16 = 30 


Although the derivation of the least-squares formula is too advanced to be 
given here, the formulas themselves are not difficult to describe. Suppose we 
want the least-squares line for n given points (x,, y,), (%, 2), - ++ » (%,,» y,,)- If the 
equation of this line is 


y=mx+b (1) 
then 
_ nay) = Qaxyy) (2) 
nA w(x)? 
and 
» — Gx@y) = Gx) Cay) 3) 


n(2x2) — (Xx)? 


To use these formulas efficiently, we make a table with the headings x, y, x?, and 
xy, as shown below. The first two columns simply list the x’s and y’s, the third 
column lists the x2’s, and the last column gives the xy products. After filling out 
the table, we add the four columns to get Sx, Sy, }x?, and Xxy, the four sums 
that are required in equations (2) and (3). 
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EXAMPLE 3 


We illustrate the calculation of the least-squares line for the data for the women’s 
200-m dash given at the beginning of this section. 


Solution To simplify the arithmetic, we designate the successive Olympics start- 
ing with 1948 as 1, 2, 3, .. . ; these are the x values. For the y values, we take the 
number of seconds over 20. Then our calculations are as shown in the table. 





We have thus found Xx = 46, Ly = 26.78, Ex? = 304, and Sxy = 118.66, 
and we are ready to use equations (2) and (3). Since there are 9 points, n = 9, 
and we get 

“ (9)(118.66) — (46)(26.78) 50 G4 
(9)(304) — (46)? 





and 


a (304)(26.78) — (46)(118.66) 
a (9)(304) — (46)? 





= 4.327 


(These answers are rounded to three decimal places.) The required line has the 
equation 


y = —0.264x + 4.327 


If we put x = 9 in this equation, we get y = 1.951 ~ 1.95. Thus, the predicted 
winning time for the 1980 Olympics is 20 + 1.95, or about 22 sec. (Of course, you 
must not carry this type of prediction too far, because after about 36 Olympics, 
the winner would reach the finish line before she started the race!) a 


The best way to find m and b in the least-squares line y = mx + bis to organ- 
ize your work into a table as we have done. Also, your answers to the exercises 
may differ from ours depending on how you round during the intermediate steps. 
One last word of warning: Please, do not confuse }x2 and (Xx)*. For Sx? we first 
square each x value and then find the total sum. For (2x)? we first sum the x val- 
ues and then square the total as in the table. Finally, n(&xy) and n(2x2) means 
we multiply n by the appropriate sums. 

Another way in which statisticians make predictions is based on a sampling 
procedure. The idea is quite simple. The statistician takes data from a random 
sample of the population and assumes that the entire population behaves in the 
same way as the sample. The difficulties lie in making certain that the sample is 


EXAMPLE 4 


a EXAMPLE 5 


www: 


To further explore different ways 
to draw a line of “best-fit,” 
access links 11.6.1 and 11.6.2 at 


the Bello Web site. (0.15)(60) = 9 students. & 
Exercise 11.6 
In problems 1-3, each table gives the winning results 3. Women’s running high jump, height in inches 
in an Olympic event from 1960 to 1984. Make a graph 
of the data. Draw the best line that you can “between” 
the points, and predict the results for the 1988 1960 1964 1968 1972 
Olympics. oo TS TA Tous ail S oes 

1. Men’s 400-m hurdles, time in seconds 1976 1980 1984 

so TO OU ea 1250 as e950 


Year 1960 1964 
Time 49.3 49.6 





Year 1976 1980 
Time 47.6 48.7 
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random and represents the population in a satisfactory manner. We shall not dis- 
cuss the different ways in which a sample is selected but only mention that one 
of these ways uses a table of random numbers. (Such tables can be generated by 
a computer.) 


A certain school has 3000 students. A random sample of 50 students is selected 
and the students are asked to name their favorite track and field events. If 10 of 
these students name the 100-m dash, how many students in the school would you 
expect to have the same favorite event? 


Solution You should expect 22 2 or 20%, of the student body to favor the 100-m 
dash. Thus, the required number is 20% of 3000, or (0.20)(3000) = 600. & 


In a certain county, 15% of the eleventh-grade students failed a required literacy 
test. If 60 of the eleventh-grade students in this county were selected at random, 
how many of these would we expect to have failed the test? 


Solution We would expect 15% of the 60 students to have failed the test; that is, 





1968 1972 

48.1 47.8 4. The following table shows the world records for 
the men’s mile run since 1965. The times are the 

1984 rk 

478 numbers of seconds over 3 min. Make a graph of 

the data. Draw the best line that you can 

“between” the points, and predict when the mile 


2. Women’s 100-m freestyle swimming, time in wall ficeberuaiiemintaacee: 


seconds 


Year 1960 1964 
Time | 61.2 59.5 





Year 1976 1980 
Time Uh 54.8 


(Remember to bookmark the Bello book-specific Web site.) 


1968 1972 Year 1965 1966 1967 1975 
60.0 58.6 Time 53.6 Ses Sel 49.4 
1984 
55.9 





Year 1980 1981 1985 
Time 48.8 47.3 46.3 
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5. In the Shell Marathon a Japanese experimental 
vehicle achieved the equivalent of 6409 mi/gal! 
Of course, the mileage you get depends on your 
speed. The table below shows the speed x in miles 
per hour and the distance y a car ran on | gal 
of gas. 





a. Make a graph of these data. 

b. Draw a line between the points and predict how 
many miles per gallon you would get if your 
speed were 70 mph. 


. The table below shows the number x of television 
ads Top Flight Auto ran during a certain week and 
the number (y) of cars it sold during the same 
week. 





a. Make a graph of these data. 

b. If the management decides that it can afford 
only 6 ads per week, can you predict how many 
cars will be sold? 


- Does the number of student absences in a course 
influence the number of failures? The table below 
shows the average number x of absences per stu- 
dent in a certain course and the number y of stu- 
dents failing the course. 





a. Make a graph of these data. 

b. Can you predict how many students would fail 
the course if the average number of absences 
per student were 6? 


. The manager of the concession stand at a baseball 
Stadium is trying to predict the number of hot dogs 
that must be bought for an upcoming game. The 


10. 


11. 


12. 


13. 


14. 


15. 


number x (in thousands) of advance tickets sold 
and the number y (in thousands) of hot dogs sold 
the day of the game forthe last 5 games are shown 
in the following table: 





If hte ticket sales are 26,000 tickets, how 
many hot dogs should the concessionaire buy? 


- Of 50 students selected at random at a school, 12 


said they preferred their hamburgers plain. How 
many of the 3000 students enrolled in the school 
would you expect to prefer their hamburgers 
plain? 


A state welfare department selected 150 people at 
random from its welfare roll of 10,000 people. On 
investigation, it was found that 9 of the 150 had 
gotten on the welfare roll through fraud. About 
how many of the 10,000 people on the roll would 
you expect to be guilty of fraud? 


An automobile tire manufacturer selected a ran- 
dom sample of 150 tires from a batch of 10,000 
tires. It was found that 3 of the 150 tires were 
defective. How many of the 10,000 tires should 
the manufacturer expect to be defective? 


An automobile manufacturer selected a random 
sample of 150 of its cars and found a defective 
steering assembly in 5 of the 150 cars. If the man- 
ufacturer had turned out 5000 cars under the same 
conditions, how many of these should it expect to 
have defective steering assemblies? 


The best shooting percentage for one basketball 
season is 72.7% and belongs to Wilt Chamberlain. 
If he attempted 586 baskets, how many would you 
expect him to make? 


A recent study indicates that 9 out of 50 males and 
19 out of 50 females squeeze their toothpaste 
tubes from the bottom. In a group of 200 males 
and 200 females, how many males and how many 
females would you expect to be squeezing their 
toothpaste tubes from the bottom? 


Can you predict the weather? Groundhogs are 
supposed to be able to! On February 2 of every 
year several famous groundhogs emerge from 


16. 


Le 


18. 


hibernation. If they see their shadows, that means 
six more weeks of winter. The following are the 
records of six famous groundhogs for varying 
numbers of years: 


Punxsutawney Phil 
(15 years) 

Sun Prairie (7 years) 

West Orange, N.J. 


10 right, 5 wrong 
3 right, 4 wrong 


(13 years) 7 right, 6 wrong 
Staten Island, N.Y. 

(7 years) 6 right, 1 wrong 
Lilburn, Ga. (7 years) 6 right, 1 wrong 
Chicago (6 years) 1 right, 5 wrong 


If these six groundhogs predict the weather for the 
next 20 years, how many times would you expect 
. Punxsutawney Phil to be right? 

. Sun Prairie to be right? 

- West Orange to be wrong? 

. Staten Island to be wrong? 

. Lilburn to be wrong? 

Chicago to be right? 


moan op 


The dropout rate (defined as “neither enrolled in 
school nor working’’) for 16—19-year-old blacks is 
about 14%. The rate for whites is 9%. A school has 
500 black and 1500 white students. How many 
blacks and how many whites would you expect to 
drop out? Source: U.S. Bureau of Labor Statistics. 


In a recent year 20% of Americans identified 
themselves as liberal, and 32% as conservative. If 
500 Americans are chosen at random, how many 
people who identified themselves as liberals and 
how many as conservatives would you expect? 
Source: CBS News Poll. 


The table below shows the marriage rate y for 
1000 Americans from 1980 to 1995. 


1980 1985 1990 1995 
10.5 10 9.5 9 


Source: U.S. National Center for Health Statistics. 






a. Make a graph for the data. 

b. Predict the marriage rate for the year 2000. 

c. If you select a representative sample of 5000 
Americans in the year 2000, how many would 
you expect to marry? 


19. 


20. 


21. 


22. 


23. 


24. 


roe 


26. 
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The table below shows the percent y of teens 
12-17 who “consumed alcohol in the past month” 
in the given year. 


1975 1980 1985 1990 1995 
50 45 35 30 20 


Source: U.S. Center for Disease Control. 












a. Make a graph for the data. 

b. Predict the percent of teens 12-17 who would 
have “consumed alcohol in the past month” in 
the year 2000. 

c. If you select a representative sample of 1000 
teenagers 12-17 in the year 2000, how many 
would you expect to have “consumed alcohol 
in the past month”? 


How much income y do you need to get a 30-year 
mortgage of x dollars at a 7% rate with a 20% 
downpayment? The table below gives you an idea. 









$50,000 $150,000 $200,000 
$18,200 $54,600 $72,800 


Source: Fannie Mae. 






a. Make a graph for the data. 
b. Predict how much income you need for a 
$75,000 and a $100,000 loan. 


Find the least-squares line for the data in Example 
1. Let x be the number of the Olympics with 1960 
as number 1, 1964 as 2, etc., and let y be the num- 
ber of seconds over 50. 


Find the least-squares line for problem 1, Exercise 
11.6. 


Find the least-squares line for problem 2, Exercise 
1G: 


Find the least-squares line for problem 3, Exercise 
11.6. 


Find the least-squares line for problem 4, Exercise 
11.6. (Hint: Let x be the number of years after 
1965, and let y be the number of seconds over 45.) 


The graph on the next page represents the average 
monthly temperatures for the first 6 months of the 
year. What would you predict to be the increase in 
the average temperature from February to May? 
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Degrees 





1 , 3 t 5 6 
Jan. Feb. Mar. Apr. May June 


27. The publisher of a science fiction magazine wants 
to determine which features of the magazine are 
the most popular with its readers and decides to 
make a survey. Which of the following procedures 
would be the most appropriate for obtaining a sta- 
tistically unbiased sample? 

a. Survey the first 100 subscribers from an alpha- 
betical listing of all the subscribers. 

b. Survey a random sample of people from the 
telephone directory. 

c. Have the readers voluntarily mail in their pref- 
erences. 

d. Survey a random sample of readers from a list 
of all subscribers. 


28. A tax committee in a small city wants to estimate 
the average county tax paid by the citizens of its 
city and decides to make a survey. Which of the 
following procedures would be the most appropri- 
ate for obtaining a statistically unbiased sample? 
a. Survey all the residents of one section of the 
city. 

b. Survey a random sample of people at the 
largest shopping mall in the city. 

c. Survey arandom sample of all the people in the 
city. 

d. Survey all the people who work for the largest 
employer in the city. 


&®™ in Other Words 


29. To make predictions, statisticians take data from 
random samples. Discuss why the following pro- 
cedures might not yield a random sample of the 
population of California: 


www: 
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a. Every third woman shopper on Rodeo Drive is 
selected. 

b. Every third man in Berkeley is selected. 

c. Every third person leaving a baseball game in 
Oakland is selected. 


30. If you use a sampling procedure to make a predic- 
tion, what do you assume about the sample? How 
can you make sure that you have a satisfactory 
sample? 


Ge Using Your Knowledge 


The least-squares line in Example 3 is y = —0.264x + 
4.327. Can we find another approximation for this line 
without all the calculations? Refer to Figure 11.33 on 
page 762. Let us concentrate on the first and last points 
on the line (1, 24.4) and (11, 21.4). 


31. What is the y intercept b of the line? 


32. What is the slope m of the line? Hint: Slope = oe 


33. What is the equation of the line? 


34. Use the equation of the line obtained in problem 
33 to predict the winning time in the year 2000. 


35. What is the predicted winning time using y = 
—0.264x + 4.327? 


36. Compare your answers for problems 34 and 35. 
What is the difference between the answers? 


ae Collaborative Learning 


In problems 17 and 18 we emphasized that to obtain an 
unbiased sample we have to make sure that the sample 
is random and represents the population in a satisfac- 
tory manner. Professional “pollsters” give some 
advice! Form several groups of students and go to link 
11.6.3 at the Bello Web site. Questions for each group 
follow. After the group answers the questions, report to 
the rest of the members and discuss the results. 


Group 1 20 Questions Journalists Should Ask About 
Polls 


1. Name three questions that will help you decide if a 
poll is “scientific.” 


(Remember to bookmark the Bello book-specific Web site.) 


5. 


Name three organizations that conduct “scientific” 
polls. 


- What is the main difference between “scientific” 


and “unscientific” polis? 


- What method is used by pollsters to pick inter- 


viewees? 


What kind of mistakes can skew poll results? 


Group 2 Margin of Error 


1. 


2. 


oe 





What does it mean when a report or survey gives a 
sampling with a margin of error of x percentage 
points? 


Suppose 1000 persons are selected at random and 
50% favor a certain proposal with a 3% margin of 
error. Explain what that means. 


What is the 95% confidence level and how does it 
relate to probability? 


= 
Scattergrams and Correlation 
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4. If 2000 people are surveyed and 50% favor a cer- 
tain proposal, what would be the margin of error? 
What if only 100 people were surveyed? 


What do market research professionals say about sam- 
pling and sampling errors? Go to link 11.6.4. 
Based on the graph given, 


1. if the sample size is 1000, what is the margin of 
error? 


2. if the sample size is 100, what is the margin of 
error? 


3. if you want a margin of error of +4, how many per- 
sons should you sample? 


4. if you want a margin of error of +2.5, how many 
persons should you sample? 





GETTING STARTED Correlation of Cancer to Solar Radiation 


Set You have probably heard the expression “What does that have to do with the price 
of tea in China?” In many practical applications of mathematics such as busi- 
ness, medicine, social sciences, and economics, you find pairs of variables that 
have to be considered simultaneously. (Perhaps tea production and tea prices!) 
In general, you are looking for certain patterns or co-relations. For example, in 
Norway, the annual herring catch has dwindled from more than a million tons to 
less than 4000 and the rates of breast and colon cancer have nearly doubled. Is 
there a connection? Is there a relationship between herring catch and cancer? 
Yes, if you consider the fact that herring is rich in vitamin D, a nutrient that you 
can get from sunlight, and there is not too much sunlight in Norway! If this were 
the case, people living in sunny areas, where they receive greater amounts of 
sunlight, and hence more vitamin D, should have less breast and colon cancer. 

Drs. Frank and Cedric Garland have shown that a population’s vitamin D 
intake can be a predictor of breast and colon cancer. How can they make this 
claim? They looked at the number of deaths per 1000 women in places where 
there was not too much sunlight (say New York, Chicago, and Boston) and the 
number of deaths per thousand in sunny places (Las Vegas, Honolulu, and 
Phoenix, for example). The graph of the results, called a scattergram, is shown 
in Figure 11.34 on page 774. As you can see, the sunnier it is, the fewer deaths 
from breast cancer there are. It is said that there is a negative correlation 
between the amount of solar radiation (sunshine) received and the number of 
breast-cancer deaths. On the other hand, there is a positive correlation (not 
shown) between the amount of solar radiation received and the number of skin 
cancers. In this section you will study positive and negative correlations. 
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FIGURE 11.35 


Weight (1b) 


160 


140 


120 


100 





OOME. GS rL0 SAad5: 
Height (in.) 


FIGURE 11.34 
Deaths from breast cancer 


34 + 
32 4 
30 
8 + 
26 + 


24 


Rate per 100,000 women (white only) 


22 





250 300 350 400 450 500 550 


Amount of solar radiation received (daily calories per square centimeter) 


Source: Frank Garland a 


Twenty students tried out for the basketball team at West Side High. The coach 
listed their heights and weights as in Table 11.24. We have graphed the ordered 
pairs (height, weight) as shown in Figure 11.35. This type of graph, the scattered 
set of points, is called a scattergram. The scattergram indicates how the height 
and weight are related. As we might expect, in any group of boys (or girls) the 
greater height usually corresponds to the greater weight. 

The line drawn “between” the points in Figure 11.35 is the least-squares line 
for the data in Table 11.24. Notice that most of the points lie close to the line. 
Because this line slopes upward, we say that the scattergram shows a positive 
correlation between the heights and the weights of the 20 students. 


TABLE 11.24 
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Three kinds of correlation are possible. The scattergrams in Figure 11.36 
illustrate typical cases. A good illustration of a negative correlation appears in 
Example | of Section 11.6. 


FIGURE 11.36 











Positive correlation Negative correlation No correlation 


(Line slopes upward) (Line slopes downward) (No particular pattern) 
EXAMPLE 1 


Ten students were selected at random and a comparison was made of their high 
school grade point averages (GPA) and their grade point averages at the end of 
their first year in college (see Table 11.25). Make a scattergram and decide what 
kind of correlation is present. 


Solution Graph the given ordered pairs as shown in Figure 11.37. This scatter- 
gram indicates a positive correlation between the high school and college GPAs. 
Are you surprised? 


TABLE 11.25 FIGURE 11.37 
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www: 
To further explore the correlation FG aa ee 
coefficient, access links 11.7.1, cans 
11.7.2, and 11.7.3 at the Bello 12M Schoo: 
Web site. a 
Exercise 11.7 
In problems 1-8, state which kind of correlation you 1. (Length of person’s leg, person’s height) 
would expect in a scattergram for the indicated ordered J Our iaoricmiperibic. Cost of air condigmming?s 
pairs. 


house) 
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NH wo & 


8. 


In problems 9-16, make a scattergram for the given 


. (Student’s weight, student’s score on mathematics 


test) 


. (Person’s salary, cost of person’s home) 
. (Altitude, atmospheric pressure) 
. (Weight of auto, miles per gallon of fuel) 


. (Student’s score on college aptitude test, student’s 


GPA) 


(Speed of auto, miles per gallon) 


data and state which kind of correlation is present. 





11. The following table gives the weights and the 
highway miles per gallon for 8 automobiles: 


12. The following table gives the scores of 10 students 
on an English exam and their corresponding 















Weight (Ib) 2800 1900 2000 
Miles per gallon 19 34 28 


Weight (Ib) e 3 ent a 
Miles per gallon 

Weight (Ib) oe ane 

Miles per gallon 
















scores ON an economics exam: 


English 
Economics 


English 
Economics 


English 
Economics 


13. 


14. 


15. 





The following are some recent statistics on years 
of schooling successfully completed and average 
annual salaries for men over 25: 


Years of schooling 8 12 
Average salary 


$16,800 $23,300 


Years of schooling 15 16 
Average salary $25,800 $33,900 


The following table gives the gain in reading 
speed for students in a speed-reading program: 


Weeks in program 
Speed gain 
(words per minute) 


Weeks in program 
Speed gain 
(words per minute) 


Weeks in program 
Speed gain 
(words per minute) 





A student was curious about the effect of anti- 
freeze on the freezing point of a water-antifreeze 
mixture. He went to the chemistry lab, where he 
made the measurements in the following table: 


Percent antifreeze 
(by volume) 

Freezing point 
(degrees C) 


Percent antifreeze 
(by volume) 

Freezing point 
(degrees C) 





16. The following table gives the heights of students 


and their scores on an English test: 


Height (in.) 
Test score 


Height (in.) 
Test score 


Height (in.) 
Test score 





17. The power chart below shows the number of 
power outages experienced by the Central Power 
Company during the 12 weeks starting June 1. 

a. During which week was there no outage? 

b. Which week had the most outages? 

c. When did a decline in the number of outages 
seem to start? 

d. Is any kind of correlation shown by the chart? 


Outages 





Weeks 


18. The following chart shows the hours studied by 10 
students and their grades on an examination. 
a. Which kind of correlation (if any) is shown 
here? 
b. Ifa student studied for 12 hr, about what grade 
would you expect her to make? 


100 
90 
80 
70 
60 
50 
40 
30 


Grade 





2 A Ono OPI 4S 16 18 


@™ In Other Words 


19. During the past 10 years there has been a positive 
correlation between the number of cars with air 
bags sold in Florida and the number of traffic 
accidents. 

a. Do air bags cause traffic accidents? 

b. What other factors may cause traffic accidents 
and the number of cars with air bags to increase 
together? 


11.7 Scattergrams and Correlation 777 


20. Describe what happens to the related items of data 
if the corresponding scattergram shows 
a. a positive correlation. 
b. a negative correlation. 


Ge Using Your Knowledge 


(The following discussion requires a comprehension 
of the material in Example 3, Section 11.6.) 

In order to describe how good the correlation is for 
a given set of ordered pairs, Karl Pearson introduced a 
measure called a correlation coefficient. In order to 
calculate this coefficient, we need exactly the quanti- 
ties that we used to find the least-squares line, in addi- 
tion to one more sum, Sy”, the sum of the squares of 
the y’s. In terms of these quantities, the correlation 
coefficient r is given by the formula 


= n(Xxy) — (Xx)(Zy) 
Vn(Sx2) — (Sx)??V n(Sy2) = (dy)? 





r 





If we have calculated the least-squares line, then the 
formula for r is quite easy to use in spite of its forbid- 
ding appearance. 

Pearson devised his formula so that -—1 = r S 1 
and, if the value of r is close to 1, there is a high posi- 
tive correlation and, if the value of r is close to —1, 
there is a high negative correlation. It is usually agreed 
that a value of r between —0.2 and 0.2 indicates an 
insignificant correlation. 

We illustrate the use of equation (1) by calculating 
r for the data we used to find a least-squares line in 
Example 3 of section 11.6. By adding the squares of 
the y values, we obtain Sy? = 84.75 (rounded to two 
places), and from the table on page 768, Sx = 46, 
Ly = 26.78, 2x? = 304, Sxy = 118.66, and n = 9 (the 
number of ordered pairs). Substituting into equation 
(1), we get 


(9)(118.66) — (46)(26.78) 
r= 
V(9)(304) = (46)2 V/(9)(84.75) = (26:78)? 
— 163.94 


1/620 45.58 


Thus, we have just found that there is a very high neg- 
ative correlation between the x’s and y’s. This means 
that the data are very closely described by the least- 
squares line we found earlier. 

You should not assume that there is any cause-and- 
effect relationship between two variables simply 








—0.98 
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: 1d iy weed, 
Is there a correlation between the number of 
storks and the nuinber of babies born? 


because the correlation is high. A classic example of a 
high positive correlation is that of the number of storks 
found in English villages and the number of babies 
born in these villages. Do you think there is a cause- 
and-effect relationship here? 


Chapter 11 SUMMARY 


Use your calculator to find the correlation coeffi- 
cient for the following problems in Exercise 11.7: 


21. Problem 11 ».22. Problem 12 
23. Problem 13 24. Problem 15 
25. Problem 16 


aa Collaborative Learning 


Do you know the difference between correlation and 
causation? Here is an excerpt from an article intimat- 
ing that this type of reasoning was used in The Bell 
Curve, a book linking race and IQ: 

“There is a direct correlation, mathematicians have 
found, between children’s achievement on mathemat- 
ics tests and shoe size. A clear signal that big feet make 
you smarter?” (A letter to the editor commented: “No 
no no no no. It’s big shoes that make you smarter.’’) 

Here is a discussion question posed in Chance 
News: “In The Bell Curve, it is shown that having a 
high IQ is correlated with going to an elite college. As 
one expert points out, it is probably also true that hav- 
ing parents with a high income is also correlated with 
going to an elite college. How would you try to deter- 
mine which is the more important variable in predict- 
ing who goes to elite colleges?” 


Example 


In a shipment of 1000 shoes, the set 
of 1000 shoes is the population. 


If the 1000 shoes are numbered and 
10 are chosen at random, the 
random sample consists of the 

10 shoes chosen. 


Section Item Meaning 

tall Statistics The science of collecting, 
organizing, and summarizing data 
so that valid conclusions can be 
drawn from them 

11.2A Population The entire collection of elements 
to be studied 

11.1A Random sample A subset of a population 

11.1B Frequency A way of organizing a list of 

distribution numbers 
11.1B Frequency Number of times an entry occurs 


In the set of numbers {1, 4, 4, 7} 
the number 4 appears with 
frequency 2. 


Section 


Pec 


11.1D 


Le? 


11.3 


11.3 


BLS 


Item 


Histogram 


Frequency 
polygon 


Mean, x 


Mode 


Median 


Range 
Standard 


deviation, s 


Z-SCOre 


Correlation 


Research Questions 


Meaning 


A special type of graph consisting 
of vertical bars with no space 
between the bars 


A line graph connecting the 
midpoints of the tops of the bars 
in a histogram 


The sum of the scores divided 
by the number of scores 


The number that occurs most often 


If the numbers are arranged in order 
of magnitude for an odd number of 
scores, the median is the middle 
number; for an even number of 
scores, the median is the average 

of the two middle numbers. 


The difference between the greatest 
and the least numbers in a set 








Ce Een a x) 
n= 1 i 


where x is the mean and n is the 
number of items 
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the mean, and o is the standard 
deviation of the population 


A measure of the relation between 
two or more variables 


Sources of information for most of these questions can be found in the 


Bibliography at the end of the book. 


1. Go to the library, look through newspapers and magazines, and find some 
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Example 


rt 
aM 


The mean of 3, 7, and 8 is 6. 


The mode of 1, 2, 2, and 3 is 2. 


Median 


1 
Ie 3G ais 19 


WW 2 ort) 20 ely hss 
eee, 


5 +9 , 
re 7 <— Median 


The range of 2, 8, and 19 is 17. 


A + 1.00 is a perfect positive 
correlation. A — 1.00 a perfect 
negative correlation 


examples of histograms, bar, and circle graphs. Are there any distortions in the 
drawings? Discuss your findings. 


2. Write a brief report about the contents of John Graunt’s Bills of Mortality. 


3. Write a paragraph on how statistics are used in different sports. 
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. Write a report on how surveys are used to determine the ratings and rankings of 


television programs by such organizations as A. C. Nielsen. 


. Discuss the Harris and Gallup polls and the techniques used in their surveys. 


. Prepare a report or an exhibit of how statistics are used in medicine, psychology, 


and/or business. 


. Discuss the life and work of Adolph Quetelet (1796-1894). 


. Research and write a report on how Gregor Mendel (1822-1884), Sir Francis 


Galton (1822-1911), and Florence Nightingale (1820-1910) used statistics in 
their work. 


. Look at the scattergram in Getting Started, Section 11.7. Find out the average 


daily amount of solar radiation in your area, then make a prediction about the 
rate of breast-cancer mortality per 100,000 women in your area. 


Chapter 11 PRACTICE TEST 


ibe 


A college president wants to find out which courses are popular with students. 
The president decides to conduct a survey of a sample of 30 students from the 
English department. Will these 30 students correspond to a simple random 
sample of the whole student body? Explain your answer. 


The following scores were made on a scholastic aptitude test by a group of 25 high 
school seniors: 


85 65 89 83 98 
67 88 87 88 90 
LB) TS oi 73 88 
oo 67 ot he 86 
79 83 61 70 75 


Use these data for problems 2-3. 


2. 


Group the scores into intervals of 60 < s = 65,65 <5 = 70,70 <5 <75, and 
so on. Then make a frequency distribution with this grouping. 


. a. Make a histogram for the frequency distribution in problem 2. 


b. Make a frequency polygon for the distribution in problem 2. 


. During a certain week, the following maximum temperatures (in degrees 


Fahrenheit) were recorded in a large eastern city: 78, 82, 82, 71, 69, 73, and 70. 
a. Find the mean of these temperatures. 

b. Find the mode of the temperature readings. 

c. Find the median high temperature for the week. 


a. Find the range of temperatures in problem 4. 
b. Find the standard deviation of the temperatures in problem 4. 


. A fair coin is tossed 256 times. If this experiment is repeated many times, the 


numbers of heads will form an approximately normal distribution, with a mean 
of 128 and a standard deviation of 8. 


10. 


11. 


12. 


13. 


14. 
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a. Within what limits can we be almost 100% confident that the total number 
of heads in 256 tosses will lie? 


b. What is the probability that heads will occur fewer than 112 times? 


- Anormal distribution consists of 1000 scores, with a mean of 100 anda 


standard deviation of 20. 

a. About how many of the scores are above 140? 
b. About how many scores are below 80? 

c. About how many scores are between 60 and 80? 


- A testing program shows that the breaking points of fishing lines made from a 


certain plastic fiber are normally distributed, with a mean of 10 lb anda 

standard deviation of 1 Ib. 

a. What is the probability that one of these lines selected at random has a 
breaking point of more than 10 Ib? 

b. What is the probability that one of these lines selected at random has a 
breaking point of less than 8 1b? 


- On a multiple-choice test taken by 1000 students, the scores were normally 


distributed, with a mean of 50 and a standard deviation of 5. Find the z-score 
corresponding to a score of 
a. 58. b. 62. 


Agnes scored 88 on a French test and 90 on a psychology test. The mean score 
in the French test was 76, with a standard deviation of 18, and the mean score 
in the psychology test was 80, with a standard deviation of 16. If the scores 
were normally distributed, which of Agnes’s scores was the better score? 


With the data in problem 9, find the probability that a randomly selected student 
will have a score between 50 and 62. (Use Table II in the back of the book.) 


The following are the amounts (to the nearest billion) the federal government 
has spent on education for selected years: 


1984 1988 1989 1990 
by 21 24 26 


a. Make a line graph for this information. 
b. Use your graph to estimate how much was spent on education in 1986. 


Here is a list of five of the most active stocks on the New York Stock Exchange 

on February 19, 1988. Make a bar graph of the yield rates of these stocks. 
Stock Price ($) Dividend ($) Yield Rate (%) 

Fed DS 60; 1.48 25 

Ford M 443 2.00 4.5 

Noes Ut 203 1.76 8.5 

Exxon 423 2.00 4.7 

Gen El 434 1.40 a2 

In a recent poll, the features that patrons liked in a restaurant were 

Low-calorie entrees 67% All-you-can-eat specials 27% 

Varied portion sizes 47% Self-service soup bar 35% 


Cholesterol-free entrees 52% 


Use horizontal bars and make a bar graph of this information. 
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iS: 


16. 


a7. 


18. 


19. 


20. 


The bar graph in the figure below shows the 1990 sales and the projected 1994 
sales of the Wesellum Corporation. Read the graph, and estimate the 
percentage increase that was projected for 1994 over 1990. 





Sales ($ millions) 


The typical family budget is as follows: 


Monthly Family Budget 

Savings $ 200 
Housing 600 
Clothing 300 
Food 800 
Other 100 
Total $2000 


Make a circle graph for these data. 


a. Graph the five points given in the table below. Draw the best line you can 
“between” these points, and estimate the value of y for x = 7. 

b. Find the equation for the best fit line for the points and estimate the value of 
y for x = 7. 





The testing department of Circle Tire Company checks a random sample of 
150 of a certain type of tire that the company makes and finds a defective tread 
on 3 of these tires. In a batch of 10,000 of these tires, how many are expected 
to have defective treads? 


In a large county, 50,000 high school students took a reading comprehension 
test, and 4000 of these students got a rating of excellent. In a random sample of 
100 of these students, how many should be expected to have gotten an 
excellent rating on this test? 


Which kind of correlation would you expect for the indicated ordered pairs? 

a. (Value of a family’s home, family’s annual income) 

b. (Number of hours of training, number of minutes in which runner can do 
the mile run) 

c. (Person’s shoe size, person’s salary) 

d. (Number of children getting polio immunization, number of children 
contracting polio) 
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Answers to Practice Test 
































Answer If You Missed Review 
_ Question ‘Section Example(s) Page(s) 
1. No. Not every member of the student body had 1 11.1 Def. 11.1, 1 705, 706 
the same chance of being chosen (only the ones 
in the English department). 
2. 2 11.1 2(a) 708 
Pe 
3 
70 <= 75 3 
mS. <s<80 he) 
OOS ies Sg ll 3 
(8<ss90 Hl ae 
pee Le, | i 5S) 
95 <s< 100 “i bges' | arah ae 
3. a—b 3 11.1 2(d), (e), 3 708, 710 
7 
6 
5 5 
S 4 
fe 3 
2 
1 
60 65 70 75 80 85 90 95 100 
Score 
4. a. 75°F b. 82°F CG IBE 4 11.2 1-4 722-724 
Sa. 13°F b. 5.60°F 5 11.3 1-3 735-737 
6. a. 104-152 b. 0.025 6 11.4 1 742 
Tm Be 2S b. 160 CalS5 7 11.4 2 743 
8. a. 0.5 b. 0.025 8 11.4 5 743-744 
Oirasele6 b. 2.4 9 11.4 4 744 
10. The score in French was the better score. 10 11.4 4 744 
11. 0.492 11 11.4 5 745 
12. a. 12 11.5 1 754 
30 
25 
= 20 
lS 
A 10 
5 


1984 1988 1989 1990 
Year 


b. About $19 billion 
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If You Missed Review 


Answer 





13 11.5 2 755-756 


13. Fed DS 


Ford M 
Noes UT 8.5% 
Exxon 


Gen El 





14, Features That Patrons Liked 14 11.5 2 755-756 





10s 20° 30-4050) 60" 70 
Percent 


1 Low calorie entrees 

2 Varied portion sizes 

3 Cholesterol-free entrees 
4 Ali-you-can-eat specials 
5 Self-service soup bar 


15. About 50% 15 11.5 2 755-756 
16. Typical Family Budget 16 11.5 3 ST 
Other 5% Savings 10% 





Food 
40% 


FEIT TE EES TEL ILI SEALE SETTLE NEEL CEE EOL EOSIN DEAT LEE TES OEE EDITED NE SESE ENS EIT A AE SENET ANSE BELEREORANTE 


jen) 
© 
= 
ae 
5 
i) 
Ww 
S 
& 
penmanmnlaemnasemeeear 


Clothing 15% 


17. a. Forx =7,y ~ —1.8. 17 11.6 1,3 765, 768 
y 


LEBER RINNE 


12 
10 


NONAD 


L238 FES OAT, 


b. y = —1.96x + 11.88 for x = 7, y = —1.84 : i 
18. About 200 : 18 ‘ 11.6 769 
19. About 8 19 11.6 769 
20. a. Positive b. Negative { 20 11.7 1 775 
c. None d. Negative 


& 4 








Ww 


Interest, Taxes, and 
Discounts 


aime aceite 
CQ me alte 


Annual Percentage 
Rate (APR) and the 
Rule of 78 


ETT ae MLR 
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Your Money and Your Math 


Do you know the difference between simple and compound 
interest, or how to use percents to figure out sales taxes or dis- 
counts? As an informed consumer, you should be aware of 
these topics; if you are not, you will be particularly interested 
when they are discussed in Section 12.1. 

What about your credit cards? How much interest do you 
pay on them? What are their annual fees? Can you get some 
cards without an annual fee? Credit cards and other types of 
credit such as revolving charge accounts and add-on inter- 
est are studied in Section 12.2 

As a consumer, you do have certain rights regarding credit 
purchases. In Section 12.3 you study the Truth-in-Lending 
Act, its provisions, and the benefits afforded you as a con- 
sumer under the act. 

Finally, Section 12.4 discusses the American dream: buy- 
ing a house. It starts by discussing how much you can afford, 
how much of a down payment you should make, the different 
types of loans available to you, and how monthly payments 
are estimated. It also discusses an expense often overlooked 
when buying a home: the closing costs. What do they entail 
and when do they have to be paid? When you study this sec- 
tion, you will gain a wealth of information regarding the 
mechanics and strategies for buying a home. 


ave you ever wished for a money tree? The picture shows an East Indian money tree. 
The tin coins, used by the people of the Malay Peninsula in the nineteenth century, 
were broken off as needed. 
The first coins were probably made about 2500 years ago in Lydia, now part of western 
Turkey. The coins were of a natural mixture of gold and silver called e/ectrum, and they 
were stamped with a design showing that the king guaranteed them to be of uniform size. 
These coins were accepted by traders as a convenient medium of exchange and inspired 
other countries to make their own coins. According to many historians, coins were also 
independently invented in China and India. 


http://college.hmco.com/mathematics 


For links to various Internet sites related to topics and sections in Chapter 12, 
please access the Bello, Topics in Contemporary Mathematics, Web site at 
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The first paper money was used in China about 1400 years ago. Marco Polo, who 
traveled in China in the 1200s, was amazed to see the Chinese people using paper money 
instead of coins. However, Europeans were skeptical about a piece of paper having any 
value, and it was not until the seventeenth century, when banks began to issue paper bills 
(called bank notes) to depositors and borrowers, that paper money was accepted. 

In the American colonies, several kinds of paper money were circulated. Some of this 
money was in the form of bills of credit issued by the individual colonies, and some, 
backed by real estate, was issued by the newly established land banks. During the 
Revolutionary War, the Continental Congress printed money that was called Continental 
currency. Unfortunately, this currency was overissued and soon became worthless. 

Until 1863, most of the currency in the United States consisted of notes issued by various 
state banks. Then, Congress established national banks with the authority to issue bank 
notes. By taxing all new issues of state bank notes, it forced such notes out of existence. In 
1913, the Federal Reserve System was established and Federal Reserve notes gradually 
replaced national bank notes and became the official currency of the United States. 





Looking Ahead: The most important numbers in your life are the ones that concern your money. If you do not 
understand these numbers (and hopefully this chapter will help you understand them), costly mistakes will almost 
certainly follow. 


Interest, Taxes, and Discounts 





GETTING STARTED Simple and Compound Interest 


yt. Do you know the difference’between simple and compound interest? First, you 
should know that interest is the amount paid for using borrowed money. When 
you deposit money in a savings account, buy a certificate of deposit, or loan 
money to someone, the person or institution receiving the money will pay you 
interest for the use of your money. On the other hand, if you borrow money from 
a bank, you must pay interest for the money you borrow. 

How is interest computed? It depends! Simple interest (J) depends on the 
principal P (the amount borrowed or invested), the interest rate r (the portion 
of the principal charged for using the principal and usually expressed as a per- 
cent), and the time or term f (the period in years during which the borrower or 
investor has the use of all or part of the money). To calculate simple interest, use 
the formula 


l= Prt 


Now, suppose you invest $1000 at 6% simple interest for 1 year. Here 
P = $1000, r = 6% = 0.06, and t = 1. Thus, 


I = $1000 X 0.06 X 1 = $60 
At the end of the year, you get your $1000 back plus $60 in interest; that is, 
$1000 + $60 = $1060. 

But suppose you invest the $1000 at the same nominal rate of 6% and the 


interest is compounded quarterly. How much money would you get at the end 
of the year? This information is shown in Table 12.1. 
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TABLE 12.1 










Wellspring Savings Bank 
Your source of financial security since 1875 
Certificate of Deposit Accounts 










Interest Est. Annual Yield 


Short-Term 
90-179 days 3.50% = 
180-364 days 3.65% — 


$1000 X 0.06 x 4 $1000 + $15.00 = $1015.00 








$1015 X 0.06 X } = $15.23 $1015 + $15.23 = $1030.23 








“Long-Term 
1-2 yeas 4.00% 4.07% $1030.23 X 0.06 X 4= $15.45 $1030.23 + $15.45 = $1045.68 
aver eae. Ee $1045.68 X 0.06 X |= $15.69 $1045.68 + $15.69 = $1061.37 


*Banks round up when collecting money, down when paying it. 


Thus, at the end of the year, you get $1061.37, which is $1.37 more than the sim- 
ple interest amount. 


In this section you will study simple interest and compound interest and their 
applications. eae 


Some of these applications involve calculating best buys, checking credit 
account statements, comparing interest rates, using credit cards, and purchasing 
a home or a car. In this chapter, you investigate these activities. 

Realistic problems dealing with personal finances are usually solved with the 
aid of a calculator. Hence, the examples will show how a calculator can be used 
to obtain the answer. Of course, a calculator is not absolutely necessary but is just 
a tool to help you do the arithmetic faster and more easily. 

Let us start with a concept that occurs in most financial transactions: inter- 
est. In general, there are two types of interest, simple and compound. We shall 
study simple interest first. 


A. Simple Interest 


How much money would you get if you received 12% interest on $1 million for 
10 years? The answer depends on how this interest is calculated! 

The simple interest for 1 year on a principal P at the rate r is.just the princi- 
pal times the rate, that is, Pr. The simple interest for ¢ years is thus obtained by 
multiplying by ¢. This means that the formula for calculating the simple interest 
I on a principal P at the rate r for t years is 


VABSOLUTELY NO REASON 
TO KEEP GOING TO 


AND WHAT DID YOU SAY 





YOUR HAVE ? 


TT ( iF L RECEIVED 12% 
INTEREST ON A 
Kt >( MILLION DOLLARS 


FOR TEN YEARS, 
WHAT WOULD I 


© 1982 King Features Syndicate, Inc. World rights reserved 





Reprinted with special permission of King Features Syndicate, Inc. 
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EXAMPLE 1 





Notice that in the calculation of simple interest, the principal is just the original 
principal; the periodic interest does not earn further interest. Thus, if on $1 mil- 
lion (P = $1,000,000) you receive 12% interest (r = 12% = 0.12) for 10 years 
(t = 10), the simple interest is 


I= P yea 
= $1,000,000 <°0.12 X 10 
= $1,200,000 


Of course, at the end of the 10 years, you would also get your $1,000,000 back, 
so you would receive $1,000,000 + $1,200,000 = $2,200,000 at simple interest. 
The final amount A is given as A = P + J. 

However, if your annual interest were calculated on your original principal 
plus all previously earned interest, that is, if your interest were compounded 
annually, you would receive the much greater amount of $3,105,848 (to the 
nearest dollar). You will examine compound interest later in this section. 

As a consumer, you will be interested in three important applications of sim- 
ple interest: loans and deposits, taxes, and discounts. These applications are con- 
sidered next. 

Of course, you know that borrowing money from (or depositing money in) a 
bank or lending institution involves interest. Here is an example. 


A loan company charges 32% simple interest for a 2-year, $600 loan. 
(a) What is the total interest on this loan? 
(b) What is the interest for 3 months? 


(c) What is the total amount A that must be paid to the loan company at the end 
of 2 years? 


Solution 


(a) The interest is given by J = Prt, where P = $600, r = 32% = 0.32, and 
t = 2. Thus, 


I = $600 X 0.32 X 2 = $384 

On a calculator with a percent key [%], press 
POONA wR ae 
The interest for the 2 years is $384. 


(b) Here, P = $600, r = 32% = 0:32, and t= 3 = is because 3 months is 4 of 
a year. Thus, 
I = $600 X 0.32 x } 
= $600 x 0.08 (32 x!=0.08) 
= $48 


The interest for 3 months is $48. 


EXAMPLE 2 


EXAMPLE 3 
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(c) At the end of 2 years, the loan company must be paid the original $600 plus 
the interest of $384; that is, 


A = $600 + $384 = $984 
The company must be paid $984. i 


Taxes 


You have probably heard the saying “There is nothing certain but death and 
taxes.” Here is a simple problem “it is certain” you can do. 


A state has a 6% sales tax. Mary Rios buys an item priced at $84. 
(a) What is the sales tax on this item? 
(b) What is Mary’s total cost for this item? 
Solution 
(a) The sales tax S is 6% of $84; that is, 
S = 0.06 X $84 = $5.04 
The tax is $5.04. 
(b) The total cost is the price, $84, plus the tax. 
$84 + $5.04 = $89.04 


A calculator with a percent key will give the total cost automatically if 


you press [8] [4] [+] [6] [%] [=]. | 


Discounts 


In Examples | and 2, the consumer had to pay interest or taxes. But there is some 
hope! Sometimes, you can obtain a discount on certain purchases. Such a dis- 
count is usually stated as a percent. For example, a coupon may entitle you to a 
20% discount on certain purchases. 


Ralph McWaters purchased a $42 item and used his coupon to get 20% off. 
(a) How much was his discount? 
(b) How much did he have to pay for the item? 
Solution 
(a) His discount rate d was 20% of $42. So in money his discount was 
d = 0.20 X $42 = $8.40 
(b) Since he had a discount of $8.40, he had to pay 
$42 — $8.40 = $33.60 


for the item. A calculator with a percent key |%] will obtain the final price if 


you press [4] [2] [=] [2] [0] [%] [=]. ia 
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Compound Interest 


When interest is compounded, the interest is calculated not only on the original 
principal but also on the earned interest. For example, if you deposit $1000 in a 
savings account that pays 6% interest compounded annually, then in the first 
year, the account will earn interest calculated as 


I= Prt 
= $1000 X 0.06 X 1 = $60 


If you make no withdrawals, then‘at the beginning of the second year the accu- 
mulated amount will be 


$1000 + $60 = $1060 


which is the new principal. In the second year, this new principal will earn 
interest 


I= Prt 
= $1060 X 0.06 X 1 = $63.60 


Thus, at the beginning of the third year, the accumulated amount will be 
$1060 + $63.60 = $1123.60 


and so on. 

You can see that when interest is compounded, the earned interest increases 
each year ($60, $63.60, and so on, in the preceding illustration). This is because 
the interest at the end of a year is calculated on the accumulated amount (princi- 
pal plus interest) at the beginning of that year. Piecewise calculation of the accu- 
mulated amount is a very time-consuming procedure, but it can be avoided by 
developing a general formula for the amount A,, accumulated after n interest 
periods and the use of special tables or a calculator. To develop the formula for 
A, let J be the compound interest, P be the original principal, i be the rate per 
period, and A, be the compound amount at the end of the first period. 


C= Pt Interest for the first period 
Aaa erak 
=P+ Pi Substitute Pi for /. 


= P(1 + i) Use the distributive property. 


After the end of the second period, the compound amount A, is 


Ag = Ag Ant 
=A (Iasi ) Use the distributive property. 
= PCR ap Clee) Substitute P(1 + /) for A,. 
= P(1 +i) Substitute (1 + /)? for (1 + /)(1 +i). 


If you continue this procedure, after n periods A, will be 





Thus, if you deposit $1 at 6% compounded annually for 20 years, 
Ayo = $1(1 + 0.06) 
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Fortunately, there are tables that give the value of the accumulated amount 
for a $1 initial deposit at compound interest i for n time periods. Table 12.2 is 
such a table. To find the value of the accumulated amount (1 + 0.06)?° in Table 
12.2, go down the column headed n until you reach 20, and then go across to the 
column headed 6%. The accumulated amount given there is $3.2071. If you wish 
to know the accumulated amount for an original deposit of $1000 instead of $1, 
multiply the $3.2071 by 1000; you obtain $3207.10. 

In using Table 12.2, there is a warning: The entries in this table have been 
rounded to four decimal places from more accurate values. Consequently, you 


| el Graph It 


_ Your grapher can do finances 

_ but you have to learn how to 
read its language! Start by i 
"pressing ap 
_ to reach the TVM (Time 

_ Value of Money) solver. The 


_ meanings of the variables are 
N = number of 
payments 


should not expect answers to be accurate to more than the number of digits in the 
table entry. If more accuracy is needed, you must use a table with more decimal 


places or a calculator. To find (1 + 0.06)°, press [(] [1] [. ] [0] [é] 


[0] [=] and obtain 3.207135472, or 3.2071. 


I% = annual interest 


rate 
TABLE 12.2 Amount (in dollars) to Which $1 Will Grow in nm Periods Under 


PV = present value 
Compound Interest 


(how much it is 
worth now) 


PMT = payment amount 


FV = future value (how | 







‘a 1 1.0400 1.0500 
one 2 1.0816 1.1025 1.1236 
ey 3 1.1249 1.1576 1.1910 
P/Y = periods per year 4 1.1699 1.2155 1.2625 
C/Y = compoundings 5 1.2167 1.2763 1.3382 
Eo 6 1.2653 —«1.3401 1.4185 
PMT = END BEGIN 7 13159 ‘1.4071 1.5036 
(when the 8 13686  1ATIS . 115938 
| Bay nea) 9 asa omssiau, | atoess 
fp emmadie compound | 1.4802 1.6289 ~—«+1..7908 
_ amount in 20 years when you | 
deposit $1 at 6% at the end of © 1.5395 1.7103 1.8983 
“cen ee 
| ilegatepter 20, 17317 1.9799 2.2609 
_ 6, 1, 0,0,1,1 END. Press 
| [and] [FINANCE] [6] [ENTER] 1.8009 2.0789 2.3966 
You get —3.207135472. The 1.8730 2.1829 2.5404 
negative sign indicates that 1.9479 2.2920 2.6928 
_ the amount is a future value. 2.0258 2.4066 2.8543 
oe ee 2.1068 2.5270 3.0256 
Nee) 2.1911 2.6533 3.2071 
1%=3.207135472 
Biel i art 2.2788 2.7860 3.3996 
Se 2.3699 2.9253 3.6035 
P/Y=] 2.4647 3.0715 3.8198 
C/Y=l 





4.0489 
5.7434 


8.1473 
11.5570 
16.3939 

(continued) 


SEZ 
4.3219 


5.7918 
7.7616 
10.4013 


2.5633 
3.2434 





PMT: Ml BEGIN 





4.1039 
5.1928 
6.5705 
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EXAMPLE 4 


TABLE 12.2 (continued) 


n 7% 8% 9% 10%: 11% 12% 


1.0700 1.0800 1.0900 1.1000 1.1100 1.1200 
1.1449 1.1664 1.1881 1.2100 12320 1.2544 
1.2250 N2597 1.2950 1.3310 1.3676 1.4049 
1.3108 1.3605 1.4116 1.4641 1.5181 PSTD 
1.4026 1.4693 1.5386 1.6105 1.6851 1.7623 


1.5007!~.... 1.5869 1.6771 1.7716 1.8704 1.9738 
1.6058 1.7138 1.8280 1.9487 2.0762 2.2107 
1.7182 1.8509 1.9926 2.1436 2.3045 2.4760 
1.8385 1.9990 PATO D9 2.5580 2.7731 
1.9672 2ND SO 2.3674 293i) 2.8394 3.1058 


oon an nA ph wWN 


= 
oO 


2.1049 2.3316 2.5804 2.8531 3.1518 3.4785 
D222 2.5182 2.8127 3.1384 3.4985 3.8960 
2.4098 2.7196 3.0658 3.4523 3.8833 4.3635 
2.5785 2.9372 3.3417 BSS 4.3104 4.8871 
2.7590 Sali22 3.6425 4.1772 4.7846 5.4736 


See Re Re Re 
nA b&b WN 


POS22 3.4259 3.9703 4.5950 5.3109 6.1304 
3.1588 3.7000 4.3276 5.0545 5.8951 6.8660 
33/99 3.9960 4.7171 D099 6.5436 7.6900 
3.6165 4.3157 5.1417 6.1159 7.2633 8.6128 
3.8697 4.6610 5.6044 6.7275 8.0623 9.6403 


Re 
1D 


4.1406 5.0338 6.1088 7.4002 8.9492 10.8038 
4.4304 5.4365 6.6586 8.1403 9.9336 12.1003 
4.7405 5.8715 Leas 8.9543 11.0263 13.5523 
5.0724 6.3412 7.9111 9.8497 12.2392 15.1786 
76123" "10062732677 17 aoe Z28973 29.9599 


1 A23 9 IS. 968222502 SOIT 42.8181 59:1356 
17.1443, 25.3395. 37.3175 54.7637 80.0876 116.7231 
25.7289 = AD:210G46 625852 97.0172. 149 79 JO" 230 Jos 





Many financial transactions call for interest to be compounded more often 
than once a year. In such cases, the interest rate is customarily stated as a nomi- 
nal annual rate, it being understood that the actual rate per interest period is 
the nominal rate divided by the number of periods per year. For instance, 
if interest is at 18%, compounded monthly, then the actual interest rate is 
8% = 1.5% per month, because there are 12 months in a year. 


Find the accumulated amount and the interest earned for the following: 
(a) $8000 at 8% compounded annually for 5 years 
(b) $3500 at 12% compounded semiannually for 10 years 


To do Example 4(b), press 
[1] ang 


_ enter the values shown. Note: 
—L% = 12, the annual rate. 





“Press 
: [ENTER] to get the FV 


$11,224.97 


EXAMPLE 5 
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Solution 


(a) Here P = 8000 and n = 5S. In Table 12.2, we go down the column under n 
until we come to 5 and then across to the column under 8%. The number 
there is 1.4693. Hence, the accumulated amount will be 


$8000 X 1.4693 = $11,754 to the nearest dollar. 


Wits a calculator, press [8] [0] [0] [0] [x] LG [1] [-] [0] [8] D] YI] 
=| The interest earned is the difference between the $11,754.63 and the 
original deposit, that is, $11,754.63 — $8000 = $3754.63. 








(b) Because semiannually means twice a year, interest is compounded every 6 
months, and the actual rate per interest period is the nominal rate, 12% 
divided by 2, or 6%. In 10 years, there are 2 X 10 = 20 interest periods. 
Hence, we go down the column under n until we come to 20 and then across 
to the column headed 6% to find the accumulated amount 3.2071. Since this 
is the amount for $1, we multiply by $3500 to get 


$3500 X 3.2071 = $11,225 to the nearest dollar 
The amount of interest earned is $11,225 — $3500 = $7725. a 


0] [6] D4} v4 [2] 











With a calculator, press [3] [5] [0] [o] [x] [C [1] [4] [. 








[0] [=] and obtain $11,224.97. The interest earned is $11,224.97 — $3500 = 
$7724.97, which, rounded to the nearest dollar, yields the same answer, $7725. 
Note that we used i = 4 = 6. 

In general, if P dollars are deposited at an annual interest r, compounded 
m times a year and the money is left on deposit for n periods, the final amount 
A,, 18 





If the interest is compounded continuously for t years, then 





Suppose you invest $1000 at 8%. How much interest will you earn in 5 years if 
the money is compounded 


(a) quarterly. (b) continuously. 
Solution 


(a) Here P = $1000, r = 8, m = 4, r/m = 8/4 = 2 andn = 4 X 5 = 20. From 
Table 12.2 with n = 20 and under the heading 2%, we find 1.4859. Thus, 
As; = 1000 X 1.4859 = $1485.90. The interest is $1485.90 — $1000 = 


$85, 90. With a calculator, press [1] [0] [0] [0] [x] [G [1] [+] LJ [o] [2] 
1] [J [20] [=] and obtain $1485.95. 
(b) In this case, A, = Pe™ = 1000e°8@) = 1000e°-*9. With a calculator with 


an [e4 key, press [1] [0] [6] [0] Ke] CO EJ ) (2) Bad] 5 DJ [=] and ger 
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$1491.82; which is a little bit more than the $1485.95 you get when com- 
pounding quarterly. Caution: When entering quantities involving |e*] using a 
scientific calculator, you must enter the exponent x first and then press 


[and] [e, 


EXAMPLE 6 


is 2.5%? 





To further explore compound 
interest, access links 12.1.1, 
12.1.2, and 12.1.3 at the Bello 


Suppose you are earning $30,000 a year. How much satary would you need to 
earn 10 years from now to maintain your purchasing power-if the inflation rate 


Solution We assume that the inflation rate is growing continuously, so your 
$30,000 salary P in n = 10 years at r = 2.5% will have to amount to A = 
$30,000e-7519) = 30,000e925. With a calculator, press [3] [0] [0] [0] [0] 





Web site. 


Ly In problems 1-10, find the simple interest. 


Principal Rate Time 
1. $3000 8% 1 year 
2. $4500 7% 1 year 
3. $2000 9% 3 years 
4. $6200 8% 4 years 
5. $4000 10% 6 months 
6. $6000 12% 4 months 
7. $2500 10% 3 months 
8. $12,000 9% 1 month 
9. $16,000 7% 5 months 
10. $30,000 8% 2 months 


11. The state sales tax in Florida is 6%. Desiree Cole 
bought $40.20 worth of merchandise. 
a. What was the tax on this purchase? 
b. What was the total price of the purchase? 


12. The state sales tax in Alabama is 4%. Beto Frias 
bought a refrigerator priced at $666. 
a. What was the sales tax on this refrigerator? 
b. What was the total price of the purchase? 










a 


http://college.hmco.com/mathematics ff Seaxeh 


[x] LG [-] [2] [5] [2nd] [e%] 1) ] [=] and get $38,520.76. @ 


13. Have you seen the FICA (Federal Insurance 
Contribution Act, better known as social security) 
deduction taken from your paycheck? For 1989, the 
FICA tax rate was 7.51% of your annual salary. Find 
the FICA tax for a person earning $24,000 a year. 


14. The FICA tax for 1990 and subsequent years is 

¢ 7.65% of your annual salary. Walter Snyder makes 

$30,000 a year. What would his FICA tax deduc- 
tion be based on this rate? 


According to the instructions for figuring a single per- 
son’s estimated federal income tax for a recent year, 
the tax was 15% of the taxable income if that income 
was between $0 and $20,350. If the taxable income 
was between $20,350 and $49,300, the tax was 
$3052.50 plus 28% of the amount over $20,350. Use 
this information in problems 15 and 16. 


15. Mabelle was single and had a taxable income of 
$25,850. How much was her estimated income tax? 


16. Bob was single and had a taxable income of 
$9500. What was his estimated income tax? 


17. An article selling for $200 was discounted 20%. 
a. What was the amount of the discount? 
b. What was the final cost after the discount? 


(Remember to bookmark the Bello book-specific Web site.) 


c. If the sales tax was 5%, what was the final cost 
after the discount and including the sales tax? 


18. A Sealy mattress sells regularly for $240. It is 
offered on sale at 50% off. 
a. What is the amount of the discount? 
b. What is the price after the discount? 
c. Ifthe sales tax rate is 6%, what is the total price 
of the mattress after the discount and including 
the sales tax? 


19. A jewelry store is selling rings at a 25% discount. 
The original price of a ring was $500. 
a. What is the amount of the discount? 
b. What is the price of the ring after the discount? 


20. If you have a Magic Kingdom Club Card from 
Disneyland, Howard Johnson’s offers a 10% dis- 
count on double rooms. A family stayed at 
Howard Johnson’s for 4 days. The rate per day 
was $45. 

a. What was the price of the room for the 4 days? 

b. What was the amount of the discount? 

c. If the sales tax rate was 6%, what was the total 
bill? 


21. Some oil companies are offering a 5% discount on 
the gasoline you buy if you pay cash. Anita 
Gonzalez filled her gas tank, and the pump regis- 
tered $14.20. 

a. If she paid cash, what was the amount of her 
discount? 
b. What did she pay after her discount? 


22. U-Mart had bicycles selling regularly for $120. 
The bicycles were put on sale at 20% off. The 
manager found that some of the bicycles were 
dented or scratched, and offered an additional 
10% discount. 
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a. What was the price of a dented bicycle after the 
two discounts? (Careful! This is not a 30% dis- 
count, but 20%, followed by 10%.) 

b. Would it be better to take the 20% discount 
followed by the 10% discount or to take a sin- 
gle 28% discount? 


D In problems 23-26, use Table 12.2 or a calculator 
to find the final accumulated amount and the total 
interest if interest is compounded annually. (Give 
answers to the nearest five digits.) Answers may vary 
because of rounding or calculator use. 


23. $100 at 6% for 8 years 
24. $1000 at 9% for 11 years 
25. $2580 at 12% for 9 years 
26. $6230 at 11% for 12 years 


In problems 27-32, use Table 12.2 or a calculator to 
find the final accumulated amount and the total inter- 
est. (Give answers to the same number of digits as the 
table entry.) 


27. $12,000 at 10% compounded semiannually for 8 
years 


28. $15,000 at 14% compounded semiannually for 10 
years 


29. $20,000 at 8% compounded quarterly for 3 years 
30. $30,000 at 12% compounded quarterly for 4 years 


31. $40,000 at 20% compounded semiannually for 24 
years 


32. $50,000 at 16% compounded semiannually for 15 
years 


33. When a child is born, grandparents sometimes 
deposit a certain amount of money that can be 
used later to send the child to college. Mary and 
John Glendale deposited $1000 when their grand- 
daughter Anna was born. The account was paying 
6% compounded annually. 

a. How much money will there be in the account 
when Anna becomes 18 years old? 

b. How much money would there be in the 
account after 18 years if the interest had been 
compounded semiannually? 


34. When Natasha was born, her mother deposited 
$100 in an account paying 6% compounded 


796 


335 


36. 


SIME 


38. 


oe; 


40. 


41. 


42. 
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annually. After 10 years, the money was trans- 

ferred into another account paying 10% com- 

pounded semiannually. 

a. How much money was in the account after the 
first 10 years? 

b. How much money was in the account at the end 
of 18 years? (Give answers to the nearest cent.) 


Jack loaned Janie $3000. She promised to repay 

the $3000 plus interest at 10% compounded annu- 

ally at the end of 3 years. 

a. How much did she have to pay Jack at the end 
of 3 years? 

b. How much interest did she pay? 


Bank A pays 8% interest compounded quarterly; 
bank B pays 10% compounded semiannually. If 
$1000 was deposited in each bank, how much 
money would there be at the end of 5 years in 

a. the bank A account. 

b. the bank B account. 

c. In which bank would you deposit your money? 


How much more would there be at the end of 5 
years if $1000 were invested at 12% compounded 
quarterly rather than semiannually? 


Suppose you can invest $1000 in a fund that pays 
6% compounded annually or into a fund that pays 
6.5% annually but does not reinvest the interest. 
How long would it be before the accumulated 
interest in the first fund exceeded the total interest 
paid out by the second fund? Make a table to show 
what happens and explain. 


Find the compound amount when $2,000 is com- 
pounded continuously at 8% for 6 months. 


Find the compound amount when $3,000 is 
invested at 8% compounded continuously for 5 
years. 


An investor can buy a 2-year, $10,000 certificate 
of deposit paying 11% compounded semiannually 
or place the money in an account paying 103% 
compounded continuously. Which of the two 
investments will yield the most interest, and how 
much extra interest will the investor get by mak- 
ing the correct choice? 


The president of a bank is considering changing 
savings account interest to continuous compound- 
ing. At the present time, the bank pays 5% interest 
compounded daily. How much difference in inter- 
est will there be in a $1,000 deposit left in an 


account for 180 days? How much difference in 
interest payments will there be in a 6-month period 
if the bank has $2 million deposited in savings 
accounts? (Hint: e999 = 1.0253151.) Assume a 
year has 360 days. 


@® In Other Words 


43. Discuss the difference between simple and com- 
pound interest. 


44. If you increase the price of a product by 10% and 
then decrease that price by 10%, would the new 
price be the same as the original price? Explain. 


Ge Using Your Knowledge 


You may have noticed banks advertising various effec- 
tive annual interest rates. Do you know what an effec- 
tive annual interest rate is? It is the simple interest 
rate that would result in the same total amount of inter- 
est that the compound rate yields in 1 year. For exam- 
ple, if interest is at 6% compounded quarterly, then a 
table shows that a $1 deposit would accumulate to 
$1.0614 in | year. (Use n = 4 and a periodic rate of 
13%; see the second table on page 797.) Thus, the 
interest is $.0614 and, because the initial deposit is $1, 
the effective annual rate is 0.0614, or 6.14%. 

You can see now that an easy way to find the effec- 
tive annual rate is to look in a table for the accumulated 
amount of $1. If the nominal rate is r% and interest is 
compounded k times a year, then you will find the 
required entry by going down the column under n until 
you come to k and then across to the column under 
/k%. By subtracting | from this entry, you obtain the 
desired effective rate. The tables on the following page 


give some selected values from compound interest 
k 
rates. With a calculator, simply find (: oF *) al. In 


the example above, 


0.06 \* | 
(: + on) ft =a 01s eal 


= 1.061363551 — 1 
= 0.0614, or 6.14% 


Find the effective annual rate for each of the following. 
You may use the table or a calculator. 


45. 6%, compounded semiannually 


46. 6%, compounded monthly 


Accumulated Amount of $1 for n Periods 
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47. 8%, compounded quarterly 
48. 12%, compounded monthly 
49. 9%, compounded quarterly 
50. 15%, compounded semiannually 
51. 18%, compounded monthly 
52. 15%, compounded monthly 


ae Collaborative Learning 


Form three groups. The objective is to answer the 
question: What is the rule of 70 (or 72)? 


Group I Call a bank, an investment company, or a 
financial planner and ask. 


Group 2 Go to the Internet and find the answer. 





GETTING STARTED 


eae 


22, 
Credit Cards and Consumer Credit 


Everything You Always Wanted to Know About Credit Cards* 


Group 3 Go to the library and use an encyclopedia or 
other reference materials to answer the question. 


Discuss your findings. 


If you invest P dollars at r percent compounded con- 
tinuously, the amount A you will receive after f years is 
A = Pe". If you want to double your money, A = 2P 
and 2P = Pe”. 


1. Solve for tf. 
2. If In 2 ~ 0.069315, what is t? 


3. How long would it take P dollars to double at 
a. 4%. b. 8%. C12 


Can you see where the name rule of 70 (or 72) came 
from? Restate the rule. 





Do you have a credit card or are you planning to get one soon? You can save 
money if you know the interest rate (the percent you pay on the card balance), 


*For more information regarding credit cards, their benefits, the amount of time or the payments 
needed to pay off a card, you may search the Internet. 
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the annual fee (the amount paid for the privilege of having the card), and the 
grace period (the interest-free period between purchases and billing given to 
consumers who pay off their balances entirely) on your cards. The interest rate 
can be fixed or variable (dependent on the amount you owe or some standard 
such as the prime rate, the rate banks charge their best customers). How can you 
save money? First, you can get a card with no annual fee for a savings of $20 to 
$50. Next, you can eliminate interest payments by paying off your entire balance 
each month. Note that if a balance of any amount is carried over from the previ- 
ous month, most banks will charge interest from the date of each new purchase, 
even before the monthly statement arrives. 

The type of card you should have to maximize savings depends on your 
monthly balance. If you plan to pay your balance in full each month, the annual 
fee is the largest expense. Get a card with no annual fee and the longest grace 
period available. If you plan to have a high monthly balance, choose a card with 
a low interest rate. (For example, if your average balance is $1000, you will pay 
$180 annually on an 18% annual percentage rate (APR) card but only $120 ona 
12% APR card, a savings of $180 — $120, or $60.) Now, suppose you already 
have a credit card. How can you decide on your best course of action? Follow 
these steps. 


1. Find the annual fee and interest rate on your card. 
2. Look at your past statements and find your average monthly balance. 


3. Figure your annual cost by multiplying the interest rate by the monthly bal- 
ance and add the annual fee. 


Here is an example. Suppose you have a card with a $25 annual fee and an 
18% APR. If the average monthly balance on your card is $500 and you can get 
a card with a 14% APR and no annual fee, you will be saving 4% (18% — 4%) 
of $500, or $20, in interest and the $25 annual fee, a total of $45. On the other 
hand, if your annual fee is $20 and your APR is 14%, changing to another card 
with no annual fee and 19% APR makes no sense. (You pay 14% of $500, or $70, 
plus the $20 fee, $90 in all with the first card and 19% of $500, or $95, with the 
other.) How do you find the interest rate and annual fee on credit cards? Find a 
consumer magazine or an organization (such as BankCard Holders of America) 
that publishes the latest information regarding annual fees and interest rates for 
credit cards, or look in the World Wide Web (Internet). ry 


To obtain a credit card, you have to meet requirements set by the institution that 
issues the card. These requirements will vary but are illustrated in the next exam- 
ple. Moreover, banks sometimes have promotions in which credit cards are 
offered under other special conditions. 

Company A will issue a credit card to an applicant who meets the following 
requirements: 


1. The applicant must have a good credit rating.* 


2. If single, the applicant must have a gross annual income of at least $30,000. 


“Your credit rating is usually determined by a credit bureau, an organization that tracks the history 
of individuals’ spending and repayment habits. 


FIGURE 12.1 


® 
ANNUAL PERCENTAGE 
RATES 


EXAMPLE 1 


Minimum Payment 
Due 


18% 


Periodic Rates 


(monthly) 1.5% 
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3. If married, the couple’s combined gross annual income must be at least 
$40,000. 


Using the three preceding requirements, determine which of the following appli- 
cants qualifies for a credit card from company A: 


(a) Annie Jones is single, has a good credit rating, and earns $25,000 per year. 


(b) John Smith has an excellent credit rating and earns $35,000 per year. His 
wife has no paying job. 


(c) Don and Daryl Barnes each earn $24,000 per year and have a good credit 
rating. 


(d) Bill Spender is single, earns $40,000 per year, and has only a fair credit 
rating. 


Solution Only Don and Daryl Barnes meet the requirements of company 
A. They have a good credit rating and their combined annual income is 
$48,000. = 


One of the costs associated with credit cards is the finance charge that is col- 
lected if you decide to pay for your purchases later than the allowed payment 
(grace) period. Usually, if the entire balance is paid within a certain period of 
time (25-30 days), there is no charge. However, if you want more time, then you 
will have to pay the finance charge computed at the rate printed on the monthly 
statement you receive from the company issuing the card. Figure 12.1 shows the 
top portion of such a statement. As you can see, the periodic (monthly) rate is 
1.5%. This rate is used to calculate the charge on $600. Where does the $600 
come from? The back of the statement indicates that “The Finance Charge is 


| Includes a Past 'Your Assigned | Amount not subject to finance Account 
| Due Amount of Line of Credit | charge (insurance premiums Number 5 4 2 - 4 0 y - S| 3 2 ia 4 


membership dues etc.) } Amount Paid 


Page 3 of 


Statement 
Closing Date. 


To avoid additional 


: + Canadian Exch= | ‘ 
Previous Balance — Payments & Credits + FINANCE CHARGE --- computedon + Purchasesof — Rauistinent ae NEW BALANCE ~~~ _ Finance Charge, New 
$639.38 


Balance must reach us by} 


$239.38 i 3 S22 752 eo: $636.52 


y Payment/Date Recd w 


Purchase Date 
Mo.-Day-Yr. 


Payment of any disputed amount not required until we have answered your inquiry 
For Statement Verification, retain Sales Tickets received at time of purchase. 


$ Amount 


O4-23-= 92 09-10-47 


MAJIK MARKET 
BRANDON FLA 


290be212 
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EXAMPLE 2 


computed on the Average Daily Balance, which is the sum of the Daily Balances 
divided by the number of days in the Billing Period.” Fortunately, the computer 
calculated this average daily balance and came out with the correct amount. In 
Example 2, we shall verify only the finance charge. 


Find the finance charge (interest) to.be paid on the statement in Figure 12.1 if the 
monthly rate is 1.5% computed on the average daily balance of $600. 


Solution The finance charge is 1.5% of $600, that is, 
0.015 X $600 = $9 a 


Next, let us look at a different problem. Suppose you wish to obtain a credit 
card. First, you have to apply to the issuing bank for such a card (sometimes the 
bank will preapprove you). If your application is accepted, then you must pay a 
fee. (Some credit unions and banks issue cards free.) After some time, the card 
finally arrives in the mail. Now, suppose you wish to use your card at a restau- 
rant where these cards are accepted. Instead of collecting cash, the cashier will 
“swipe” your card in a machine that will print on a receipt certain information 
that is encoded in the black strip on the back of the card: the card number, your 
name, and the expiration date of the card; it will also print the name and identi- 
fication numbers of the restaurant as well as the date of the transaction and an 
authorization code issued by the bank owning the card. You will sign the receipt 
and be given a copy for your records. Figure 12.2 shows such a receipt. 

At the end of the billing period, a statement is sent to you. If the balance due 
is $10 or less, you must pay the account in full. Otherwise, you must make a min- 
imum payment of $10 or 5% of the balance due, whichever is greater. (Terms 
vary from one bank to another.) 


FIGURE 12.2 


6619 005763 71002 


04/92 THRU 03/94 76 AX eee 
I BELLO 0865 Pe eee ees 
SOUTHEAST BK OF WESTSHORE 


FOLIO/CHECK NO, 





ROMANO'S REST 


810966275 O?L4ée 574604b 


FORM WITH cuentas 


VISA 1/50 
== | 6,00 
MasterCard a, SO) TOTAL 


IMPORTANT: RETAIN THIS COPY FOR YOUR RECORDS 


4091067983 FL USE THIS 30 00 PURCHASES 


CUSTOMER COPY 





EXAMPLE 3 


EXAMPLE 4 


12.2 Credit Cards and Consumer Credit 801 


The customer who signed the receipt in Figure 12.2 received a statement at the 
end of the month. The new balance was listed as $37.50. Find the following: 


(a) The minimum payment due 


(b) The finance charge that will be due the next month if only the minimum pay- 
ment is made now 


Solution 


(a) Because the new balance is $37.50 and 5% of $37.50 is $1.875, the mini- 
mum payment is $10. (Remember, you pay $10 or 5% of the new balance, 
whichever is greater.) 


(b) After paying the $10, the customer’s new balance is 
$37.50 — $10 = $27.50 
The finance charge is 1.5% of $27.50, or 
0.015 X $27.50 = $.4125 


Thus, if no additional credit card purchases are made, the finance charge will 
be $.41. 


Note: The finance charge is not the only profit made by the credit card com- 
pany. Credit card companies charge 1% to 3% of each sale. (Rates vary and 
are based on the average charge per transaction.) 8 


Many large department stores prefer to handle their own credit card business. 
This procedure offers the following two main advantages to the stores: 


1. The stores save the commission on sales that the national credit card compa- 
nies charge for their services. 


2. The interest (finance charges) collected from their customers is a welcome 
source of revenue to the stores. 


Most charge accounts at department stores are called revolving charge 
accounts. Although the operational procedure for these accounts is similar to 
that employed by the national credit card companies, there may be some differ- 
ences between them such as the following: 


1. The interest for revolving charge accounts is 13% to 12% per month on the 
unpaid balance for balances under $500. If the balance is over $500, some 
accounts charge only 1% interest per month on the amount over $500. 


2. The minimum monthly payment may be established by the department store, 
and it may or may not be similar to that of the national credit card companies. 


Mary Lewis received her statement from Sears, where she has a revolving charge 
account. Her previous balance was $225.59, and she charged an additional 
$288.09 to her account. She also had $105.97 in credits. Find the following: 


(a) The finance charge for the month (Sears charges interest on the average daily 
balance of $222.99 as described in the form shown in Figure 12.3.) 


(b) The new balance 


(c) The minimum monthly payment 
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FIGURE 12.3 












D Account Number: 12 34567 89012 3 
SEARS Car d Billing date: January 13, 1996 
BOX 34577 
Anytown, US 12345 ACCOUNT SUMMARY 










Previous balance $225.59 

Total charges + 288.09 

Total credits = 105.97 

WasebocoDDacebecEDocoeDDacdslHssncolUDDvvcncdalscslladalel FINANCE CHARGE + 3.91 
Ms. Mary Lewis New balance $411.62 

t 

on See Scheduled payment: 35.00 
Minimum due: 35.00 

Due date: February 12, 1996 
























TRANSACTIONS HELPFUL INFORMATION 
Dec 15 PANT, 1 PC DRESS, 2PC DRESS, 2PC DRESS........ $98.96 Available Credit: $5,445 
Dec 16 SHIRT, SHIRT, 2PC DRESS, 1PC DRESS, 

1PC DRESS, EARS, EARRS 14K........00000.22200000 $178.02 If the amount of Available Credit is not 
Deo 16(PARTS REPAIRS: ange eA en 6.88 Sufficient, or you have a question, call: 
Dec 16 SEASONAL/OUTDOOR SHOP. .........cccccccecseeeeeeeeee 4.23 1-800-000-0000 
Dec 17 CREDIT - RETURN, CREDIT - RETURN...............-.- —43.98 M-S 9-9, SUN 12-5 ET 






Dec 17 BLOUSE, 
CREDIT - CANCELLATION: LADIES DRESSES, 






Mail any billing error notices to: 









CREDIT - CANCELLATION; LADIES Pcie Ue ou 
SPORTSWEAR 
CREDIT - CANCELLATION: LADIES Please include your account 
SPORTSWEAR, number with any correspondence. 
NET AMOUNT FOR TRANSACTION. .......2-000022.2-+- —31.99 

Dec 31 CREDIT - RETURN, CREDIT - RETURN.................. —30.00 SEARS BONUS CLUB 






CONGRATULATIONS! You have 
earned a Bonus Certificate worth 
$3.33 in savings at Sears. You will 
find it enclosed with this statement. 














FINANCE CHARGE Average ANNUAL Monthly Average FINANCE 
SCHEDULE Daily PERCENTAGE Periodic Daily CHARGE 







Balance RATE Rate Balance 
All Over $0.00 21.0% 1.75% 
$222.95 Total $3.91 







NOTE: See other side for important information 





On a Sears Revolving Charge Account your monthly payments decrease as your account balance : 


decreases . . . and, likewise your monthly payments increases as your account balance increases. 
Payments are flexible with your balance, as shown on the table below. Any premiums for Group 
Insurance, for which you may have contracted, other than Accidental Death and Disability 
Insurance, are in addition to your minimum monthly payments. 


New Balance 


$  .01 to $ 10.00 
10.01 to 


Minimum 


200.01 to 

250.01 to 

300.01 to 

350.01 to 

400.01 to : 
450.01 to 500.00 
Over $500.00 





Source: Courtesy of Sears, Roebuck and Co. 


Solution 


(a) Since the average daily balance was $222.99, the finance charge is 13% 
(21% annual rate) of the $222.99, that is, 


0.0175 X $222.99 = $3.91 (rounded up) 


EXAMPLE 5 


EXAMPLE 6 
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(b) The new balance is calculated as follows: 





Previous balance $225.59 
Finance charge 391 
New purchases 288.09 
Total credits = 105.97 
New balance $411.62 


(c) The minimum monthly payment is found by using the information given at 
the bottom of Figure 12.3. (This is a copy of the table that appears on the 
back of the statement.) Because the new balance is between $400.01 and 
$450, the minimum payment is $35. fal 


Some stores charge interest on the unpaid balance. How do we find the new 
balance under this method? The next example will tell you. 


Ms. Spoto received a statement from a department store where she has a charge 
account. Her previous balance was $280. She made a $20 payment and charged 
an additional $30.12 to her account. If the store charges 1.5% of the unpaid bal- 
ance, find the following: 


(a) The finance charge (b) The new balance 
Solution 


(a) The unpaid balance is $280 — $20 = $260, so the finance charge is 1.5% of 
$260, which is 0.015 X $260 = $3.90. 


(b) The new balance is computed as follows: 





Unpaid balance $260.00 
Finance charge 3.90 
Purchases 30:12 
New balance $294.02 ig 


There is another way of charging interest when consumers buy on credit, the 
add-on interest used by furniture stores, appliance stores, and car dealers. For 
example, suppose you wish to buy some furniture costing $2500 and you make 
a $500 down payment. The amount to be financed is $2000. If the store charges 
a 10% add-on rate for 5 years (60 monthly payments), the interest will be 


I= Prt 
= $2000 x 0.10 X 5 = $1000 


Thus, the total amount to be paid is $2000 + $1000 = $3000. The monthly pay- 
ment is found by dividing this total by the number of payments. 


Monthly payment = 8” = $50 


Note that the add-on interest is charged on the entire $2000 for the 5 years, but 
the customer does not have the full use of the entire amount for the 5 years. It 
would be fairer to charge interest on the unpaid balance only. 


A used car costing $8500 can be bought with $2500 down and a 12% add-on 
interest rate to be paid in 48 monthly installments. Find the following: 
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Solution 


(a) The total interest charged 


(b) The monthly payment 


(a) The amount to be financed is $8500 — $2500 = $6000. The interest is 12% 
of $6000 for 4 years. Thus, 


Interest = 0.12 X $6000 X 4 = $2880 


(b) Total amount owed = $6000 + $2880 = $8880 


Monthly payment = 


L. 


Chad and Susan Johnson are married and have a 
good credit rating. Chad earns $25,000 per year. 
What is the least that Susan must earn for the cou- 
ple to qualify for a card from Company A? (See 
Example 1.) 


. Jim and Alice Brown are married and have an 


excellent credit rating. They both work and earn 
the same salaries. What is the least that each salary 
must be for the Browns to qualify for a card from 
Company A? (See Example 1.) 


In problems 3-7, find the new balance, assuming that 
the bank charges 145% per month on the unpaid bal- 


ance. 
Previous New 
Balance Payment Purchases 

3. $100 $ 10 $50 

4. $300 $190 $25 

5. $134.39 $ 25 $73.98 

6. $145.96 $55 $44.97 

7. $378.93 S275 $248.99 


In problems 8-17, find the following: 
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a. The finance charge for the month 
b. The new balance 
c. The minimum monthly payment 





48 


$8880 = $185 B 


Use the following rates and payments table: 


Balance Jn 
ilgte ts Velden Cree 
mum Payment $10 





Previous New 
Balance Purchases 
8. $ 50.40 $173 
9. $ 85 $150 
10. $154 S75 
11. $344 $ 60 
12. $666.80 $ 53.49 
13. $ 80.45 $ 98.73 
14. $ 34.97 $ 50 
15.5$° 35.90 $ 35.99 
16. $ 98.56 $ 45.01 
17. $ 34.76 $187.53 
18. Phyllis Phillips has a revolving charge account 


that charges a finance charge on the unpaid bal- 
ance using the schedule on page 805. 


(Remember to bookmark the Bello book-specific Web site.) 


19. 


20. 


21. 


22. 


23. 


24. 


25. 


15% per month of that portion of the balance up 
to $300 

1% per month on that portion of the balance over 
$300 


If the previous month’s balance was $685, find the 
finance charge. 


Daisy Rose has a credit card that charges a finance 
charge on the previous balance according to the 
following schedule: 


2% per month on balances up to $100 

13% per month on balances between $100 and 
$200 

1% per month on balances of $200 or over 


If the previous month’s balance was $190, find the 
finance charge. 


Mr. Dan Dapper received a statement from his 
clothing store showing a finance charge of $1.50 
on a previous balance of $100. Find the monthly 
finance charge rate. 


Paul Peters received a statement from the ABC 
Department Store showing a previous balance of 
$90. If the ABC store’s finance charge is 1.5% on 
the previous balance, find the finance charge for 
the month. 


In problem 21, if the monthly rate were 1.25%, 
what would be the finance charge for the month? 


A $9000 car can be purchased with $1600 down, 

the balance plus a 9% add-on interest rate to be 

paid in 36 monthly installments. Find 

a. the total interest charged. 

b. the monthly payment, rounded to the nearest 
dollar. 


The Ortegas move into their first apartment and 
decide to buy furniture priced at $400 with $40 
down, the balance plus 10% add-on interest to be 
paid in monthly installments in 1 year. Find 

a. the total interest charged. 

b. the monthly payment. 


Wayne Pinski wishes to buy a stove and a refrig- 
erator from an appliance dealer. The cost of the 
two items is $2400, and Wayne pays $400 down 
and finances the balance at 15% add-on interest to 
be paid in 18 monthly installments. Find 

a. the total interest charged. 

b. the monthly payment, to the nearest dollar. 


26. 


27. 


28. 
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Bill Seeker bought a boat costing $8500 with 
$1500 down, the balance plus add-on interest to 
be paid in 36 monthly installments. If the add-on 
interest rate was 18%, find 

a. the total interest charged. 

b. the monthly payment, to the nearest dollar. 


Felicia Johnson bought a freezer costing $500 on 

the following terms: $100 down and the balance 

plus a 10% add-on interest rate to be paid in 18 

monthly installments. Find 

a. the total interest to be paid by Ms. Johnson. 

b. the amount of her monthly payment, to the 
nearest dollar. 


Cissie owes $1000 to a department store that 
charges a monthly interest rate of 1.5% on the 
unpaid balance. Cissie considers paying off this 
debt at the rate of $200 at the end of each month 
for 5 months and then paying off the balance at the 
end of the sixth month. She also considers making 
payments of $200 plus the month’s interest at the 
end of each month for 5 months. Make a table 
showing the monthly payments and the interest 
under each scheme. How much would Cissie save 
by using her second scheme? How do you account 
for this savings? Explain fully. 


®™ in Other Words 


29. 


30. 


An article in Money magazine states, “If you pay 
in full each month, you can get the most from the 
grace period by making big credit purchases just 
after your statement closing date and paying your 
bill on time at the last minute.” Explain why. 


The same article says to “buy bigger ticket items 
toward the end of the billing cycle and pay as 
much of the bill as possible as soon as you get 
your bill.” Explain why. 


Ge Using Your Knowledge 


A table shows that a monthly payment of $61 (to the 
nearest dollar) for 18 months will repay $1000 with 
interest at 1% per month on the unpaid balance. Can 
we find the equivalent add-on interest rate? Yes; here 
is how to do it. Eighteen payments of $61 make a total 
of $1098 (18 X $61), which shows that the total 
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interest paid is $98. As this is the interest for 18 months 
(15, or 3, years), the equivalent add-on interest rate is 


St. 
32. 
Soe 
34, 


23, 
Annual Percentage Rate (APR) and the Rule of 78 








| Info| = 9 http://college.hmco.com/mathematics ‘Seagh 


98 98 


(1000)@) 1500 ~ ae 


or 6.5%, to the nearest tenth of a percent. 


A table shows that the following monthly 
installment payments will repay $1000 in the 
stated term and at the stated rate of interest on the 
unpaid balance. Find the equivalent add-on inter- 
est rate to the nearest tenth of a percent. 


Monthly Rate per Month on 
Payment Term Unpaid Balance 
$47 2 years 1% 

$64 18 months 15% 

$50 2 years 15% 

$48 2 years 15% 





Web It Exercises 


The questions in this section require access to the 
Internet. For help with ‘exercises 1-3, access links 
12.2.3 or 12.2.4 at the Bello Web site. 


1. Find and discuss the difference between a “bank 
card,” a “travel and entertainment card,” and a 
“house card.” 


2. What are secured, unsecured, guaranteed, and 
debit cards? 


3. How do credit companies calculate your credit 
card interest each month? 





GETTING STARTED _ Truth-in-Lending: APR to Z 


yt. In the preceding section we studied several types of consumer credit: credit 
cards, revolving charges, and add-on interest. Before 1969, it was almost impos- 
sible to compare the different types of credit accounts available to consumers. In 
an effort to standardize the credit industry, the government enacted the federal 
Truth-in-Lending Act of 1969. A key feature of this law is the inclusion of the 
total payment, the amount financed, and the finance charges in credit con- 
tracts. In conjunction with this law, the Board of Governors of the Federal 
Reserve System issued Regulation Z requiring all lenders that make consumer 
loans to disclose certain information regarding the cost of consumer credit. How 
can we compare loans? To do so, two items are of crucial importance: the 
finance charge and the annual percentage rate (APR). A look at annual per- 
centage rates will enable us to compare different credit options. 

For example, suppose you can borrow $200 for a year at 8% add-on, or get 
the same $200 by paying $17.95 each month. Which is the better deal? In the first 
instance, you borrow $200 at 8% add-on, which means that you pay 8% of 
$200 or $16 in finance charges. The charge you pay per $100 financed is 


16 


200 * 100 = $8. On the other hand, if you pay $17.95 per month for 12 months, 


you pay a total of $215.40. Here the finance charge per $100 financed is 
iy Do Ore Tea. Obviously, the second loan is a better deal. 





(Remember to bookmark the Bello book-specific Web site.) 
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Can we find the APR for each loan? To help in doing so, tables have been 
prepared so that we can translate the finance charge per $100 to the APR (see 
Table 12.3). In this section we shall discuss the APR and one of the methods that 
will enable us to get a refund on our interest in case we decide to pay off our loan 


early. ea 


As you have seen in Sections 12.1 and 12.2, there are many ways of stating the 
interest rates used to compute credit costs. A few examples are 12% simple inter- 
est, 12% compounded annually, 12% add-on interest, and 1% per month on the 
unpaid balance. How can you compare various credit costs? Without some help, 
it is difficult to do this. In response, Congress enacted the Truth-in-Lending Act 
on July 1, 1969. This law helps the consumer to know exactly what credit costs. 
Under this law, all sellers (car dealers, banks, credit card companies, and so on) 
must disclose to the consumer 


1. The finance charge 


2. The annual percentage rate (APR) 


TABLE 12.3 True Annual Interest Rate (APR) 





Note: Numbers in the body of the table are finance charges per $100 of amount financed. 


A. 


APR 


Recall that the finance charge is the total dollar amount you are charged for 
credit. It includes interest and other charges such as service charges, loan and 
finder’s fees, credit-related insurance, and appraisal fees. The annual percent- 
age rate (APR) is the charge for credit stated as a percent. 

In general, the lowest APR corresponds to the best credit buy, regardless of 
the amount borrowed or the period of time for repayment. For example, suppose 
you borrow $100 for a year and pay a finance charge of $8. If you keep the entire 
$100 for the whole year and then pay $108 all at one time, then you are paying 
an APR of 8%. On the other hand, if you repay the $100 plus the $8 finance 
charge in 12 equal monthly payments (8% add-on), you do not have the use of 
the $100 for the whole year. What, in this case, is your APR? The formulas 
needed to compute the APR are rather complicated, and as a consequence, tables 
such as Table 12.3 have been constructed to help you find the APR. These tables 
are based on the cost per $100 of the amount financed. To use Table 12.3, you 
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eS Graph It 


Want to find the exact interest 
with your grapher? Go to the 


home screen (Press 
[MODE]) and ask for the 


TVM solver by pressing [2nd] | 


[1]. Next enter 
the values for M(30), 1%(0), 
PV(1200), PMT(—48.80), 
FV(0), P/Y(12), C/Y(12), and 
press [v] [ENTER]. Move the 
cursor up to /%. Press 


The APR is about 16% as 
shown by the /%. 


N30 
1%=16.0094uU902 
PV=1200 ae 
PMT=-48.8 
RV=O. 
Pres 
BMT, Bana BEGIN 















must first find the finance charge per $1 of the amount financed and then multi- 
ply by 100. Thus, to find the APR on the $100 borrowed at 8% add-on interest 
and repaid in 12 equal payments of $9, first find the finance charge per $100 as 
follows: ‘ 


1. The finance charge is $108 — $100 = $8. 
2. The charge per $100 financed is 


Finance charge $8 S 
Rearmed ae $100 ~ eS 
Since there are 12 payments, look across the row labeled 12 in Table 12.3 until 
you find the number closest to $8. This number is $8.03. Then read the heading 
of the column in which the $8.03 appears to obtain the APR. In this case, the 
heading is 144%. Thus, the 8% add-on rate is equivalent to a 145% APR. (Of 
course, Table 12.3 gives the APR only to the nearest 3%.) 


EXAMPLE 1 


Mary Lewis bought some furniture that cost $1400. She paid $200 down and 
agreed to pay the balance in 30 monthly installments of $48.80 each. What was 
the APR for her purchase? 


Solution We first find the finance charge per $100 as follows: 








Payments 30 X $48.80 = $1464 
Amount financed — 1200 
Finance charge $ 264 
Fi h 100 noes 100 = 
inance charge per $ $1200 Xx $100 = $22 


We now turn to Table 12.3 and read across the row labeled 30 (the number of 
payments) until we find the number closest to $22. This number is $21.99. We 
then read the column heading to obtain the APR, 16%. & 


Note: There is also a formula to approximate the APR. The formula is dis- 
cussed in problems 33-42. 


The Rule of 78 


In all the preceeding examples, it has been assumed that the consumer will faith- 
fully make the payments until the debt is satisfied. But what if you wish to pay 
in full before the final due date? (Perhaps your rich aunt gave you some money.) 
In many cases, you are entitled to a partial refund of the finance charge! The 
problem is to find how much you should get back. One way of calculating the 
refund is to use the rule of 78. This rule assumes that the final payment includes 
a portion, say $a, of the finance charge, the payment before that includes $2a of 
the finance charge, the second from the final payment includes $3a of the finance 
charge, and so on. If the total number of payments is 12, then the finance charge 
is paid off by the sum of a + 2a + 3a + 4a + 5a + 6a + Ta + 8a + Yeh ae 
10a + lla + 12a = 78a dollars. If the finance charge is F dollars, then 


78a = F 
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SO d = 7gF. This is the reason for the name “tule of 78.” N Ow, suppose you bor- 
row $1000 for 1 year at 8% add-on interest. The interest is $80, and the monthly 
payment is one-twelfth of $1080, that is, $90. If you wish to pay off the loan at 
the end of 6 months, are you entitled to a refund of half of the $80 interest 
charge? Not according to the rule of 78. Your remaining finance charge pay- 
ments, according to this rule, are 





1 2 3 4 5 OFF) Al 
7gh + igh Fle ight + igh + igh + mg = igh 


Since F = $80, you are entitled to a refund of 4 X $80, or $21.54. There are six 
payments of $90 each for a total of $540, so you would need to pay 
$540 — $21.54 = $518.46 to cover the balance of the loan. 

Notice that to obtain the numerator of the fraction a we had to add 
1+2+3+4+5 + 6. If there were n payments remaining, then to find the 
numerator, we would have to add 


1+2+3+---+(n-2)+(n—-1l)tn 


There is an easy way to do this. Let us call the sum S. Then we can write the sum 
S twice, once forward and once backward. 


S=1+ 2 ai 3 Tsai 2) +n — 1) 
Sern (dee gl oct (eee te et OS DG ae 


If we add these two lines, we get 
Zoe Al Gel) FOP 1) (i rey (ne 1) nL) te ee 1) 
and, because there are n terms on the right, 


2S = n(n + 1) 
e wilnsiEb) 
a lnaiota k 


Thus, for n = 6, we obtain 


Pex tl) 6x7 
a > =-+- = 





S 21 


as before. For n = 12, we find S = (12 X 13)/2 = 78, which again agrees with 
our previous result. 

Now suppose the loan is for 15 months, and you wish to pay it off in full after 
10 payments, so that there are 5 payments remaining. By arguing in the same 
way as for the 12-month loan, you can see that you are entitled to a refund of a 
fraction a/b of the finance charge, where the numerator is 





5X6 
Cale ea 5 =15 
and the denominator is 
iS <all6 
Bre aie? acne dont BY tg on 120 


Thus, you are entitled to i = of the total finance charge. 
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EXAMPLE 2 


In general, if the loan calls for a total of n payments and the loan is paid off 
with r payments remaining, then the unearned interest is a fraction a/b of the 
total finance charge, with the numerator 


Rae) 
OS) leh Qats Satie esse 
and the denominator 
HE (fmata ly) 
bisel dt 2a atin nae lee PD Som 
Thus, 
Liat ete) ; 
Ria, noe} The 2’s cancel. 


and the unearned interest u is given by 


aD re 
rina eel) 


where F is the finance charge. For example, if an 18-month loan is paid off with 
6 payments remaining, the amount of unearned interest u is 


x 
ee 


Ue 1S © 57 


Although the denominator is no longer 78 (except for a 12-payment loan), the 
rule is still called the rule of 78. 


Cal Olleb purchased a television set on a 15-month installment plan that included 
a $60 finance charge and called for payments of $25 monthly. If Cal decided to 
pay off the loan at the end of the eighth month, find 


(a) the amount of the interest refund using the rule of 78. 

(b) the amount needed to pay off the loan. 

Solution 

(a) Here, n = 15 and r = 7. We substitute into the formula to obtain 


XS a 
15 x 16 * 960 = 39 x $60 = $14 


(b) There are 7 payments of $25 each left, that is, $175. Thus, Cal needs 
$175 — $14 = $161 
to pay off the loan. i 


Applications 


Realistically, there are more factors associated with loans than APR and the 
tule of 78. In most cases, you need a calculator to do the work! Go to the Bello 
Web site and click on link 12.3.1. We illustrate the use of such calculators in 
Example 3. 


EXAMPLE 3 





To further explore types of 
calculators available on the Web, 
access links 12.3.2 and 12.3.3 at 
the Bello Web site. To compare 
buying and leasing, access link 
12.3.4. 


(Remember to bookmark the Bello book-specific Web site.) 
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Suppose the purchase price of a car is $15,000. There is no cash rebate, your 
trade-in is $4000, you do not owe any money in your trade in, the down payment 
is $2000, and you want to finance the car at 10% for 36 months. What is your 
monthly payment? 


Solution Select “autos” and under ClickCalcs choose “How much would my 
monthly payment be?” Enter the information as shown in Figure 12.4 


FIGURE 12.4 
How much will my monthly payment be? 


Purchase Price 


Cash Rebate You Receive 


Value of Your Trade-in 

Amount Owed on Your Trade-in 
Down Payment 

Loan Term (Months) 


Interest Rate 
NOTE: 
CalcBuilder™ The accuracy of this calculator and its applicability to your 
©1995-99, FinanCenter, Inc. circumstances is not guaranteed. You should obtain personal 
including libraries advice from qualified professionals. 





~ FIGURE 12.5 













t 
results 


ae 2 
tables explanation 


View Single-Page Format al — [] 








Your Monthly Payment: $290 


NOTE: 
CalcBuilder™ The accuracy of this calculator and its applicability to your 

©1995-99, FinanCenter, Inc. circumstances is not guaranteed. You should obtain personal 

including libraries advice from qualified professionals. 











As you can see in Figure 12.5, your monthly payment will be $290. By the way, 
you can compare monthly payments and total interest paid if you select “How 
much should I put down?” under ClickCalcs. You can even figure what car you 
can afford by selecting the topic under ClickCalcs. a 


ow 
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In problems 1-10, find the APR. 


Amount Finance Number of 
Financed Charge Payments 

1. $2500 $ 194 12 

2. $2000 $ 166 1 

3. $1500 $ 264 24 

4. $3500 $ 675 24 

5. $1500 $ 210 18 

6. $4500 $1364 36 

7. $4500 $1570 48 

8. $4000 $ 170.80 6 

9. $5000 $1800 48 

10. $4000 $ 908.80 30 


11. 
12. 
13. 
14. 
15; 
16. 


i WP 


In problems 11-15, find the following: 
a. The unearned finance charge 
b. The amount needed to pay off the loan 


Number 
Number of Pay- 

Finance of Pay- ments 
Charge ments Frequency Amount Left 
$15:60'- 12 Monthly $25 4 
$23.40 12 Monthly $35 5 

Sl eaude Monthly $45 6 
$52.00 18 Weekly $10 9 
$58.50 20 Weekly $10 5 


Alfreda Brown bought a car costing $6500 with 
$500 down and the rest to be paid in 48 equal 
installments of $173. 

a. What was the finance charge? 

b. What was the APR? 


Gerardo Norega bought a dinette set for $300, 
which he paid in 12 monthly payments of $27. 

a. What was the finance charge? 

b. What was the APR on this sale? 


18. Yu-Feng Liang bought a car for $6500. He made a 


19. 


20. 


21. 


22. 


23. 


down payment of $1000 and paid off the balance 
in 48 monthly payments of $159 each. 

a. What was the finance charge? 

b. What was the APR? 


A used sailboat is selling for $1500. The owner 

wants $500 down and 18 monthly payments of $63. 

a. What finance charge does the owner have in 
mind? 

b. What is the APR for this transaction? 





Natasha Gagarin paid $195 interest on a $2000 
purchase. If she made 12 equal monthly payments 
to pay off the account, what was the APR for this 
purchase? 


Virginia Osterman bought a television set on a 12- 
month installment plan that included a $31.20 
finance charge and called for payments of $50 per 
month. If she decided to pay the full balance at the 
end of the eighth month, find the following: 

a. The interest refund 

b. The amount needed to pay off the loan 


Marie Siciliano bought a washing machine on a 
12-month installment plan that included a finance 
charge of $46.80 and called for monthly payments 
of $70. If Marie wanted to pay off the loan after 7 
months, find the following: 

a. The interest refund 

b. The amount needed to pay off the loan 


A couple buys furniture priced at $800 with $80 
down and the balance to be paid at 10% add-on 
interest. If the loan is to be repaid in 12 equal 
monthly payments, find 

a. the finance charge. 

b. the monthly payment. 


c. the interest refund if the couple decides to pay 
off the loan after 8 months. 
d. the amount needed to pay off the loan. 


24. Dan Leizack is buying a video recorder that costs 
$1200. He paid $200 down and financed the bal- 
ance at 15% add-on interest to be repaid in 18 
monthly payments. Find the following: 

a. The finance charge 

b. The monthly payment 

c. The interest refund if he pays off the loan after 
9 months 

d. The amount needed to pay off the loan 


25. Joe Clemente bought a stereo costing $1000 with 
$200 down and 10% add-on interest to be paid in 
18 equal monthly installments. Find 
a. the finance charge. 
b. the monthly payment. 
c. the interest refund if he pays off the loan after 

15 months. 

d. the amount needed to pay off the loan. 


The following information will be used in problems 
26-31. (Internet access is required. See link 12.3.4 for 
this section.) If you are buying a car, one of the factors 
to consider (but by no means the only one!) is the 
monthly payment. What are your options? Assume you 
are buying a $20,000 car, your trade-in is worth $2000, 
you have $1000 to give down, the sales tax is 6%, and 
you want to finance the car for 36 months at 8%. 


26. a. What is the total purchase price? 
b. What is the monthly payment? 
c. What down payment do you need so that the 
monthly payment is about $510? 


27. You can lower the monthly payment by getting a 
lower interest rate. What is the payment if the 


interest rate is 
a. 7%? b. 6%? 


28. On the basis of your answers to problems 26 and 
24s 
a. by how much is the payment lowered when 
you lower the rate by 1%? 
b. if you want a monthly payment of about $536, 
what rate of interest will you have to negotiate? 


29. What is the total cost to purchase the car when 
your finance rate is 
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a. 4%? b. 5%? c. 6%? 
d. By about how much is the total cost to purchase 
increased when the rate is increased by 1%? 


30. An alternative plan is to lease the car. Under the 
same assumptions as before and assuming the resid- 
ual value of the car at the end of 3 years is $12,400, 
what is the monthly payment for leasing the car? 


31. What is the total cost of a car if you lease it for 
three years and buy it at its residual value at the 
end of the 3 years? 


&®  1n Other Words 


32. Do you think the rule of 78 gives the debtor a fair 
break? In your own words, explain why or why not. 


) Using Your Knowledge 


Approximating the APR by Formula The APR for 
the loans just discussed can also be approximated 
(however, not within the ; of 1% accuracy required by 
Regulation Z*) by using the following formula: 


2mlI 


APR Pan + 1) 


where m = the number of payment periods per year 
J = the interest (or finance charge) 
P = the principal (amount financed) 
n = the number of periodic payments to be 
made 


Thus, in Example 1, m = 12, I = $264, P = $1200, 
n = 30, and 


el GA 
~ Patil) 1200 X 31 





APR = 17% 


In problems 33-42 use the APR formula to find the 
APR in the specified problem. In each case, state the 
difference between the two answers. 


33. Problem 1 34. Problem 2 
35. Problem 3 36. Problem 4 


*Regulation Z limits the use of this formula for approximating APRs 
to the “exceptional instance where circumstances may leave a cred- 
itor with no alternative.” 
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37. Problem 5 38. Problem 6 
39. Problem 7 40. Problem 8 
41. Problem 9 42. Problem 10 





Web It Exercises 


The questions in this section require access to the 
Internet. 


1. 
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Look at Example 3 and discuss some expenses that 
have been omitted from the calculation. 


. Instead of buying a car you can lease (rent) one but 


you should understand several new terms before 
you do so. Discuss the meaning and importance of 
the following terms applicable to leasing a car: 


4 
Buying a House 


GETTING STARTED 


ore 


a. Residual value 
b. Sales tax 


3. Suppose you wish to buy a $15,000 car to be 


financed at 7% for 36 months with a $1000 down 
payment and a $2000 trade-in. Assume the sales tax 
is 6% of the car price, the residual value is the price 
of the $15,000 car less 3 years depreciation, and 
you will buy the leased car for its residual price at 
the end of the 3 years. 

a. What is the depreciation? (See link 12.3.1 at 

the Bello Web site.) 

b. What is the total cost to purchase the leased car? 

c. What is the total cost to purchase the other car? 

d. Which is cheaper? 


. Onthe basis of the results in the problems above, dis- 


cuss the benefits of leasing versus purchasing a car. 


Houses: How Much Down? How Much a Month? 


As for most people, the single largest credit purchase (and investment) of your 
life will be buying a house. This purchase will require many decisions in what 


may be unfamiliar areas. This section will help you make these decisions wisely. 
The first question is: how much house can you afford? Look at the rules on the 
next page to figure this out. Next, what type of loans are available? See the dis- 
cussion after Example | and the Using Your Knowledge section of Exercise 
12.4. The information there is accurate, except for the rates. What will be the dif- 
ference in the monthly payment amount if the interest rate is 1 percent higher? 
From Table 12.4, you will see that for each $1000 borrowed, the payment dif- 
ference between a 7%, 30-year loan (first row, last column) and an 8% loan (third 
row, last column) is $7.32 — $6.64 = $.68. Now, this does not seem like much, 
but if you are borrowing $100,000, the difference in your monthly payment will 
be $68! Can you figure out how much the payment difference per $1000 will 
be on a 30-year loan if the rate is lowered from 13% to 12%? (Current rates 
may be lower than those appearing in the Using Your Knowledge section of 


Exercise 12.4.) 


Of course, your monthly payment should not be the only consideration when 
buying a house. You must consider the amount of down payment required, the 
interest rate, the number of years taken to pay off the loan, whether there are 
any penalties for prepayment (paying the loan early), the loan application fee 
covering the cost of appraisal and credit report ($250-$300), and one of the most 
overlooked items when buying a home: the closing costs. These may include, 
but not be limited to, any or all of the following: 


(Remember to bookmark the Bello book-specific Web site.) 


Many home owners say that 
buying a house is both a 
harrowing experience and a 
rewarding one at the same time. 


EXAMPLE 1 





www: 


To further explore how to calcu- 
late the amount you can borrow, 
access links 12.4.1-12.4.3 at the 
Bello Web site. 


(Remember to bookmark the Bello book-specific Web site.) 
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Points are fees lenders charge to increase profits. Each point is 
equivalent to 1% of the loan amount, so if you are borrowing $80,000 
and are paying 1 point, you have to pay $800 at closing. 

The loan origination fee is typically 1% of the loan amount ($700 ona 
$70,000 loan). 

Private Mortgage Insurance (PMI) is insurance to protect the lender and 
is required if your down payment is less than 20% of the purchase price. 
Fees vary, but typically first year premiums are 1% of the loan amount 
with a 5% down payment, 0.4% with a 10% down payment, and 0.3% 
with a 15% down payment, plus a monthly fee. You must prepay the 
first year’s prernium at closing, or you can decide to make a lump sum 
payment of 2.95% of the mortgage amount with a 10% down payment 
or 2.30% with a 15% down payment. 


What else must be paid at closing? First monthly mortgage payment, title 
search and title insurance, property survey, deed recording, document prepara- 
tion, homeowners insurance, prorated property taxes, and lawyers’ fees. These 
expenses can add $2000—$4000 to the immediate price of the home. In this sec- 


tion you will learn more of the details! a 


One of the first, if not the first, decision you must make when buying a house is 
how much to spend. Certain rules of thumb are used as guides in helping people 
decide what price home to buy. The following are three such rules: 


1. Spend no more than 2 to 5 times your annual income. 


2. Limit housing expenses to 1 week’s pay out of each month’s gross pay 
(before deductions). 


3 Do not let the amount of the monthly payment of principal. ‘interest, 
taxes, and insurance exceed 28% of your monthly gross pay. 


John and Pat Harrell earn $35,000 annually. Can they afford an $80,000 home 
with a $60,000 mortgage that requires monthly payments of $710 including prin- 
cipal, interest, taxes, and insurance (PITI)? 


Solution The following are the maximum amounts they can spend according to 
the three criteria given above: 


1. 2.5 X $35,000 = $87,500 
2. If the Harrells earn $35,000 annually, in 1 week they earn 


$35,000 


= $673. 
59 7 9073.08 
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3. The Harrells’ gross pay is $35,000. Their monthly gross pay is 


$35,000 
ry 





= $2916.67 per month 


and 28% of $2916.67 = $816.67. 


Thus, the Harrells qualify under the first and third criteria, but not under the sec- 
ond. Of course, they must come up with the $20,000 down payment! @ 


Now that you know how much house you can afford, you need to borrow 
money to buy it. How do you do that? By getting a mortgage loan, a contract in 
which the lender agrees to lend you money to buy a specific house or property. 
The contract creates a lien (a charge against the property making it security for 
payment) and you, in turn, agree to repay the money according to the terms of 
the contract. There are many different types of mortgage loan plans (see the 
Using Your Knowledge section of Exercise 12.4); two of these will be consid- 
ered here: conventional loans and Federal Housing Authority (FHA) loans. 

Conventional loans are arranged between you and a private lender. In these 
loans, the amount of the down payment, the repayment period, and the inter- 
est rate are agreed on by the borrower and the lender. The lender usually 
requires taxes and insurance to be paid in advance through a reserve (escrow) 
account. Lenders sometimes require borrowers to pay for private mortgage 
insurance (PMI) if the down payment is less than 20% of the loan amount. In 
addition, they may require that the buyer do the following: 


1. Be steadily employed and a resident of the state in which the property is 
located 


2. Have enough savings to make one or two mortgage payments 
3. Have the necessary down payment in hand (not borrowed) 


Maximum amounts for conventional loans are set by individual lenders. 
Loans up to 80% of the value of the property are quite common, and loans of 90 
to 95% can often be obtained. 


Walden Savings & Loan 


Your neighborhood lender 
Mortgage Rates 


Loan Int. Rate APR 


30-year fixed 8.45% 8.99% 
15-year fixed 8.05% 8.69% 
1-year adjust. 5.50% 7.06% 
FHA 30-year fixed 6.75% 


FHA loans are made by private lenders and are insured by the Federal 
Housing Administration. The FHA does not make loans; it simply insures the 
lender against loss in case you, the borrower, fail to repay the loan in full. To pay 
expenses and cover this insurance, the FHA charges (at closing) an insurance 
premium of 3.8% of the loan for 30-year loans, 2.4% for 15-year loans, or an 


EXAMPLE 2 
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additional 0.5% is added to the interest rate to pay the insurance. To qualify for 
an FHA loan, a buyer must have the following: 


1. A total housing expense less than 29% of the buyer’s gross income 


2. Total monthly payments (all debts with 12 or more payments plus total hous- 
ing expenses) less than 41% of the gross income 


Interest rates on these loans are usually 1 or 2 percentage points lower than con- 
ventional loan rates. The FHA loan maximum for a single-family dwelling 
depends on its location but cannot exceed $101,250. Down payments are 


1. 3% of the first $25,000, plus 5% of the balance over $25,000, up to the max- 
imum loan amount. 


2. Aminimum of 3%. 


A family wishes to buy a $64,000 house. 


(a) If a conventional lender is willing to loan the family 90% of the price of the 
house, what will be the amount of the loan? 


(b) What will be the down payment with that loan? 


(c) If the family decides to obtain an FHA loan instead, what will be the mini- 
mum down payment? 


(d) What will be the maximum FHA loan the family can get? 
Solution 

(a) 90% of $64,000 = $57,600 

(b) $64,000 — $57,600 = $6400 (which is 10% of $64,000) 


(c) With an FHA loan, the family will have to pay down 3% of $25,000 plus 5% 
of the amount over $25,000 ($64,000 — $25,000 = $39,000). Thus, the min- 
imum down payment is computed as follows: 

3% of $25,000 = $ 750 


5% of $39,000 = $1950 
Total minimum down payment = $2700 


(d) $64,000 — $2700 = $61,300 a 


The last item we shall discuss in connection with mortgages is the actual 
amount of the monthly payment. This amount depends on three factors. 


1. The amount borrowed 
2. The interest rate 
3. The number of years taken to pay off the loan 


Table 12.4 shows the monthly payments for $1000 borrowed at various rates and 
for various times. To figure the actual monthly payment, find the appropriate 
interest rate and the payment period, and then multiply the amount shown in 
Table 12.4 by the number of thousands of dollars borrowed. Thus, to figure the 
monthly payment on a $40,000 mortgage at 10% for 30 years, look down the col- 
umn for 30 years until you come to the row labeled 10%. The amount per $1000 
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EXAMPLE 3 





TABLE 12.4 Monthly Payments (Principal and Interest) for Each 
$1000 Borrowed 


ona 


Interest e100 2 
Rate (%) years —_-year: 


is $8.78. Multiply this amount by 40 (there are 40 thousands in $40,000) to 
obtain $351.20 for the required monthly payment. 


Athanassio and Gregoria Pappas wish to obtain a 30-year loan to buy a $50,000 
house. 


(a) If they can get a loan of 95% of the value of the house, what is the amount 
of the loan? 


(b) What will be the down payment with that loan? 

(c) If the interest rate is 11%, what will be the monthly payment? 

(d) What will be the minimum down payment with an FHA loan? 

(e) If the FHA loan carries 9% interest, what will be the monthly payment? 
Solution 

(a) 95% of $50,000 = $47,500 

(b) $50,000 — $47,500 = $2500 


. a Graph It 


_ To solve part (c), press 
[1], enter the 

_ values for N(360), 1(11%), 
PV(—47,500), PMT(0), 

| FV(O), P/Y(12), and C/Y(12), 
and enter END. Now press 





[and] [FINANCE] [2] [ENTER]. 


The payment is given as 

$452.35. For part (e), enter 

_ the values N = 360, J = 9%, 
PV = —48,000, PMT = 0, 
FV = 0, P/Y = 12, and 

_ C/Y = 12 and enter END. 
Finally, press 

| [ENTER]. The 


payment is given as $386.22. 


Exercise 12.4 


1. A family has a $40,000 annual salary. Can it afford 
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(c) We read from Table 12.4 that the amount per $1000 on a 30-year loan at 11% 
is $9.52. Thus, the monthly payment will be 


47.5 X $9.52 = $452.20 


The mortgage loan is for 47.5 thousand dollars. 
(d) With an FHA loan, the minimum down payment is 


3% of $25,000 = $ 750 
plus 5% of $25,000 = $1250 
$2000 

(e) In Table 12.4, we find the amount per $1000 on a 30-year loan at 9% to be 


$8.05. The amount to be financed is $48,000 ($50,000 — $2000). Thus, the 
monthly payment will be 


48 X $8.05 = $386.40 


Note: This is not the entire payment, because for an FHA loan, interest and 
taxes must be added to this amount. a 





To further explore Example 3, access link 12.4.4 at the Bello Web site. 


4. The Scotdale family wants to buy a $60,000 house. 


an $80,000 house with a $70,000 mortgage requir- 
ing payments of $750 per month, including prin- 
cipal, interest, taxes, and insurance? 

a. Use the first criterion given in the text. 

b. Use the second criterion given in the text. 

c. Use the third criterion given in the text. 


. A family earns $36,000 annually. Can it afford a 
$95,000 house with a $60,000 mortgage requiring 
monthly payments of $570, including principal, 
interest, taxes, and insurance? 

a. Use the first criterion given in the text. 

b. Use the second criterion given in the text. 

c. Use the third criterion given in the text. 


. The Browning family wants to buy a $77,000 house. 

a. If it can get a loan of 80% of the value of the 
house, what is the amount of the loan? 

b. What will be the down payment on this loan? 

c. If it decides to obtain an FHA loan, what will be 
the down payment? (Do not forget that the max- 
imum FHA loan for this location is $67,500.) 


(Remember to bookmark the Bello book-specific Web site.) 


a. If it can get a conventional loan of 95% of the 
purchase price, what will be the amount of the 
loan? 

b. What will be the down payment with this loan? 

c. If it uses an FHA loan, what will be the down 
payment? 


In problems 5-10, find the total monthly payment, in- 
cluding taxes and insurance, for the given mortgage loan. 


Time Annual Annual 
Amount Rate (Years) Taxes Insurance 
5. $30,000 8% 20 $400 $160 
6. $40,000 85% 30 $600 $180 
7. $45,000 9% 25 $540 $210 
8. $50,000 9% 20 $720 $240 
9. $73,000 10% 30 $840 $380 
10. $80,000 103% 15 $1000 $390 
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11. 


12. 


; 


14. 


15. 


16. 
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The Aikido family wants to obtain a conventional 
loan for 30 years at 11%. Suppose it finds a lender 
that will lend 95% for the $60,000 house it has 
selected, and its taxes and insurance amount to 
$1500 per year. 

a. What will be its down payment on the loan? 
b. What will be its total monthly payment, includ- 

ing taxes and insurance? 


The Perez family is planning to buy a $90,000 

house. Suppose the family gets a loan of 80% of 

the price of the house, and this is a 25-year loan at 

10%. 

a. What will be the family’s down payment on the 
loan? 

b. If the family’s taxes and insurance amount to 
$810 annually, what will be the monthly pay- 
ment, including taxes and insurance? 


The Green family obtained a 30-year FHA loan at 
12% to buy a $75,000 house. The family made the 
minimum required down payment, and taxes and 
insurance amounted to $360 annually. 

a. What was the family’s down payment? 

b. What was the total monthly payment? 


A family was planning to buy a $95,000 house 
with an FHA loan carrying 95% interest over a 20- 
year period. If the family could get the largest pos- 
sible loan, $75,000 for this location, and taxes and 
insurance amounted to $1200 annually, find 

a. the family’s down payment. 

b. the total monthly payment. 


The Bixley family has a $50,000 mortgage loan at 

10% for 30 years. 

a. What is the family’s monthly mortgage pay- 
ment? 

b. How many payments will the family have to 
make in all? 

c. What is the total amount the family will pay for 
principal and interest? 

d. What is the total interest the family will pay? 

e. If the loan was 80% of the price of the house, is 
the price more or less than the total interest? 


The Peminides have a $35,000 mortgage loan at 
9% for 30 years. 
a. What is their monthly mortgage payment? 





fi, 





b. How many payments will they have to make in 
all? 

c. What is the total amount they will pay for prin- 
cipal and interest? 

d. If their loan was 80% of the price of the house, 
is the price more or less than the total interest? 


If you think house prices are high, there is bad 
news! The costs mentioned so far are not all- 
inclusive. You also have to pay closing costs. 
These costs include various fees and are usually 
paid at the time of closing, that is, when the final 
mortgage contract is signed. They are in addition 
to the agreed-on down payment. The following 
are some typical closing costs for a $50,000 house 
with the buyer making a 20% down payment 
(prices vary): 


Credit report fee $ 45 
75 estimated taxes 
of $600 $150 To escrow 
Insurance premium account 
for 1 year $300 
> insurance premium $ 50 To escrow 
Title insurance $220 account 
Mortgage recording fee $ 20 
Loan fee, 1 point 
(1% of loan amount) Syael 
‘Total closing costs $ 


a. What would be the total cash payment, down 
payment plus closing costs, at the time of 
closing? 

b. If the buyer had to make escrow account (an 
account maintained by the mortgage com- 
pany and used to pay property taxes and insur- 
ance) deposits each month for taxes and insur- 
ance, what would be the combined monthly 
payment under mortgage terms of 14% for 30 
years? 

c. Suppose the lender agreed to add the closing 

costs to the loan amount instead of asking for 

cash. What would be the combined monthly 

payment with the same terms as in part (b)? 

You can read more about typical closing costs 

at link 12.4.5 at the Bello Web site. 


(Remember to bookmark the Bello book-specific Web site.) 


18. The following are some different closing costs for 
a $75,000 house with a 10% down payment 
(prices vary): 


Credit report fee $ 45 
Mortgage recording fee $ 15 
Lot survey $250 
Loan fee (1.5 percent 

of loan amount) $ 
Insurance premium for 1 year $210 
Total closing costs $ 


a. What would be the total cash payment, down 
payment plus closing costs, at the time of 
closing? 

b. Ifno escrow account was required, what would 
be the monthly payment for a 25-year, 10% 
loan? 

c. If the lender added the closing costs to the loan 
amount instead of asking for cash, what would 
be the monthly payment under the same terms 
as in part (b)? 


19. The following are some closing costs for a 
$120,000 home with 20% down (prices vary): 


Credit fee $ 45 
Mortgage recording fee $ 25 
Plot plan $250 
1-point loan fee $ 
Title insurance $350 
Total closing costs $ 


a. Find the cash payment, down payment plus 
closing costs, at the time of closing. 

b. If the buyer had to make escrow account 
deposits each month for $1200 taxes and insur- 
ance, what would be the combined monthly 
payment under mortgage terms of 9% for 30 
years? 

c. Suppose the lender agrees to add the closing 
costs to the loan amount instead of asking for 
cash. What would be the combined monthly 
payment with the same terms as in part (b)? 


20. The following are some closing costs for a 
$150,000 home with 25% down (prices vary): 


Credit fee $ 45 
Mortgage recording fee 5 25 
Lot survey $300 
1}-point loan fee $ 

Title insurance $420 


Total closing costs $ 
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a. Find the cash payment, down payment plus 
closing costs, at the time of closing. 

b. If the buyer had to make escrow account 
deposits each month for $1500 taxes and insur- 
ance, what would be the combined monthly 
payment under mortgage terms of 8% for 20 
years? 

c. Suppose the lender agrees to add the closing 
costs to the loan amount instead of asking for 
cash. What would be the combined monthly 
payment with the same terms as in part (b)? 


The following information about closing costs for an 
$84,000 house with a 10% down payment will be used 
in problems 21-22: 


2 points 2% of loan contract 

Appraisal and $235 conventional loan 
credit report ($200 FHA) 

Recording fee $ 25 

Title insurance $295 


21. Assume you are getting a 15-year conventional 
loan with a 10% interest rate. Use the given infor- 
mation to find the following: 

a. The total cash payment, down payment plus 
closing costs, at the time of closing 

b. The monthly payment (assuming no escrow 
account) 


22. Assume you are getting a 30-year FHA loan with 
an 8% interest rate. Use the given information to 
find the following: 

a. The total cash payment, down payment plus 
closing costs, at the time of closing 

b. The monthly payment (assuming no escrow 
account) 


@™ In Other Words 


23. Write in your own words the advantages and dis- 
advantages of an FHA loan. 


24. Write in your own words the advantages and dis- 
advantages of a conventional loan. 


25. Suppose you obtain a $100,000 conventional loan 
and finance it at 9% for 30 years. Which is greater, 
the price of the house or the interest you pay on the 
loan? Answer the same question for a $50,000 
loan. Explain your answers. 
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Ga Using Your Knowledge 


There are so many different types of loans available that 
we cannot discuss all the possible financing alternatives 
you may have when you buy a house. The accompany- 
ing information derived from Money magazine might 
help you to make some sense out of the existing con- 
fusion. Most of the types of loans mentioned are still 
used, but interest rates are much /ower in many cases! 


A Gallery of Loans The chart below and on page 823 
will help you shop for the housing loan that’s best for 
you. Your choice should be determined by your 
income and your expectations about inflation and inter- 
est rates. As they rise and fall, so will rates for inflation- 
indexed and adjustable-rate mortgages. Fixed-rate 
loans don’t fluctuate, but they can be expensive. All 
the loans listed are widely available, except for the 
adjustable-balance mortgages. They have been offered 
so far only in Utah, but they may become more com- 
mon in the future if inflation worsens. 


26. Find out the current rates for the type loans in the 
chart. You can find some of these rates by clicking 
on your state at link 12.4.6 at the Bello Web site. 


a Web It Exercises 


www: 
The questions in this section require access to the 
Internet. 


Fixed rate 
Conventional 10-20% 
Graduated 5% 
payment 
Growing 10% 
equity 
Adjustable 
rate 
Typical 
adjustable 
rate 
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Unchanged 
Unchanged 


Unchanged 





1. Discuss the following questions: 

a. By how many years would a mortgage be 
reduced if you make biweekly rather than 
monthly payments? What does the answer 
depend on? 

b. Which is better, biweekly payments or extra 
money in each regular payment? 


Now, do the problems and find out some facts. Assume 
you are considering a $100,000 mortgage at 8% for 30 
years. For help with your answers, access link 12.4.7 
at the Bello Web site. 


2. For the $100,000 mortgage at 8% for 30 years, 
a. what would the payment be? 
b. what is the total amount of interest you will pay? 
c. if you decide to make biweekly payments, how 
many years will it take to pay off the entire mort- 


gage? 


3. Which do you think is better, to make biweekly 
payments or to pay $60 extra on each payment? 
Hint: Find out how many years it will take to pay 
off the entire mortgage when you add the extra $60 
in each payment. 


4. If you want to consider a 15-year mortgage with the 
same payment as the 8%, 30-year mortgage, what 
interest rate do you need? 


HSL 


High-income people who believe interest 
rates won’t drop much 

People who feel certain their incomes will 
rise substantially 

Borrowers who can afford high aS 
and want to pay off their loans early 


' 


1 


People who expect interest rates to drop 


continued 
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Dual rate 


Balloon 
payment 


| Equity 
- sharing 

Shared 
equity 


| Partnership 
mortgage 


Inflation 
indexed 
- Adjustable 
balance 
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Section 


IAA 


121A 


12.1D 


12.3A 


Item 


I= Prt 


AP 


A =P +i)" 


APR 


Unknown 


Loan is usually 
repaid by then 


Unchanged 


Unchanged 


Unknown 


Meaning 


Simple interest equals Prt, where 
P is the principal, r is the rate, and 
t is the time in years. 


Amount equals principal plus 
interest. 


Compound amount equals P(1 + 1)", 
where P is the principal, i is the rate 
per period, and n is the number of 
periods. 


Annual percentage rate 
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Borrowers who, in return for lower monthly 
payments, are willing to give some of 
their equity to lenders if interest rates rise 

Borrowers who believe they’ll be able to _ 
refinance their loans at lower rates in the 
future 


People who are willing to give investors 
part of their houses’ tax benefits and 
future appreciation in return for help 
in raising down payments and making 
monthly loan payments 

Low-income people who are willing to give 
investors most of the tax deductions a 
home generates and some of the future 
appreciation in exchange for down 
payments and help in monthly payments 


Borrowers who are confident that their 
incomes will keep pace with inflation 





Example 


The interest on a $500 2-year loan 
at 12% is J = $500 - 0.12 - 2 = $120 


The amount A you have to pay ona 
$500, 2-year loan at 12% simple 
interest is A = $500 + $120 = $620 


The compound amount A, paid on 
a 2-year loan of $500 compounded 
annually at 12% is 
A, = $500(1 + 0.12) 

= $500(1.12)? 

= $627.20 
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12.3B Rule of 78 The unearned interest rate on a loan The unearned interest rate on a 
of n periods with 7 remaining 15-month loan with a $120 
SPO Eee) ; finance charge and monthly 
Peuose AS n(n + 1) OE ne payments of $50 at the end of 
the finance charge. the oy month is 
eK 
eG 
al 


= 49 X $120 = $28 


Research Questions 


Sources of information for these questions can be found in the Bibliography at the 
end of the book. 


1. Use an encyclopedia and write a report about the origin of coins, citing places, 
peoples, and dates. 


2. Write a report about the origin of paper money, citing places, peoples, and dates. 
3. Write a brief report about Continental currency. 


4. Find out and report about the Federal Reserve System and its relationship to the 
printing and control of money in the United States. 


5. Go to a bank or a savings and loan and research its requirements for getting a 
mortgage loan. Write out all of these requirements. 


Chapter 12 PRACTICE TEST 


1. The Ready-Money Loan Company charges 28% simple interest (annual) for a 
2-year, $800 loan. Find the following: 
a. The total interest on this loan 
b. The interest for 3 months 
c. The total amount to be paid to the loan company at the end of 2 years 


2. A state has a 6% sales tax. 
a. What is the sales tax on a microwave oven priced at $360? 
b. What is the total cost of this oven? 


3. Ina sale, a store offers a 20% discount on a freezer chest that is normally 
priced at $390. 
a. How much is the discount? 
b. What is the sale price of the freezer? 


4. The following table (top of page 825) is a portion of a compound interest table 
to use in this problem: 


Find the accumulated amount and the interest earned for the following: 
a. $100 at 8% compounded semiannually for 2 years 
b. $100 at 8% compounded quarterly for 2 years 
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Amount (in dollars) to Which $1 Will Grow in n Periods Under 
Compound Interest 


1 
2 
3 
4 
5 
6 
7 
8 





- Acredit card holder is obligated to pay the balance in full if it is less than $10. 

Otherwise, the minimum payment is $10 or 5% of the balance, whichever is 

more. Suppose that a customer received a statement listing the balance as 

$185.76. 

a. Find the minimum payment due. 

b. The finance charge is 1.5% per month. What will be the amount of this charge 
on the next statement if the customer makes only the minimum payment? 


. JoAnn Jones received a statement showing that she owed a balance of $179.64 

to a department store where she had a revolving charge account. JoAnn made a 
payment of $50 and charged an additional $23.50. If the store charges 1.5% per 
month on the unpaid balance, find the following: 

a. The finance charge for the month b. The new balance 


. Acar costing $6500 can be bought with $1500 down and a 12% add-on interest 
to be paid in 48 equal monthly installments. 

a. What is the total interest charge? 

b. What is the monthly payment? 


. The following is a table for you to use in this problem: 


True Annual Interest Rate for a 12-Payment Plan 


Finance charge 
(per $100 of the 
amount financed) 





Sam Bear borrows $200 and agrees to pay $18.10 per month for 12 months. 

a. What is the APR for this transaction? 

b. If Sam decided to pay off the balance of the loan after 5 months (with 7 pay- 
ments remaining), use the rule of 78 to find the amount of the interest refund. 

c. Find the amount needed to pay off the loan. 


826 


12 Your Money and Your Math 


9. The Mendoza family wants to buy a $50,000 house. 


10. 


a. 


If a bank was willing to loan the family 75% of the price of the house, what 
would be the amount of the loan? 


b. What would be the down payment for this house? 


. If the family decided to obtain an FHA loan instead, what would be the min- 


imum down payment? (Assume that the FHA requires a down payment of 3% 
of the first $25,000 and 5% of the balance up to a maximum loan amount of 


$67,500.) 
d. What would be the maximum FHA loan the family could get? 


Refer to problem 9. Suppose the Mendoza family contracted for a 15-year 
mortgage at 12% with the bank that loaned the family 75% of the price of the 
house. What is the family’s monthly payment for principal and interest? (Use 
the table below.) 


Monthly Payment (in dollars) for Each $1000 
Borrowed 


ar 


pn oi ia ee 
Rate _‘10years _15 years 





11% 13.78 37 10.32 


12% 14.35 12.00 11.01 
13% 14.93 12.65 Ee 





Answers to Practice Test 


Answer If You Missed 
—— Questio 
1. (a) $448 (b) $56 —(c) $1248 pirrest | MamG ioe 
2. (a) $21.60 — (b) $381.60 | Plas bel 
3. (a) $78 —(b) $312 | 3 bed 
4. (a) $116.99; $16.99 (b) $117.17;$17.17 seve daereos 
5. (a) $10 (b) $2.64 5 . 12.2 
6. (a) $1.94 (b) $155.08 6 ! 12.2 
7. (a) $2400 (b) $154.17 7 | 12.2 
8. (a) 155% — (b) $6.17 ©) - $120.53 8 | 12.3 
9. (a) $37,500  (b) $12,500 ) 5 eas 


(c) $2000 (d) $48,000 


10. $450 10 i 12.4 
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Voting and Apportionment 


SESS oe et pee sere serese sean 






eee ol el Ue One of the most precious rights in our demo 
5 EAS ghts in our democrac 
Re TY Objections is the right to vote. We have elections to ae 
3.3 Apportionment the President of the United States, Senators and 
Methods Representatives, members of the United Nations 
3.4 Apportionment General Assembly, baseball players to be inducted 
err into the Baseball Hall of Fame, and even “best” 
Objections 
actors to receive Oscar and Grammy awards. 
There are many ways of making the final decision 
Chapter 13 Summary in these elections, some simple, some more 
Research Questions complex. 
Chapter 13 Practice Test To elect Senators and Governors iS simple: have 
BT TGR TEE EERE Some primary elections and then a final election. 
a The candidate with the most votes in the final 
phe eee MERA election wins. Elections for President, as attested 
ebb of Washington State by the controversial 2000 presidential election, are 
LR AM complicated by our Electoral College system. 
eae In this Chapter we will look at several voting 
UCU See kee cieetsems methods, the “fairness” of these methods. how 
eee Emilee iimmm Votes are apportioned or divided among voters or 
states, and the fairness of these apportionments. 


The Human Side of Mathematics 
Marie-Jean Antoine Nicolas de Caritat, Marquis de 
Condorcet was born September 17, 1743, in 
Ribemont, France and educated in Jesuit Colleges of 
Reims, the College of Navarre and the College 
Mazarin, both in Paris. Condorcet distinguished 
himself as a writer, administrator and politician. 
His most important work was Essay on the 
Application of Analysis to the Probability of Majority 
Decisions (1785) in which he tried to combine 
mathematics and philosophy to apply to social 
phenomena, including voting patterns, one of the 
as “a topics in this Chapter. Condorcet died in 1794. 
hoto: University of Bristol 
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13.1 Voting Systems 


GETTING STARTED: Monsieur Butterfly and Pizza Too 


When you vote in a Presidential election you are not directly voting for the 
President! You are actually voting for electors, individuals who cast the electoral 
votes on behalf of their party and states. They are the ones that elect the President. 
Originally, electors were free to cast their votes as they pleased but today’s electors 
are "bound" or "committed" by state law (25 states have such laws) to vote for the 
candidate who received the most popular votes in their state. In a typical United 
States election, voters vote for their first choices‘by using a ballot. A so-called 
"butterfly" ballot used in Palm Beach County, Florida during the 2000 presidential 
election is shown. There was some confusion about votes cast for Pat Buchanan 
(second hole) or Al Gore (third hole) 
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hue el 
PCiee, Woacal ram Cas Ras 


GEORGE W SUSH wseseat 
SOLENT Penna 
(DEMOCRATIC! 
AL GORE. verasat 
ARE LIEBERMAN sec maciat eget 
(UBERTARIANE 
RABRY BROWNE enueeee 
FART GUIWIES: ca prcnat 
iGREER) 
RALPH WAGER: rerseret 
WIRDHA LaDURE. ace piizstay 
(SGCIALIST WERKERS) 
JAISES HARAUS « retsserst 
PAARGARET THOWE. wiee reenreany 
NATURAL LAW) 
SONY HAGEL rerenar 
HAT GOLONABER ser ariseext 


Su Seat geaghicDatde bos 





About 460,000 votes cast in Palm Beach County and of those, 3400 were for 
Buchanan. Assuming that the remaining precincts in Florida would yield the same 
proportion of votes for Buchanan, how many of the approximately 6 million votes 
cast in Florida would you project for Buchanan? Think about it before you answer! 


. 3400 34 

The proportion of votes for Buchanan in Palm Beach is 460,000 = 4600 - 

If the same proportion applies to Florida, ee = a 

or equivalently 4600F = 34 X 6,000,000 
Fo = 44,347 


Thus, you would expect about 44,347 Florida votes for Buchanan. (He actually got 
about 17,000 votes in Florida.) Moreover, the number of registered voters for 


Buchanan's Reform Party in Palm Beach County was a mere 304 voters! What 
may be some of the reasons for this discrepancy? 
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There are two fundamentally different types of voting methods: preferential and 
non-preferential. As the name suggests, a preferential voting system asks a 
voter to state a preference by ranking alternatives. This is usually done using a 
preference table. 


For example, suppose the Math Club wants 
to order some pizzas for the end of the 
year party. The Pizza House offers a 
special. You can order three different one- 
topping pizzas, one jumbo, one large, and 
one medium, for only $20. The problem is 
which topping to order on which pizza? If 
we decide that the most popular topping 
should go on the jumbo pizza, the second 
choice topping on the large pizza, and the 
third choice on the medium pizza and our 
only choices for toppings are pepperoni, 
sausage, mushrooms, or anchovies, each 
person in the club could fill out a preference 
ballot, which might look like this: 


CHOICE | Joan Richard Suzanne 














Sausage Sausage Pepperoni 
Pepperoni Pepperoni Mushrooms 
Mushrooms Anchovies Sausage 





Anchovies Mushrooms Anchovies 





If we were only considering each person's first choice and Joan, Richard and 
Suzanne were the only voters; sausage wins 2 votes to 1. We say that sausage 
received a majority (2 out of 3) of first-place votes. A candidate with a majority 
of the votes has more than half, or 50%, of the vote. Looking at the table, you 
may argue that Pepperoni might be a better choice since each voter has it listed as 
first or second choice. If all the Math Club members were voting, listing all the 
ballots would take a lot of space because with only four toppings there would be 
4!=24 different ballots to consider. If we had five toppings, there would be 
5! = 120 ballots. We will summarize the results of an election showing how often 
a particular outcome was selected by using a preference table. We do it by steps: 
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1. Replace the word Sausage with the letter S, Pepperoni with the letter P, etc. 


2. If several people have exactly the same list of preferences, we will list them 
together. Suppose 5 people all vote 5, P, M, A. This fact is shown by using a 
table of votes like the one on the left. The number 5 at the top indicates that 
5 people had the exact results S, P, M, Aon their ballots Note that the first 
choice S appears at the top, the second choice P is next and so on. 


3. In our example we will assume that all the club members happened to choose 
one of 3 or 4 different rankings. The voting methods we will study will work the 
same way no matter how many of the 24 possible rankings were chosen 





Now we are ready to analyze the results of elections using different voting systems: 
plurality, plurality with elimination, Borda count Method and pairwise comparison. 


A. THE PLURALITY METHOD 






eit rete ea (iccweancaim presidential election, if there are three or more 
a : , candidates it is possible that no candidate 


Gore receives a majority (more than 50%) of the 
li Bush 49.658 276, 48% | votes. In this case, one method of selecting the 

nn so Ba winner is to select the candidate with the most 
fq Nader 2,756,008 votes. This method is called the plurality 
GG Buchanan 447.927 method. In a US. presidential election the 

ee omens, candidate with the most popular votes does not 
_no winner declared necessarily win! What is the name of the method 
Results as of 6:00 p.m., EST 11/17/2000 used to elect the President of the United States? 
PLURALITY METHOD 





Each voter votes for one candidate. The candidate with the most first-place votes is the 





Now, let us go back to our pizza ballots. 


EXAMPLE 1 The Math Club conducted an election and the results were as shown: 
| [\-——Tr—" a. Did any of the rankings get the majority of the votes? 
S |M_ 







b. What topping is the plurality winner? 

c. What topping comes in second? 

d. What topping comes in last? 

Solution: Since plurality counts only first-place votes, we can 
see that A got 7 votes (See column 1, with 7 at the top), S got 5 
votes (second column) and P got 4 + 2 = 6 votes. Mushroom 
was never at the top, so it got no votes. 

a. None of the rankings got a majority of the votes. Since 
there are 7+5+4+2= 18 voters, more than 18/2 = 9 votes are 
needed for a majority 

A is the plurality winner with 7 votes. 

P comes in second with 6 votes. 

M comes in last with no votes 


b. 
c. 
d. 
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As we have seen in Example 1, a plurality is not necessarily a majority so there may be a 
situation with a large number of alternative choices where the winner might not get 
even 10% of the votes! Many of our political elections have only two candidates (or at 
least only two with a chance of winning). With only two choices a plurality is 
necessarily a majority. However, there are also many instances with many candidates, 
including primary elections, electing members to the Baseball Hall of Fame, ranking 
football teams, and so on. 


In Example 1, the jumbo pizza ended up with anchovies (A) as the topping but you 
may have noticed that anchovies were the last choice of 5+ 4+2-=11 voters. Since 
many people who don't like anchovies really hate anchovies, it could well be the case 
that these 11 people --a clear majority-- might not even want any of the jumbo pizza. 
Although this means more pizza for the 7 people who like anchovies, overall it doesn't 
seem like the fairest way to choose. How can we overcome these difficulties? One 
way is to begin by eliminating all but the top two candidates and then make a head-to- 
head comparison between these two. Now the winner will have a majority! This 
variation of the plurality method is called plurality with runoff. 


PLURALITY WITH RUNOFF METHOD 
Each voter votes for one candidate. Ifa candidate receives a majority of votes, that 





candidate is the winner. If no candidate receives a majority, eliminate all but the two top 
candidates and hold a runoff election. The candidate that receives a majority is the winner. 


EXAMPLE 2 As you recall from Example 1, election results were as follows: 
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A: 7 votes, P: 6 votes, S:5 votes and M: 0 votes. Find the winner using plurality with runoff. 








So far we have looked at the methods of Plurality and Plurality with Runoff, two of 
the most widely used methods for political elections in this country. Although they 
can be used to obtain a complete ranking of many alternatives, they are really 
designed to choose an overall winner. A major difficulty with both methods is that 
candidates who do not get either the most or second most first-place votes are 
immediately eliminated. How can we get away from placing so much emphasis on 
only first-place votes? 


Solution: Since the top two vote getters were A and P, all others 
are eliminated and we run an election between A and P. Look at 
the table and mentally (or you can actually do it with a pencil) 
cross out all the S and M entries. Now, look at the first column. 
There are 7 people that prefer A to P. The second third and fourth 
columns have 5 + 4+ 2=11 people that prefer P to A. This is the 
majority of the 7+ 5 +4+2 = 18 people voting in the election. 
Thus, A has 7 votes against P's 11, and P is the new winner using 
plurality with runoff. The jumbo pizza will now have pepperoni! 
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A fairly natural idea is to use some kind of system, which assigns a point value to 
each of the rankings, and then counts points instead of votes. This, kind of method is 
widely used in ranking sports teams such as in football polls, as well as scoring track 
meets or selecting winners in some of the music or television award shows. 
Historically, the method goes back to the 18th century and is named for Jean-Charles 
Borda (1733-1799), a French mathematician and nautical astronomer 


B. THE BORDA COUNT METHOD 


THE BORDA COUNT METHOD* 
Voters rank candidates from most to least favorable. Each last place vote is awarded no 

point; each next to last place vote is awarded one point, each third from last place vote is 
awarded two points, etc. The candidate that receives the most points is the winner. 












EXAMPLE 3. Find the winner of the election of Example 1 using the Borda count method. 
-| Solution: We award 0, 1, 2 and 3 points to last, next to last, etc. 


| i : { s | a 2 Counting the points for anchovies (column 1), we get: 
S|M i 










f net Fete" 7 first-place votes, worth 3 points each, a total of 3 x 7 = 21 points 
3 es Sausage gets 2 X 7 in column 1,3 X 5 in column 2, 2 x 4 in column 
as 1 PT and 1 X 2 in column 4 fora total of 14 + 15 + 8 + 2 = 39 points. 

as “| Pepperoni gets 10 points in column 2, 12 in 3 and 6 in 4 fora total « 
_ | 28 points. Finally, mushrooms get 7 points in column 1,5 in 2, 4 in’ 

- and 4 in 4 for a total of 20 points. Thus, using the Borda count | 
| method, the rankings are S (winner), P, A and M with 39, 28, 21 | 

20 points respectively. 


“Sometimes the last place vote is awarded one point, next to last two points and so on. 


C. PLURALITY WITH ELIMINATION METHOD 


The next method we discuss is a variation of the plurality method and may involve a series 


of elections. Here is how it works: 


PLURALITY WITH ELIMINATION (THE HARE METHOD) 
Each voter votes for one candidate. If a candidate receives a majority of votes, tha 
candidate is the winner. If no candidate receives a majority, eliminate the candidate wit 
the fewest votes and hold another election. (If there is a tie for fewest votes, eliminate all 


candidates tied for fewest votes.) Repeat this process until a candidate receives a 
majority. 
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EXAMPLE 4. Consider the familiar pizza voting results. Which topping wins the election 
using the plurality with elimination method? 


Solution: First, let us count the number of first place votes 
to see if there is a majority. 

A has 7 votes (first column). 

S has 5 (second column) and 

P has 4 + 2 = 6 votes (third and fourth columns). 

M has no votes. 
Since there are 7 + 5 + 4 + 2 = 18 voters, we need 10 votes for 
a majority. None of the toppings has a majority of the 
votes but M received the fewest first place votes, so M is 
eliminated as shown in the second table. 


In the second table A still has 7 votes, S has 5 and P has 
4+22=6. Since Shas the fewest votes, S is eliminated and 


we are down to just pepperoni (P) and anchovies (A) as 
shown in the third table. 


In this third table pepperoni (P) is the clear majority winner 
with5+6=11 votes. Thus, pepperoni is the winner of the 
election when we use the plurality with elimination 
method. 





If we look at Examples 1-4, we can see that A wins using plurality, P is the winner 
when we use plurality with runoff, S is the winner with the Borda count method and 
P wins with the plurality with elimination method. Ifa voting method is to indicate 
a group's preference, the method used should not change the winner. This difficulty 
points out the importance of deciding on the voting system to be used before the 
election takes place. Of course, elections with only two candidates are easy because 
the winner will get at least half of the votes; not only a plurality but also a majority. 
The difficulty arises when we have three or more candidates. If this is the case, we 
can compare candidates the easiest way we know: two at a time. This is the basis of 
the next voting method. 


D. PAIRWISE COMPARISON METHOD 


PAIRWISE COMPARISON METHOD 
Voters rank candidates from most to least favorable. | Each candidate is then 
compared to each of the other candidates. If candidate A is preferred to candidate B, 
then A receives one point. If candidate B is preferred to candidate A, then B receives 
one point. If there is a tie, each candidate receives 1/2 point. The candidate that 
receives the most overall points is the winner. 
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For example, suppose we have three candidates: Alice, Bob and Selon: We nay 
compare Alice versus Bob, Alice versus Carol, and Bob versus Carol. e ie 

three separate elections, but it is simpler to use the information in the pre ea 
tables we have used before. As the number of candidates grows, so do the number o 








n(n- 1) 
head-to-head comparisons that need to be made. For n candidates there are ~~> 
10 x9 4 
such comparisons. Thus, for n =10 candidates we would need —j = 45 head-to- 


head comparisons. Let us use our preference tables to calculate the winner of all the 
possible head- to-head comparisons. The one clear-cut case is when one candidate 
beats all the others. This case even has a special name; a candidate who beats all the 
others is the Condorcet winner. (Named after the Marquis de Condorcet mentioned 
in The Human Side of Mathematics at the beginning of the Chapter who, like Borda, 
was an 18th century Frenchman.) As you might suspect, a big problem with using 
Condorcet winners is that often there is no such winner, as we shall see next. 


EXAMPLE 5. The results of an election involving three candidates A, B, and C are 
shown in the table. Who wins the election using the pairwise comparison method? 


Solution: To determine the winner using the comparison 
method we have to compare A and B, A and C and B and C. 


Suppose the election is between just A and B (leave C out) 


B: 3 votes from column 2, a total of 3 votes. 
Thus, A beats B 6 votes to 3 and A is awarded one point. 


Now, let us do A against C (leave B out) 
A: 2 votes from column 1, a total of 2 votes. 





Thus, C beats A 7 votes to 2 and C is awarded one point. 


Finally, let us compare B and C (leave A out) 








A: 2 votes from column 1 and 4 from column 3, a total of 6 votes 


C: 3 votes from column 2 and 4 votes from 3, a total of 7 votes. 


B: 2 votes from column 1 and 3 from column 2, a total of 5 votes. 


C: 4 votes from column 3, a total of 4 votes. 
Thus, B beats C 5 votes to 4 and B is awarded one point. 


What a dilemma! All the candidates have one point. There is na 


Condorcet winner. 


As we mentioned at the beginning of the section, there are two fundamentally different 
types of voting methods: preferential (those using a preference table) and non- 
preferential. We will now discuss a non-preferential voting method: approval voting. 
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E. APPROVAL VOTING 


Approval voting uses a different kind of preference table. The good news is that 
our table is much simpler in one respect. Each voter does not have to rank all the 
candidates first, second, third, etc. Instead, each voter simply approves (A) or 
disapproves (D) each candidate. Thus if you are a voter, you can vote for one 
candidate, two candidates, three candidates, etc. Voting for two or more 
candidates doesn't dilute your vote; each candidate that you approve of gets one 


full vote. When the votes are counted, the candidate with the most approval 
votes wins. 


EXAMPLE 6. In the table below, each row corresponds to a different candidate 
(W, X, Y and Z), and each column corresponds to a different voter. A means 
“approve” and D means "disapprove." Which of the candidates wins using 
approval voting? 
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Solution: 
We examine each of the rows and count only the A's 
Row W has 3 A's. Row X has5 A's. Row Yhas4A's. Row Zhas4 As. 


This means that candidate X (row 2) wins with 5 votes. Y and Z are tied with 4 
votes each and W is in last place with only 3 votes. 


Like all voting methods, approval voting has deficiencies, but it has a number 
of good features too. It is simpler than Borda count or plurality with 
elimination, although not as simple as plurality. However, unlike plurality, it 
doesn't rely on only first-place votes. It works well when voters can easily 
divide the candidates into "good" and "bad" categories. Approval voting is 
also good in situations where more than one winner is allowed. This occurs, 
for example, in electing players to the Baseball Hall of Fame. To be elected, an 
eligible player has to be named on 75% of the ballots. The voters are 
members of the Baseball Writers’ Association of America. They add one extra 
requirement: no one can vote for more than 10 players. 
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| bbxercee 13.1 






egies 






1. Why did they have a vote recount in Florida? 
Because Florida law requires a recount when the 
winning margin in votes is less than 0.5% of the total. 
a. What is the total number of votes cast? 

b. What is the difference between the number of 
votes obtained by Bush and Gore? 

c. Find the percent difference to three places. 

d. Does the difference require a recount? 


| bush 2,914,872 
| | 


TR 

Ci 2,910,942 
CS Nader 97,419 

2. Who is the winner in Florida under the plurality method? 








Buchanan 17,472 


premeneenreeecerenen er reer 





3. Four candidates, A, B,C and D, are running for class 
President and receive the number of votes shown in the table. 
a. How many votes were cast in the election 


CoA 
a b. How many first-place votes are needed for a majority? 
Did any candidate receive a majority of first place votes? 


c 
ee d. Who is the winner using the Plurality method? 
A [Co 


4. 500 registered voters cast their preference ballots for four candidates, P, T, R and S. 
The results are summarized in the preference schedule below. 





eth eg 






ee 
ead 





# of Voters 





a. How many first-place votes are needed for a majority? 
b. Did any candidate receive a majority of first-place votes? 
c. Who is the winner by the Plurality Method? 


5. Refer to the table in Exercise 4. 


a. Which two candidates have the most first-place votes? 
b. Which candidate is the winner using Plurality with Runoff? 
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6. The preference schedule shows the rankings for four brands of auto tires, A, B, C and D 


9. 


10. 


# of Voters 





a. How many votes were cast in the election? 

b. How many first-place votes are needed for a majority? 
c. Did any brand receive a majority of first-place votes? 
d. Who is the winner by the Plurality Method? 


Refer to the table in Exercise 6. 


a. Which two brands have the most first-place votes? 
b. Which brand is the winner using Plurality with Runoff? 


A survey was conducted at Tampa International Airport to find the favorite vacation 
destination in Florida. The ranking for four destinations, Busch Gardens (B), 
Disney World (D), Epcot (E) and Sea World (S) are shown in the table. 


# of Voters 





Determine the winner and runner-up using the Borda count method. 


Use the table in Exercise 8 and find the winner using the plurality with elimination method. 


Use the table in Exercise 8 and find the winner using the pairwise comparison method. 
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THE FOLLOWING INFORMATION WILL BE USED IN EXERCISES 11-15 


A group of patients suffering from a severe cold were informed that they needed at 
least 60 micrograms of ascorbic acid (vitamin C) daily. The possible sources of _ 
Vitamin C were: 1 orange (O), 2 green peppers (G), 1 cup of cooked broccoli (B) 
or 1/2 cup of fresh orange juice (J). Here are the rankings for the group: 


# of Voters 





11. Which source wins using the plurality method? 

12. Which source wins using the plurality with runoff method? 

13. Which source wins using the Borda count method? 

14. Which source wins using the plurality with elimination method? 
15. Which source wins using the pairwise comparison method? 

16. The results of a hypothetical election using approval voting are 


summarized in the table below. An "X" indicates that the voter 
approves of the candidate, a blank indicates no approval 

















Who is the winner using approval voting? 


17. In Exercise 16, who is the winner using approval voting if Collins drops out 
of the race? 
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18. Have you seen the new colors for iMac computers? The iMac Club is sponsoring 


Lo; 


20. 


a weekend event and each participant will vote for the color of their favorite iMac 
using approval voting. The possible colors are Strawberry, Lime, Grape, 
Tangerine, and Blueberry. Here is a summary of the results: 


12 participants voted for Strawberry 

7 participants voted for Strawberry and Blueberry 
20 participants voted for Grape and Tangerine 

18 participants voted for Lime, Grape, and Tangerine 
23 participants voted for Blueberry and Lime 

25 participants voted for Tangerine 


Use approval voting to determine the Club’s favorite iMac color. 


A college class has decided to take a vote to determine which coffee flavors are to 
be served in the cafeteria. The choices are: Latte, Cappuccino, Mocha and 


Americano. The winning coffee flavor will be determined using approval voting 
based on the following responses: 


12 students vote for Latte and Cappuccino 

5 students vote for Cappuccino, Mocha, and Americano 
10 students vote for Mocha and Cappuccino 
13 students vote for Americano and Cappuccino 


The flavor with the most votes wins. 


a. How many total votes did latte receive? 

b. How many total votes did cappuccino receive? 

c. How many total votes did mocha receive? 

d. How many total votes did americano receive? 

e. Which coffee is selected by the class using approval voting? 


The Math Club uses approval voting to choose a faculty advisor for the 
upcoming year based on the following responses: 


Anne and Fran voted for Mr. Albertson 

Peter, Alex, and Jennifer voted for Ms. Baker and Ms. Carr 

William, Sam, Allison, and Betty voted for Mr. Albertson, Ms. Baker, 
and Mr. Davis 

Joe, Katie, and Paul voted for Ms. Carr and Mr. Davis 

Jonathan voted for Mr. Davis 


How many total votes did Mr. Albertson receive? 

How many total votes did Ms. Baker receive? 

How many total votes did Ms. Carr receive? 

How many total votes did Mr. Davis receive? 

Which teacher is selected as faculty advisor using approval voting? 


CAO op 
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THE FOLLOWING INFORMATION WILL BE USED IN EXERCISES 21-30 


On September 23, 1993, 88 members of the International Olympics Committee (IOC) 
met in Monte Carlo to choose a site for the 2000 Summer Olympics. Five Cities made 
bids: Beijing (China), Berlin (Germany), Istanbul (Turkey), Manchester ea 

and Sydney (Australia). Below is a summary of the site preferences of the committee 


members. 
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21. Does any city have a majority of the first-place votes? (If so, which city?) 


22. Which city has the most first-place votes? (How many does it have?) 
23. Which city is selected if the committee decides to use the Plurality Method? 


24. Which city is selected if the committee decides to use the Plurality with 
Elimination Method? 


25. Suppose the committee decides to give 5 points to each city for every first- 
place selection it gets, 4 points for every second-place selection, 3 points 
for every third-place selection, 2 points for every fourth-place selection, 
and 1 point for every fifth-place selection. If the winning city will be the 
city with the most points, which city will be selected? 


26. _ Which city is selected if the committee decides to use the “regular” 
4-3-2-1-0 Borda count method? 


27. Which city is selected if the committee decides to use the pairwise 
comparison method? 
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28. Rank the cities from first to last using the “regular” Borda count method. 
(Remember, you found the Borda count winner in Exercise 26.) 


29. Which city is selected if the committee decides to use Approval Voting? 
(Assume that each voter approves only his/her first two choices.) 


30. Rank the cities from first to last using Approval Voting. 


USING YOUR KNOWLEDGE THE COLA WARS 





Ace Cola has decided to begin a multi-million dollar ad 
campaign to increase its lagging sales. The ads are to be 
based on consumers preferring the taste of Ace Cola to its 
major competitors, Best Cola, Coala Cola, and Dkimjgo 
Cola. An independent testing agency conducted a carefully 
controlled taste test on 50 randomly selected cola drinkers. 
Their results are summarized in the following table. (In the 
table, A represents Ace, B represents Best, etc.) 


Change 
eg. the 





faieenon 






phantoms 
sts a 


rieciaseseicesticrsiesitiiiiiti 





31. Use the plurality method to find the preferred cola. 
32. Use plurality with runoff to find the preferred cola. 


33. Use the Borda count method to find the preferred 
Cola 


USE YOUR KNOWLEDGE; YOU ARE THE EXPERT! 


As an expert in the mathematics of voting, you are 
approached by Ace and offered a $25,000 consulting fee if 
you can show that Ace is really the number one cola. 


34. Find a point assignment for the Borda count method 
in which Ace comes in first. Hint: <A gets a lot of 
second place votes, so we want to make second-place 
worth proportionally more. Remember, first place 
must still be worth more than second, so make the 
gap between second and _ third place larger. 
(Answers vary) 


Even koalas love 
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RESEARCH QUESTIONS HINT: Look at the three web references 


1. In the 2000 Presidential election, there were more than two candidates. In 
how many other presidential elections have there been more than two 
candidates? 

2. The 2000 presidential race was one of the closest in history. In what other 
years was the difference between the winner and runner-up less than 50 
electoral votes? Who were the winners and runners-up of these elections. 


3. Name 5 advantages of approval voting. 


REFERENCES 
http://www.sa.ua.edu/ctl/math103 


http://www.usnews.com/usnews/issue/001120/electoral.t.htm 


http: /‘/ digitalcolony.com/ projects /presidents/search.asp 
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13.2 Voting Objections 
GETTING STARTED: Disaster 2000 


In the preceding section we studied five preferential voting systems: plurality, plurality 
with runoff, Borda count, plurality with elimination and pairwise comparison. We 
also studied a non-preferential voting system: the approval method. As we pointed 
out, all of these systems have advantages and disadvantages and can sometimes 


produce different winners. Let us look at an actual example, the 2000 presidential 
election. 


™ As you can see from the results, 
Gore has more votes and Bush 
# has won more states, but neither 
has won the electoral vote (EV) 
because it takes 270 votes to win 
and the 25 Florida electoral 
votes had not been decided as of 
IMT. lt" Gore gets the 25 

Florida votes, he will win. On 
z the other hand, if Bush does, 
> Bush will be President. 





Is this fair? If we rely on the fact that Gore has the most votes it will be fair to say 
that Gore is the winner. However, when we discussed the plurality method we 
defined a majority as more than 50%. Should Gore win then? He should certainly 
beat Nader and Buchanan! But Bush also clearly beats Nader and Buchanan. Who is 
the winner then? Of course, you know the actual answer, but to make the discussion 
more precise we will introduce four criteria that mathematicians and political scientists 
have agreed upon as their fairness criteria for a voting system: the majority criterion, 
the head-to-head (Condorcet) criterion, the monotonicity criterion, and the irrelevant 
alternatives criterion. 


A. THE MAJORITY CRITERION 


It seems fair that if a candidate is the first choice of a majority of voters, then that 
candidate should be declared the winner. It this is not the case, then that voting 
method violates the majority criterion. Under this criterion, Gore should be the 
winner. As we know now, Bush won the election. Here is the definition we need. 


MAJORITY CRITERION 
If a candidate receives a majority of first-place votes, then that candidate should be the 





winner. 
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EXAMPLE1. La Cubanita Restaurant is conducting a survey to find out which is their 
most popular omelette among the Western (W), Bacon (B) and Ham (H). The results of the 
survey are shown in the preference table. 





hich OMiclerte is the winner using the Borda count method? 


b. Does the winner have a majority of votes? < 

Solution: Using the Borda count method, W has 2(60) + 1@eS) = 135 points 
Bhas 1(60) + 2(25) + 2(15) = 140 points 
H has 1(25) = 25 points 


a. Using the Borda count method, the winner is B, the Bacon omelette, with 140 points. 
b. No. A majority of the people, 60 out of 100, chose the Western omelette. 


Note that although a majority of the people (60 out of 100) preferred the 
Western omelet, under the Borda count the Bacon wins. Thus, in this example, 
the Borda count method violates the majority criterion, that is, a candidate with a 
majority of first-place votes can lose the election! 


EXAMPLE 2. An election to select their favorite airline A, B or C is conducted 
among 32 students. The results are as shown. Which airline should be selected 
under the specified method and does the method satisfy the majority criterion? 


the plurality method 
the Borda count method 


. the plurality with elimination method 





the pairwise comparison method 


Solution: a. Using the plurality method, B is the winner with 18 out of 32 
votes. Note that B received a majority of the votes so the method of plurality 
does not violate the majority criterion. In general, a candidate who holds a 
majority of first-place votes also holds a plurality of first-place votes. We have: 


[The plurality method never violates the majority criterion| 


Note that the converse is not true: If you have a plurality of the votes, you do 
not necessarily have a majority of the votes. 
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b. Under the Borda count method we assign 0, 1 and 2 points to the third, second and 
first places respectively. The points for each airline are as follows: 
A: 2(8) + 2(6) + 1(18) = 46 points. 
B: 1(8) + 2(18) = 44 points. 
C: 1(6) = 6 points 
Thus, A is the winner under the Borda count method. 


Since airline B is the one holding the majority of first place votes (18 out of 32), the 
Borda count method violates the majority criterion. Of course, the Borda count 
method does not always violate the majority criterion; it just has the potential to do 
so. We have: 


The Borda Count method has the potential for violating the majority criterion 


c. Since B has the majority of the votes (18 out of 32), B is the winner under plurality 
with elimination, so the majority criterion is not violated. In general, a candidate 
who holds a majority of first-place votes wins the election without having to hold a 
second election. 

We have: 


[The plurality with elimination method never violates the majority criterion| 


d. Using the pairwise comparison involves the following cases and outcomes: 


A versus B (eliminate C) A:8+6=14 B:18 Bwins18to14. Bis awarded one point 
A versus C (eliminate B) A:8+6+18=32 C:0 Awins32to0 A is awarded one point 
B versus C (eliminate A) B:8 +18 = 26 C:6 Bwins 26 to6 B is awarded one point 


Since B has two points, B wins the election under the pairwise comparison method. 
In general, if a candidate holds a majority of first-place votes, this candidate always 
wins every pairwise (head-to-head) comparison. We have: 


The pairwise comparison method never violates the majority criterion 


Even though the Borda count method is the only method studied that violates the 
majority criterion, it does take into account the voters’ preferences by having all 
candidates ranked. 
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B. THE HEAD-TO-HEAD (CONDORCET) CRITERION 


Suppose 4 candidates, A, B, C, and D, are running for chair of the mathematics 
department. There are 20 voting members in the department. The student newspaper 
performed a post-election survey of each of the 20 members in the department. 
Among other things, the survey asked the voters whom they preferred in a two-way 
race between candidate C (the one endorsed by students) and each of the other 
candidates. Here are the results: 


11 voters preferred candidate C over candidate A 
11 voters preferred candidate C over candidate B 
17 voters preferred candidate C over candidate D 


So, in head-to-head competition, candidate C won against each of the other 
candidates. Wouldn't it seem unfair if candidate C was not declared the winner of 
the election? When the actual votes were tabulated, candidate A got 9 first-place 
votes, candidate B got no first place votes, candidate C got 8 first place votes, and 
candidate D got 3 first place votes. If candidate C is not declared the winner, this 
would be a violation of the Condorcet Criterion because C certainly wins when 
compared with every other candidate. 









HEAD-TO-HEAD (CONDORCET) CRITERION 


If a candidate is favored when compared head-to-head with every other candidate, 
then that candidate should be the winner. 


EXAMPLE 3. Which sandwich is the most popular? La Cubanita restaurant conducted 
a survey among its customers to select their favorite sandwich from Cuban (C)} Pork 
(P), Turkey (T) and Vegetarian (V). The number of votes for each was as shown in the 
table. _ Which sandwich should be selected under the specified method and does the 
method satisfy the head-to-head criterion? 

a. Head-to-head b. Plurality 


c. Borda count d. Plurality with elimination 
e. Pairwise comparison 


SAROWICHES 
COBBAN $2.49 SPECIAL 
OO RE 





_13 Voting and Apportionment 847 


Solution: a. We need a total of 6 head-to-head comparisons. A further look 
seems to indicate that P is the winner. Let us see why. 

P beats C in columns 1,3 and 4 for 30 + 58 + 60 = 148 points while C beats P in 
columns 2 and 5 for 50 + 90 = 140 points. Thus, P beats C. 

Comparing P and T we see that: 

P is over T in columns 4 and 5, obtaining 60 + 90 = 150 points 

T is over P in columns 1, 2 and 3, obtaining 30 + 50 + 58 = 138 points. 

Thus, P beats T 150 to 138. 

Comparing P and V we see that P beats V in columns 4 and 5 and V beats P in 
columns 1, 2 and 3, so the score is the same as in the preceding comparison: 

P beats V 150 to 138. 

Thus, P is the favored candidate when compared head-to-head with every other 
candidate. 


b. Using the plurality method, C wins with 90 votes. Thus, 


The plurality method has the potential for violating the head-to-head criterion 


c. Using the Borda count method we assign 0, 1,2 and 3 points to the fourth, third, second 
and first place winners. The total points are: 


Cs 150) + 3(90) =320 

P: 1(30) + 1(58) + 3(60) + 2(90) = 448 points 

T: 2(30) + 2(50) + 3(58) + 1(60) + 1(90) = 484 points 
V: 3(30) + 3(50) + 2(58) + 2(60) = 476 points 


Using the Borda count method, T wins with 484 points. Thus, 


The Borda count method has the potential for violating the head-to-head criterion 


d. Using plurality with elimination, T is eliminated in the first round P in the second 
round and V in the third round (Check this!) Thus, C is the winner. 


The plurality with elimination method has the potential for violating the head-to- 
head criterion 


e. As you recall, in the pairwise comparison method, each candidate is ranked and compared 
with each of the other candidates. Each time, the preferred candidate gets one point. 
Let us look at the comparisons: 


CagainstP C: 50+90=140 P: 30+58+60=148 P wins and gets one point 
CagainstT C: 90 T: 30+50+58+60=198 T wins and gets one point 
Cagainst V C: 90 V: 30+50 + 58 + 60 = 198 V wins and gets one point 
PagainstT P: 60+90=150 T: 30+50+58=138 P wins and gets one point 
Pacamst Vv a2: 60 +90 = 150... Vi 304504 58 = 138 P wins and gets one point 
TagainstV T: 58+90=148 V: 30+50+60=140 T wins and gets one point 


Thus, using the pairwise comparison method, P is the winner with 3 points. 
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The pairwise comparison method never violates the head-to-head criterion 


This example shows that the plurality, Borda count and plurality with elimination 
methods may potentially violate the head-to-head criterion. Next we shall introduce 
a third criterion called the monotonicity criterion that can be used to evaluate the 
fairness of an election and explore the possibility that the plurality with elimination 
method may have some further flaws. 


Cc. MONOTONICITY CRITERION 


When the outcome of a first election is not binding, for example when a straw poll 
or a survey before the election is undertaken, voters may change their preferences 
before the actual election. If a leading candidate gains votes at the expense of 
another candidate, the chances of winning for the leading candidate should increase 
because of the additional votes. However, this is not always the case! This strange 
result is a violation of the monotonicity criterion. 







THE MONOTONICITY CRITERION 
If a candidate is the winner of a first election and then gains additional support withou 
losing any of the original support, then the candidate should be the winner of the 
second election. 





We shall now discuss an example in which the winner of the first election (straw vote) 
gains additional votes before the actual election and still loses the election. 


EXAMPLE 4. Months before the actual vote to select the Heisman Trophy winner, it 
was claimed that one of the contenders was too old to win the Trophy. A straw vote 
(First Election) was conducted among 105 sportswriters and the results were as shown 
on the left in the table below. After several weeks of heated discussion, five writers 
decided to change their ballots and award their first choice votes to JH. The results of 
the new election are shown on the right in the table. Using the plurality with 
elimination method: | 


‘FIRST ELECTION NEW ELECTION 


42 30 29 





a. Who is the winner of the first election? b. Who is the winner of the new election? | 
c. Is the monotonicity criterion violated? | 
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Solution: a. Using plurality with elimination, the first election results in the elimination of 

CW and then a win by JH over DB witha majority vote of 72 to 33. Thus, JH is the winner 

b. In the new election using plurality with elimination DB, with 23 + 5 = 28 points, is 

eliminated and CW gets a majority of 30 + 23 = 53 votes over JH's 47 + 5 = 52 votes. 

This time CW is the winner 

c. Although 5 voters changed from DB to JH in the new election, adding 5 votes to JH's 
total, JH’s win in the first election was not repeated in the second election. This shows that: 


| The plurality with elimination method has the potential to violate the monotonicity criterior} 


By the way, a similar situation actually occurred in 2000 when selecting the Heisman 
winner among Chris Weinke (CW), Josh Heupel (JH) and Drew Brees (DB). The 
election, however, was actually conducted using the Borda count method and awarding 
each candidate 1, 2 and 3 points for 3rd, 2nd and 1st place respectively. Even though 
Weinke had reached the ripe old age of 28, he won by collecting 1628 points. 


D. THE TRRELEVANT ALTERNATIVES CRITERION 


The fourth and last criterion we will study discusses the removal (or introduction) of a 
candidate who has no chance of winning the election. For example, let us assume _ that 
we have an election among candidates A, B and C with the results shown in the table. 


It is easy to see that B is the winner using plurality, plurality 
with run-off, or pairwise comparison. But let us use the 
Borda count method. When we add up the points, we find: 


Votes 
First 





a 
A 

Second B A: 23 points B: 22 points C: 3 points 
e 


Third The race is close, but A wins out using Borda count. 





It seems that in deciding between A and B, what people think of C shouldn't matter; 
after all, C is completely out of the running. But look at the 3 voters represented in 
column two. Suppose that after thinking it over a little more, they all decide that 
candidate C is even worse than they thought before and should be dropped to the 
bottom of their ballots or even drop out of the election altogether! Note that the 
relative positions of A and B have not changed. With C at the bottom, our table 
looks like this: 













Votes 
First 
Second 
Third 


Our Borda point count now becomes: 





A: 23 points B: 25 points C: 0 points 








B is now the winner using the Borda count. 





In other words, because some voters changed their minds about C, or C may have 
dropped out of the race, the rankings of A and B were reversed. But the rankings 
of A and B should depend on how voters view A and B and not on what they think 
of some other alternative. We call C an irrelevant alternative in ranking A and B. 
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Here is the idea. 









THE IRRELEVANT ALTERNATIVES CRITERION a 
Ifa candidate is the winner of an election, and in a second election one or more of the 
losing candidates is removed, then the winner of the first election should be the 


winner of the second election. 


All of the methods we have studied have the potential to violate the irrelevant 
alternatives criterion. 


EXAMPLE 5. A group of 50 students ranked Professors A, B and C as shown in the 
table. If the plurality method is used to select the top professor, does the method 
satisfy the four fairness criteria we have studied? 









Using the plurality method, C is the winner with 28 
votes, which is a majority (56%) of the 50 votes cast. 
Thus, the majority criterion is satisfied. 

If we use pairwise comparisons, we see that C beats 
A 40 to 10, C beats B 28 to 22 and B beats A 40 to 
10, so C wins two points and the head-to-head 
criterion is satisfied. 


Votes 















First 











Second 













Third 





The monotonicity criterion is satisfied if we assume that a second election is held in 
which C picks up additional votes. C will certainly win the second election by 
plurality. Finally, if A or B drops out, C still wins by plurality satisfying the 
irrelevant alternatives criterion. Thus, this particular election satisfies all four 
fairness criteria we have studied. Of course, each of the voting methods can be 
made to violate at least one of the fairness criteria. Can we find a method that will 
satisfy all four criteria all the time? It turns out that this would be a long and futile 
search In 1950, Kenneth Arrow, an American economist, made a very surprising 
discovery. He found that no voting method could ever satisfy these four conditions 
all of the time. That's not just the voting methods we know of now, but any voting 
method anybody might think of in the future as well. This fact is known as Arrow’s 
Impossibility Theorem. This discovery was a major factor in Arrow winning the 
Nobel Prize in Economics. Here is the Theorem. 


ARROW'S IMPOSSIBILITY THEOREM 


There is no voting method that will always simultaneously satisfy each of the four 
fairness criteria: 


The majority criterion 

The head-to-head criterion 

The monotonicity criterion 

The irrelevant alternatives criterion 





GW 
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In simple terms, Arrow's discovery means that we can never find a voting method 
that does everything we want. 


Before you attempt the Exercises, we summarize the four fairness criteria and indicate 
which of the voting methods we have studied satisfy the criteria. 


If a candidate receives a majority of first place votes 
then that candidate should be the tee 

If a candidate is favored when compared head-to- 
ee eee head with every other candidate, een candidate 
(CONDORCET) CRITERION | should be the winner. 
THE MONOTONICITY If a candidate is the winner of a first election and then 

gains additional support without losing any of the 
CRITERION original support, then that candidate should be the 
winner of the second election. 
If a candidate is the winner of an election, and in a 
second election one or more of the losing candidates 
is removed, then the winner of the first election 
should be the winner of the second election. 

































THE IRRELEVANT 
ALTERNATIVES CRITERION 






PLURALITY BORDA PLURALITY PAIRWISE 
METHOD COUNT WITH COMPARISON 
ELIMINATION 


MAJORITY Always May not Always Always 
CRITERION satisfies satisf satisfies satisfies 


satisf satisf satisf satisfies 
ee nae 
satisfies satisfies satisf satisfies 


IRRELEVANT May not May not May not May not 
ALTERNATIVES | satisf satisf satisf satisf 
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1. Who makes the best Cuban Sandwich In Tampa? 
According to Tampa Tribune judges, who rated each 
sandwich anywhere from 1 (low) to 5 (high) points, the 
best three Cubans are produced at Wrights Gourmet (W), 
Puccetti’s Market (P) and La Segunda Central Bakery (S). 
Here is a table simulating the points in the voting. 


20 
R 

3 
WwW 





POINTS 25 
First W 
ip 
5 





WN | 










Second 
Third 






Tribune Graphic 





a. Who is the winner using the plurality method? 
b. Who is the winner using the Borda count method? 
c. Does the Borda count method violate the majority criterion? 
d. Who is the winner using the pairwise comparison method? 
2. Of course, you cannot rely solely on professional judges, so the Tribune 
had readers vote for their favorite Cuban Sandwich and the outcome 
was different! According to the people, the three best Cubans are 


produced at La Septima (L), West Gate Bakery (G) and The Cuban 
Sandwich Shop (C). The approximate number of votes is shown in 





the table 
VOTES 600 300 200 
First i G G 
Second G G is 
Third & iL G 


a. Who is the winner using the plurality method? 
b. Who is the winner using the Borda count method? 
c. Does the Borda count method violate the majority criterion? 


d. Who is the winner using the pairwise comparison method? 
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3. Do you drink coffee? Which kind do you prefer? Starbucks coffee offers latte 
(L), cappuccino (C), mocha (M) and Americano (A). The preference of 70 
students surveyed at USF is shown in the table. 


aeteos eee eee E30" 710 . Which flavor is the winner using the 
First Borda count method? 


Second a we a 
» lethe majority criterion satisfied? 


Third Explain your answer 
Fourth 





4. The Performing Arts Center Board is considering showing three different plays 
this season: Cats (C), a Chorus Line (L) and Les Miserables (M). The 10 
members of the Board rank the plays according to the preference table below. 


a. Ina head-to-head comparison, is there 
First a play that is preferred to all others? 


b. Is the head-to-head criterion satisfied 
if the plurality method is used to 
determine the most popular play? 


Second 





5. Did you watch the Super Bowl this year? Which commercials do you 
remember? Four of the most memorable are: Staples (S), 7UP (U), Honda (H) 
and Budweiser (B). 100 viewers were asked to watch and vote on the 
commercial they preferred. The results are in the preference table below. 






























Votes 50 25 a. Ina head-to-head comparison, is there 
First S H B Ly a commercial preferred to all others? 
Second U S re B . Is the head-to-head criterion satisfied 

: if the plurality method is used to find 
Third H U S S the preferred commercial? 
Perr, B B U H Explain your answer. 















. A company is planning to relocate to 
one of the larger counties in the U.S: 

Los Angeles (L), Cook (C), or Harris 
(H). The Committee of 100 is to use the 
plurality with elimination method to 
select the county and their pre-ferences 
are shown in the table. After careful 
deliberation, the 20 voters who voted 

C, L, H change their vote to L, Corts 
the monotonicity criterion satisfied? 
Explain your answer. 


Votes 
First 















Second 









Third L e H H 
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7. Which of the following has the highest 
cost of living: Washington D.C. (D), 
Alaska (A) or Hawaii (H)? The table 
shows the responses of 50 people, 
who were asked that question. If 
Hawaii (H) is eliminated, is the 
irrelevant alternatives criterion 
satisfied? Explain your answer. 










































Votes 
First 


. Suppose that in Exercise 7, the 
responses of the 50 people are as 
shown in the table. If Alaska (A) is 

eliminated, is the irrelevant 

alternatives criterion satisfied? 

Explain your answer. 








Second 









Third 















9. The preference schedule gives the 
results of an election among 3 
candidates, A, B, and C. 


d. Does any candidate beat every other 
candidate one-on-one, that is, on a head- 
to-head comparison? If so, which one? 


















e. Who wins the election using the 
Borda count method? 


Which fairness criteria, if any, are 
violated? Explain 















g. Suppose candidate B drops out but the 
winner is still chosen using the Borda 
count method. Is the winner the same 
as in ‘e’ above? If not, which candidate | 

does win? 









3" | B A | 


a. Who wins the election using the 
plurality method? 













h. Which fairness criteria, if any, are 


b. Does any candidate get a majority of violated? Explain 


the first place votes? If so, which one? 








c. Who wins the election using pairwise 
comparisons? 
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10. The preference schedule gives the 
results of an election among 3 
candidates, A,B, and C. 





Suppose candidate C drops out but 
the winner is still chosen using the 
plurality method. Is the winner 
the same as in ‘c’ above? If not, 
which candidate does win? 













Which fairness criteria, if any, are 
violated? Explain. 








. Who wins using the plurality with 
elimination method? (Assume 
candidate C is now back in.) 


h. Now suppose candidate A drops out 
but the winner is still chosen using 
the plurality with elimination 
method. Is the winner the same as in 
‘g’ above? If not, which candidate 
does win? 





a. ino wins s using pairwise Bicone? 

















b. Does any candidate beat every other 
candidate one-on-one, that is, ona 
head-to-head comparison? If so, 
which one? 










i. Which fairness criteria, if any, are 
violated? Explain 





c. Who wins using the plurality method? 











d. Which fairness criteria, if any, are 
violated? Explain. 





11. The preference schedule gives the results of an election among 4 candidates, 


eB, Cand). 








First : 

“= | D | 
Third = 
Fourth | 





a. Who wins using the plurality with elimination method? 
b. Who wins using pairwise comparisons? 


c. Does any candidate beat every other candidate one-on-one, that is, on a head-to- 
head comparison? If so, which one? 


d. Which fairness criteria, if any, are violated? Explain. 
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12. The preference schedule gives the results of an election among 3 candidates: 
A,B, and C. 


First 


Second 


Third 





a. Who wins using plurality with elimination? 


b. Suppose the Florida Supreme Court invalidates the results of the election and 
everyone must revote. As it happens, everyone votes exactly as before 
except the 4 voters in the last column of the table. These 4 voters, who 
originally voted A, C, B, decide to switch the order of their votes for A and C 
so that their new preference ballots are C, A, B. Who wins this new election 
using plurality with elimination? 


c. Which fairness criteria, if any, are violated? Explain. 


13. The preference schedule gives the results of an election among 3 candidates: 


A,B, and C 


Second | 













a. Who wins using the plurality with elimination method? 


b. Suppose candidate A drops out but the winner is still chosen using plurality with 


Elimination. Is the winner the same as in ‘a’ above? If not, which candidate does 
win? 


c. Which fairness criteria, if any, are violated? Explain 
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14. The preference schedule gives the results of an election among 5 candidates: 
A, by, WO, and.e. 


First 
Second 
Third 


Fourth 





Fifth 





a. Who wins using pairwise comparisons? 

b. Suppose candidate C drops out but the winner is still chosen using pairwise 
comparisons? Is the winner the same as in ‘a’ above? If not, which candidate 
does win? 


c. Which fairness criteria, if any, are violated? Explain. 


15. When using the pairwise comparison method, how many comparisons need 
to be made if there are: 


a. Three candidates? b. Four candidates? 
c. Five candidates? d. ncandidates? 


16. When using the pairwise comparison method, how many comparisons 
must a candidate (say A) win to guarantee winning the election if there are: 


a. Three candidates? b. Four candidates? 
c. Five candidates? d. ncandidates? 

IN OTHER WORDS 

17. Explain in your own words the majority criterion. 


18. Explain why the plurality method always satisfies the majority criterion 
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19 


20. 


Zale 


ee 


Jeg 


24. 


ZO 
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Explain why the pairwise comparison method always satisfies the majority 
criterion. 
Explain in your own words the monotonicity criterion. 


Explain why the plurality with elimination method always satisfies the 
monotonicity criterion. 


Explain in your own words the Condorcet criterion. 


Explain why the pairwise comparison method always satisfies the head-to-head 
(Condorcet) criterion. 


Explain in your own words the irrelevant alternatives criterion 


Which of the five election techniques that we have studied is most likely to end ina 
tie? Explain. 


RESEARCH QUESTIONS 


die 


There are several election procedures we have not discussed. Find out about 
Black’s election procedure and then write a short paragraph about it. 


Write a short paragraph about the work and discoveries of Kenneth Arrow 


Can you reduce warfare by adopting advanced methods of voting? 
Write a short paragraph on this topic. 
Go to: http://www.solutionscreative.com/voteadv.html for information. 


Which election method is best? Write a research paper on the subject. 
You can get some background at: _http:// electionmethods.org/ 


How do Oscar nominees get chosen? Write a short essay on the subject. 
Go to: http://electionmethods.org/ 


No voting method has an effect on the election if people do not vote. 


a. What was the voter turnout in the 2000 presidential election? 
b. Which Presidential election had the greatest turnout? What percent? 
c. Which state had the greatest turnout? What percent? 


Go to: http: / /www.fairvote.org/ to find out. 


Which country had the best and worst average turnout in the 90’s? 


Goto: http: / /www .fairvote.org/ to find out. 
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13.3 Apportionment Methods 


In 1787 at the Constitutional Convention in Philadelphia, delegates of the 13 original 
states created a system of government with three branches: executive, legislative 
and judicial. One of the most important issues was the representation of the states 
in the legislative branch. Smaller states wanted equal representation. In response, a 
Senate in which two senators represent each state was created. Larger states 
preferred proportional representation. Thus, the House of Representatives, in 
which each state receives a number of representatives proportional to their 
population, was created. Unfortunately, the founding fathers did not decide on the 
exact number of representatives for each state. In fact, Article 1, Section 2 of the 
Constitution states: Representatives shall be apportioned among the several states... 
according to their respective numbers. The number of representatives shall not exceed one 
for every thirty thousand, but each state shall have at least one representative. 


Historically, at least four apportionment methods have been implemented: 


1792-1841 The Jefferson method 1842-1851, 1901-1990 The Webster method 
1852-1900 The Hamilton (Vinton) method 1941-Present Hill-Huntington method. 


We shall study the Hamilton, Jefferson, Webster and, instead of the more complex 
Hill-Huntington, the John Quincy Adams method, in order of mathematical difficulty 
rather than historical or chronological preference. Keep in mind that apportionment 
methods are not limited to governing bodies. Budget allocations, Super Bowl Tickets, 
Faculty and Student Senate seats and many other items have to be fairly distributed 
or apportioned. 


GETTING STARTED: Funding the Community College System 


The Community College system in the State of Florida, consists of 28 colleges. In 
1999, the General Budget allocation for the system amounted to more than one billion 
dollars: $1,102,817,849 to be exact. How can we fairly distribute the money among 
the 28 colleges? Here are some possibilities: 


1. Divide the $1,102,817,849 equally among the 28 colleges. Each college will get: 


1,102,817,849 
ee 10980 051-75 


Is this fair? Consider this: Miami-Dade had 98,924 students while Florida Keys had 
4068. Under this equal allocation method, each will get the same amount, despite the 
disparity in their student population. 
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2. We can base funding on the number of students attending. Last year, the total 
student population in the Florida community college system was 737,864 so 
funding for each college would be proportional to the number of students 
attending that college. The amount for each college will be: 


Number of students in the college x 1,102,817,849 
737,864 


Is this method fair? Keep in mind that a college with say 1000 students each 
taking a 3-hour course will need to fund 3 x 1000 = 3000 student-semester hours 
while a college with 1000 full-time equivalent students (FTE) will have to fund 

40 x 1000 = 40,000 student-semester hours. Note: one FTE is equivalent to 40 
student-semester hours. 


3. A fairer distribution will be to allocate the money based on the number of FTE's 
in each college. The formula for the allocation to each college will then be: 


Number of FTE's in the College 


Total Number of FTE's X $1,102,817,849 


Can you think of any other way of fairly apportioning the $1,102,817,849 to the 28 
colleges? 


A. APPORTIONMENT PROBLEMS 


In the Getting Started we considered several formulas to apportion money. To make 
these formulas more standard and the resulting allocation quotas more precise, we 
define the standard divisor (SD) and the standard quota (SQ) as follows: 


SD = Total population in the group Gone Population in the group 
~ Total number to be apportioned Q= SD 


EXAMPLE 1. The five largest Community Colleges in Florida received about $324 
million in Total General Education and General Fund revenues. The number of FTE's 
(to the nearest 1000) in each of the five colleges is as shown in the table: 





MIAMI JACKSONVILLE BROWARD VALENCIA DAYTONA TOTAL 
30,000 17,000 13,000 12,000 9000 81,000 


Find the standard divisor SD and the standard quota SQ for each college. 


Solution: SD - Total population in the grou 


Total Number to be apportioned 


The total population in the group is the total number of FTE's, that is, 81,000. 
The total number to be apportioned is $324,000,000. Thus, 
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81,000 1 


1 \ 
= 354000000 ~ 4000 = 0.00025 _ means that 1 FTE gets $4000 | 


SD 4000 


The standard quota SQ for each college is as follows: 


_ Population in th 30,000 
MIAMI SO SSS eae T7400 = $120,000,000 


JACKSONVILLE SOQ = Population in the group ae = $68,000,000 


BROWARD Spe DURSUOR SME STOUP sage 659 -600,000 


SD 1/4000 


P fon 12,00 
VALENCIA SO 2 Copulation an the group ; ao = $48,000,000 





_ Population in the group 9,000 
SO°’= SD et PAE mes $36,000,000 


You may have noticed that since each FTE gets $4000, each college's apportionment 
will be ($4000 x number of FTE’s). Nevertheless, we make the apportionment 
formulas more general and precise and discuss the classical methods that use these 
formulas. 


B. THE ALEXANDER HAMILTON METHOD OF APPORTIONMENT 


One of the earliest apportionment methods was the Hamilton method. Proposed to 
President George Washington in 1791, the method was promptly vetoed by the 
President, the first presidential veto in American history! First, we give the 
procedure to apportion a number of items using the Hamilton method and then 
discuss the Presidential objections to the method 






HAMILTON METHOD 
1. Find SD = Total Population 


Total seats to be apportioned 











State P latio 
2. Find so= 






Round SQ down to the nearest integer. 
Each state should get at least that many seats but must get at least one seat. 





4. Apportion additional seats one at a time to the states with the largest 
fractional part of the standard quotas. 
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EXAMPLE 2. The table shows the 
population of the 15 states in the Union 









































































. . . 18 
according to the 1790 Census. Use the Virginia 630,960 
Hamilton method to apportion the 105 Massachusetts | 475,327 14 
seats in the House of Representatives. Pennsylvania | 432,879 13 
Solution: We use the four steps. North Caroling 353,523 10 
. Since the total population is 3,615,920 and New York SOR Oe? 9 10 
we have to apportion 105 seats, Maryland 278,514 8 8 
= “eee =94,437103 Connecticut | 236,841 6 7 
. We first find SQ for Virginia, South Carolina} 206,236 5 6 
Massachusetts and Delaware. New Jersey 179,570 3 5 
30,560 . 
For Virginia, Soe ae = 18.31 New Hampshij 141,822 4 4 
475.307 a Vermont 85,533 2 2 
: =———— =13.80 70,835 2 2 
For Mass. SOQ 34,437.33 3.8 Georgia 
55,540 Kentucky 68,705 2D Z 
For Delaware: SQ= 773733 =161 | Rhode Island | 68,446 1 2 
The SQ for all states, to two decimal Delaware 55,540 1 2 
places, is shown in column 3. TOTAL 3,615,920 98 105 





3. The SQ’s rounded down to the nearest integer are in column 4. Accordingly, 
Virginia, Massachusetts and Delaware will get 18, 13 and 1 seat respectively. Note 
that the total seats in column 4 add up to 98. What about the 105 - 98 = 7 seats that 
are left over? See Step 4! 


4. The additional seats are apportioned, one at a time, to the states with the largest 
fractional parts (South Carolina, Rhode Island, Connecticut, Massachusetts, New 
York, Delaware and Pennsylvania). The actual number of seats apportioned is in 
column 5. 


Note that the Hamilton method assigns 2 seats to Delaware, a state with a 
population of 55,540. However, it was stipulated in the Constitution that each seat 
in the House would represent a population of at least 30,000. Logically, 2 seats 
would have to represent 60,000 people, but Delaware only had a population of 
55,5940! Partially based on this flaw President Washington vetoed the use of the 
Hamilton plan to apportion the first House of Representatives. Instead, the 
Jefferson method, a method that assigned an extra seat to Virginia, Jefferson's 
home state, was used. We shall use the Jefferson method to apportion the 105 
seats in the original House of Representatives after we give one more example 
using the Hamilton method. 
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EXAMPLE 3. The second floor of Brandon Hospital houses five intensive care 
units: Medical (M), Surgical (S), Cardiac (C), Transitional (T) and Progressive (P). 
The optimum number of patients that each unit can house is shown in the table. 
The total for all units is 90. The hospital has bought 50 recliners to be distributed 
among the five units. Use the Hamilton method to apportion the 50 recliners 
based on the number of patients in each unit. 


Solution: The standard divisor SD = 90/50 = 1.8 and the standard quota SQ is 
the number of patients in each unit divided by 1.8, as shown in column 3. Next, 
we round down each SQ and enter the result in column 4. Note that the sum of 
all the rounded down numbers in column 4 is 47. We apportion the 3 remaining 
recliners, one by one, to the units with the highest fractional parts: 0.89 (P), 0.67 
(C) and 0.67 (S). Column 5 shows the actual number of recliners apportioned to 
each unit, with the bold numbers reflecting the extra recliner. Note that the sum 
of the numbers in column 5 is 50, the total number of recliners. 


LDP 8-5 8283 8 
3071.8.= 16.67 
12/125 = 6:07 6r1=7 


8/1.8 =4.44 ~ 
2071.5 = 13.89 13+1=14 





Now you know how to apportion recliners as well as seats! 


C. THE THOMAS JEFFERSON METHOD OF APPORTIONMENT 


In Examples 2 and 3 some of the groups (Delaware and the Surgical Care Unit, for 
example) received additional items when applying step 4 in Hamilton's method. Can 
we modify the Standard Quota SQ to overcome the possible inequity? Jefferson's 
method attempts to do this by using a modified divisor, MD, which is slightly lower than 
the standard divisor SD to obtain a modified quota MQ that is slightly higher than the 
standard quotaSQ. Does this sound confusing? Just remember that if you have the 





fraction SQ = Popatabon mine group and you make the denominator SD slightly lower, 


the new modified quota MQ will be slightly higher. Here are the steps to apportion 
items using Jefferson's method. 


JEFFERSON METHOD 
1. Find a modified divisor MD such that when each group modified quota MQ is 
rounded down to the nearest integer, the sum of the integers equals the number of 


items to be apportioned. 
2. The apportionment for each group corresponds to the rounded down MQ's found 
in Ste 





The challenge is to find that "magical" MD! 
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Solution: The table shows the first four columns in Example 3. The standard 
divisor in Example 3 was 1.8, so let us make the modified divisor MD slightly 
lower, say 1.7 to obtain the modified quotas shown in column 5. We show the 
rounded downnumbers corresponding to the actual number of recliners 


| 
EXAMPLE 4. Use the Jefferson method to apportion the 50 recliners of Example 3 
apportioned in the last column. : 


Medical Tyo Soe ‘ Tl of 
Surgical 30/1.8 = 16.67 S017) a 7 64 
Cardiac 2 des = Ono 21 eH e60 





Transitiona 3/16. = 4 Sy Lae eee 
257 Ve rl oe Day wake 








EXAMPLE 5. Use the Jefferson method to 
apportion the 1794 House of Representa- 
tives shown in the table. Note that the 
total U.S. population was 3,615,920 and] Massachusetts 
that 105 seats were to be apportioned. 
Solution: The modified divisor 

MD = 33,000 was mercifully supplied by 
Congress. We calculate some modified 
quotas and show the rest in the table. 














630,560 
475,327 
432,879 
300,020 
B51,089 
278,514 











Pennsylvania 
North Carolina 
New York 
Maryland 







































Vireinia: 630,560 Connecticut 236,841 
irginia: 33000 ~ 19:11 , 

f South Carolina | 206,236 

475,327 New Jersey 179,570 








Massachusetts: = 14.40 






33,000 141,822 


S300 
70,835 
68,705 
68446 
55,940 














55540 | 6g 


Delaware: 33,000 = 














The rounded-down quotas corresponding 
to the number of seats under the 
Jefferson method are shown in the last 
column of the table. 


Rhode Island 
Delaware 
TOTAL 
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D. THE DANIEL WEBSTER METHOD OF APPORTIONMENT 


The feasibility of the Jefferson method hinges on finding the “magic” divisor MD 
and was attacked on constitutional grounds. However, Jefferson pointed out that 
the Constitution only required that apportionment be based on population and the 
modified divisor MD produces quotas that indeed reflect the population and, 
moreover, did so equally, since all states use the same divisor. The Jefferson method 
was used without incident until after the 1820 Census when a major flaw that will be 
discussed in the next section was uncovered. When the flaw appeared again 
following the 1830 Census the method was replaced by one proposed in 1832 by 
Daniel Webster. By that time, the country had grown from 15 states with 3,615,920 
people to 12,860,702 people in 24 states. The appeal of Webster’s method was its 
mathematical simplicity. Modified quotas are not rounded down or to the nearest 
integer. Instead, they are rounded using the mathematical rules we have studied: 
round up for fractions of 0.5 or more and down for fractions that are less than 0.5. 
The bad news is that you still have to find that modified “magic” divisor MD. Here is the 
procedure for Webster’s method. 


WEBSTER METHOD 
1. Find MD, the modified divisor. 


2. Find MQ, the modified quota for each group. MO = dntahbopuisvion Topulation 


3. Round MQ in the usual manner for each group (up for 0.5 or more, down for less 
than 0.5) 


4. The apportionment for each group corresponds to the values obtained in step 3 and 
The total for all groups must equal to the total number of items to be apportioned.. 





EXAMPLE 6. Use Webster’s method to apportion the five states shown with their respective 
populations in the 1830 Census (http://www.census.govlpopulation/censusdata/table-16.padf). 
The modified divisor selected by Webster was 49,800 and the total population was 12,860,702. 


STATE POPULATION |MQ = POP/49,800 | APPORTIONMENT 
S00 39 











1,918,608 , 
1,348,233 27.07 





687,917 13.81_ 
ee ee eee | 
mete 48 | ott 


Solution: The modified quota MQ is found by dividing the state population by 49,800. 
For New York, MQ = 1,918,608/49,800 = 38.53 or 39. New York gets 39 seats. 
For Pennsylvania, MQ = 1,348,233/49,800 = 27.07 or 27. Pennsylvania gets 27 seats. 
For Kentucky, MQ = 687,917/49,800 =13.8lor14. Kentucky gets 14 seats. 
For Vermont, MO = 280,652/49,800 =5.64 or 6. Vermont gets 6 seats. 

For Louisiana, MO = 215,739/49,800 = 4.33 or 4. Louisiana gets 4 seats. 

The final results are shown in the table. 
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E. THE JOHN QUINCY ADAMS METHOD OF APPORTIONMENT 


As we have mentioned, by 1830 politicians were once again struggling over the 
apportionment method to be used. The debate was so intense that former 
president John Quincy Adams, at the time a representative from Massachusetts, 
wrote in his memoirs: 


I passed an entirely sleepless night again. The iniquity of the Apportionment bill, and 
the disreputable means by which so partial and unjust a distribution of the representation 
had been effected, agitated me so that I could not close my eyes. 


Mr. Adams was referring to a proposal by James K. Polk of Tennessee, which 
used Jefferson’s method of apportionment with an increased divisor of 47,700. 
This increase favored the representation of some states but hurt the 
representation of some of the New England states. As a consequence, Adams 
proposed a new apportionment method which was similar to Jefferson’s, but 
rounds up instead of down and, unfortunately, still uses a “magic divisor." Here 
is the procedure for Adams' apportionment method. 


ADAMS METHOD 

1. Find a modified divisor MD such that when each group’s modified quota MQ 
rounded up to the nearest integer, the sum of the integers equals the number of 
items to be apportioned. 


2. The apportionment for each group corresponds to the rounded up MQ's found in 
Step 1 





EXAMPLE 7. Use Adams’ method to apportion the recliners of Example 3. 


Solution: We have to find the “magic” divisor. Recall that in Example 4 the 
standard divisor 1.8 was slightly lowered to 1.7 to obtain the desired modified quotas. 
If the modified quotas are rounded up, the sum will be 9 + 18 +8+5+15=55. To 
reduce this number, let us increase the divisor to 1.9 and round up the quota as 
shown in the table. 


PATIENTS 








MOD. QUOTA 














ROUNDED UP 


























i Tyo = 7789 8 
Surgical 30 30/ TOT 79 16 
Cardiac ie 2 eS neG. 32 Z, 
Transitional 8 S/T Ora 04 5 
Progressive 25/N9 = 13,116 14 


6 Zo 
oe eaves le ead 


Our “magic” divisor 1.9 did the trick, the rounded-up values, which correspond to the 
number of recliners each unit will get, add up to 50. 
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Before you attempt the Exercises, here is a summary of the apportionment methods 
we have studied and their important features. 


METHOD ~ DIVISOR ROUND APPORTIONMENT 
Neen ee eee ee eee 


Distribute left-over items to 
the groups with the largest 
fractional part until all items 
are distributed. 


Apportion each group its 
nearest integer. | modified lower quota. 
equal SD 
equal to SD integer. modified rounded quota. 
nearest 
nearest integer. | modified upper quota. 


As you can see from the table, Hamilton's method rounded the standard quotas down 
to the nearest integer, Jefferson's method rounded the modified quotas down to the 
nearest integer, Webster's method rounded the modified quotas to the nearest integer 
and Adams’ method rounded the modified quotas up to the nearest integer. 























Down to the 
nearest integer. 


Hamilton's 


T ; 
SD otal Population 


~ Seats to be apportioned 










Jefferson's | MD is less than SD 


Webster's 


Adams’ 
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THE FOLLOWING TABLE WILL BE USED IN PROBLEMS 1-7 


UNIVERSITY HEADCOUNT 


University of Florida 
Florida State University 

Florida A&M University 
University of South Florida 
Florida Atlantic University 
University of West Florida 
University of Central Florida 
Florida International University 
University of North Florida 
Florida Gulf Coast Universit 17558 


Sub-Total E& G re 216,221 136,363 



















1. The University System in the State of Florida consists of the 10 universities 
listed in the table. Last year, the general budget allocation for the system 
amounted to more than two billion dollars: $2,001,102,854 


a. If the state decides to apportion the money equally among the 10 
universities, how much will each university get? Answer to the nearest dollar. 


b. How much money will each student be allocated if the money is 
apportioned equally among all the students? Answer to the nearest dollar. 


c. How much money will each FTE (Full Time Equivalent) be allocated if the 
money is apportioned equally among all FTE’s? Answer to the nearest 
dollar. 


2. The University of Florida has 41,652 students, while Florida Gulf Coast 
University has 2893. How much money will each of these two universities 
receive if the money is allocated according to the number of students in each 
institution? Answer to the nearest dollar. 


3. The University of South Florida has 18,176 FTE’s, while the University of West 
Florida has 4556. How much money will each of these two universities receive 
if the money is allocated according to the number of FTE’s in each institution? 
Answer to the nearest dollar. 


4. Suppose the state decides to apportion 200 new teaching positions based on the 
number of students in each university. 


a. Use the Hamilton method to find the standard divisor SD. 
b. Use the Hamilton method to find the standard quota SQ for Florida Atlantic 
and the University of Central Florida. Answer to three decimal places. 
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5. Suppose the state decides to apportion 200 new teaching positions based on the 
number of FTE’s in each university. 
a. Use the Hamilton method to find the standard divisor SD 
b. Use the Hamilton method to find the standard quotient SQ for Florida 
Atlantic and the University of Central Florida. Answer to three decimal places. 


6. Use the Hamilton method to apportion the 200 new teaching positions to each 
of the ten universities, based on the number of students. 


7. Use the Hamilton method to apportion the 200 new teaching positions to each 
of the ten universities, based on the number of FTE’s. Is the number of 
positions for each university the same as that obtained in Exercise 6? 


8. Let us go back to the five intensive care units of Example 3. Suppose the 
hospital buys 75 new intravenous (IV) pumps to be distributed among the 5 
units based on the number of patients in each unit. Use the Hamilton method 
to fill in the blanks in the table and apportion the 75 IV units. 


UNIT PATIENTS ROUNDED DOWN |} _ ACTUAL NO 


Medical 
Surgical 
Cardiac 
Transitional 
Eabb teri. Sars 5 Huweenow oft il 





9. According to the Center for Disease Control and Prevention, the states 
reporting the highest annual number of AIDS cases in a recent year are as 
shown in the table. In that same year, federal spending on AIDS research 
amounted to $9,988 million. 





















California 
Florida 5683 
New York 7655 
Texas o7 15 
New Jersey 


Suppose the Federal government wishes to allocate an 
additional $100 million for AIDS research based on the 
number of cases in each of these states. 

a. Find each state’s standard quota. 


Hamilton’s method 





b. Find each state’s apportionment using 


10. Do you know in which city the 2012 Summer Olympics are going to be held? 
As of this writing one of the possible venues is Florida. 
















Hillsborough 940,484 
Manatee 243,00 |. 
Orange 817,206 
Pasco 330,704 
Polk 457,347 


The populations of 5 counties where some of the events 
may be held are as shown. Suppose $500 million is 

allocated to these five counties based on their respective 

populations. 

a. Find each county’s standard quota. 

b. Find each county’s apportionment using Hamilton’s 

method. 
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11. What leisure activities do you participate in? Here are five activities and the 
approximate number of participants (in millions) in each. 





















Suppose you wish to allocate $100 million to promote 

leisure activities, based on the number of participants. 

a. Find the modified quota for each activity using the 
divisor 5.25. 

b. Find how much money should be apportioned to 

each activity using Jefferson’s method. 


Source: National Endowment for the Arts, Statistical Abstract of the U. S. 


Exercise 
Sports 90 
Charity Work 85 
Home repair 130 
Computer hobbies 80 








12. Here are the five U.S. charities receiving the highest donations (in millions) in a 
recent.year. 























Salvation Army $1230 
YMCA $ 630 
Fidelity Inv. $ 570 
Amer. Cancer $ 560 
Amer.RedC. $ 540 


Suppose you are a philanthropist willing to donate $150 
million to these five charities based on received donations 
a. Find the modified quota for each charity using the 

divisor 23.3 
b. Find how much money should be apportioned to 
each charity using Jefferson’s method 


Source: The Chronicle of Philanthropy 






13. Do you own a pet? What kind? How much do you spend on your pet annually? | 


Here are the average annual costs (to the nearest $10) spent per household for the | 
several types of pets. 


For every $500 spent on each of these four types of pets: 

a. Find the modified quota using the divisor 1.08. 
b. How much money should be apportioned to each 
pet category using Webster’s method? 


Source: U.S. Pet Ownership and Demographic Sourcebook 










14. What continents do immigrants to the U.S. come from? The table shows the 


number (in thousands) of immigrants from each continent admitted to the US. ina . 
recent year. | 

















Europe 
Asia 220 
North America 255 


Suppose the Immigration and Naturalization Service 
is planning on granting 700 (thousand) visas next year. 








a. Find the modified quota using the divisor 0.928 
South America 45 b. How many visas should be allocated to each 


Africa continent using Webster’s method? 
Source: U.S. Immigration and Naturalization Service 
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15. The acreage of five county parks in Hillsborough County are as shown. 
Suppose the county wishes to allocate 75 new park rangers to these five parks: 












. Find the modified quota for each park using the 
divisor 20.5. 


Lake Park 600 
E.G.Simmons 470 
Lettuce Lake 240 
Lithia Springs 160 
Eureka Springs —_30 










b. Find the number of rangers that should be 
allocated to each park using Adams’ method 












16. Has your telephone area code been changed lately? With the popularity of 
cell phones increasing, more area codes are needed. The table shows the 
number of existing area codes in five states. Unfortunately, there are a 
limited number of area codes that can be allocated to states. Suppose we 
wish to allocate 25 new area codes to the five states listed based on the 
number of area codes they already have. 













a. Find the modified quota for each state using the 
divisor 3.08. 


Texas 
California 20 
Florida TZ 
Ohio 

Colorado 











b. Find the number of area codes allocated to each 
state using Adams’ method 





THE TABLE SHOWS THE HEADCOUNT ENROLLMENT BY COUNTY IN THE 
FLORIDA STATE UNIVERSITY SYSTEM (TO THE NEAREST THOUSAND) 
THIS INFORMATION WILL BE USED IN EXERCISES 17-20. 


COUNTY Hillsborough Pinellas 
33,000 | 21,000 17,000 11,000 


SUPPOSE THE STATE DECIDES TO ALLOCATES $100 MILLION TO 
THESE FIVE COUNTIES. 










a. Find the standard divisor. 
b. Find each county’s standard quota. 
c. Find each county’s apportionment using Hamilton’s method. 


7 


Find each county’s modified quota using the divisor 916.05. 


18. a. 
b. Find each county’s apportionment using Jefferson’s method. 


19.a. Find each county’s modified quota using the divisor 948.60. 
b. Find each county’s apportionment using Adams’ method. 


20. Find each county’s apportionment using Webster’s method with the standard quota. 
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THE TABLE SHOWS THE TOP RATED AIDS TREATMENT HOSPITALS AND 
THEIR SCORES. THIS INFORMATION WILL BE USED IN EXERCISES 21-24. 


HOSPITAL POINTS 
San Francisco General 
John Hopkins Hospital 
Massachusetts General 
56 
50 






Univ. of CaLat San Francisco | 456. 0) 
Memorial Sloan-Kettering ie? 50a 


Source: U.S. News and World Report 





SUPPOSE THE BEST 200 AIDS SPECIALISTS ARE TO BE ASSIGNED TO THESE 5 
HOSPITALS BASED ON THE NUMBER OF POINTS IN THE SURVEY 


21.a. Find the standard divisor. 
b. Find each hospital’s standard quota. 
c. Find each hospital’s apportionment using Hamilton’s method. 


22.a. Find each hospital’s modified quota using the divisor 1.6745 
b. Find each hospital’s apportionment using Jefferson’s method. 


23.a. Find each hospital’s modified quota using the divisor 1.7238 
b. Find each hospital’s apportionment using Adams’ method 


24. Find each hospital’s apportionment using Webster’s method 
USING YOUR KNOWLEDGE 


Students have suggested that many of the apportionment problems can be done 
using ratio and proportion. Suppose you have four sports A, B, C and D and the 
Student Government Association wishes to distribute $200,000 among the four 
based on their average attendance of 2000, 4000, 6000, and 8000 spectators 
respectively. 


25.a. How much will each sport get if the $200,000 is distributed proportionately to 
its attendance? A 


b. How much will each sport get if the $200,000 is apportioned using 
Hamilton’s, Jefferson’s, Adams’ and Webster’s methods? 
c. Are the answers the same in parts a and b? 
IN OTHER WORDS 
Describe in your own words how to calculate: 


26. A standard divisor Dye A standard quota 


28. Name the method we have studied that rounds the modified quota: 
a. up b. down c. in the usual manner 
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RESEARCH QUESTIONS 


i 


N 


The 1824 election was marred by the so-called “Corrupt Bargain”. Describe 


the events that marred the election and what was claimed to be corrupt in the 
election. 


The 2000 presidential election was disputed in court but was by no means the 
first disputed election in history. Which was the first disputed presidential 
election in U.S. history and what was the dispute about? 


Write a short paragraph describing the present method of apportionment for 
the House of Representatives. | Make sure you mention the name and 
techniques involved with this method. 
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13.4 Apportionment Objections 


As we have seen in Section 13.2 there were several objections, or flaws, associated 
with the voting methods we studied. Similarly, there are several objections, or 
flaws, associated with Hamilton's apportionment method. These objections are 
paradoxical and mainly depend on three factors: the number of items to be 
apportioned (Objection: the Alabama paradox), population in the group 
(Objection: the population paradox) and the addition of one or more new groups 
that require apportionment (Objection: the new-states paradox). 


The main objection to Jefferson’s, Webster’s and Adams’ method is that each has 
the potential of violating the quota rule. 


THE QUOTA RULE 


The apportionment for every group under consideration should always equal 
either the : quota or its lower quota. 





Even though Hamilton’s method will always satisfy the quota rule and Jefferson’s, 
Webster’s and Adams’ will not, the method has equally serious flaws. The three 
main objections to Hamilton’s method are: the Alabama paradox, the population 
paradox and the new-states paradox. 


GETTING STARTED: Sweet Home Alabama 


The Alabama Paradox first surfaced after the 1870 census. With 270 members in 
the House of Representatives, Rhode Island got 2 representatives but when the 
House size was increased to 280, Rhode Island lost a seat. After the 1880 census, 
C. W. Seaton (chief clerk of the U. S. Census Office) computed apportionments for 
all House sizes between 275 and 350 members. He then wrote a letter to Congress 
pointing out that if the House of Representatives had 299 seats, Alabama would 
get 8 seats but if the House of Representatives had 300 seats, Alabama would only 
get 7 seats! Again, a loss of one seat for Alabama, even though the total number 
of House seats could be increased from 299 to 300 This objection or flaw had 
come to be known as the Alabama Paradox. 

Source: http://www.sa.ua.edu/ctl/math103 / 


A. THE ALABAMA PARADOX 


THE ALABAMA PARADOX 
An increase in the total number of items to be apportioned results in a loss of 


items fora 





_ 13 Voting and Apportionment 875 


EXAMPLE 1. According to the 1880 Census, the population of the United 
States was 50,189,209 and the population of Alabama was 1,262,505. Find 
the standard divisor and the standard quota when: 


a. 299 seats are to be apportioned b. 300 seats are to be apportioned 
Solution: a. The standard divisor is: ee = 167,856.89 and the 
standard quota is eee = BD: 

b. The standard divisor is: oe = 167,297.36 and the 
standard quota is Se = 7.55 


Does Example 1 actually prove that Alabama would get 8 seats when 299 
seats were apportioned and only 7 when 300 seats were apportioned? The 
answer is NO. To prove this we would have to find the standard quotas for 
all the states and then assign the left-over seats to the states with the largest 
fractional parts. Unfortunately, there were a total of 38 states in 1880, so the 
task would be monumental indeed but you can go to: 
http://www.sa.ua.edu/ctl/math103/ 


and look under "Apportionment". For now, let us try a simple example. 


EXAMPLE 2. Consider a country with a population of 50,000 and three 
states A, B and C with the populations shown in the table. Show that the 
Alabama paradox occurs if the number of seats is increased from 50 to 51 
using Hamilton's apportionment method. 


Solution: When the number of seats to be apportioned is 50, the standard 


divisor is: we = 1000. The standard quotas SQ, and the rounded- 





down values RD are shown in columns 3 and 4. The state with the largest 
fractional part (0.5) is C. Thus, C gets the extra seat. 


Zo 0) 
23 0 
1 1 


25 
23 
2 







25,200 


23,500 
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50,000 _ 
EL 980.39 


Again, we show the standard quotas SQ, and the rounded-down values in columns 3 and 
The states with the largest fractional part are B (0.77) and A (0.70), so each gets an extra se 





If we repeat the apportionment using 51 seats, the standard divisor is: 


POPULATION 


25,200 
23,300 


e 1500 


Here we go again! Even though we increased the number of seats from 50 to Sy 
state C, formerly with 2 seats, ended up losing one seat: the Alabama paradox! 





Note that this paradox can only occur when the number of objects to be 
apportioned increases. Thus, it seems reasonable that if we hold the size of the 
House of Representatives to 435, as it has been for many years, no objections or 
paradoxes should surface. Unfortunately, this is not the case. If the population 
of one or more states changes, one state could lose a seat to another state, even if 


its population is growing at a faster rate than the state that loses the seat. This 
paradox is known as the population paradox. 


B. THE POPULATION PARADOX 










THE POPULATION PARADOX 


The population paradox occurs when the 
than the population of 






population of group A increases faster 
group B, yet A loses items to group B. 





The Population Paradox was discovered around 1900, when it was shown th 
state could lose seats in the House of Re 


population. (Virginia was growing much faster than Maine--about 60% faster--but 
Virginia lost a seat in the House while Maine gained a seat.) Let us look at an 
Example of the population paradox. 


ata 
presentatives as a result of an increase in its 




















NO. FALL SQ | POs 
9.51 10 
19,49 4...49 
SCIENCE 71,00] 71 


TOTAL 10,000 
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EXAMPLE 3. The table shows the number of students taking Math, English and 
Science courses during the Fall and Spring semesters. If 100 full-time teaching 


positions are to be apportioned among the three departments based on their 
respective course enrollments: 


a. How many positions will each department get in the Fall using Hamilton's 
method? 


b. How many positions will each department get in the Spring using Hamilton's 
method? 

c. Is the apportionment fair? 

d. Is this apportionment an example of the population paradox? 


Solution: Since there are 10,000 students and 100 positions, the standard divisor for 
the Fall is 10,000/100 = 100. The standard quotas SQ and the number of positions for 
each department during the Fall are shown in columns 3 and 4. The number of 
students for the Spring is 10,030 so the standard divisor 10,030/100 = 100.3. The new 


standard quotas NEW SQ, and the number of positions per department for the Spring 
are shown in columns 6 and 7. 


FALL SEMESTER SPRING SEMESTER 


961 961/100.3 = 9.58 9 
1969 1969/ 100.3 =-19.63 20 
7100 7100/100.3 = 70.79 71 


and by flee orsojazo |) vars dob worn tela 






















a. In the Fall, Math gets 10 positions, English 19 and Science 71. 


b. In the Spring, Math gets 9 positions, English 20 and Science 71. 


Cc. 


961 - 951 10 
No. The rate of growth for Math was ea 7 OE) = 1.05% 


1969 - 1949 20 
The rate of growth for English was =qoI0 | Fone” = 1.03% 


Thus, Math was growing at a faster rate (1.05%) than English (1.03%) but, in spite of 
this, Math lost one position (from 10 to 9) while English gained one position (from 
19 to 20). 


d. Yes. In this instance the Math population was increasing faster than the English 


population, yet Math lost one position to English. 
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C. THE NEW-STATES PARADOX 


As we have mentioned before, the objections to the Hamilton's apportionment 
method occur when the number of items to be apportioned changes (Alabama 
paradox), when the population in the group changes (population paradox) or when 
we add one or more groups that require apportionment (new-states paradox). The 
new-states paradox means that adding a new state with its fair share of seats can affect 
the number of seats due to other states. This has actually happened! The Paradox was 
discovered in 1907 when Oklahoma became a state. Before Oklahoma became a state, 
the House of Representatives had 386 seats. Comparing Oklahoma's population to 
other states, it was clear that Oklahoma-should have 5 seats, so the House size was 
increased by five to 391 seats. The intent was to leave the number of seats unchanged 
for the other states. However, when the apportionment was mathematically 
recalculated, Maine gained a seat (4 instead of 3) and New York lost a seat (from 38 to 
37). Here is the definition. 


THE NEW-STATES PARADOX 
The new-states paradox occurs when the addition of a new group changes the 


apportionment of another 





EXAMPLE 4. Suppose that in Example 3 the Art Department enrolls 600 students 
in the Fall, and that 5 additional positions are allocated bringing the total number 
of positions to 105 and the total number of students to 10,600. 


a. Use the Hamilton method to find the new Fall apportionments for Math, 
English, Science and Art. 


b. How do the new Fall apportionments compare with the original Fall 
apportionments of Example 3? 


c. Do the new apportionments seem fair? 


d. Show that the new apportionments result in the new-states paradox 
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Solution: a. To find the new Fall Semester apportionments, note that there are 
now 10,600 students and 105 positions, so the new standard divisor is 10,600/105 = 


100.95. The standard quotas and the final number of positions are shown on the 
left in the table 


NEW FALL SEMESTER ORIGINAL FALL SEMESTER 


[SUBJECT [NO.FALL [SQ | POS[[ FALL | SQ ‘| POs 


MATH 10 951 Oeil 10 

19 1949 19.49 19 

SCIENCE 70 7100 71.00 PL 
5.94 


ART 6 
| toraL | 10600 |__| 105 | | 10,000_ 


b. The table showing the original Fall Semester apportionments is shown (on 
the right). As you can see, the Science Department lost one position (from 
71 to 70) in the new apportionment, even though it did not lose any 
students. Presumably, the Art Department should have gotten the 5 new 
positions but it got 6 instead. 










9.42 






ENGLISH 19-34 





70.33 








c. The new apportionments do not seem fair since Science lost one position to 
AEE. 


d. The addition of one group (ART) changed the apportionment of another 
group (SCIENCE) and by definition that is what the new-states paradox 
states. 


Now, we have seen that Hamilton's method satisfies the quota rule but can 
produce the paradoxes we have studied in this section. Jefferson's, Webster's and 
Adams' method can violate the quota rule because they are based on the 
philosophy that quotas can be conveniently modified but they do not produce the 
paradoxes we have studied. Can we find a perfect apportionment method that 
not only satisfies the quota rule but also avoids these paradoxes? Two 
mathematicians, Michael Balinski and H. Payton Young proved in 1980 that there 
isno such method. Their result is called the Balinski and Young's Impossibility 
Theorem. 
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BALINSKI AND YOUNG'S IMPOSSIBILITY THEOREM 





There is no apportionment method that satisfies the quota rule and avoids 
paradoxes. 


The following table shows which methods violate the quota rule or produce some of the 
paradoxes studied. 










HAMILTON JEFFERSON ADAMS WEBSTER 
ce eerie de eentindaente 


May violate the quota rule 






May result in the Alabama paradox 
May result in the Population paradox 
May result in the new-states 






»e 

& 
° 
° 
° 





paradox 


So, there we have it. Just as we could find no perfect voting method there is also no perfect 
apportionment method! 


13 Voting and Apportionment 881 


amaee BORN 
. 
TE 





1. Three Greek letter societies a, 8 and 6, have the numbers 
of members shown in the table. If Hamilton’s method is 
used to apportion seats in the Pan Hellenic Council, does the 
Alabama paradox occur if the number of seats is increased: 


MEMBERS 


3220 
5000 
9780 


TOTAL 18,000 






a. From 30 to 31? b. From 60 to 61? 


CITY |POPULATION | 2. A country consists of four states A, B,C and D with the 
populations shown in the table. If Hamilton’s method is 


used to apportion the legislature, does the Alabama 
paradox occur if the number of seats is increased: 


D 
TOTAL 10,000 a. From 104 to 105? b. From 114 to 115? 





3. Which are the four best theme parks in America? 

According to Inside Track, a publication that rates theme 
parks and attractions, Busch Gardens (B), King’s Island (K), 
Walt Disney World (W) and Six Flags Magic Mountain (S). 
The number of votes received by each of the parks in a 


B 405 

K 306 

Ww 204 

S 105 : : 
survey of 1020 persons is as shown in the table. If 


TOTAL 1020 Hamilton’s method is used to apportion 71 free tickets to 


visit the parks based on the number of votes obtained in the survey, does the 
Alabama paradox occur if the number of tickets is increased to 72? Which park 
loses a ticket? 


PARK VOTES 






4. The total number of minority students (in thousands) 
studying allopathic medicine in 1998 is as shown in the table. 
If Hamilton’s method is used to allocate scholarships based 
on enrollment, does the Alabama paradox occur when the 
number of scholarships is increased from 24 to 25? 


a. Which group loses one scholarship? 
source: Natio nal Center for B: Which groups gain one scholarship? 
Health Statistics GS Which group stays the same? 


; t 
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5. The number of Medicare enrollees (in thousands) for 
Delaware (D), Nebraska (N) and Kansas (K) in 1997 and the 
estimated projection for a future year is as shown. 
Suppose the Federal contribution is $11 million for each 
year and Hamilton’s method is used to apportion the 


OEE ss money based on the number of enrollees. 
a. How much will each state get in 1997? (Answer to the 


Source: Health Care nearest million) 


Financing Administration b. How much will each state get using the projected 
population? (Answer to the nearest million) 
c. Which state has the highest percent increase of enrollees? 
d. Does the population paradox occur when Hamilton’s method is used to allocate 
the $11 million? Explain. 


NO. 
Delaware | 110 2 
Nebraska 250 300 
Kansas 380 428 










10 YRS | 6. A state consists of three counties A, B and C with the — 


A 89,000 | 97,000 | populations shown at present and in 10 years. Suppose 
B 12,500} 14,500 | 100 seats are to be apportioned based on population using 
GS 22,500 | 24,700 | Hamilton’s method. | 


TOTAL [124,000 | 136,200 | a. How many seats will each of the counties get now? 
b. How many seats will each of the counties get in 10 years? 


c. Does the population paradox occur? Explain. 















10 YRS | 7. The populations of three counties A, B and C are shown 


A 89,000 | 97,000 | at present and in 10 years. “Lucky” Fulano, the state 
B 125,000 | 145,000 | governor, suggested a 13-seat legislature apportioned | 
cc 225,000 | 247,000 | based on population using Hamilton’s method. | 


TOTAL | 439,000] 489,000 | a. How many seats will each of the counties get now? | 
b. How many seats will each of the counties get in 10 years? | 
c. Does the population paradox occur? Explain | 


d. Which of the three counties will be unhappy with reapportionment and why? ) 


| 
' 
| 


8. A nation consists of fives states A, B, C, D and E with populations 300, 156, 346, 408 


and 590 respectively. Suppose 50 seats are to be apportioned based on population 
using Hamilton’s method. 


a. How many seats will each state receive? 

b. If the populations of states C and E were to increase by 16 and 2, respectively 
how many seats would each state receive then? 

c. Does the population paradox occur? Explain. 

d. Which of the five states will be unhappy with reapportionment and why? 


13 Voting and Apportionment 8835 


NUMBER 






9. A company has two divisions: production (P) and sales 





DIVISION 
P 









402 (S). The number of employees in each is as shown in the 
S 156 table. There are 41 managers to be apportioned between 
A 114 the two divisions P and S. 






672 a. Find each division apportionment using Hamilton's 


TOTAL 
method. 


b. Suppose a new advertising division (A) with 114 employees is to be added with 


8 new managers. Does the new-states paradox occur using Hamilton’s 
method? Explain 









STATE | POPULATION | 10. A country has two states A and B with the populations 
A 268 (in thousands) shown in the table and 30 seats in the 
B 104 legislature. 







C 76 a. Find the apportionments for A and B using Hamilton’s 
TOTAL method. 


b. Suppose a third state C with a population of 76 (thousand) is added with 6 
additional seats. Does the new-states paradox occur using Hamilton’s method? Explain. 


STATE | POPULATION 


A 4470 
B 520 
Cc 263 
a. Find the apportionments for A and B using Hamilton’s 


TOTAL 5253 
method. 


b. Suppose a third state C with a population of 263 (hundred) is added with 6 additional 
seats. Does the new states paradox occur using Hamilton’s method? Explain. 





11. A country has two states A and B with the population 
(in hundreds) shown in the table and 100 seats in the 
legislature. 







IN OTHER WORDS 


12. Describe in your own words the Alabama paradox. 
13. Describe in your own words the population paradox. 
14. Describe in your own words the new-states paradox. 
RESEARCH QUESTIONS 


1. When was the Alabama paradox discovered? Discuss the details of the discovery. 


2. When was the population paradox discovered? What states were involved? 
Discuss the details of the discovery. 


3. When was the new-states paradox discovered? What states were involved? 
Discuss the details of the discovery. 


4. The results of Census 2000 are in! According to these results, which states could 
lose or gain seats in the House of Representatives? For information, go to: 
http://www. iupui.edu/it/ibre/SDC/ apportionment.html 
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Meaning 


Each voter votes for one candidate and the candidate with the 
most first-place votes is the winner. 


Each voter votes for one candidate. If the candidate receives a 
majority of votes, that candidate is the winner. Otherwise, 
eliminate all but the two'top candidates and hold a runoff 
election. The candidate that receives a majority is the winner. 


Rank candidates from most to least favorable, with each last 
place vote is awarded no point; each next to last place is 
awarded one point, each third from last place is awarded two 
points, etc. The candidate that receives the most points is the 
winner. 


Each voter votes for one candidate. If a candidate receives a 
majority of votes, that candidate is the winner. If no candidate 
receives a majority, eliminate the candidate with the fewest 
votes and hold another election. (If there is a tie for fewest 
votes, eliminate all candidates tied for fewest votes.) Repeat 
this process until a candidate receives a majority. 


Rank candidates from most to least favorable. Each candidate 
is them compared to each of the other candidates. If A is 
preferred to B, A gets one point. If B is preferred to A, B gets 
one point. If there is a tie, each candidate receives one point. 
The candidate with the most overall points is the winner. 


Voters approve or disapprove each candidate. The candidate 
with the most approval votes wins. 


If a candidate receives a majority of first-place votes, then that 
candidate should be the winner. 


If a candidate is favored when compared head-to-head with 
every other candidate, then that candidate should be the 
winner. 
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Chapter 13-5 SUMMARY (Cont) 












Section Item 


C32 











Meaning 






Monotonicity 


If a candidate is the winner of a first election and then gains 
Criterion 


additional support without losing any of the original support, 
then the candidate should be the winner of the second 
election. 










Irrelevant 
Alternatives 
Criterion 








If a candidate is the winner of an election, and in a second 
election one or more of the losing candidates is removed, 
then the winner of the first election should be the winner of 
the second election. 



















Arrow’s There is no voting method that will always simultaneously 
Impossibility | satisfy each of the four fairness criteria. 
Theorem 











Standard 
Divisor (SD) 


Total Population in a Group/Total Number to be apportioned 











Standard 
Quota (SQ) 


Population in the Group /Standard Divisor 


















A method in which the standard quota is rounded down and 
additional seats are apportioned to the states with the largest 
fractional part of the standard quotas. 


Alexander 
Hamilton’s 
Method 








A method using a modified divisor so that when each group’s 
modified quota is rounded down to the nearest integer, the 
sum of the integers equals the number of items to be 
apportioned. 


Jefferson’s 
Method 









Webter’s 
Method 


A method using a modified divisor so that when each group’s 
modified quota is rounded in the usual manner the sum of 
the integers equals the number of items to be apportioned. 













Adams’ 
Method 


A method using a modified divisor so that when each group’s 
modified quota is rounded up to the nearest integer, the sum 
of the integers equals the number of items to be apportioned. 
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Chapter 13 SUMMARY (Cont) 
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Item Meaning 


Quota Rule The apportionment for every group under consideration 
should always equal either the group’s upper quota or its 
lower quota 


Alabama An increase in the total number of items to be apportioned 
Paradox results in a loss of items for a group. 


Population The population of group A increases faster than the 
Paradox population of group B, yet A loses items to group B. 


New-States The addition of a new group changes the apportionment of 
paradox another group. 


Balinski and __| There is no apportionment method that satisfies the quota 
Young's rule and avoids paradoxes 

Impossibility 

Theorem 
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PRACTICE TEST | 


ssoiaianentars 


1. The results of an election involving four 
candidates A, B, C, and D are shown. 


a. Did any of the candidates get a majority? 
b. What candidate is the plurality winner? 
c. What candidate comes in second? 

d. What candidate comes in last? 





2. Using plurality with runoff, who is the winner of the election in Problem 1? 
3. Using the Borda count method, who is the winner of the election in Problem 1? 


4. Using plurality with elimination, who is the winner of the election in Problem 1? 


5. The results of an election involving three candidates 
A, B, and C are shown in the table. Using the 
pairwise comparison method: 


a. Who is the winner between A and B? 
b. Who is the winner between A and C 
c. Who is the winner between B and C? 
d. Who is the winner of the election? 





6. The results of a hypothetical election using approval voting are 
summarized in the table below. An "X" indicates that the voter 
approves of the candidate, a blank indicates no approval. 





a. Whois the winner using approval voting? 
b. Who is the winner if Adams drops out of the race? 


888 13 Voting and Apportionment 


7. Anelection to select their spring-break destination, Aruba (A), Bahamas (B) or 
Cancun (C), is conducted among 64 students. The results are as shown. Which 
destination should be selected under the specified method and does the method 
satisfy the majority criterion? 


Votes —— 36S ss*d16 Ss “12 . The plurality method 
First . The Borda count method 


Second . The plurality with elimination method 





Third . The pairwise comparison method 


8. A restaurant conducted a survey among its customers to select their favorite entree 
from Chicken (C), Pork (P), Turkey (T) and Vegetarian (V). 
The number of votes for each was as shown in the table. Which entree should be 
selected under the specified method and does the method satisfy the head-to-head 


criterion? 
a. Head-to-head b. Plurality 
c. Borda count d. Plurality with elimination 


e. Pairwise comparison 


VOTES 


First 
Second 
Third 
Fourth 





9. A group of 100 students ranked the three courses they liked best as shown in the table. 
If the plurality method is used to select the top course, does the plurality method satisfy 


Votes 
First 


Second 





Third 


a. The majority criterion? Explain. 
b. The head-to-head criterion. Explain 
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10. If in Problem 9, does the plurality method satisfy: 


a. The monotonicity criterion if we assume a second election is undertaken and C gains 
additional support without losing any of the original support? Explain 

b. The irrelevant alternatives criterion if we assume that that either A or B drops out 
and a second election is undertaken? Explain. 


11. What is Arrow’s Impossibility Theorem? 


12. Five universities received $162 million in Total General Education and General 
Fund revenues. The number of FTE's (to the nearest 1000) in 
each of the five universities is as shown in the table: 


A eee dO TAL 
15,000 8500 6500 6000 4500 


Find the standard divisor SD and the standard quota SQ for each university. 


13. A college is composed of five departments: Mathematics (M), English (E), 
Languages (L), Art (A) and Chemistry (C) with the number of faculty members 
shown in the table. If 100 new positions are to be apportioned using Hamilton’s 
method and based on the number of faculty in each department, what is the actual 
number of positions apportioned to each of the departments? 


DEPARTMENT | FACULTY 
Math 

English 

Language 

Art 

Chemistr 5 


0 
a ee a ae 


MODIFIED O ACTUAL NO 







14. Use the Jefferson method to apportion 90 (instead of 100) positions in Problem 13. 
Hint: The modified divisor must be slightly less than 2. 


15. In 1830 the population of Florida was 34,730. Use Webster’s method to find the 
number of seats for Florida if the modified divisor was 49,800, 


16. Use Adams’ method to apportion 90 faculty positions in Problem 13. 
Hint: The modified divisor must be slightly more than 2 
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17. Consider a country with a population of 100,000 and three states A, B and C 
with the populations shown in the table. Suppose 50 seats are apportioned 
using Hamilton’s method as shown in the first table. Fill the blanks in the 
second table and determine if the Alabama paradox occurs when the number 
of seats is increased from 50 to 51 using Hamilton's apportionment method. 
Explain your answer. 


POPULATION 


50,400 50,400/2000 = 25.2 | 25 0 | 25 
23 Osisi hero 23 

G 3000 3000/2000=1.5 | 1 1 2 

Fovat |S 100,000, ee eee ee ae 


STATE | POPULATION 


 eshapajo00 “|e lie Yo westmaui at ro) eee] pa 





















46,600 46,600/2000 = 23.3 








18. The table shows the number of students taking Math, English and Science courses 
during the Fall and Spring semesters. Suppose 100 full-time teaching positions were 


apportioned during the Fall semester using Hamilton’s method with the results 
shown 


a. How many positions will each department get in the Spring using Hamilton's 
method? 


b. Is the apportionment fair? 
c. Is this apportionment an example of the population paradox? Explain. 






FALL SEMESTER SPRING SEMESTER 















476 
oD 












MATH 9.4981 | 10 484 
ENGLISH 19.4961 | 19 990 19.7054 
SCIENCE 3550 709858.) 7 3550 70.6608 


| torar | so | | 100 | 
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STATE |POPULATION 








19. A country has two states A and B with the 







804 population (in thousands) shown in the table and 
41 seats in the legislature. 

312 

228 






a. Find the apportionments for A and B using 


TOTAL Hamilton’s method. 


poe 





1344 





b. Suppose a third state C with a population of 228 (thousands) is added with 8 
additional seats. Does the new-states paradox occur using Hamilton’s method? 
Explain. 


20. What is Balinski and Young’s impossibility Theorem? 
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REVIEW 


Examples 





ANSWER IF YOU MISSED 
: Question 





Section 


1. a. No b. D ik | Aide 1 
eA d. B 


2. D wins the runoff 20 to 10 | 2 | 14 : 2 
3. Cwins with 63 points i 3 | 13.1 3 
Bo | 4 134 4 
. Awins 14 to 3 5 13:1 5 , | 
. Cwins 12 to 5 : : ) 


. C wins 9 to 8 
. Cis the winner 


a0 op 


6. a. Adams _b. Barnes 6 : 13.1 | 6 


Ba ¥es 2 pl 1329 F 2 

. A. No. B has the majority : 
but A wins the Borda count. : . 

Byes : 

WE. LES 


oO 2 





aa 


8. a.P. Yes b.C. No artless ata ane 3 
c. F. No d. C. No : 
d. (FP. Yes 


9. a. Yes. C has the majority and 9 13.20> * 5 
wins under plurality. 
b. Yes. C has the majority and 
wins head-to-head against all other 
candidates 


10. a. Yes. C will still win the second 10 13.276 5 
election under plurality. 
b. Yes. C will still win the second 
election under plurality when 
either A or B drops out. 
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Answers to Practice Test 


ANSWER IF YOU MISSED REVIEW 
: Question : Section : Examples 






11. There is no voting method that will 11 13.1 
always simultaneously satisfy each of the | : 
four fairness criteria. 


12. SD =40,500/162,000,000 = 0.00025 12 i, 6168 1 

Standard Quotas (in millions) for: 

A: 15,000/0.00025 = 60 

B: 8,500/0.00025 = 34 

C: 6,500/0.00025 = 26 

D: 6,000/0.00025 = 24 

E: 4,500/0.00025 = 18 

Note that the total is $162 million 


ie 7) fia 3 


ACTUAL NO 


ae os 
60/18 = 33.33 
ZA/ 06. = 13.33 
16/38 = 8.89 
BLS = 27.78 





14. Use 1.95 as the modified divisor i 14 13.3 4 
then round down. ; : 


BOs E. 95 = 15:38 
60/ 1:95 = 30:77 


94/095 = 12.31 
16/195 8.21 
BO/ 1.95, = 25.64 





oe 6 
5. 34,730/49,800 = 0.6974 or 1 | | 





eueceaccccceussesenecesseeecesnscusncusuensesasssndvacevurssusssesseasenansussnuseucseMvenseusueessssusursuvossassuseulnesenecussasseeesususrmenaaausnessensWMonssnsneesnuentecetanvesnd 
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; Answers 


__ YELLE 












ANSWER IF YOU MISSED REVIEW 
: Question Section | Examples 
16. Use 2.05 as the modified divisor, then 16 13.3 7 
round up. 





3072.05 = 14.63 15 

60/2.05 = 29.27 
24/2.05 =11.71 
16/2.05 = 7.80 
50/2.05 = 24.39 














17) : 2 
17. 











. 50,400/1960.78 = 25.70 


EXTRA | FINAL 
:| 46,600/1960.78 ~ 23.77 


ZO iD 26 
25 1 24 
i] 3000/1960.78 =~ 1.53 i 0 1 


The Alabama paradox occurs because even 
: though the number of seats was increased 
from 50 to 51, state C lost one seat, from 2 to Li 





| 18 3 
18. ae i 








19.7054 





70.6608 





b. No. c. Yes. Math lost one position | 
and English gained one even though 
math was growing at a faster rate, 

8/476 =0.1681, than English 
15/9737 =DalS4T. 
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Practice Test 








ANSWER IF YOU MISSED REVIEW 








: Question Section : Examples 
19. a. A gets 30 seats and B 11 19 13.4 7 
b. Yes. The addition of the new state 


C caused A to lose one seat (from 30 to 
29) and B to gain one (from 11 to 2). 


: 20. There is no apportionment 20 : 13.4 
method that satisfies the quota rule 
and avoids all paradoxes 


cucusnvecsccccnsscovacsccscosacenscasccatveccenesseucnesnsasssavsssesesscenstbscaseuevecsscnsacsscastnscessehressusccscaccacsecccssccnecsusnescancdvsssauacussausescscsevess 








Graph Theory 


SSS ER 


How many airplane flights connect a given 
14.1 Graphs, Paths, and number of weirs and ea can we create a 
Circuits schedule for visiting these ee) ee an 
: efficient and cost effective schedule? How 
Ueatene lth a many ways can you connect your company’s 
computers so they communicate with each other 
14.3 Hamilton Paths and (Giitétonvarnc ADSI These Spee of 
4 eae roblems are extremely important and are 
NS mctnics called routing problems. A routing 
ee problem is one whose solution provides an 
efficient way of routing things among ean 
destinations and can be solved using specia 
Chapter 14 Summary diagrams called graphs. The theory associated 
Research Questions with these graphs (graph theory) is used to 
its ks dese d(a=m cece reach cost effective solutions by individuals and 
businesses. In this chapter we study graphs and 
two types of routing problems: Euler and 
Hamilton circuits. The last section deals with 
trees, which are defined as connected graphs 
that have no circuits. 


Euler Circuits 





THE HUMAN SIDE OF MATHEMATICS 
William Rowan Hamilton (1805-1865) was an Irish 
mathematician and astronomer who developed the 
theory of quaternions, a landmark in the development 
of algebra. Before he was 3, Hamilton was sent to live 
with his uncle James, an eccentric man who tied a 
string around young William's toe at night, ran it 
through a hole in the wall into his own bedroom, and 
then early each morning would tug on the string to 
wake him and start him on his studies. A few months 
after his arrival, he could read English easily, was 
advanced in arithmetic and at five could translate 
Latin, Greek, and Hebrew. Hamilton became interested 
in mathematics after a meeting in 1820 with Zerah 
Colburn, an American who could calculate mentally 
_ with fantastic speed. In 1823, he entered Trinity 
@ College, from which he obtained the highest honors in 
both classics and mathematics. Even today, 
: — Hamiltonian Mechanics is used commercially to 
Photo: Enterprise Ireland determine the orbital trajectories of satellites. 
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14.1 Introduction to Graph Theory 


GETTING STARTED : Bridges, the Web, Maps and Traveling 


As you recall from Chapter 7, the Bridges of Konigsberg problem was solved by Leonard 
Euler in 1736. The question was: can we follow a route that would take us across each of 
the seven bridges of the Pregel river exactly once? Euler provided the conditions that 
are necessary and sufficient to permit such a stroll. Here is a more modern problem. 
Suppose you are given the task of deciding how to link 12 computers together. Since 
linking each of them to all the others is too expensive, you decide that each computer 
will be connected to three other computers in such a way that messages don’t have to 
pass through more than two of the computers on their way to their destination. How 
would you decide how to connect these computers together? You can do it by 
representing each computer as a dot called a vertex and the connecting wires as lines or 
edges! We will tell you exactly how to do it later but first let us start with some 
definitions.* 


A. GRAPHS, PATHS AND CIRCUITS 


A graph is a collection of points called vertices, and arcs or line segments called 
edges, which join pairs of vertices. A vertex may be an endpoint of any number of edges 
or it may stand alone in a graph. The degree of a vertex is the number of edges that have 
it as a common endpoint. 


WARNING!! The reader should note that graphs as defined here are not the same as the 
graphs of functions as discussed in Chapter 6. 


When discussing a particular graph, it is often helpful to provide labels for the 
edges and vertices of the graph. We will label the edges of a graph with lower case 
letters (a, b,c, ...) and the vertices with upper case letters (A, B, C, ...). Typical graphs 
are depicted in Figure 14.1. 





Figure 14.1 


*Adapted from: 
http://www.cs.uidaho.edu/~casey931/mega-math/workbk/graph/erbked.html 
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An example of a graph with its labels is given in Figure 14.2. 
EXAMPLE 1. What are the degrees of each of the vertices in Figure 14.2? 


Solution: To find the degree of each vertex we merely 
count the number of edges that meet the vertex. Thus, the 
degrees of vertices A, B, C, D, E, and Fare 3.362, 4, 2eane 
0, respectively. 





Figure 14.2 


A graph that consists of some of the vertices and edges of another graph is called a 
subgraph. We emphasize that a subgraph must be a graph itself. In particular, each edge 
must join two vertices. Figure 14.3(a) shows a graph; two of its subgraphs are depicted in 
bold in Figures 14.3(b) and (c). Thus, the subgraph in Figure 14.3 (b) consists of the 
vertices B, C, and D, and edges d, e, and f. The subgraph in Figure 14.3 (c) consists of 
vertices A, B, C, and D, and edges b, c, and f. 





b b b 
A c B 
a d 
D Gc 
Figure 14.3(a) Figure 14.3(b) Figure 14.3(c) 


Suppose V and W are vertices of a graph. A path from V to W isa sequence of 
edges in the graph for which 
(a) V isa vertex of the first edge of the sequence; 
(b) W isa vertex of the last edge of the sequence; 
(c) starting at V, you may trace along each consecutive edge of the sequence 
without lifting your pencil. 
Notice that consecutive edges of a path must have a common endpoint. 


Whenever we describe a path, we will enclose the sequence of edges in brackets. 
For example, the sequence [a, b, c, d, b, e] in Figure 14.4(a) describes the path from A to 
D indicated. The sequence [a, b, c, d, i] indicated in Figure 14.4(b) does not define a path 


because edges d and i have no endpoint in common. Notice that edges may be traversed 
more than once in a given path (as in Figure 14.4(a)) 
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Figure 14.6 
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Figure 14.4(b) 


In rare cases, there will be some ambiguity when 
describing a path by listing successive edges. For 
instance, does the path [a, b] in Figure 14.5 start at 
vertex A and end at B or vice versa? In such situations 
we will clarify the matter by specifying the intended 
order of the vertices or by indicating the intended order 
with arrows. Note that the path [a, b, c] in Figure 14.5 
clearly starts at vertex A and ends at vertex C. 


A path that begins and ends at the same vertex is 
called a circuit. A circuit beginning and ending at the 
vertex A is said to be based at A. For example, the path 
[a, b, c, a] in Figure 14.6 is a circuit based at A, while the 
path [a, b, d] is not a circuit (the path begins at vertex A 
and ends at vertex B). 

A graph for which any two vertices can be joined 
by a path is said to be connected (otherwise it is dis- 
connected). In a visual sense, a graph is disconnected if 
there are any vertices for which we are required to lift 
our pencil in order to travel between them. Figure 14.7(a) 
depicts a connected graph, while Figure 14.7(b) is an 
example of a disconnected graph. 


* 


gl ¢ 
Figure 14.7(a) Connected Figure 14.7(b) Disconnected 
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EXAMPLE 2 For which of the graphs (a), (b), (c) below does the 


sequence of edges [a, b, c, d] represent a path? A circuit? 
Which graphs are connected? 


a Cc da 7D A a CT ae B a A 


d 
a b c b d 
B B C c D 
. e ' 
E F 


(a) (b} (c) 


Solution: 


(a) 


(b) 


(c) 


edge 


Starting at C, we may trace along each of the edges listed in the sequence, ending at 
D, so the sequence defines a path from C to D. Since this path begins and ends at 
different vertices, it is not a circuit. The graph is connected. Indeed, it is quite 
simple to find a path between any pair of vertices. 


Edges c and d have no endpoints in common, so the sequence does not define a 
path (or a circuit, for that matter). Observing that there is no way to reach vertex D 
from vertex C without leaving the graph, we conclude that the graph is 
disconnected. 


The sequence [a, b, c, d] is a circuit based at A. The graph is disconnected. For 


example, there is no way to travel from vertex C to vertex E without lifting our 
pencil. 


A complete graph is one in which every pair of vertices is joined by exactly one 


- A complete graph with n vertices will be denoted by K,. Complete graphs will be 


especially important in future applications (Section 14.3). The first five complete graphs 
are given in Figure 14.8. 





co pA rs 
YS 
WS 
mags / \ Sa 
\ SS 
i 4 “es 
F ; " ; 
ie i \ i | 
4 a Wet 
s i, / 


\ 





2 a : x] 
K, K, 


Figure 14.8. 
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In Exercises 1-4, find the degree of each vertex of the graph. 


iL, Ds 


‘, 
‘. 
w 


eT 





Cc 


Refer to the labeled graph for Exercises 5-8. Decide whether the collection of vertices 
and edges listed in each Exercise determines a subgraph of the graph. 


Cc Z D 5. Vertices {A, B, D}; edges {a, b, e} 
6. Vertices {A, B, C, D}; edges {a, b, e} 
7. Vertices {A, E, F}; edges {g} 


8. Vertices {A, B, D, E}; edges {a, f, c} 
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For Exercises 9-16, determine whether the 
given sequence of edges represents a path, 
a circuit, or neither. Explain your answers. 


9 [a, b, c] 

10 [a, k, d, b] 

le [j, d, k, a] 

Lz: lap bys, 2-4] 

13. gel h, 3] 

14. [1,.¢, dl kxa, j-e.4] 
15: [h, f, g] 

16. if ib, ke] 





In Exercises 17-22, decide whether the graph pictured is connected or disconnected. 


17. 18. 


ee & 


1; 20. 





For Exercises 21-26, determine whether or not the 
oe graph pictured is complete. Explain 


zl 22) 





— 
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Do. 24. 
25). 26. 
ao Pel aa 
: t 
‘ / 
‘, f 
if , i 
‘ é 


A graph is said to be simple if each pair of vertices is joined by at most one edce.sin 
Exercises 27-30, determine whether the graph pictured is simple or not. Explain your 
reasoning. 


ar 28. 








29. 30. 
a a f ie ™ f 
ars SN ‘, f 
: . ! 4 J 1 e 
a % / \ : f 
Pi & / x fy ie 
A ‘, je \ i : # 
ie ae \ A See 
¢—_—___¢—__—___» |? 
\ Pa \ f ‘ eo 
? \. é \, 
sy oe sy f ‘ \ f 
‘ pa nS ith \ f i ‘ 
ed Ne ae or ee ‘ 
ne f BS ik x : a , 
——— o—______-» 
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USING YOUR KNOWLEDGE 


Do you remember the problem in the Getting Started regarding linking 12 computers 
together? Can you solve itnow? Here is the restatement of the problem: 


31. Suppose you are given the task of deciding how to link 12 computers together. 
Since linking each of them to all the others is too expensive, we decide that each 
computer will be connected to three other computers in such a way that messages don’t 
have to pass through more than two of the computers on their way to their destination. 
How would you decide how to connect these computers together? 
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14.2 Euler Paths and Euler Circuits 


GETTING STARTED: 
Another Bridge to Cross 


As you recall, the great Swiss mathematician 
Leonard Euler (1707-1783, pronounced “oiler’) 
was one of the first to recognize the utility of 
graph theory and put it to work for him in solving 
the famous “Bridges of Konigsberg” problem 
(Section 7.6). Euler solved this problem by 
representing certain objects as vertices and 
representing the relationships between these 
objects as edges. In Euler’s case the vertices 
represented various land masses and the edges 
represented the bridges joining the islands and the 
mainland. Euler’s technique is a powerful tool for 
applying the mathematical theory of graphs to 
problems in the world around us. Time and again 
we will put this technique to work for us. 


Photo from: http:/ /www-history.mcs.st-and.ac.uk/history/PictDisplay/Euler.html 


A. EULER PATHS AND CIRCUITS 

A path that uses every edge of a graph once and only once is called an Euler path. 
An Euler circuit is an Euler path that begins and ends at the same vertex. A graph that 
has an Euler path (or circuit) is said to be traversable. The reader should at once 
recognize that the definition of traversability given here is the same as that of Section 7.6. 


As with ordinary circuits, an Euler circuit that begins and ends at vertex A is said to be 
based at A. 





EXAMPLE 1 For which of the graphs below does the sequence of 
edges [a, b, c, d, e] define an Euler path? An Euler 
circuit? 





B b C 

a e c 

A d D 
Solution: 


(a) The sequence [a, b, c, d, e] defines an Euler path from A to C. | 

(b) Although every edge of the graph is listed, this sequence does not even define an 
ordinary path. 

(c) The sequence [a, b, c, d, e] describes an Euler circuit based at the vertex A. 
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EXAMPLE 2 


Figure 14.9(a) 





Figure 14.9 (b) 
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The Willamette River divides the city or Portland, OR 
into two halves: the east and west sides. To travel 
between the two sides of the city, one must cross one of 
the eight bridges that span the river. ' 

(See Figure 14.9(a)) 


PORTLAND AT NIGHT 
Courtesy of: Andrew Hall, PortlandBridges.com 





A bridge safety inspector has recently been hired by the 
city to ensure that each bridge is properly maintained. 
He intends to drive his car over each of the bridges once 
a day to visually inspect them. As this is a time- 
consuming process, he would like to plan his route as 
efficiently as possible. In particular he would prefer to 
drive over each bridge exactly one time. How can graph 
theory aid the inspector in planning an efficient route? 


Solution: Following Euler’s technique, we construct a 
graph to represent the problem. In the graph, each of the 
two sides of the city is a vertex and each bridge is an edge. 
To determine whether it is possible to drive over each 
bridge exactly one time, we must determine whether the 
graph in Figure 14.9(b) is traversable. In other words, does 
the graph have an Euler path and, if so, can we find one? We 
will return to this question shortly. 
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B. FINDING EULER PATHS AND CIRCUITS 


We have seen that it is possible to represent real-world problems with graphs. 
Once we have represented a problem with a graph, finding a solution to the problem 
may sometimes involve finding an Euler path or circuit. 


Before we begin searching for an Euler path or circuit, it would be helpful to 
know if any exist. The “Traversability Rules” are just the tools we need for this, so we'll 
review them now, restating them in the language of graph theory. 


TRAVERSABILITY RULES 


£ A connected graph with no vertices of odd degree is traversable. You can start at 
any point and you will end up at that same point. In other words, a connected graph 
with no vertices of odd degree always has an Euler circuit. 


Zs. A connected graph with exactly two vertices of odd degree is traversable. You 


must start at one of the odd vertices and end at the other. In other words, a connected 
graph with two vertices of odd degree always has an Euler path. 


3. A graph with more than two vertices of odd degree is not traversable. In other 
words, no matter how hard we try we will never be able to find an Euler path or circuit 
if our graph has more than two vertices of odd degree. 





EXAMPLE 3 Determine whether each of the graphs (a), (b), (), below is 
traversable. A 





(a) (b) (c) 
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Solution: 


(a) Vertices A, B, D, and G have degree 2, vertex C has degree 4, and vertices E and F 
have degree 3. According to Traversability Rule # 2, the graph is traversable 
because we have exactly two vertices of odd degree, E and F. In other words, 
there exists an Euler path that starts at vertex E and ends at vertex F (or vice 
versa). 

(b) Vertices C and E have degree 5 while vertex F has degree 3. According to 
Traversability Rule # 3, the graph is not traversable because we have more than 
two vertices of odd degree. . 

(c) Each vertex has degree 4. According to Traversability Rule # 1, the graph is 
traversable because we have no vertices of odd degree. There is an Euler circuit 
based at each of the vertices. 


EXAMPLE 4 We return to the problem of finding an efficient 
route for the Portland bridge inspector in Example 2. 
Recall that we need to determine whether the graph 
in Figure 14.9 (c) has an Euler path. How can the 
Traversability Rules be used to make this 
determination? 

Solution: The graph in Figure 14.9 (c) has two 
vertices. Each of these vertices has eight edges 
emanating from it. In other words, each vertex has 
degree eight. According to Traversablity Rule #1, 
the graph has an Euler circuit (there are no vertices 
of odd degree). From this we conclude that there 
exists a route for our inspector using each of the 





Figure 14.9 (c) bridges exactly one time. We will return to the 
process of actually finding such a route in the next 
section. 


We've seen how to use the Traversability Rules to determine whether a graph is 
traversable, but these rules don’t provide us with a method for actually finding the 
particular path that traces out every edge. Using trial and error, we will eventually find 
an Euler path, but this is not a very efficient way to proceed and, if our graph is 
complicated, the search could take a very long time. What we would like is a process 
which when applied, guarantees that we will find an Euler path (and preferably with a 
minimal amount of effort). Such a process is called an algorithm. Fortunately, when 
searching for Euler circuits, there is just such an algorithm. Before describing it we need 
to introduce one more concept. 


. A bridge is an edge ina graph which, when removed, creates a disconnected 
graph. 
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EXAMPLE 5 Locate the bridges in each of the following graphs. 





(a) (b) (c) 


Solution: 


(a) By removing the indicated edge as shown on the 
left, we obtain a disconnected graph. 


results of removing edge e while Figure 14.11 
shows the results of removing edge d. 


v\ (b) Edges d and e are bridges. Figure 14.10 shows the 


ond . 


Figure 14.10 Figure 14.11 


(c) The graph (c) has no bridges. The graph remains 
connected after removing any edge. 


Remember that we are currently interested in Euler circuits. This means that we 
intend to start at some vertex of our graph and travel along every edge once and only once 
until we return to our starting point. In the process we will need to keep track of the 
edges we have already traced (otherwise we might accidentally travel along an edge 
more than once!). We will do this by first replacing the edges we have already traveled 
over with dotted line segments or arcs. We will then remove them from the graph. (See 
Example 6). Notice that the untraveled part of the graph is a subgraph of the original 
graph called the untraveled subgraph. Each time we trace along a new edge, we create 
anew untraveled subgraph. 
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EXAMPLE 6 Consider the path [a, b, d] from A to D in Figure 14.12 (a) 
What is the untraveled subgraph corresponding to this 
path? 


Solution: By replacing the edges indicated by dotted line 

j segments we obtain Figure 14.12 (b) below. The edges that 
remain (together with their endpoints) constitute the 
untraveled subgraph (See Figure 14.12 (c)). 





——“+ 


Figure 14.12 (a) 





Figure 14.12 (b) Figure 14.12 (c) 


We now have all the tools needed to describe the algorithm for finding Euler 
circuits. The method is called Fleury’s algorithm and the basic idea is as follows. Binst, 
notice that if a graph is disconnected, then it cannot have an Euler circuit. Consequently, 
for the remainder of this discussion we consider connected graphs only. We also need to 
decide whether the (connected) graph we are interested in even has an Euler circuit. 
Traversability Rule # 1 provides the answer — if every vertex of our graph has even 
degree, the graph is guaranteed to have an Euler circuit: if any one of the vertices of our 
graph has odd degree, no matter how hard we try, we will never be able to find an Euler 
circuit. 


FLEURY’S ALGORITHM 

Assume that the graph we are interested in has an Euler circuit. Pick any vertex as a 
starting point. This vertex will have an even number of edges extending from it. 
The basic idea behind Fleury’s algorithm can be summarized as “don’t cross a 
bridge until you have to.” In other words, from our starting point, we can trace along 
any edge to a new vertex as long as 


it is not a bridge or it ts a bridge, but there is no other alternative. 


In either case we have now arrived at a new vertex. Once again we may have 


numerous choices as to which edge to trace along and we may choose any of them 
as long as 


the edge is not a bridge for the untraveled subgraph or 
the edge is a bridge for the untraveled subgraph, but there is no other alternative. 


We now repeat this process, avoiding bridges for the untraveled subgraph 
whenever possible, until we eventually end up at our starting point, completing an 
Euler circuit as desired. 
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EXAMPLE 7 


Figure 14.13 (b) 
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Determine whether each of following graphs has an Euler 
circuit. If so, use Fleury’s algorithm to find one. 





(b) 


Solution: 
(a) Since each vertex has even degree, Traversability Rule 


# 1 tells us that the graph has an Euler circuit. 


1. We will choose vertex A as our starting point (this 
choice is arbitrary — according to Traversability Rule # 1, 
any vertex may serve as a starting point). Note that 
none of the edges meeting A are bridges. This means 
that we may choose any of them as the first edge of our 
circuit. 


2. We choose to proceed to vertex B along edge a. Note 
that edge b is a bridge for the untraveled subgraph 
(Figure 14.13 (a)), however we have no alternative but 
to travel along this edge until we reach vertex C. From C 
we have three options: travel along edge c, d, ore. 


3. Observing the untraveled subgraph (Figure 14.13 (b)), 
we note that none of these edges are bridges and decide 
to travel along edge e until we arrive at vertex D. 
Though edge f is a bridge for the untraveled subgraph, 
there is no other option: we proceed to vertex A along 
edge f. 


4. It is now clear that by traveling from A to C along 
edge d and returning to A along edge c, we complete an 
Euler circuit as desired: [a, b, e, f, d, c]. 


(b) Since vertices B and E are of odd degree, the graph has 


no Euler circuit (it does however, have an Euler path) 
according to Traversibility Rule # 2. 
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(c) Every vertex has degree 4, so the graph has an Euler 
circuit. 


1. We pick A as our starting point and, noting that edge 
a is not a bridge, travel along edge a, arriving at B. We 
have three options for the next edge in our circuit: b, c, 
or g. Since none of these edges are bridges for the 
untraveled subgraph (see Figure 14.14 (a)), we choose 
edge g arbitrarily and travel to vertex E. 

2. Once again we-have three options: edge d, e, or f. 
Observing Figure 14.14 (b), we see that none of these 
edges is a bridge for the untraveled subgraph and 
decide to travel along f to D. The untraveled subgraph 
up to this point is given in Figure 14.14 (c). 

3. Since edge i is not a bridge for this subgraph, we 
proceed back to A along i. With edges b or j as our 
options for the next edge, we check Figure 14.14 (d) and 
determine that neither is a bridge for the untraveled 





Ba seap 
z B 
we 
o a 
Figure 14.14(d) 


4. We pick edge j and return to D. Our only option at 
this point is to travel to C along edge h. The untraveled 
subgraph at this point is provided in Figure 14.14 (e). 
From this subgraph we determine that edge c is a bridge 
while edges d and e are not. We avoid ¢ and travel 
along d to E. From the untraveled subgraph of Figure 
14.14 (f) it is clear how to proceed from here: travel 
along the path given by the sequence of edges [e, c, b], 
which takes us back to our original Starting point and 
completes the Euler circuit [a, gL |e hy enerbte 
a =——$_____. 


Figure 14.14(c) 





Figure 14.14(e) Figure 14.14(f) 
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EXAMPLE 8 We now return to the Portland bridge inspector. We 

A have determined in Example 4, that the graph of 
Figure 14.9 has an Euler circuit (and therefore, an 
inspection route which uses each bridge exactly once 
exists). Figure 14.15 depicts the same graph with 
labels added. Determine an efficient route for the 
inspector. 


Solution: With Fleury’s algorithm, this problem is 
easy. Let us assume that he starts out on the west side 
of the city. The circuit determined by the sequence [a, 
bee a,c) 4, g, h] follows the rules of Fleury’s algorithm 
and provides the desired route for the inspector. 





In Exercises 1-4, determine whether the sequence of edges [a, b, c, d, e] is an Euler 
path, an Euler circuit or neither. 
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In Exercises 5-10, use the traversability rules to determine whether the following graphs 
have an Euler path, an Euler circuit or neither. You do not need to actually find the path 
or the circuit. ere 
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According to the traversability rules, each of the graphs below has an Euler circuit. Use 
Fleury’s algorithm to find one. 
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APPLICATIONS 


DESIGN A TRAVERSABLE MAIL ROUTE FOR EACH OF THE GIVEN 
NEIGHBORHOODS. 


ae 20. 


als 





WEB IT 

In this section we studied the Nearest Neighbor Algorithm, a method for producing a 
nearly minimal Hamilton circuit. Find three other approximate algorithms that produce 
a Hamilton circuit and write the procedure used in each of them. 


Hint: Goto  http://www.ctl.ua.edu/math103/ for ideas 
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14.3 HAMILTON PATHS AND HAMILTON CIRCUITS 


GETTING STARTED: The Traveling Hitchhiker 


Have you been to Yellowstone Park? If you decide to park your car at one of the 
four entrances, and visit certain locations in the park once and only once, can you 
do it? It depends on which locations you choose! If you go to Example 2, we 
will show you how a hiker did it and then you can visit on your own. 


A. HAMILTON PATHS AND CIRCUITS 


In Section 14.2 we considered the problem of 
finding paths or circuits that use each edge of a graph 
once. Now we will investigate a similar question: given a 
graph such as the one in Figure 14.16 (a), can we find a 
path that meets each vertex once (and only once)? Sucha 
path is called a Hamilton path. A path that meets every 
vertex once and then returns to the starting point is 
called a Hamilton circuit. As usual, if a Hamilton circuit 
begins and ends at vertex A, we say that the circuit is 
Figure 14.16(a) based at A. Figure 14.16 (b) gives some examples of 
Hamilton paths while Figure 14.16 (c) provides examples 
of Hamilton circuits. 








Figure 14.16 (b) 


ee 


Figure 14.16 (c) 
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Naturally, we are led to the problem of determining whether a particular graph 
has a Hamilton path or circuit. In the case of finding Euler circuits, we had a rule for 
deciding whether a graph has a Euler circuit (the Traversability Rules) and a method for 
actually finding one (Fleury’s algorithm). Unfortunately, there is no efficient algorithm 
for finding Hamilton circuits. In fact, there is at present no theorem that provides 
necessary and sufficient conditions for determining whether a graph even has a 
Hamilton circuit. In other words, when faced with a particular graph, the only way to 
find a Hamilton circuit is by trial and error. 


Though there is no efficient algorithm for finding Hamilton circuits, this shouldn’t 


prevent us from attempting to find them. In many cases finding a Hamilton circuit ina 
graph is quite simple. 


EXAMPLE 1 Find a Hamilton circuit in each of the graphs below. 





Solution: 


Starting at any vertex and following the indicated edges in 
either direction completes a Hamilton circuit in each of the 
graphs. Of course, those are not the only ones. Can you 
find any others? 
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EXAMPLE 2 
A geyser at Yellowstone 
Photo: Robert E. Ford 
Mammoth Tower 
Hot Spring Junction 
Norris Canyon 
Junction 
Madison Lake 
Junction 
Old Bridge 
Faithful Bay 


West 
Thumb 


Figure 14.17 (b) 
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Not surprisingly, the theory of Hamilton circuits 
has numerous applications to real-life, as illustrated in 
Example 2. 


A hiker plans to visit Yellowstone National Park, entering 
at the West Entrance. Beginning at Madison Junction, he 
would like to visit each of the locations indicated on the 
map (Figure 14.17 (a) - Yellowstone map) once (and only 
once) and then return to Madison Junction. Can the hiker 
accomplish this goal? 
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Figure 14.17 (a) 


Solution: By now we know that this question can be 
restated in terms of graph theory. By representing each 
destination as a vertex and the roads joining them as edges 
(as in Figure 14.17 (b)), the hiker will be able to visit each 
destination once and only once if we can find a Hamilton 
circuit on the graph. Can you find one? 
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WEIGHTED GRAPHS 


weighted graph is a graph for which each edge has a number called a weight 
sociated to it. Weighted graphs are useful in a number of branches of mathematics. A 
vical weighted graph is shown in Figure 14.18. 

5 
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Figure 14.18 
Given a path (or circuit) in a weighted graph, the length of the path is the sum of 
2 weights of each of its edges. Notice that for any path, the path obtained by reversing 
> order of the edges has the same length as the original path. We shall, therefore, not 
itinguish between the two. 


AMPLE 3 For each of the weighted graphs below, find the length of 
the path or circuit indicated. 
12 12 
Pee teil eae t 
ya et oP 
«__—e ; | & 
+ or 
RS 


(b) 
















ution: To accomplish the task, we need only add the weights of each of the 
zes indicated. Thus, the length of (a) is 4 + 2 + 7 = 13, while the length for (b) is: 
@/+2+4=25 


When a postman delivers mail, he would like to 
choose a route that involves the least amount of 
walking. When planning a vacation trip to multiple 
destinations, a travel agent will try to find the least 
expensive airline routes for a client. When a 
salesman plans a business trip to numerous cities, he 
would like to minimize the total distance he must 
travel. These are just a few examples of a famous 
" » (and quite difficult) problem in mathematics called 
the Traveling Salesman Problem. 
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EXAMPLE4 Suppose a salesman lives in New York City. On his next business 
trip he would like to visit clients in Miami, Los Angeles, and 
Seattle in the most efficient manner. In particular he would like to 
visit each city once and only once. He would also like to plan the 
most cost-effective trip. The airline that the salesman uses offers 
service between each pair of cities. The prices for a one-way 
ticket (in either direction) are indicated on the map below. 
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FIGURE 14.19 


As you can see, this situation can be clearly illustrated using the techniques of graph 
theory. Each destination is represented by a vertex and each flight by an edge 


joining the corresponding vertices. The cost of a one-way ticket between a pair of 
cities is the weight of the corresponding edge. 


Seattle 


329 NY 
Q 7K 
159 119 
LA Miani 


369 
Figure 14.20 
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Since the salesman would like to visit each destination once and only once before 
returning home, he will plan his trip by searching for a Hamilton circuit on the graph. In 
addition, he would like to choose the trip that costs the least. Therefore, by tracing out 
each Hamilton circuit on the graph and calculating their lengths we can deduce which 
route is optimal. As mentioned previously, reversing the order of any particular 
Hamilton circuit does not change the weight of the circuit. Thus, there are only three 
distinct Hamilton circuits to be considered: 


NY > Seattle > Miami > LA > NY 
Weight = 329 + 439 + 369 +209 = 1346 


NY > Seattle = LA > Miami > NY 
Weight = 329 +159 +369 +119 =976 


NY > LA > Seattle = Miami > NY 
Weight = 209 + 159 + 439 + 119 = 926 


Since the third route has the least weight, $926, it is the solution to the traveling salesman 
problem. 


-. THE NEAREST NEIGHBOR METHOD 


As mentioned previously, there is no efficient algorithm for finding Hamilton 
circuits ina graph. But we have seen that in traveling salesman problems, finding such 
circuits is the key to obtaining a solution. In simple cases, a brute-force approach can be 
successfully employed (as was done in Example 4), but for complicated weighted 
graphs, the number of Hamilton circuits based at a given vertex may become so large 
that even high-speed computers could not perform the necessary calculations in our 
lifetime! 

Fortunately, in many cases there is an algorithm that will provide us with an 
approximate solution to a traveling salesman problem. This approximate solution, 
though not usually a circuit of shortest length, will have a length that is reasonably close 
to a Hamilton circuit of minimal length. 


Recall that the complete graph K,, is the graph 
with n vertices in which each pair of vertices is 
joined by exactly one edge. It is obvious that 
for any n, the complete graph K, has a 
Hamilton circuit. In fact, it can be shown that 
for any vertex in K, there are (n-1)!/2 different 
Hamilton circuits based at that vertex. Thus, 
for large values of n, the number of Hamilton 
circuits for K, is incredibly large. For example, 
the graph K,, has 181,440 different Hamilton 
circuits based at any given vertex! In such a 
situation, computing the lengths of all possible 
Hamilton circuits is not practical. This is 
Kg has 2520 different precisely the reason that an efficient algorithm 
Hamilton circuits based at A is desirable, even if the answer we obtain is 
only an approximate solution. 
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EXAMPLE 5 
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Find all Hamilton circuits based at vertex A indicated in 
the complete graph K; shown on the left, 


Solution: According to the formula above, there will be 
[(5-1)!]/2 = 12 different Hamilton circuits (remember that a 
circuit in the reverse order is not counted separately). 
Therefore, the circuits given below provide a complete 
listing of all distinct Hamilton circuits based at A. 


Even though complete graphs have a large number of Hamilton circuits, these are 


precisely the graphs we are interested in. We will consider com 
(i.e, complete graphs with weights associated to each edge). 


plete weighted graphs 
It turns out that for such 


graphs there is a simple algorithm for producing a nearly minimal Hamilton circuit: one 
that has a relatively short length. In applications, this nearly minimal Hamilton circuit 


will be used as an approximate solution to travelin 


g salesman problems. The algorithm 


is called the Nearest Neighbor Method, and we will describe it next. 
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NEAREST NEIGHBOR METHOD 


1. Givena complete weighted graph, begin at the indicated starting point (if none is 
indicated, choose one at random). 


In deciding which vertex to visit next, choose to travel along the edge with the 
smallest weight (the vertex at which we arrive is the “nearest” neighbor). If there is 
more than one edge of minimal weight, choose one at random. 


From the new vertex, repeat this process: choose to travel along the edge that has the 


smallest weight (don’t return to the previous vertex — we want a Hamilton circuit). If 
there is more than one edge of minimal weight, choose one at random. 


Continue in this fashion: from each new vertex, travel to an unvisited vertex along 


the edge of least weight, choosing an edge at random if there is more than one edge 
of minimal weight. 


Once every vertex has been visited, return to the starting point along the edge with 
smallest weight (once again, if there is more than one edge of minimal weight, 
choose one at random). The circuit that has been traced out is a nearly minimal |} 
Hamilton circuit. 





EXAMPLE 6 For each of the graphs below, use the Nearest Neighbor Method to find a 
nearly minimal Hamilton circuit based at vertex A. What is the weight of the circuit you 
found? 





(a) (b) 


6 


Solution: 





Figure 14.21 (a). 





Figure 14.21 (b) 
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(a) 1. Among the edges emanating from vertex 


A, the edge joining A and B has the least 
weight, so this will be the first edge of our 
circuit. Since we cannot return to vertex A at 
this point, we consider the other three edges 
which meet B and determine that the edge 
joining B and D has the least weight. This 
edge is the second of our circuit. 

2. From D we need only consider the edges 
that proceed to C and E (the other edges 
would take us to vertices which we have 
already visited). Since the edge that joins C 
and D has the smaller weight, we use this as 
the third edge of our circuit. 

3. At this point we have no choice but to 
continue on to vertex E and then complete 
our circuit along the edge joining A and E. 
The actual circuit is given in Figure 14.21 (a). 
The weight of this circuit is: 
1443+ 8 Oe 24. 


1. Among the edges emanating from A in this 

graph, the edge joining A and D has the least 

weight and will therefore, become the first 

edge of our circuit. 

2. From D there are two edges of least weight 

along which we may proceed (remember, we 

can not return to A): the edge joining C and D 

and the edge joining D and E. We choose at 

random the edge joining D and E as the 

second edge of our circuit. 

3. From E we will proceed to C as it is the 
edge of least weight emanating from E. From 
C we must proceed to F as the edge joining C 
and F has the least weight amongst edges 
along which we are allowed to travel. At this 
point there is no alternative: we continue on to 
vertex B and then return to starting point A. 
Figure 14.21 (b) shows the circuit determined 
by the Nearest Neighbor Method. The weight 
of this circuit is: 2+34+24+5+6+4 10=28. 
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The nearest neighbor method is an effective way to find an approximate solution 
to many traveling salesman problems as shown in Example 7. 


EXAMPLE 7 Suppose our salesman is based in Los Angeles. He needs 
to visit clients in Salt Lake City, Seattle, Denver, Dallas, 
Chicago, and New Orleans. We can assume, not 
unreasonably, that from any of the cities listed there is an 
airline flight to any of the other cities. We will also assume 
that the order in which he visits the cities does not matter. 
His only objective is to accomplish the trip as 
inexpensively as possible. The price of a one-way ticket 
between two cities (in either direction) may be obtained 
from Figure 14.22 below. 






i a North 
Morth cae Athiagic 
Pacitic 7 Crem 
Ceo Hi aes 

‘ aha 
f ef 
} ; 





The first step is to represent this problem as a weighted graph. We have one vertex for 
each city and one edge for each pair of cities (representing the flight between two cities). 
Notice how the weight corresponding to an edge is the cost of a one-way ticket between 
the two cities. What we obtain is a complete weighted graph. Our goal now is to obtain 
an inexpensive travel itinerary for the salesman. We will use the Nearest Neighbor 


Method to accomplish this. 
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Seattle Dallas 


\ 
159 = , 119 


Los Angeles 


Salt Lake City 12) New Orleans 


Figure 14.22 


The salesman is based in Los Angeles, so this will be the initial vertex of our Hamilton 
circuit. The edge joining Los Angeles and Denver has the least weight and will, 
therefore, be the first edge of the circuit. The next edge will be the one joining Salt Lake 
City and Denver as it has the least weight among edges that do not lead to Los Angeles. 
From Salt Lake City, the clear choice is to proceed to Dallas. The edge of least weight 
emanating from Dallas leads to the next destination: New Orleans. After a night on 
Bourbon Street, the salesman is ready for his next flight. Though the edges from New 
Orleans to Denver, Salt Lake City and Los Angeles have smaller weight among the edges 
emanating from New Orleans, he goes to Chicago (remember, he wants to complete a 
Hamilton circuit). His final destination before returning to Los Angeles is Seattle — the 
only unvisited vertex. 


LA — Denver > SLC > Dallas > N.O. — Chi > Seattle > LA 
Weight? "88" “+ °89 + 79 + 96) bugs s 189 + 159 = 828 


The itinerary is shown on the first line, and the cost is $828 
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Hamilton path, a Hamilton circuit or neither 
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In Exercises 1-4, determine whether the sequence of edges [a, b, c, d, e] represents a 
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In Exercises 5-8 determine the length of the indicated path or circuit. 
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2 Find the lengths of all Hamilton circuits based at vertex A 


A. 


10. Find the lengths of all Hamilton circuits based at vertex B 


B 
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In Exercises 11-16 use the nearest neighbor method to find a nearly minimal Hamilton 
circuit based at the vertex A and find the length of the circuit (answers may vary) 


1. 


IZ. 
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IN PROBLEMS 17-20 USE THE NEAREST NEIGHBOR METHOD TO FIND A 
DELIVERY ROUTE OF MINIMAL LENGTH STARTING AND ENDING AT THE 
INDICATED VERTEX SO THAT EACH OF THE VERTICES IS VISITED ONCE 
AND ONLY ONCE. 





WEB IT 

Did you know that there are three common styles for lacing shoes? The idea is to find 
the shortest path from the top eyelet (or lace hole) on one side to the top eyelet on the 
other side, passing through every eyelet just once. What are the three common styles 
for lacing shoes and which style do you use? Which style requires the shortest and 
longest length of lace? What is the connection between lacing shoes and the travelin 
salesman problem? To answer these three questions, visit: : 
http://www.maa.org/mathland/mathtrek 2 8 99.html 


14 Graph Theory 933 


GETTING STARTED: THE TREES AND THE BEES 


Do you know your roots? Have you ever worked on your family tree? What about 
the family tree for a male bee? What about for a female bee? Are they always 
different? For an answer, go to page 11 in the text and for a lot of trees visit: 


http:// www.ee.surrey.ac.uk/Personal/R.Knott/Fibonacci/fibnat.html#Rabbits 


7A. TREES AND FORESTS 


: Recall that a graph is connected if, for any pair of 
f vertices, there is a path joining them. A tree is a 
connected graph in which there are no circuits (a graph 
| which has no circuits but is not necessarily connected 
f is called a forest). 


ee EXAMPLE 1 
f Determine whether each of the graphs below is a tree, 
| a forest, or neither. 





Figure 14.23 (a) Figure 14.23 (b) 
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‘ e Figure 14.23(c) 
Standing 297 feet tall, 
with a ane of 19 Solution: (a) neither, (b) tree, (c) forest 
feet, the 2000 year old 
Brotherhood tree is one 
of the largest living 
things on earth 
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An important property that all trees have is called the Unique Path Property, 
which is stated as Theorem 14.4.1 below. 


THEOREM 14.4.1 (Unique Path Property) : For any two vertices in a tree, there is 


exactly one path joining them. 





In Section 14.3 we discussed Hamilton circuits, which are circuits that meet every 
vertex of a graph. A spanning tree (or maximal tree) in a graph is a tree that meets every 
vertex of the graph. 


EXAMPLE 2 Find a spanning tree for each of the following graphs. 


a 
eo 
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FIGURE 14.24(a) FIGURE 14.24(b) 


Solution: There are numerous spanning trees for each of the graphs. We have 
indicated one for each in the graphs below. 





(a) (b) 


We have seen examples of graphs and their spanning trees. Naturally we might 
wonder whether it is possible for a (connected) graph to have no spanning trees. 
However, the following theorem tells us that this cannot happen. 
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THEOREM 14.4.2 (Existence of Spanning Trees): Every connected graph has at least 


one spanning tree. 





B. LABELED GRAPHS AND SPANNING TREES 


Suppose we have a weighted graph. We know from Theorem 14.4.2 that this 
graph has at least one spanning tree (and may have many). The weight of a spanning 
tree in a labeled graph is the sum of the weights of each of the edges in the tree. A 
minimal spanning tree is a spanning tree with the least weight. 


EXAMPLE 3 Find a minimal spanning tree in the complete weighted 


graph in Figure 14.25. 
of 
eo Solution: The graph in Figure 14.25 has three distinct 
? 
4 - \ 


Spanning trees, which are shown in Figures 14.26(a)—(c). 
? To find the minimal spanning tree, we simply compute the 
weight of each spanning tree and choose the spanning tree 
’ of minimal weight. 


é : 
(aj4+7=11 


2 (b)4+2=6 
Figure 14.25 (c) 2+7=9 


Thus, the spanning tree in Figure 14.26(b) is minimal. 


A 
js nN aes 






¢ / Nr 
fi \ 
f \ 
/ \ 
2 : 
Figure 14.26(a) 14.26(b) 14.26(c) 


Typically a graph has many spanning trees, so attempting to find a minimal spanning 
tree by brute-force (as we did in Example 3) would be a tedious exercise when the graph 
is complicated. Thankfully, there is an algorithm for finding a minimal spanning tree. 
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KRUSKAL’S ALGORITHM 







1. Start with the edge of least weight in the graph. If there is more than one, choose 
one of them at random. This is the first edge of a subgraph that we will use to 
form our minimal spanning tree. 












. Out of the edges not yet selected, choose the edge of minimal weight (this edge 
does not have to share a vertex with the other edge). If there is more than one 
edge of minimal weight, choose one at random. 







. Out of the remaining edges, choose any edge of minimal weight as long as the 
subgraph of selected edges does not form a circuit. If there is more than one edge 
of minimal weight, choose one at random. 





4. Repeat step 3 until the subgraph contains all vertices of the original graph. 





We will now illustrate Kruskal’s algorithm with an example. 


EXAMPLE 4 Find a minimal spanning tree in the complete weighted 
graph given in Figure 14.27. 


Solution: We apply Kruskal’s algorithm as follows: 
1. The edge joning vertices A and B has weight 1 so we 
choose it as the first edge of our spanning tree. 
2. The edge joining A and D has weight 2 and will 
therefore be the next edge. 
3. The edge joning C and E has weight 3 and will 
therefore be the next edge. 
4. Finally, the edge joining C and D has weight 4 and 
E 5 = will complete our spanning tree. 
Figure 14.27 








Like Euler circuits and Hamilton circuits, spanning trees have numerous 
applications. We now discuss how Kruskal’s algorithm can be used to find efficient 
solutions to some real-world problems. 


14 Graph Theory 937 


EXAMPLE 5_ A farmer wants to install a new irrigation system for his farm, 

_ which is divided into four distinct plots of land as shown in Figure 14.28. 

_ __ The water is to be drawn from a well and fed to 
each of the four sprinkler systems by pipes. It is 
possible to connect any two points on the farm by 
pipe. To illustrate this the farmer draws a graph 
with vertices representing the sprinkler systems 
and the well and the edges representing possible 
connecting pipes. He labels the vertices 
corresponding to the sprinklers A, B, C, and D, 
and the vertex corresponding to the well by W. It 
should not be surprising that the graph the 
farmer draws will be a complete graph. (See 
Figure 14.29). 






Figure 14.28 





Figure 14.29 


Anton’s Farm 


To ensure that water reaches each of the four 
sprinklers, the farmer needs to find a 
subgraph of the complete graph that is 
connected and meets each of the five vertices. 
For example, each of the subgraphs in Figure 
14.30 would accomplish the task. 





A farming irrigation system. 
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Figure 14.30 


The farmer would like to design the 
irrigation system so that its cost is as 
low as possible, so he calculates the 
cost of connecting any two points with 
a pipe. The costs are indicated in 
Figure 14.31. 





Ww 
Figure 14.31 
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since it is unnecessary to 
have more than one source 
of water feeding any 
particular sprinkler, there 
need be only one path in the 
subgraph starting at vertex 
W and ending at any of the 
other vertices. In other 
words, the subgraph will be 
a tree and, since the tree will 
meet each of the vertices, it 
will be a spanning tree. 
Possible spanning trees are 
indicated in the figures. 


To design the irrigation 
system with the lowest 
possible cost, the farmer 
needs to find a minimal 
spanning tree. To find the 
desired result, he applies 
Kruskal’s algorithm. 





Ww 
Figure 14.33 


1. The edge joining vertices B and W have minimal weight and will, therefore, 
be the first edge of the spanning tree. 


2. The edge joning A and C and the edge joining C and D have minimal weight 
among the remaining edges and, since no circuit is formed, each of these edges 
will be included in the spanning tree. 


3. Adding the edge joining B and D completes the spanning tree. 


The total cost of the irrigation system is the weight of the spanning tree that is 
25 + 38 + 38 + 42 = $143. 
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In Exercises 1-4 determine whether the given graph is a tree or not. 


d De 
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In Exercises 5-10 specify the edges needed to determine a spanning tree in the given 
graph (Answers may vary) 


S. 6. 
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In Exercises 11-16 use Kruskal’s algorithm to find a minimal spanning tree and find its 


weight. 
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IN EXERCISES 17-18 USE KRUSKAL’S ALGORITHM TO FIND A MINIMAL 
SPANNING TREE REPRESENTING THE MOST ECONOMICAL WAY TO 
LINK THE TOWNS SHOWN AS VERTICES. THE COST (IN MILLIONS) OF 


LINKING TWO TOWNS IS INDICATED BY THE NUMBER ON THE 
CORRESPONDING EDGE. 





_ IN EXERCISE 19-20 USE THE PROCEDURE OF EXAMPLE 5 TO DESIGN AN 
~ IRRIGATION SYSTEM OF MINIMAL COST. 


19); 20. 
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USING YOUR KNOWLEDGE 14.4 


21. Amazon Telephone & Telegraph Company (AT&T) is beginning a project to bring 
telephone service to a remote area of the Amazon. The cost of laying line between towns 
is listed below (in millions) and the company wants to find the cheapest way to lay 
telephone line so that all the cities are connected. (The line must be run along the 
existing roads because of the huge cost and danger in running the line through the 
jungle). Would either Euler or Hamilton circuits or paths help the company find the cheapest 
way to do this? Why or why not? 

b LweSie E 

Ju 


a1 


42 
A 74 G 
Courtesy of Professor Larry Bowen, University of Alabama 
WEB IT 


Recently, Center for Research and Parallel Computation (CRPC) researcher Bob Bixby 
(Rice University) and colleagues David Applegate (AT&T Bell Labs), Vasek Chvatal 
(Rutgers University), and William Cook (Bellcore) using a network of a SPARC 2, DEC 
Station 5000, SGI workstation, and others (a total of 50 workstations) determined an 
optimal route for a traveling salesman going through 3038 cities, a dramatic step beyond 
the old record of 2392 cities, set by Padberg and Rinaldi. Trace the origins of the 
Traveling Salesman Problem starting in the 1920’s and going through the 30’s and 40’s. 
Hint: Find some information at: 


http: / /softlib.rice.edu/CRPC /newsletters /jan93 /news.ts ehtml] 


http://www.keck.caam.rice.edu/tsp /history htm] 
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_ Chapter 14 SUMMARY 
Section Item Meaning 
i] Graph A collection of points, called vertices, and arcs or line segments, 
called edges, which join pairs of vertices. 
14.1 | Vertex A vertex may be an endpoint of any number of edges or it may 
stand alone in a graph. 
14.1 | Degree of a The number of edges which have it as a common endpoint. 
VieECtex 
14.1 | Subgraph A graph that consists of some of the vertices and edges of 
another graph. 
141 | Path A sequence of edges that may be traced along without lifting the 
pencil. 
14.1 | Circuit based | A path which begins and ends at the vertex A. 





at A 

dt). |-Connected A graph for which any two vertices can be joined by a path. 
graph 

14.1 | Complete A graph in which every pair of vertices is joined by exactly one 
graph edge. 

ta SK A complete graph with n vertices. 


14.2 Euler path A path which uses every edge of a graph once and only once 
14.2 Euler circuit An Euler path that begins and ends at the same vertex. 


14.2 | Traversable | A graph that has an Euler path (or circuit). 
graph 
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Section 


14.2 


14.2 


14.2 


14.3 


14.3 


14.3 


14.3 








14.4 


14.4 


14.4 





14.4 


14.4 


14.4 

















Item 
Bridge 
Untraveled 
subgraph 


Fleury’s 
algorithm 


Hamilton 
path 


Hamilton 
circuit 


Weighted 
graph 


Nearest 
Neighbor 
Method 
Tree 


Forest 


Unique path 
property 


Spanning tree 


Existence of 
Spanning 
Trees 


Minimal 
spanning tree 


Kruskal’s 
algorithm 





Meaning 


An edge ina graph which, when removed, creates a dis- 
connected graph. 


The edges that have not been used when building an Euler 
circuit. 


An algorithm used to find Euler circuits. 
A path that meets each vertex once and only once. 
A path that meets every vertex once and then returns to the 


starting point. 


A graph for which each edge has a number called a weight 
associated to it. 


An algorithm used to find an approximate solution to a traveling 
salesman problem. 

A connected graph in which there are no circuits 

A graph that has no circuits but is not necessarily connected. 


For any two vertices in a tree, there is exactly one path joining 
them. 


A subgraph which is a tree and contains every vertex of the 
original graph 
Every connected graph has at least one spanning tree. 


A spanning tree with the least weight. 


An algorithm used to find a minimal spanning tree. 
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Chapter 14 PRACTICE TEST 


For problems 1 and 2, find the degree of each of the vertices in the graph. 


1. 2. 





G A Ava os ac 
: a 4 
8 DB 
c D oe 


E F e; 


Use the following graph for problems 3-6. 





3. Does the sequence of edges [a,b,c,d] represent a path, a circuit, or neither? 
4. Does the sequence of edges [g,a,e,d] represent a path, a circuit, or neither? 
5. Does the sequence of edges [b,c,f] represent a path, a circuit, or neither? 


6. Does the sequence of edges [g,d,b,c,f] represent a path, a circuit, or neither? 
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In Exercises 7-10, determine whether the graph has an Euler path, and Euler circuit, 
or neither. If the graph has an Euler path, which vertices must form its beginning 


and ending points? If the graph has an Euler circuit, use Fleury’s algorithm to find 
one. 





va 
A P c 
ic oe 
D 
F E 
9. 
A a B C d 
\ Rlboch agree 
eae 
f Pose 
E 
F 
10. 
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11. A Tampa postman’s territory is 
shown in the map to the left. Is it 
possible for the postman to walk 
along each street shown once and 
only once? 


12. A Sacramento County employee 
must inspect the roads indicated on 
the map to the left. His job is to 
report any major potholes in the 
roads. Is it possible for the postman 
to drive along each of the roads 
once and only once? 





In Exercises 13 and 14, determine which edges are bridges. 


a3. 14. 
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In Exercises 15-16, use the Nearest Neighbor Method to find a nearly minimal 
Hamilton circuit based at the vertex A. Calculate the weight of the path you find. 


Le 16 
2. eee 





17. A pilot wants to visit the four 
state capitals indicated in the map 
to the left. The distance between 
each of the cities is included in the 
map. Using the Nearest Neighbor 
Method, find the nearly minimal 
route for the pilot if he begins his 


journey in Sacramento. 





18. The Mexican government 
would like to build a new highway 
system so that each of the cities 
indicated may be reached via the 
highway. The cost (in millions of 
U.S. dollars) is given on the map. 
Find the highway system which 
costs the least to build. 
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In Exercises 19-20, use Kruskal’s algorithm to find a minimal spanning tree in 


the graph 
9: 20. 
Be a4 B 
y a 
5 
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ANSWER IF YOU MISSED REVIEW : 
Question Section Examples 





| 1. The degrees of vertices A, B, C, D, E, F, and 1 | 14.1 2 1 
| Gare 4,4,3,4,1,2, and 0, respectively. 


os The degrees of vertices A, B, C, D, and E 2 14.1 1 
are 5,2, 4,2, and 1, respectively. 


i The sequence [a,b,c,d] represents a path. 3 14.1 i 2 
from A to B. | : 


4. The sequence [g,a,e,d] represents a circuit 4 | 14.1 - 
! based at B. 1 


5. The sequence [b,c,f] represents a path from 5 | 14.1 | 2 
i. Btok: 


6. The sequence [g,d,b,c,f] does not represent | 6 eS ee 2 
_ a path (and so cannot represent a circuit : 
either), since edges b and d do not share | 
the endpoint D. : 


7. Since vertices A and C have odd degree 7 , 42 | 3 
while all the rest have even degree, there is | 

an Euler path in the graph beginning at A. 

and ending at C (or vice-versa). 


_8. Each vertex in the graph has even degree. 8 to 3,7 
According to the Traversability Rules, 

there is an Euler circuit based at any | 

vertex. For example, the sequence: 

[a,b,c,d,e,f] represents an Euler circuit: 

based at A. 


Wavvseansascnucnanansunsrenuneusauanunasacensteaceeusoerantanansnasanauqansnssusnauannevacenecensenasssessassussuanensnesaueaesnseasousuauuansduuunssssatseusentssessuseessouvssesheasusensysnsseosoversaensecsers ‘ ‘ : | 
MensuscnnnssasursnevectsarenenesencensucsosansevasNassasasaansesavassescunssnunsnsssevsenenses ene unsasessuasassnuneuseesevsnsvenssususssasenssnsarhncresvarovsvasarsearancarsegs df 
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IF YOU MISSED REVIEW 
Question = Section ~— Examples 








9. A, D, E, and F have odd degree, therefore. 9 14.2 3 
» no Euler path or circuit exists. : . 


10. Vertices A and D have odd degree while | 10 Peqigtg ate) 3 
all other vertices have even degree. This. 
imples that there is an Euler path. 
beginning at A and ending at D (or vice-. 
versa). 


11. By representing the streets that the: Ab ‘fel DS (SAD aha, 
_ postman must cover by edges and each. 
intersection as a vertex, we see that there | 
are more than two vertices with odd: 
degree. Thus, it is impossible to find an: 
Euler path or circuit — the postman will 
have to retrace his steps at some point. : 


_12. By representing each of the roads by an | 12 1, gaia my ae a 
/ edge and each intersection as a vertex, we | : 

see that there are two vertices with odd | 

degree. Thus, there is an Euler path in the | 

graph — the pothole inspector will not | 

have to retrace his steps. 


13. Edges c and e are bridges : 13 14.2 : 5 
14. Edges e and g are bridges 14 | 14.2 5 
15. By visiting the vertices in the order | 15 14.3 | 6 
/ A-C-B-D-A, one obtains a Hamilton circuit | 

of weight 2+3+6+5= 16. 
16. By visiting the vertices in the order 16 : 14.3 6 


A-B-E-C-D-A, one obtains a Hamilton 
circuit of weight 1+3+3+7+9=23 


i eases eceat a vasrespact enaseateasesosnncacorbee atti accantasiexcossanuveatanpaurnessentauiee pecan teatonecanpeteewaaseeseexastns pes ascen tc ox enancsnssionae tuna wpWanaNcagisasewenqat'dtpaisapWAespONixe ances aCnDAtMtaROAHRORNE 


954 14 Graph TI 





Answers 






to Practice Test (Cont.) 





| Question = Section — Examples 


17. Applying the Nearest Neighbor Method, | 17 lt 4 7 
_ the pilot travels from Sacramento to Salt | : 

Lake City, then to Helena, next to Olympia | 

and then returns to Sacramento. 

Total mileage: 650 + 483 + 629 + 693 = 2455 | 


18. Applying Kruskal’s algorithm, the | 18 , 144 | 4,5 
spanning tree will be composed of each | 
of the three highways, extending from | 
Guadalajara. Total cost: 
8+ 12 + 13 = $33 million : 
19 bie g LAA ae 4 
19. : 


A 4 B 


20 | 44° | “ 
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Metric Units of Measurement 


Appendix: The Metric System 


Inching Toward the Metric System 


Quick, name one country that uses the metric system! Almost any country will 
do, except the United States. At the present time, the United States is the only 
industrialized country in the world that has not officially adopted the metric 
system. Since the United States exports many industrial products, the manufac- 
turers of these products have been forced to use the metric system for auto- 
mobiles, machinery, measuring devices, tools, and so on. Complete industries 
are changing to the metric system because of its convenience and simplicity. 
Of course, many products sold in the United States are already measured in 
the metric system (or in both the metric and the U.S. systems). Look at your 
soda bottles or your cereal boxes! Now suppose you are on a romantic vaca- 
tion near Paris, France. It is a cool day and you want to take a 30-minute walk 
to a nearby village and get some cheese and wine. What units would you 
use to measure the temperature, the distance you walked, the weight of the 
cheese, and the amount of wine you are about to buy? In this section, you will 
study the units you need—length, weight, volume, and temperature—in the 
metric system. 

The metric system is a decimal system using multiples or submultiples of 
10, eliminating the difficult calculations encountered in the U.S. customary 
system. (For example, do you know how many feet there are in 2 miles or how 
many rods in a furlong?) Moreover, all metric measurements are derived from 
a single base unit, the meter. Other basic units are then derived from the 
meter. For example, a liter is the volume of a cube 10 centimeters on each edge 
and the kilogram is the mass of 1 liter of water at constant temperature. Clearly, 
the metric system is much more standardized than the U.S. system. Some of 
the measures from which the U.S. system is derived are the cubit, the length of 
the forearm from the elbow to the tip of the middle finger (about 18 in.); the 
foot, equivalent to 12 thumb-widths, called “uncias” (the Roman word for 5); 
and the mile, called “milia passuum” by the Romans and equivalent to 1000 
paces. All these measurements were dependent on whose cubit, foot, or paces 


were used. oe 


In an effort to standardize measurements, the National Assembly of France in 
1790 requested the French Academy of Sciences to “deduce an invariable 
standard for all the measures and all the weights.” The result was the metric 
system. 

In 1960, the General Conference on Weights and Measures adopted a revised 
and simplified version of the metric system, the International System of 
Units, which is now called SI (after the French name, Le Systéme International 
d’Unités). The SI is the system that we study in the following pages. 


Al 





A2 Appendix: The Metric System 


A. Metric Units 


The metric system is a decimal system of weights and measures. The basic units 
in the metric system are the following: 


1. The meter (the unit of length, a little longer than a yard) 

2. The liter (the unit of volume or capacity, a little more than a quart) 

3. The gram (the unit of weight, about the weight of a regular paper clip) 
4. The second (the unit of time) | 


Multiples and subdivisions of the basic units are given in powers of 10. 
The prefixes shown in Table A.1 in boldface are commonly used in everyday 
life and we shall study them in this chapter. Note the abbreviations in parenthe- 
ses. It is customary to use these prefix abbreviations only with the abbreviations 
of the units themselves. For example, kg means kilograms, ml means milliliters, 
and so on. 


TABLE A.1 





1000 units 100 units. «10 units. «Sst unit’ =O. unit. ~—O.0L unit. (0.001 unit 


Now, to convert from one unit to another, we can substitute the correct equiva- 
lence. This is the same as multiplying or dividing by the appropriate power 
of 10. For example, to find how many meters there are in 5 km, that is, to find 
5 km = m, we write 


1 km = 1000 m 





5 km = 5.-1000m = 5000 m 
Similarly, 
1 ml = 0.001 liter 


750 ml = 750 - 0.001 1 = 0.750 1 


EXAMPLE 1 Fill in the following blanks with the appropriate numbers: 


(a) 4.2 m= cm (b) 22 ml 





(c) digo=auetsaks 
Solution 


(a) Since 1 m = 100 cm, to change from meters to centimeters we multiply 
by 100, that is, move the decimal two places to the right. Thus, 
1.2m = 1.2 X 100cm = 120cm. 


(b) Since 1 liter is 1000 ml, 2 liters = 2 - 1000 ml = 2000 ml. 
(c) Since 1 kg = 1000 g, 1 g = igo5 kg = 0.001 kg. a 


EXAMPLE 2 


A.1 Metric Units of Measurement A3 


Which Unit to Use 


Let us see how the metric system would relate to you. You are probably accus- 
tomed to seeing carpet sold by the square yard. In the metric system, it would be 
sold by the square meter. In stating traveling distances, you now use miles; in the 
metric system, you would use kilometers. Smaller dimensions, such as tool sizes, 
would be measured in centimeters or in millimeters. While studying the follow- 
ing examples, remember the following relations: 


Iquart(qt) —Sisabout. ~—=*i‘iterr (1) 


linch(in.) = is about 2.5 centimeters (cm) 
2.2 pounds (Ib) -isabout ‘| kilogram (kg) 
_ Lounce(oz) is about 28 grams (g) 


What metric unit should be used for the following products? 
(a) A glue stick weighing about 4 oz 

(b) A small ruler about 6 in. long 

(c) Ahalf-gallon of milk 

Solution 

(a) The ounce is a small unit of weight; so use grams. 

(b) About 6 in. is a short length; so use centimeters. 


(c) A half-gallon is 2 qts; so use liters. a 


Length (Linear Measure) 


As we indicated, the standard metric unit of length is the meter. The meter 
(39.37 in.) is a little longer than a yard and was originally defined to be | ten- 
millionth of the distance from the North Pole to the Equator. However, the 1960 
conference redefined it in terms of the wavelength of the orange-red line in the 
spectrum of krypton-86. This definition makes it easy for any scientific labora- 
tory in the world to reproduce the length of the meter. 

A yard is divided into 36 equal parts (inches), whereas a meter is divided into 
100 equal parts (centimeters). The centimeter is about 0.4 in., and the inch is 
about 2.5 cm. To give you an idea of the relative lengths of the inch and the cen- 
timeter, here are two line segments | in. and 1 cm long, respectively: 


1 in. 





lcm 





In the metric system we measure small distances (the length of a pencil, the 
width of a book, your height) in centimeters. For long distances, we use the kilo- 
meter. The kilometer is about 0.6 mi, and the mile is about 1.6 km. If you recall 
that kilo- means 1000, then you know that a kilometer is 1000 m. Table A.2 
shows the relationships among some metric units of length. Notice that the pre- 
fixes are the familiar ones already mentioned. The abbreviations for the more 
commonly used units are in boldface type. 
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TABLE A.2 


kilometer 


km 
1000 m 


EXAMPLE 3 


hectometer dekameter meter decimeter centimeter millimeter 
hm dkm m dm cm mm 
100 m 10m lm 0.1m 0.01 m 0.001 m 





As you can see from the table, each metric unit of length is a multiple or a 
submultiple of the basic unit, the meter. Thus, to change from one unit to another, 
we simply substitute the correct equivalence. This is the same as multiplying or 
dividing by the correct power of 10. For example, if we wish to know how many 
centimeters there are in 3 km, we proceed as follows: 


1 km = 1000 m 
1000 X (100 cm) 
100,000 cm 


Hence, 3 km is 300,000 cm. 

Another way to change from one unit to another is to notice that a shift of one 
place to the right in Table A.2 moves the decimal point one place to the right, and 
a shift of one place to the left moves the decimal point one place to the left. Thus, 
to change 3 km to centimeters, a shift of five places to the right in Table A.2, we 
move the decimal point after the 3 five places to the right to obtain 300,000 cm. 
Similarly, to change 256 mm to meters, a shift of three places to the left in 
the table, we move the decimal point after the 256 three places to the left to get 
256 mm = 0.256 m. 


(a) The height of a basketball player is 205 cm. How many meters is that? 


(b) The display screen on a pocket calculator is 65 mm long. How many cen- 
timeters is that? 


Solution 
(a) From Table A.2, we see that 
1 cm = 0.01 m 
Thus, 
205 cm = 205 X 0.01 m = 2.05 m 


Note that to go from centimeters to meters in Table A.2, we move two places 
left. Thus, to change 205 cm to meters, move the decimal after the 205 two 
places left to obtain 2.05 m as before. 


(b) Table A.2 shows that to go from millimeters to centimeters, we move the 
decimal point one place to the left. Hence, 


65 mm = 6.5 cm |_| 


As Example 3 illustrates, a change from one metric unit of length to another 
requires us to move the decimal point the correct number of places: to the right 
if converting to a smaller unit, or to the left if converting to a larger unit. 
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D. Volume (Capacity) Units 
The standard metric unit of volume (or capacity) is the liter. Table A.3 shows the 
relationships among the various units. As before, the abbreviations in boldface 
are for the most commonly used units. 

TABLE A.3 


kaloliter hectoliter dekaliter i liter deciliter centiliter milliliter 


kl 


EXAMPLE 4 


hl eedkl eT dl cl ml 
1000 liters 100 liters 10 liters lliter 0.1 liter 0.01 liter 0.001 liter 





(a) A soft drink bottle contains 0.946 liter. How many milliliters is that? 


(b) To make six 250-ml servings of ice cream, how many liters of ice cream are 
required? 


Solution 
(a) Table A.3 shows that there are 1000 ml in 1 1. Thus, 
0.946 liter = 0.946 < 1000 ml = 946 ml 


Note that to go from liters to milliliters in Table A.3, we must move three 
places right. Thus, 0.946 1 = 946 ml. 


(b) The six servings would require 
6 X 250 ml = 1500 ml 


Since 1 ml = 0.001 1, we just move the decimal point three places left in 
1500. Thus, 1.5 liters are required. & 


Units of Weight 


Many people use the words mass and weight as though they were synonyms, but 
the two concepts are entirely different. The mass of an object is the quantity of 
matter in the object. The weight of the object is the force with which the Earth 
pulls on it. To measure your weight, you can stand on a spring scale, but to meas- 
ure your mass, you would have to sit on a balance scale and be balanced against 
some standard masses. Suppose you are on the moon. The gravitational pull of 
the moon is only one-sixth the gravitational pull of the Earth. Thus, if your Earth 
weight were 150 Ib, your moon weight would be only one-sixth of that, or 25 Ib. 
However, your mass on the moon is exactly the same as it is on the Earth. 

The basic unit of mass is the gram, originally defined to be the mass of one 
cubic centimeter of water. However, for most everyday affairs, the gram is sim- 
ply regarded as the basic unit of weight; it is the weight of a cubic centimeter of 
water under certain standard conditions on the surface of the Earth. (This does 
not apply to scientific work, where a separate unit of weight must be defined.) 
The gram is used to weigh small objects. For example, a candy bar, the contents 
of a tuna fish can, and your breakfast cereal are suitably weighed in grams. Very 
small objects, such as pills, are weighed in milligrams. For heavier objects, we 
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TABLE A.4 


kilogram hectogram dekagram gram decigram centigram milligram 


kg 
1000 g 


EXAMPLE 5 


hg dkg g dg cg mg 
100g 10g lg Ostke 0.01 g 0.001 g 





use the kilogram. Thus, we would buy meat, vegetables, and coffee in kilograms. 
Akilogram is about 2.2 lb, and a pound is about 0.45 kg. Table A.4 gives the rela- 
tionships among the customary metric units of weight. As before, the abbrevia- 
tions for the most commonly used units are in boldface type. 


(a) A box of Kellogg’s Kenmei Rice Bran weighs 629 g. How many kilograms 
is that? 


(b) A certain antacid stomach tablet contains about 250 mg of calcium carbon- 
ate. What fraction of a gram is that? 


Solution 

(a) Table A.4 shows that 
lkg = 1000 ¢ 
so that 
1 g = 0.001 kg 
Thus, 


629 g = 629 X 0.001 kg = 0.629 kg 


Note that to go from grams to kilograms in Table A.4, we must move three 
places left; thus, 629 grams = 0.629 kg. 
Ney, 


(b) From Table A.4 we see that 
1 mg = 0.001 g 
Thus, 
250 mg = 250 X 0.001 g = 0.25g=4¢ a 


Temperature 


We have now discussed length, volume, and weight. What about temperature? 
The temperature scale we normally use was invented by Gabriel Robert 
Fahrenheit. In the Fahrenheit scale, the boiling point of water is 212°F, and 
the freezing point of water is 32°F. The temperature scale was modified by 
Anders Celsius, who avoided the awkward numbers 32 and 212. In the Celsius 
scale, the freezing and boiling points of water are 0°C and 100°C, respec- 
tively. Because this scale is based on the number 100, it is sometimes called the 
centigrade scale. Figure A.1 shows the comparison between the two scales. The 


formulas for converting from one scale to the other are displayed here for easy 
reference. 





www 


To study the topics of this 
section on line, go to link A.1.1 
at the Bello Web site and click 
on the topic you want! There is 
even a temperature converter 
for you! 


EXAMPLE 6 


EXAMPLE 7 


(Remember to bookmark the Bello book-specific Web site.) 
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a 
5 
FIGURE A.1 
100° Boiling point 412° 
of water 
100° 180° 
. Room - 
25 “temperature 77 
0° Freezing point 32° 
of water 
Celsius Fahrenheit 
(Centigrade) 


Note that there are 100°C and 180°F between the freezing and boiling points 
of water (Figure A.1). Therefore, any piece of the temperature scale has ie = 2 
as many Celsius as Fahrenheit degrees. If we subtract 32 from the Fahrenheit 
reading to bring the freezing point back to 0, then the Celsius reading must be 


given by C = 3(F — 32). Similar reasoning leads to the formula F = 2C + 32. 


Desi had the flu. Her temperature was 104°F. What is that on the Celsius scale? 


Solution We replace F by 104 in the formula. 


_ 5(F — 32) _ 5(104 — 32) _ 5(72) | 


9 9 40 





Cc 


‘© 


Thus, her temperature was 40°C. il 


The melting point of gold is 1000°C. What is that on the Fahrenheit scale? 
Solution We substitute 1000 for C in the formula. 

9(1000 
sc Ey ee 


5 5 





Fe + 32 = 1800 + 32 = 1832 


Hence, the melting point of gold is 1832°F. Bs 
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i; 


2. 


Fill in each blank with the appropriate number: 











a. | kiloliter = liters 

b. 1 milligram = grams 

c. | meter = centimeters 
d. | kilometer = ____ metters 


Indicate the appropriate metric units for each of 
the following items: 

a. A quart of vinegar 

b. A 100-lb bag of cement 

c. }-in.-wide tape 

d. 14-in. shoelaces 

e. A 2-oz candy bar 


In problems 3-8, select the answers that are most 
nearly correct. 


3: 


The height of a professional basketball player is 
a. 200 mm. b. 200 m. c. 200 cm. 


. The dimensions of the living room in an ordinary 
home are 
a. 4by 5 m. b. 4 by 5 cm. 
c. 4 by 5 mm. 
. The diameter of an aspirin tablet is 
a. 1 cm: b. 1 mm. Coin 
. The length of the 100-yd dash is about 


a. 100 cm. b. 100 mm. c. 100 m. 


. The weight of an average human male is 


a. 70 kg. b. 70 g. c. 70 mg. 


. The length of an ordinary lead pencil is 


a. 19 mm. b. 19 cm. c. 19 m. 


iG In problems 9 and 10, fill in each blank with the 
correct number. 


9. 








a. 8km = m 
b. 4m = cm 
c. 3409cm = _____m 
d. 49.4 mm = cm 





10. a. 8413 mm = —___ m 
bo 7S. eT 
ec. 319mm = ___ m 
d. 758 m = ____ km 


11. A bed is 210 cm long. How many meters is that? 


12. The diameter of a vitamin C tablet is 6 mm. How 
many centimeters is that? 


13. The length of a certain race is 1.5 km. How many 
meters is that? 


14. The depth of a swimming pool is 1.6 m. How 
many centimeters is that? 


15. Dr. James Strange of the University of South 
Florida wishes to explore Mount Ararat in Turkey 
searching for Noah’s ark. According to the book 
of Genesis, the dimensions of the ark are as given 
below. If a cubit is 52.5 cm, give each dimension 
in meters. 

a. Length, 300 cubits b. Breadth, 50 cubits 
c. Height, 30 cubits 


16. Fill in each blank with the correct number. 








a. 6.3 kl = liters 
b. 72.3 ml = liters 
C3) eel 

d. 3479 ml = ____kl 


17. Since a liter is the volume of a cube that is 10 cm 
on each edge, the volume of a cube that is 1 m on 
each edge is how many liters? 


18. A person drank 60 ml of milk. Is that more or less 
than half a liter of milk? 


19. Sea water contains 3.5 g of salt per liter. How many 
grams of salt are there in 1000 ml of sea water? 


20. Hydrogen weighs about 0.0001 g per milliliter. 
How much would | liter of hydrogen weigh? 


21. A liter is equivalent to 1000 cm. How many liters 
of liquid will a rectangular container 50 cm long 
and 20 cm wide hold when filled to a depth of 
10 cm? 


22. A gallon of gas is about 3.8 liters. A U.S. car takes 
about 20 gal of gas. How many liters is that? 


23. A certain medicine has 20 ml of medication per 
liter of solution. How many milliliters of solution 
are needed to obtain 5 ml of medication? 


24. A tanker truck delivers 10 kl of gasoline to a serv- 
ice station. 
a. How many liters is that? 
b. If 100 liters is about 26.4 gal, how many gal- 
lons were delivered? 


G In problems 25 and 26, fill in each blank with the 
correct number. 





Brani4ke= ag b. 4.8kg = g 
Cc. 2.58 = ke d. 395 => __ mg 
26. 4. 3/ mg —_____ g b. 49 mg = ____ kg 
c. 41-¢ = kg d. 3978 g = __kg 


27. A gram is the weight of 1 cubic centimeter (cm?) 
of water (under certain standard conditions). What 
is the weight of 1 liter of water? (See problem 17.) 


In problems 28-30, select the answers that are most 
nearly correct. 


28. The amount of milk in a quart carton is about 
a. 100 ml. beet liter: Ce KI. 


29. The water needed to fill a 1-liter bottle weighs 
a. 0.5 kg. b. 1 kg. eva ks: 


30. The weight of a newborn baby is about 
a. 8 kg. b. 0.35 kg. c. 3.5 kg. 


Gi In problems 31-40, fill in each blank with the 
correct number. 








S1959°R == —— °C 325) Wiehe SS iC 
33 86°F =. © 6 A od Ba BC 
35eee22= P@e3620°R = eee 
Se OB 385 25°C, = a ay F 
692 10°C — OFS 40. = 15 (Cro ae ced 





41. In an Air Force experiment, heavily clothed men 
endured temperatures of 500°F. How many 
degrees Celsius is that? 


42. The temperature in Death Valley has been 
recorded at 131°F. How many degrees Celsius is 


that? 
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43. A temperature of 41°C is a dangerously high body 
temperature for a human being. How many 
degrees Fahrenheit is that? 


44. Fora very short time in September 1933, the tem- 
perature in Coimbra, Portugal, rose to 70°C. What 
is that on the Fahrenheit scale? 


45. The average normal human body temperature is 
98.6°F. What is that on the Celsius scale? 


46. Tungsten, which is used for the filament in electric 
light bulbs, has a melting point of 3410°C. What 
is that on the Fahrenheit scale? 


47. What Celsius temperatures should we use for the 
following? 


a. Cool to 41°F b. Boil at 212°F 


48. During the second quarter of an NFL playoff game 
in Cincinnati, the wind-chill factor reached 
—58°F. (It got worse later.) What is the equivalent 
Celsius wind-chill factor? 


49. Dry ice changes from a solid to a vapor at —78°C. 
Express this temperature in degrees Fahrenheit. 


&® in Other Words 


50. Describe in your own words how the metric units 
of length (the meter), weight (the gram), and vol- 
ume (the liter) are defined. 


a Using Yout Knowledge 


51. The humerus is the bone in a person’s upper arm. 
With this bone as a clue, an anthropologist can tell 
about how tall a person was. If the bone is that of 
a female, then the height of the person is about 


(2.75 X humerus length) + 71.48 cm 


Suppose the humerus of a female was found to be 
31 cm long. About how tall was the person? 


In problems 52 and 53, match each item in the first col- 
umn with an appropriate measure in the second column. 


52. i. A letter-sized sheet 


of paper a. 20 X 25 mm 
ii. A newspaper b. 54 X 86 mm 
iii. A credit card c. 70 X 150 mm 
iv. A regular bank check d. 21.5 X 28 cm 
vy. A postage stamp e. 35 X 56cm 
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53. i. A person a. 80 mg moved downward so that OK (read “O degrees 

ii. A book b. 68g Kelvin”) would be the temperature at which all molec- 

iii. A small automobile c. 1kg ular motion was believed to cease (also called absolute 

iv. A common pin d. 72 kg zero). This point occurred at —273.15°C. In the 

vy. An orange e. 1000 kg Kelvin scale water boils at 373.15K and it freezes at 

273. 15K: 

Discovery 54. Can you use points of the form (C , K) to discover 

a relationship between the Celsius and Kelvin 

In 1848, Lord Kelvin, a British physicist, proposed scalés? [Hint: Use the points (373.15, 100) and 
using a Celsius scale in which temperatures were @ienssO)al 


Convert If You Must 





GETTING STARTED Metric Adages 


yt. What do you think would happen if the United States adopted the metric system 
right this minute? Many people believe that they would have to be making con- 
versions from U.S. to metric and from metric to U.S. constantly. This is just not 
true! For example, you probably buy soda or spring water in 1- and 2-liter bot- 
tles, but this does not require that you convert liters to quarts. You may have a 
foreign car that is totally metric, but you do not need to convert tire or engine 
sizes to the U.S. system. However, if you insist on converting, here are a few 
items you may want to convert to the metric system first. Table A.5 will help. 


TABLE A.5 U.S. Units and Metric Equivalents* 


1 in. ~ 2.54 cmt 1 cm ~ 0.394 in. 
1 yd ~ 0.914 m 1m ~ 1.09 yd 


1 mi ~ 1.61 km 1 km ~ 0.621 mi 
1 lb ~ 0.454 kg 1 kg ~ 2.20 Ib 
1 qt ~ 0.946 liter 1 liter ~ 1.06 qt. 





*The symbol ~ means “is approximately equal to.” 
{The inch is legally defined to be exactly 2.54 cm. 














1. A miss is as good as km. 
(a mile) 
2. I wouldn’t touch it with a -m pole. 
(10-ft) 
3. He was so stubborn he wouldn’t give cm. 
(an inch) 
4. Walk km in my moccasins. 
(a mile) 
5: grams of prevention is worth kilograms of cure. 








(An ounce) (a pound) a 


Problem Solving 


1. Read the problem. 


2. Select the unknown. 


3. Think of a plan. 


4. Use Table A.5 to determine the 
proper substitution for finding the 
required equivalent measure. 


A.2 Convert If You Must All 


As you can see from Table A.5, with the exception of the inches to centime- 
ters conversion, the relationships are all approximate. Some of these numbers are 
stated with two decimal places and some with three. The reason is that these 
numbers are either the results of certain measurements or else are rounded-off 
approximations to the true values. For example, when we say that a yard is 
0.914 m, we are giving the result to the nearest thousandth of a meter; the actual 
equivalence is between 0.9135 and 0.9145. Thus, in calculations with the num- 
bers in the table, we must use the round-off rules and the rules for approximate 
numbers given in Section 4.4. 

Let us look at the conversion from centimeters to inches. We have the exact 
equivalence | in. = 2.54 cm. To express centimeters in terms of inches, we must 
divide by 2.54 to get 


or 


If we carry out this division, we find 
aq = 0.3937007 - - - 


which, rounded off to three decimal places, gives the result in Table A.5, 0.394. 


U.S. to Metric and Metric to U.S. Conversions 

Use Table A.5 to do the following conversions: 

(a) 10 in. to centimeters (b) 3 m to yards 
(c) 8 mi to kilometers (d) 9 kg to pounds 
(e) 2 qt to liters 


You have to convert inches to centimeters, meters to yards, miles to kilometers, 
kilograms to pounds, and quarts to liters. 


Use Table A.5 to find the proper conversions. 
(a) Since 1 in. = 2.54 cm 


10 in. = 10- 2.54 cm 
= eACiin 


(b) 1m = 1.09 yd 
Thus, 3 m = 3- 1.09 yd 
= 3.27 yd 


(c) 1 mi = 1.61 km 
Hence, 8 mi = 8 - 1.61 km 
= 12.9 km (rounded from 12.88 km) 


continued 
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5. Verify your answers. Did you use 
the correct procedure when 
rounding off answers? 


TRY EXAMPLE 1 NOW 


EXAMPLE 1 


EXAMPLE 2 


EXAMPLE 3 


(4) kg =2.21b 
So, 9kg = 9- 2.2 Ib 
= 19.8 Ib 


(e) 1 qt = 0.946 liter 
Thus, 2 gt = 2 - 0.946 liter 
= 1.89 liters (rounded from 1.892 liters) 


If you do not remember how to round numbers or how to determine the number 
of significant digits in a decimal, review Section 4.4 before you go on! 


Cover the solution, write your own, and then check your work. 





The record distance reached by a boomerang before it started to return to the 
thrower is about 90 yd (to the nearest yard). How many meters is that? 


Solution From Table A.5, we see that 1 yd ~ 0.914 m. Thus, we must multiply 
90 by 0.914 and get 82.26. Since 90 yd is correct to the nearest yard, 90 has two 
significant digits and our answer must be rounded to two significant digits. 
Hence, we see that 90. yd ~ 82 m. (Note that we have followed the custom of 
putting a decimal point after an integer with terminal 0’s when all the 0’s are 
significant.) i 


How many grams are there in an vunce? 


Solution From Table A.5, we see that 1 Ib ~ 0.454 kg. Since there are 16 oz in 
a pound and 1000 g in a kilogram, we have 


16 oz ~ 454g 


pene 


If we divide 454 by 16, we get 28.375, but this must be rounded to three signif- 
icant digits because there are only three significant digits in 0.454. Therefore, 


loz ~ 28.4¢ B 


The maximum speed limit on many highways is 55 mph. How many kilometers 
per hour (km/hr) is this? (Assume the 55 to be exact.) 


Solution From Table A.5, we have 1 mi ~ 1.61 km. Thus, we multiply 1.61 by 
55 and get 88.55. This result must be rounded to agree with the three significant 
digits in the 1.61. Therefore, 


55 mph ~ 88.6 km/hr r 


EXAMPLE 4 


EXAMPLE 5 





www: 


For information concerning the 
metric system, go to link A.2.1 if 
you want the conversions done 
for you, try link A.2.2. 


EXAMPLE 6 


(Remember to bookmark the Bello book-specific Web site.) 
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The top speed of a certain European car is 200 km/hr. How many miles per hour 
is this? (Assume the 200 to be exact.) 


Solution 


1 km ~ 0.621 mi 
200 km ~ 200 X 0.621 mi 
= 124 mi (rounded from 124.2) 


Thus, 200 km/hr is equivalent to 124 mph. ia 


Mary bought 3 qt of milk. How many liters of milk is this? 
Solution 


1 qt ~ 0.946 liter 
3 qt ~ 3 X 0.946 liter 
=~ 2.84 liters (rounded from 2.838) ia 


Finally, here is a conversion that you probably see almost every day: gallons 
to liters, or liters to gallons. As approximations, | gal is about 3.7854 liters, and 
4 liters is a little more than | gal. More precise relationships are 


1 liter ~ 0.2642172 gal 
1 gal ~ 3.785412 liters 


Suppose you fill your tank, and it takes 38 liters of gasoline. To the nearest 
tenth of a gallon, how many gallons of gas would that be? We write 


38 liters ~ (38)(0.2642172 gal) 


= 10.040254 gal 
= 10.0 gal 


The gas tank of a car has a capacity of 13.2 gal. To the nearest liter, how many 
liters is that? 


Soluticn We write 


13.2 gal ~ (13.2)(3.785412 liters) 
=~ 49967438 liters 
=~ 50 liters G 
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In problems 1-28, use Table A.5 to fill in each blank 
with the appropriate number. (Assume the given num- 
bers are all exact.) 



































1. 8in. = cm 2. 5.2 in. = cm 
3. 12cm = in. 4. 25cm = in. 
Sepia VOuea 2-2 10), 6G 20S 
Deeb =. vd 8. 4.5m = ____ yd 
9. 4mi = —____ km 10. 6.1 mi = —____ km 
1. 37km=— mi 12. 14km = —___ mi 
23, 616 = kg 14. 8lb = ___kg 
15. 5.ke= — lb 16. Fike = Salb 
bat = 2 hters 18. 6.1 qt = liters 
19. 8.1 liters = ____ qt 20. 11 liters = __ qt 
21. 75cm = ft 22. 800 m = ft 
23. lin? = cm? 
(to the nearest hundredth) 
246 owe = in? 
(to the nearest hundredth) 
25. 2 yd = cm 26. 3 yd = cm 
27. 78cm = ____ yd 28. 100 cm = _____ yd 


In the remaining problems, use Table A.5 and assume 
the given numbers are exact. 


29. 


30. 


aie 


32. 


33. 


The speed limit is 40 mph. How many kilometers 
per hour is that? (Answer to the nearest kilometer 
per hour.) 


Find the distance, to the nearest kilometer, from 
Tampa, Florida to the following: 

a. Zephyrhills, Florida, 22 mi 

b. Ocala, Florida, 93 mi 


The longest field goal in National Football League 
competition was 63 yd. How many meters is that? 


The U.S.S. New Jersey is the longest battleship, 
measuring 296 yd long. How many meters is that? 


Mount Everest is 8848 m high. How many feet is 
that? 


34. 


35: 


36. 


Oi 


38. 


32. 


40. 


41. 


42. 


43. 


44. 


45. 


The screen of a television set measures 24 in. 
diagonally. How many centimeters is that? 


The largest omelet ever made weighed 1234 lb. 
How many kilograms is that? 


Miss Helge Anderson of Sweden has been drink- 
ing 20 qt of water per day since 1922. How many 
liters per day is that? 


The longest street in the world is Figueroa Street 
in Los Angeles. This street is 30 mi long. How 
many kilometers is that? 


Acar is traveling 125 km/hr. How many miles per 
hour is that? 


The maximum allowable weight for a flyweight 
wrestler is 52 kg. How many pounds is that? 


The largest car ever built was the Bugatti Royale, 
type 41, with an eight-cylinder engine of 12.7-liter 
capacity. What quart capacity is this? 


Two adjacent sides of a rectangle are measured 
and found to be 52.3 and 96.84 m long, respec- 
tively. How many meters long is the perimeter of 
the rectangle? 


A rectangle is measured to be 21.5 by 32.63 ft. 
How many meters long is the perimeter? 


A road sign warns of a bridge with a safe load of 
14 tons. A metric ton is 1000 kg (very close to 
2200 lb). What is the safe load of the bridge in 
metric tons? (Answer to the nearest tenth.) 


Another road sign warns of a bridge with a safe 
load of 15 tons. What is this safe load in metric 
tons? (See problem 43.) 


The Pontiac 1000 had a highway mileage esti- 
mated to be 40 mi/gal. To the nearest tenth, how 
many kilometers per liter is that? 


@™ In Other Words 


46. 


Discuss three reasons why it is easier to measure 
distances in the metric system than in the U.S. cus- 
tomary system. 


] Using Your Knowledge 


47. 


48. 


49. 


50. 


Si. 


a2 


S36 


A Boeing 747 requires about 1900 m for a takeoff 
runway. About how many miles is this? 


A fully loaded Boeing 747 weighs about 320,000 
kg. About how many tons is this? (1 ton = 2000 Ib) 


The longest recorded distance for throwing (and 
catching) a raw hen’s egg without breaking it is 
316 ft 5; in. About how many meters is this? 


The largest champagne bottle made is called a 
Nebuchadnezzar; it holds 16 liters. How many 
gallons is this? 


In 1954, the winner of the Miss Worid contest had 
the Junoesque measurements 40-26-38. These 
measurements are in inches. What would they be 
in centimeters? 


An 1878 bottle (1 liter) of Chartreuse (a liqueur) 
sold for $42. About how much per ounce is this? 


You have probably heard the expression “Hang in 
there!” Well, Rudy Kishazy did just that. He hung 
onto a glider that took off from Mount Blanc and 


54. 


55. 


56. 


fe 
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landed 35 min later at Servoz, France, a distance 
of 15 mi. How many kilometers is that? 


Romantic young ladies always dream about that 
knight in shining armor, but do you know what the 
longest recorded ride in full armor is? It is 146 mi. 
How many kilometers is that? (By the way, Dick 
Brown took the ride on June 12—15, 1973.) 


Do you get thirsty on a hot summer day? Of 
course, you do! But nothing compares with the 
unquenchable thirst of Miss Helge Anderson of 
Sweden. She has been drinking 40 pt of water 
every day since 1922. About how many liters of 
water per day is that? (Remember that 2 pt = 1 qt.) 


Do you know how to knit? If you do, you might 
try to equal the feat of Mrs. Gwen Mathewman of 
Yorkshire, England. In 1974, she knitted 836 gar- 
ments. How much wool do you think she used? An 
unbelievable 9770 oz! How many grams is that? 


What did you have for breakfast today? An 
omelet? We’ ll bet that you couldn’t eat the largest 
omelet ever made—it weighed 1234 lb. About 
how many grams is that? 


See 
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CHAPTER 1 


Exercise 1.1 


1. 


Serum Ww 


13. 


15: 


17. 


19. 


21. 


23. 


25. 


Step 1. Understand the problem. 
Step 2. Devise a plan. 

Step 3. Carry out the plan. 

Step 4. Look back. 


- What does the problem ask for? What is the unknown? 
- 15 X $0.20 = $3 

- The Light Use Plan; it is less expensive. 

- After 63 calls, the Standard Use Plan is less expen- 


sive. 


. Add n to the nth term. The next three terms are ML, UK} 


and 22. 

The odd-numbered terms are 1s. The even-numbered 
terms start with 5 and add 5 for each additional such 
term. The next three terms are 1, 20, and 1. 

Going clockwise, move the shaded region one place, 
then two places, then three places, and so on. 


Each term is half the preceding term. The next three 
terms are 7g, 45, and %. 

The odd-numbered terms are 1, Z 
even-numbered terms are 5, 6, 7, 8, Orme 
three terms are 7, 4, and 8. 


5 os 3), Oy The 
athe t next 


b. At each step add one 
row, one dot longer, at 
the bottom. The next 
three triangular 
numbers are 15, 21, 
and 28. 

c. The tenth triangular 

15 number is 55. 


a. b. At each step, increase 
the length of the 
bottom and the left 
lower side of the 
pentagon by | unit. 
The number of dots on 
each side is increased 
by 1 unit. 
c. The sixth pentagonal 
number is 51. 
The number of diagonals is 3 less than the number of 
sides of the polygon. Thus, seven diagonals can be 
drawn from one vertex of a decagon. 


35 


Answers to Odd-Numbered Problems 
Qik 


29. 


(+24+344+5+4 67 = 
31. 


33. 
39. 


41. 





a. 4 

b. Hint: try the numbers from 0 to 10 to see what 
happens. 

a (1+2 +34+4?= 134+ 23+ 33443 


(1+2+34+4+4+5)= 13+ 23+ 334+ 434 53 

> 429 +39 + 49 5? 6s 

b. The square of the sum of the first n counting numbers 
equals the sum of the cubes of these numbers. 

The number of units of length of the pendulum is the 

square of the number of seconds in the time of the 


swing. 
a. 12, 15, 18 b. 93 in. 
1+ 1+2+3 +5 = 12. The sixth term is 8, so the 


seventh term is 13, which is 1 more than the sum of the 
first five terms. 

The fourteenth term is 377, so the sum of the first 12 
terms is 376. 


Exercise 1.2 
1. Nota set 3. Aset 
5. Aset 7. Nota set 
9. a. Incorrect b. Correct c. Incorrect 
d. Correct e. Incorrect 
aS 13. & 
15. The set consisting of the first and the last letters of the 
English alphabet 
17. The set consisting of the names of the first biblical man 


19, 
21. 
23. 


25. 
27. 
31. 
by 
39. 
41. 
45. 
47. 
49. 
51. 
SS: 


See 
ie 
61. 
65. 
67. 


and woman 
The set of counting numbers from 1 to 7 
The set of odd counting numbers from | to 51 
The set of counting numbers starting with 1 and then 
adding 3 successively until the number 25 is obtained 
{ Dioxin, Xylene} 
(d2; 3; 4, 53657} 29 {OD Sindee Ol} 
{4, 5, 6, 7} 33. Dor {} 
{4,5,6,...} 37. {WangB, Gull} 
{ENSCO, WDigitl, TexAir} 
{WhrEnf, EchBg} 43. 
Sets A and B are not equal. 
Sets A and B are equal. 
= b. # 
» {a}, {D}, {a 
> {1},{2}, {3}, {4}, (1, 2}, (1, 
OTA eer lr 24 eli Ape {2 ose 
3, 4}. All but the last of these are proper subsets. 
}, {1, 2}. The first three are proper subsets. 
r 16 59. 2! or 1024 

63. 6 
Yes. Every set is a subset of itself. 
BCA 


{Tex Air} 


c. # 
b}. The first three are proper subsets. 
3}, {1, 4}, {2, 3}, 


QF 


a 
1 
Ay 
oy 
Ae 


wl) 


ao 


Al7 


A18 


69. 
71. 
die 


79. 
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a b. 10 calG 


oo 


a. If g € S, then Gepetto shaves himself; this 
contradicts the statement that Gepetto shaves all 
those men and only those men who do not shave 
themselves. Therefore, g € S. 

b. If g € D, then Gepetto does not shave himself, and 
so by the same statement he does shave himself. 
Thus, there is a contradiction and g € D. 

The word non-self-descriptive cannot be classified 

either way without having a contradiction. 


Exercise 1.3 
{1, 3, 4} eels} coe eiG}} 
2 3h 4} b. {1, 2, 3, 4, 5, 6} 
: Pee, Te {li 
Omartich i 
11. a. Correct b. Incorrect 
13. a. Correct b. Correct 
1S Save ROs fa b. {a, c} 
Wh, 5 (@ be {arb} Gdaf} 
19. a. {c, e} b. {a, b, ¢, d, f} 
Dem as Os dary b. {a, c} 
Daa iG, De Grd..enf } b. {c, e} 
25. a. {\b, df} b. {a, c} 
Dede 2.5} b. {2,3} 
29. UW 31. © 
33. A 35. © 
SieeA 39) {1b 8. 425} 
41. {Beauty, Consideration, Kindliness, Friendliness, 


43. 
45. 
47. 
49. 
51. 
53. 


SS: 
So. 
61. 


63. 
65. 


67. 


Helpfulness, Loyalty } 

{ Intelligence, Cheerfulness, Congeniality } 

{Intelligence, Cheerfulness } 

{Is aware of others, Follows up on action} 

{Follows up on action} 

a. Ff b. M 

a. Male employees who work in the data processing 

department 

b. Female employees who are under 21 

DOS 57. MND 

Male employees or employees who are 21 or over 

a. The set of full-time employees who do shop work, 

{04, 08} 
b. The set of part-time employees who do outdoor 
field work or indoor office work, {02, 05, 07} 

A and B have no elements in common. 

All elements of A are elements of B, and all elements 

of B are elements of A. 

a.—b. The set of characteristics that are in both 
columns of the table, {Long tongue, Skin- 
covered horns, Native to Africa} 

c. The set of characteristics that appear in either 

column of the table 

d. G’ = {Short, Short neck} 

e. O' = {Tall, Long neck} 


69. 
71. 
WSs 


WSs 
TD): 


685,000 

12-17-year-old females; F 1 A 

This set is empty. There are no persons who are both 
male and female. 

$41,339 77. $28,403 

Average earnings of males with a High School degree; 
$32,521 


Exercise 1.4 








1. uU 
4 
3. OU 
4 
Ds 
ie 
9. Region 1 11. © 
13. Regions 4, 5, and 7 
15. Regions 1, 4, 5, 6, and 7 
17. Region 8 
19. 


21. 





A 





27. 


29. 


31. 


33: 


35. 
Ole 





a. Both A U (B U C) and (A U B) U C correspond to 
regions 1, 2, 3, 4, 5, 6, and 7. This verifies the given 
equality. 

b. Both A NM (BM C) and (A M B) M C correspond to 
region 7. This verifies the given equality. 

a. A UA’ corresponds to regions 1, 2, 3, 4, 5, 6, 7, and 
8. Therefore, A U A’ = U. 

b. Since A and A’ have no region in common, 

ANA’ =. 

¢. A — Bcorresponds to regions 1 and 5, and 
A B’ also corresponds to regions | and 5. Thus 
A-B=ANB". 

A B corresponds to regions 3 and 7. 

a. A={ab,ce},B={4),28,h}, 

OW Mapa anes {8.10} 

b, AU B= {a, dD, c, 2, 8, h} 

c. (ANB) ={. def 8, h} 





41. 
43. 
45. 
47. 
49. 
51. 


D3 
55. 


57. 
59. 


Answers to Odd-Numbered Problems 


Al19 


Arizona, California, Florida, Texas 

The set of elements common to A and B 

The set of elements in U and not in either A or C 
False 

False 

AB*, the blood type of a person who has all three 
antigens and thus may receive blood from any person 
No, because the B™ person does not have the A antigen 
No, because the O~ person does not have the Rh 
antigen 

16, or 24 


a. Region 11 b. Regions 8 and 16 


Exercise 1.5 








50 

35,20 

5. 40 families subscribe to both. 

7. a. None b. 10 c. 10 

97 a. 22 b. 36 c. 6 

11. a. $120,000 b. $510,000 c. $1,305,000 
13. 200 

153 ax 5 b. 30 e220) 

17. $450 19, 28 

2h a. 020 b. 80 c. 50 

23 ASO b. 120 ec, S50) 

EY, TE b. 55 c. 91 d. 38 e. 5 
Dh 1 31% 

29. 

31. False. A counterexample is A = {1, 2}, B = {m, n}. 
33. False. A counterexample is A = {1, 2}, B = {1, 2, 3}. 
35. The Venn diagram shows that with the added 


Ss 


information, the statistics in the cartoon are possible. 





24 = 16 different subsets 


A20 
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Exercise 1.6 


1. 


11. 
15. 
17. 


19. 


21. 


23. 


25. 
29. 


31. 
BRL 
35. 


The following correspondence shows that sets N and O 
are equivalent: 


pte Siig BS <3 vo n 
eter re 1 
Moo ea 2n— 1 


. The following correspondence shows that sets E and G 


are equivalent: 


2 4 6 nee 2n 


ta p 
102 104 106 100 + 2n 


. The following correspondence shows that sets G and T 


are equivalent: 


202 204 206 200 + 2n 
a i L 
302 304 306 300 + 2n 


. The following correspondence shows that sets P and Q 


are equivalent: 


eee 4. Bee aod 
et. ee 
6 12 ~ 424 36 


. The following correspondence shows that sets 7~ and 


N are equivalent: 


met Dae, =3 3.00 Wp 
Vinwennh L ¢ 
1 2 3 or n 
n(A) = 26 13. n(C) = 50 


n(E) = No 
The set {100, 200, 300, ... } can be put into a 
one-to-one correspondence with a subset of itself, 


{200, 300, 400, . . . }. This shows that the set is infinite. 


The set {4, z 2... } canbe put into a one-to-one 

correspondence with a subset of itself, {%, 3, ak 

This shows that the set is infinite. 

Sets B and D are equal and equivalent. 

Set A is neither equal nor equivalent to any of the other 

sets. 

Xo : ' 27. Xo 

a. 5 and5 

b.$+5+4+a+--:; the sum gets closer and 
closer to 1. 

To room 223 

Rooms 1: 355.5027 eee 

To room 666 


CHAPTER 2 


Exercise 2.1 


1. 
J 


13. 
17. 
21. 


Se 


LS. 


27. 
29. 
Sik 
33. 
So: 
Si: 
Sus 
41. 
43. 
45. 
47. 


49. 
51. 
53. 
Sie 


59. 


Not a statement 

A compound statement with the following components: 
Jane is taking an English course. She has four themes 
to write. 


. Not a statement 
. Acompound statement with the following components: 


Students at Ohio State University are required to take a 
course in history. Students at Ohio State University are 
required to take a course in economics. 


ey Ti 11. dVf 
b/\p 15.aVm 
p/\q 19. ~p/\ ~q 
Dagwood loves Blondie, or Blondie does not love 


Dagwood. 

Dagwood loves Blondie, but Blondie does not love 
Dagwood. 

It is not the case that Dagwood and Blondie love each 
other. 

Bill’s store is not making a good profit. 

My dog is not a spaniel. 

I like to work overtime. 

These two are negations of each other. 

Some men are not mortal. 

All basketball players are 6 ft tall. 

He is not bald and he does not have a 10-in. forehead. 
No circles are round. 

Nobody up there loves me. 

Somebody does not like to go on a trip. 

Some persons occupying your covered auto are not 
insured. 

All expenses are subject to the 2% limit. 

Statement (d) 

(d/\p)Vr 55. r/\(tV g) 

a. The diagram is neither a rectangle nor a square. 

b. The diagram is a square or not a rectangle. 

c. The diagram is a square and a rectangle. 

Sentence (1) is true. Sentence (2) is false. If we assume 
that sentence (3) is true, there will be two sentences, 
(1) and (3), that are true, thus sentence (3) is false! 


Exercise 2.2 


1. 
. Today is not Friday. 

. He is a gentleman or a scholar. 

- He is a gentleman and a scholar. 
eG 
sae. PING 


wenn w 


13. 
17. 
21. 


Today is Friday or Monday. 


b. pV q 
c. Statement in (a) is false. 
Statement in (b) is true. 


~q/\p 15. pV gq 
p V q, true 19. ~p/\ ~g, false. 
~q/\ ~p, false 23. g\V ~j, false 
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25. (g Vj) /\ ~ (g /\j), true 


er ee ee eel else lil 
eS CS Sl eet 
tees. Stas Esl 
feces eS ee cols sa 





She Ss) pie ee er 
Sse 
ese eee 
eo os eos lai 
= 7) SSeS 
eS ea See 
eat pen es elem cy 





41. a. True when p and g are both true. 
b. False if at least one of p and q is false. 
c. True if at least one of p and gq is true. 
d. False only if both p and q are false. 








PV (qr) (pV q) 





SHH SAA 
Sy a Sa 
NN UA AAS 
YAS 
"UNA WAS 
NT DAANANA 
MAUNA ANA 


T 
T 
a 
li 
Ff 
F 
Ii 
a 





Columns 5 and 8 of the above truth table show that the 
two statements have the same truth values, so they are 


equivalent. 





A22 
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Columns 4 and 7 of the above table show that the two 
statements have the same truth values, so they are 
equivalent. 





49. 


51. 
DS. 
55. 
57. 
Sos 


61. 
63. 


Columns 5 and 6 of the above table show that the two 
statements have the same truth values, so they are 
equivalent. 

a. p /\q is true only when both p and g are true; this 
gives the truth values TF FF. p /\ ~g is true only 
when p is true and q is false; this gives the truth 
values FTFF. ~p /\ q is true only when p is 
false and q is true; this gives the truth values FFTF. 
~p /\ ~q is true only when p and gq are both 
false; this gives the truth values FF FT. This 
verifies the table. 

b. p /\q is true only in the first row and ~p /\ ~q is 
true only in the last row. So (p /\ gq) V (~p /\ ~q) 
has the truth values TF FT. 

c. (p/\ ~q) V (~p /\ qj has truth values FTTE. 
(p/\ ~q) V (~p\q) V (~p J ~g@) has truth 
values FTTT. ~(p /\ q) is a simpler statement with 
truth values FTTT. 

None are eligible. 

7 is greater than or equal to 5. 

0 is less than or equal to 3. 

5 is greater than 3. 

I will not go fishing or the sun is not shining. This 

would be true if either or both of the components, 

“T will not go fishing” and “The sun is not shining,” 

were true. 

[(eAg)ValAhN\(ceVnV ~t 

Mr. Baker is the carpenter. 


Exercise 2.3 


\o 





Columns 5 and 6 are identical, so ~g — ~p is 
equivalent to p — q. 





Since columns 4 and 5 are identical, ~p — q and 
p V q are equivalent. 


ee TE 
. x can be any number. 


. x can be any number except 4. 
13. 


It is false whenever the antecedent, “You’ ve got the 
time,” is true and the consequent, ““We’ve got the 
beer,” is false. 





ie ce eet ey od 
eee St 
Peet ae ey oye eae 
ee ee ee 
eee a 


li 
i 
i 
ti 
F 
FF 
1a 
FF 








19. 


21. 
25. 
29. 


31: 


a: 
55. 
Si. 
39. 


ie) SSeS 
ese eet ac 
See See ee 
Ss as stl 
So Sees cece 


The final columns in the tables in problems 17 and 18 
are identical, so the two statements are equivalent. 


P>q 23. ~q> ~p 
a> =p 27. ~b>~s 
~a\/ b; The temperature is not above 80°, or I would 


go to the beach. 

~a \/ g; Eva does not have a day off, or she would go 
to the beach. 

You do not have the time, or we’ve got the beer. 

If it is a dog, then it is a mammal. 

If it is a man, then it is created equal. 

If it is a rectangle with perpendicular diagonals, then it 
is a square. 





43. 


45. 
47. 
49. 
51. 


S3; 
55. 
Si, 
59. 
61. 


Since columns 4 and 6 are identical, ~(p — q) and 
p/\ ~q are equivalent. 

Johnny does not play quarterback, and his team does 
not lose. 

I kiss you once, but I do not kiss you again. 

Evel Knievel is careless, but he will not lose his life. 
If Johnny plays quarterback, then his team wins. 

If Joe had not had an accident, then he would be able 
to get car insurance. 

No 

Statement (d) 

Statement (d) 


No. p > q is true if p is false and q is either true or false. 


The student has to take the placement examination 
only if the student has satisfied the freshman 
requirements (perhaps by advanced courses in high 


63. 
65. 


67. 


69. 


A23 
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school) and is being admitted to sophomore standing, 
but is entering college for the first time. 

roa 

No. It only says that an adjustment will be made if a 
report is made in 10 days. 

A must see at least one black hat, or she would know 
that her hat is black since they are not all white. B also 
must see at least one black hat, and further, that hat had 
to be on C, otherwise she would know that her hat was 
black (since she knows A saw at least one black hat). 
So C knows that her hat is black, without even seeing 
the others’ hats. 

The one who fell silent, presumably the quickest of the 
three, reasoned, that his head must be painted also. The 
argument goes as follows. Let’s call the quick logician 
Q, and the other two D and S. Let’s assume Q’s head is 
untouched. Then D is laughing because S’s head is 
painted, and vice versa. But eventually, D and S will 
realize that their head must be painted, because the 
other is laughing. So they will quit laughing as soon as 
they realize this. Q waits what he thinks is a reasonable 
amount of time for them to figure this out, and when 
they don’t stop laughing, his worst fears are confirmed. 
He concludes that his assumption is invalid and he 
must be crowned in crimson too. 


Skill Checker 2.3 





Exercise 2.4 





. If nis divisible by 2, then n is an even number. 
gp 
. If one is a mathematics major, then one takes calculus. 
. If the measure gets a two-thirds vote, then it carries. 

. If we have a stable economy, then we have low 


5. g7>p 


unemployment. 


. If birds are of a feather, then they flock together. 


Converse Inverse 





pq Dimers, sane 


A24 


7s 
19. 


21. 


23. 
25. 


27. 
29. 


S15 
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The converse, g — p, is true except when gq is true and 
p is false (third row). The inverse, ~p > ~gq, is true 
except when ~p is true and ~q is false (third row). 
The converse and the inverse have the same truth 
values and, hence, are equivalent. 

pes 

a. Converse: If you are not strong, then you do not eat 
your spinach. 

Inverse: If you eat your spinach, then you are strong. 
Contrapositive: If you are strong, then you eat your 
spinach. 

b. Converse: If you are strong, then you eat your 
spinach. 

Inverse: If you do not eat your spinach, then you are 
not strong. 

Contrapositive: If you are not strong, then you do 
not eat your spinach. 

c. Converse: If you eat your spinach, then you are strong. 
Inverse: If you are not strong, then you do not eat 
your spinach. 

Contrapositive: If you do not eat your spinach, then 
you are not strong. 

If the square of an integer is divisible by 4, the integer 

is even. True. 

If lam neat and well dressed, then I can get a date. False. 

If you pass this course, then you get passing grades on 

all the tests. False. 

If we cannot find a cure for cancer, then the research is 

inadequately funded. 

If a person does not want to improve the world, then 

the person is not a radical. 


Equivalence (c). 33. Statement (b). 





Column 3 is the conjunction of columns 1 and 2, and 
so has T only in the first row, where both p and g are 
true. Therefore, column 4 is all T’s; this shows that 
(p/\q) > p isa tautology. 





Since column 3 is all F’s, the statement p <> ~p is a 
contradiction. 





41. 
43. 
33 
SS: 
Sie 


59. 


61. 


Since column 6 is all T’s, the first statement, ~p /\ q, 
implies the second, p — gq. 


Equivalent 

p/\ ~q implies ~p V ~gq. 

a On rk b. (PN Q)OR’ 
The contrapositive of ~g > ~p is p > q. 


The inverse of p > g is ~p > ~g, and the 
contrapositive of ~p > ~q is q > p. 
(~r/A~s)V(pVge(rV s) > (pV q); it is true 
because (r V s) 9 (pV ger~(rVs)V(ipVge 
(27/7. 25) VCD eg): 


The direct statement 63. The contrapositive 


Exercise 2.5 


1. 





Premises: “No misers are generous,” and “Some old 
persons are not generous.” Conclusion: “Some old 
persons are misers.” 


. Premises: “All diligent students get A’s,” and “All lazy 


students are not successful.” Conclusion: “All diligent 
students are lazy.” 


. Premises: “No kitten that loves fish is unteachable,” 


and “No kitten without a tail will play with a gorilla.” 
Conclusion: “No unteachable kitten will play with a 
gorilla.” 


. Valid 


11. Valid 





13. Invalid 15. Invalid 





17. Invalid 19. Valid 


U UC 
P 


CO 
a 


21. Invalid 23. Invalid 








27. Statement (b) can be logically deduced from the 
diagram. 
29. a. Yes, an argument is valid if and only if the 


conclusion is true whenever all the premises are true. 


pb. No. By the preceding statement, if the premises are 
all true and the conclusion is false, then the 
argument is invalid. 
31. No. It may be that the conclusion does not follow from 
the premises. See Example 2 of this section. 
33. The conclusion is true. 


35. Valid 
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37. Invalid 


39. Invalid 


UF (9 M UM (i W 
gene» foe! 
. 


41. Invalid 


UM 


2 


ure 


43. Valid 


UH es Cc 
gees 
3 





45. Only conclusion (a) is valid. 
47. Yes. See the diagram. 


49. Some z’s are y’s. See 
the diagram. 


=p p> gy PV mae LG 














Exercise 2.6 
1. e->p 
~e 
as) 
Invalid 
Ss g 
ee OUT, 
Invalid 
9. trb 
t 
uD) 


Valid 


3. se 
~e 





nese S 
Valid 
Ts wom 
~w > 8 
Paiva 
Valid 
11. sof 





Sof 
alid 
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135 ne 15. fos 
~m i 
.~e 7S 
Invalid Invalid 
17. Valid 19. Invalid 
21. Valid 23. por 
DES 21. G 


29. All romances are well written. 

31. Aardvarks do not vote. 

33. Conclusion (c). 35. Statement (b). 

37. Statement (b). 39. you read X magazine. 

41. “Affirming the consequent” means that the “then” 
statement is affirmed and the “if” statement is taken as 
a valid conclusion. This is a fallacy because p > gq is 
true if p is false and gq is either true or false. 

43. Kittens that will play with a gorilla do not have green 
eyes. (Or the equivalent: No kitten with green eyes will 
play with a gorilla.) 


Exercise 2.7 
A: POE 3. (Y=) 
P P——R’ 
sy 
Q’ 
Q 
p’ 
A B 
Q 
Q 


7. (p/\q)V (~pr) 
9. (pA r)V (qAp)V (rA ~@q) 
ll. [((pAgVnAl~pAnV 4 


15. PSG 
P 


V7; 195 


A IP 





o’——_B A—— pP——Q’—— 3 

21. Ina circuit with switches P and Q in series, current 
will flow if and only if both switches are closed. This 
corresponds to the statement p /\ g, which is true if and 
only if p and q are both true. 

23. The final output voltage is low (0) except when the 
input voltage corresponding to P is high (1) and that 
corresponding to Q is low (0). 


25. The final output voltage is low (0) when the input 
voltages corresponding to P and Q are both low (0) or 
both high (1); the output voltage is high (1) in the other 
cases. 
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Exercise 3.1 
1 AMIN 
5, DOOONNNII! 
SOS || 
hh Sy 
. AGO 
2 CVO 


NNNAAALTT 
15. 


9.29 GN GNM ec 
- 9. EWE Eel le 


DIOIANAAO ANAND Gite 
Diana (ey II 


3, DANO 
7.113 


I 1232 








DON VN AGA a ON 
172 \l 40 19. oe Sa 
\2 80 2° “62 
\4 160 \4 204 
18 320 8 408 
15 600 \16 816 
pane 
OTS) 23129 5A 
9 64* 6 102 
4 128 3 204* 
2 256 1 408* 
1 512* 612* 
576% 
25. VVVVVY 27, <<<) 
29. VV VV 31, VV SyVyyyyyy 
33. VVY <Syyy 35. 92 
37. 192 39, 4322 
41. 3<<yy 
+4777 
SASH Syyyyy 
43. vy <Syyy 
+ V VVVVYYYY 
VV SVVVVVVVVVVV=aVTT Sy 
45. 126 47. 42,000 
49. 90,405 51. LXXII 
53. CXLV 55. XXXIIDIII 
57. 8 59, 4 


61. No. C is more than two steps larger than I, so this 
subtraction is not allowed. I may be subtracted from V 
or X only. 


63. 


65. 


67. 


69. 


71. 


The Babylonian system is a base 60 system and our 
deciinal system is a base 10 system. Another important 
difference is the lack of a symbol for zero in the 
Babylonian system. The Babylonian system was not a 
good place system; it depended on spacing. The 
symbol for 1 was the same as that for 60, and only the 
spacing could show which was intended. 

The Egyptian system was based on 10 and the 
Babylonian on 60. The Egyptian system was not a 
positional system; it depended essentially on the 
addition of the symbol values. The Babylonian system 
used spacing to change symbol values. 

Assume the answer is 6.6 + (4)(6) = 7 and 21 +7 = 
3. Hence, the correct answer is 3 X 6 = 18. 

Assume the answer is 3. 3 + (2)@) ONONns (4)(5) = 
* and 10 + » = 3. Therefore, the correct answer is 
3X3=9. 

n=8 


Exercise 3.2 


Ie 
Se 
5. 
Ue 


13. 
17. 


19. 


21. 


23. 


25. 
31. 
Sie 


39. 


(4 x 102) + (3 X 10) + (2 X 10°) 
(2 X 103) + (3 X 102) + (7 X 10°) 





(1 X 104) + (2 x 10%) + (3 x 10?) + 4 X 10) + 
(9 x 10°) 
1 9. 45 11. 9071 
748,308 15. 4,000,031 
23 (2 X 10) + (3 Xx 10°) 
#1), (1_X 10) + 3 X 10°) 

36 (3 X 10) + (6 X 10°) 

71 (7 x 10) + (1 X 10°) 
+:23 (2 X 10) + (3 x 10°) 

94 (9 X 10) + (4 X 10°) 

76 (7 X 10) + (6 X 10°) 
a4 (=)(S X 10) + 4 x 10°) 

Sy) (2 X 10) + (2 X 10°) 

84 (8 X 10) + (4 X 10°) 

— 31 (=) X 10) + (1 X 10°) 
ps3 (5 X 10) + (3 X 10°) 

aa 27. 6 29. 67 
612 33.512 35. 10°° 

25 (2 X 10) + (5 X 10°) 
51 x (5 X 10) + 1 x 10°) 
sind (2 X 10) + (5 X 10°) 
i25 (10 X 107) + (25 X 10) 

1275 103 + (27 X 10) + (5 X 10°) 
= (1 X 103) + (2 X 10?) + (7 X 10) 
+ (5 x 10°) 
= 4) 

62 (6 X 10) + ( 2 X 10°) 
x 25 x (2 X 10) + (5 X 10°) 
“310 (30 X 10) + (10 x 10°) 
124 (12 x 107) + ( 4 X 10) 

1550 (12 X 102) + (34 X 10) + (10 x 10°) 


= (1 X 103) + (5 X 10%) + (5 X 10) 
=2:1550 


41. 


43. 


45. 
49. 
53. 
57. 
61. 
63. 


65. 


A27 
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8 (8 X 10°) 
8)64 8 xX 106 X 10) + (4 X 109) 
64 ( X 10) + (4 x 10°) 
0 0 
12 (1 X 10) + (2 X 10°) 
6)72 (6 X 10°)(7 X 10) + (2 X 10°) 
6 (6 X 10) 
12 (1 X 10) + (2 X 10°) 
12 (1 x 10) + (2 X 10°) 
0 0 
3 x 10° 47. 9 x 10° 
2 x 108 51. 4.131 X 10!° 
2.92 x 10° 55. 2.75 x 1010 
4 59. 31 cal 
You must add the exponents; you obtain a”*”. 


You must multiply the exponent m by n; you obtain 
CL. 


There were 137,256 in all on the road to Rome. 


Exercise 3.3 


1. 22 three 3. 3 Vieat 
se fee RK, en 

7. 5 ol ven 
oe 11. 139 

S27), 15. 291 

17. 30,.. 19. 1110055 

21. cen 23. aii 

Zo 2 lee 27. 46 .icht 

29. SBB teen 

31. 73> 1001000, 5 = UN son 

33. 00110 01010 00101 00011 01100 

3 5 2 1 6 

35. 01001 00101 00011 00110 01010 

4 2 1 3 5 

37. Wlavveelolotioti tliat 

39. Wiliolilibilboobil ll 

41. Yes. The zip code has 9 digits but the tenth digit is the 
checking number. 

43. One of the meanings of binary is “based on two.” The 
prefix bi-means “two.” 

45. Hexadecimal means “based on 16.” The prefix 
hexa-means “six.” 

47. The trick works because the columns correspond to the 
binary digits in the number. For instance, 6 = 110,,,, 
and this corresponds to the number 6 = 2 + 4, the 
numbers that head columns B and C. Note that 6 
occurs in columns B and C, but not in A. 

49. Use the same procedure as for the numbers from | to 7 
but with five columns instead of three. 

Calculator Corner 

143 Sopa: 5. 1914 
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A28 


Exercise 3.4 


1. 1001, 3. 10011, 
5. 10010, 7101, 

9. 1, 11. 1010, 

13. 10010, 15. 101101, 

17. 110111, 19. 110,R 1, 
21. 100, R 10, 23. 1011, R 100, 


25. HELLO. H 6 72,E 6 69,L © 76,0079 








Binary Decimal Hexadecimal 
A 01000001 65 
Q 01010001 81 
x 01011000 88 
33. | Hexadecimal Binary Letter 
01001000 
01000101 
01001100 
01010000 
SS 37. 000001, 39. O11111, 
Exercise 3.5 
1. 600, 3. 10112, 
5. 432, 7. 7154, 
9. 507, 11. 2306, 
13. 35, R 4, 15. 250, R 5. 
17. 417.6 19. 9B8 1, 
21. A367). 23. 4A451)¢ 


25. Answers may vary. The main reason is that there are 
only two digits in the binary system contrasted with 16 
digits in the hexadecimal system. 

27. 2.625 29. 2.125 31. 58.75 

Calculator Corner 

1. Problem 13, remainder 5. Problem 15, remainder 4. 


CHAPTER 4 


Exercise 4.1 
1. For identification only 3. A cardinal number 
5. The “First” is for identification; the “one” is an ordinal 
number. 


TOSAINS2 EER SA Pose 860157 58) GO! 6b 
GD 62 6 64 65 66 @ & 69 7% 
MAzABHH KH HBA 
St 82 @3) 84 85 86 87 38 @D 96 
9 92 93 94 95 96 OD 98 99° 106 


The primes in the table are circled. 


13. 


15. 


17. 
19. 
21. 
23. 
27. 
33: 


S35: 
39. 
43. 
47. 


53. 
Sf 
61. 


65. 
71. 


73. 


TS. 


dil 


79. 


6 11. 4 

a. 2 and 3 

b. No. If any pair of consecutive counting numbers 
greater than 2 is selected, one of the pair must 
be an even number (divisible by 2) and, hence, not 
a prime. 

a. The product part of m is exactly divisible by 2, so 
that m divided by 2 would have a remainder of 1. 

b. The product part of m is exactly divisible by 3, so 
that m divided by 3 would have a remainder of 1. 

c.-d. Exactly the same reasoning as in parts (a) and 

(b) applies here. If m is divided by any prime 
from 2 to P, there is a remainder of 1. 

e. Because P was assumed to be the largest prime. 

f. Because m is not divisible by any of the primes 
from 2 to P. 

1 oy IO 25); O10) 

1, 2, 4, 8, 16, 32, 64, 128 

UENO ATi Olral 43x00 

41 is a prime. 25. 91 =7 X 13 

WAS i322 37) 29. 490 31. 1200 

a. Divisible by 3 and by 5 

b. Divisible by 2, by 3, and by 5 

c. Divisible by 2, by 3, and by 5 


Mhrees2 wiileand 22 She 27 

Relatively prime 41. 47 

Relatively prime 45. 20 

a 49, 3 Si, 

LCM = 165; 4 55. LCM = 992; 34 
LCM = 720; 4 59. LCM = 180; 34 
LCM = 167,580; 3513 63. LCM = 4200; 335 
5 67. 4 69. 55 


a. 100 = 3 + 97 = 11 + 89 = 17 + 83 

= 29+ 71 = 41 + 59 = 47 + 53 
b. 200 = 3 + 197 =7+ 193 = 19 + 181 

= 37 + 163 = 43 + 157 = 61 + 139 

= 73 + 127 = 97 + 103 
The number 1 has only one divisor, itself. It is not a 
prime because a prime must have exactly two distinct 
divisors, | and itself. It is not a composite number 
because it has only one divisor. 
The largest prime that you need to try is 13, because 
the next prime is 17 and 17? = 289, which is greater 
than 211. 
All the other digits are multiples of 3, so their sum is 
divisible by 3. Thus, only the sum of 2 and 7 needs to 
be checked. 
Since 999 and 99 and 9 are all divisible by 9, only the 
sum 


DRA SX TAS K 13 
which is exactly the sum of the digits, needs to be 


checked. If this sum is divisible by 9, the original 
number is divisible by 9, and not otherwise. 


81. 


83. 


85. 


87. 


89. 


a. Divisible by 4, not by 8 

b. Divisible by 4 and by 8 

c. Divisible by 4 and by 8 

d. Divisible by 4, not by 8 

None of the numbers 1, 2, 3, 4, or 5 is the sum of its 
proper divisors. Therefore, 6 is the smallest perfect 
number. 

AO6 == Nhe 2 4 SIG 3) ot 62,4124 + 248 
so 496 is a perfect number. 

All primes are deficient because they have only 1 as a 
proper divisor. 

They end in 6 or 28. Also, they are sums of powers of 
2;6=2 + 27,28 = 24 + 23 + 22, and soon. 


Exercise 4.2 


1. 


J: 


-2-10123456789 


111+ 6-6-6-6-6-6 > 
—5-—4-3-2-10 123456 


Sa 7. 8 


11. 


13. 


15. 


Wl 
21. 
25. 
29. 
St. 
Jo. 
3S. 
37. 
39. 
41. 


+4 
——, 


Sore Ol elane. oe 4 


+(=3) 


19. 3+(-4)=-1 
2305 5 (0) il 
ie = St 3) 2 


3+ ¢-8) =>5 

= 58 (2) = —7 
—3+(+4)=1 
aS Dae 
a = 20 bi 32 
a. —60 b. —60 
A negative even integer 
a. 27 b. 4 
as2-9 bi=5 


10: |» < 43.0=5 47. 20 km 


45. 11,800 


49. 


51. 


DS: 


35s 


She 


59. 


61. 


A29 
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Step 1. Because m is assumed to be a multiplicative 
identity 

Step 3. Because 1 is a multiplicative identity 

Step 4. Because both m and | equal m - 1 

Step 1. By the definition of subtraction 

Step 3. By the associative property of addition 
Step 5. Because 0 is the additive identity 

a. adding a 

b. identity 

c. q (1 is the multiplicative identity) 

d. identity, unique 

Step 1. Because 0 is the additive identity 

Step 3. By the distributive property 

Step 5. Because the additive identity (0) is unique 
The product of two positive numbers is a positive 
number. 

The product of two negative numbers is a positive 
number. 

=3 63. 0 


Exercise 4.3 


1. 
3. 
Se 


11. 
17. 
23. 


SS: 
41. 
47. 
Sah 
39: 
65. 
Tile 
Die 
83. 
89. 





Numerator 3, denominator 4 
Numerator 3, denominator —5 
17 _ 289 pyle 9, 5 
41 697 no Or 2093 S92) 
i 13. 3 15. 3 
i 19-4 21.2 
8 25. ae 27.4 
29. -15 31. & 33. 3 
a 37, 3 39, 38 
2 43. — 45. 5 
} 49, 3 51. 16 
3 55, 2 57. 17 
3 61. 33 63. 3 
—} 67. —18 69. —§ 
—30 73. 75 75. 23 
0 79. —§ 81. —5} 
3°F 85. 1: 1b 87. } 
$43, 91. 1275 I35i 
a 97. Traffic; 7 


95: 
99. 


101. 


103. 


105. 
109. 


111. 


113. 


No. News uses 8 min at the top of the hour and 6 at 
the bottom, and traffic uses 2 min at the top of the 
hour and 4 min at the bottom. 

Weather and news 


If 8 =n, then 0 = 0 X n = 0 no matter what value is 
assigned to n. Thus, & cannot be uniquely defined. 
126 mi 107. 3 in. 

SRS e aD on 

Tei Some 

ORIGIN CGC Om Os GRO e 

1) 203 4) SuOMTESeO 

2 15. 5 1, and 2 = 3; these have already 


been caught in the one-to-one correspondence. 
Neither. The two sets have the same cardinal number. 


A3 


0 Answers to Odd-Numbered Problems 


Exercise 4.4 
1. (6 X 102) + (9 X 10) + (2 X 10°) + (8 X 1072) + 
(7 X 1073) 

3. (1 X 1073) + (7 X 1079) 5. 5020.39 
7. 0.004702 ONGSS Kol AIP 1072 
13. 86,400 15. 0.00671 172 1078 
19). 6:82)XN OTP 21310 2 23. 4 x 1025 
25. 2 X 10° hr 27. 3X 108 m/s_ 29. 31 years 
31. a. 4.74 b. —4.74 
33. a. —4.158 b. —5.864 
35. a. 0.045 bates 
37. a. —0.05 b. 0.02 
39. $3831.88 (millions) 41. $0.21 
43. Harry lost $9.25; George lost $16.50. 

45. $176 47. 3300 oz 
49. 392.5 mi 51. $14,422,500 
53. 1.26 < 10!9 mi 55. 59.26 mi/gal 
57. 78 rpm 59. Answers may vary. 
61. b. $11 
Exercise 4.5 
1. 0.9 3).Act 5. 0.17 
Ta 9. 0.003 11. 1.243 

13. 0.6 15. 0.5625 17. 0.625 

19: 0.714285 = 21. 0.266--- 

BS) TPAA857 wee 25. 0.1875 

27. 0.015625 29. 0.00992 

31. 0.5 33. 0.64 35. 0.235 

37. 0.215 39. 0.07935 41. 5.07 

43. 3 45. 3 47, & 

49, 2 51. 72 53. 7 

55. 35 57. 7 59. 0.29 

61. 0.009 63. 0.4569 65. 0.3415 

67. 0.000234 69. 345% 71. 56.7% 

73. 900.3% 75. 0.45% 77. 60% 

79. 83.3% 81. 9.1 83. 333% 

85. 125% 87. 50.4% 

89. a. 64.5 lb b. 39 Ib 

91. $10.81 

93. 445,000,000 (to the nearest million) 

95. 20% 97. 35 99. 29% 
101. 10% 103. 25.3 mi/gal 
105. Net loss of $18 107. § 

Exercise 4.6 

1. Irrational 3. Irrational 
5. Rational 7. Rational 
9. Rational 11. Rational 
13. Irrational 15. Rational 
17. Irrational 19. Rational 
21. 4 24 8 25. 9 
27. -13 29. 14 31. -—9 
S3uxict 35. < 37S 39. < 


41. 
47. 
49. 
51. 
53. 
35: 
SUE 
59: 
61. 


63. 
69. 


< 43. = 45. = 

0.315 (Other answers are possible.) 

0.311212345 - - - (Other answers are possible.) 
0.1011 (Other answers are possible.) 
0.101101001000 - - - (Other answers are possible.) 
5 (Other answers are possible.) 

0.5101001000 - - - (Other answers are possible.) 

+z (Other answers are possible.) 

0:21 302121 [02121 S02 1211 ies 

=O 12 

3.09 mi 65. 163 mi 67. 31 yd 

A rational number can be expressed as a terminating 
decimal or as a nonterminating, repeating decimal. An 
irrational number cannot be expressed this way. 


71. (OB) = 12 + (V5)? = 1 +5 = 6, so that OB = V6. 
73. h=3 

Exercise 4.7 

1o3 4/10) 3. Simplest form 5. 6V5 

7. 10V2 9. 8V6 11. 14V3 
13, 347 15, —¥2 Wan? 

19, 2 21. 24 23, 2¥2 
25:3 27, +40 29. 5V10 
31. V14 33. } 35, V6 

37. 3V3 39. 9V5 41. 5 

43. 5 45. 5V7 47. -7V7 
49. —8V/5 51. 20V41 m 53. 22 sec 
55. 20% 57. 15 m/sec 59. 28 ft/sec 
61. 3 63. 13 65. 5 

67. Check rational numbers and real numbers. 


69. 


TAL 


TSS: 
75. 


1 
81. 


Check whole numbers, integers, rational numbers, and 
real numbers. 

Check natural numbers, whole numbers, integers, 
rational numbers, and real numbers. 

Check rational numbers and real numbers. 

Check irrational numbers and real numbers. 

673, 6.31 (Calculator gives 6.32.) 


9%, 9.21 (Calculator gives 9.22.) 


Exercise 4.8 


1. 


2 


11. 





ad, = J b. d=6 
C. diy = 61 d. a,=6n+ 1 
a. a, = 43 b. d= -9 
€. Aig = 738 dea, = 52 —9n 
a. a,=2 b. d= —5 
C. diy = —43 dica, =7—5n 
a. G,=—- b. d=} 
&. ayy = 2 

ae 3n — 8 
d. a, = 5 — 3 or 6 
a. a, = 0.6 b. d= —-0.4 
C. ayy = —3 a.) a, = 1=0an 
Sig = 340, S, = n3n + 4) 


n 
13. Si9 = 25, S, = 7095 =n) 
15. Sj) = —205, S, = 50 en 


17. Sig = 145, S, = 75Gn — 13) 





19. S19 = —12, S, = (4 — n) 
21. a. a, =3 bene 

ren 180 rd ta 9 2! 
23. a. a, =3 b. r=3 

C. diy = 6561 de = 39-2 of 53" 1) 
25. a. a, = 16 b. r= -j 

1 
to "16,384 
yt 
d. = any 5 or (-1)""! 43-n 


21S 3 — 1); S,, = 32 = 1) 
Desc = 66 = 1S =.G0%="1) 


410 — 1 qn — (-1)" 
ae uh ed's Se atrt, 
33. $= 12 35. S = —16 
Stas 39. B 
41. a. $1020 b. $18,000 
43. a. $95 b. $8625 
45. $610.51 


47. If nis an even number, there are n/2 pairs and the sum 
of each pair is (n + 1). The total sum is n(n + 1)/2. If 
nis an odd number, find the sum of the first (n — 1) 
terms. The preceding formula gives n(n — 1)/2. Then 
adding n, the omitted term, gives the sum n(n + 1)/2, 
as before. 

49. In an arithmetic sequence, each term after the first is 
obtained by adding the constant difference d to the 
preceding term. In a geometric sequence, each term 
after the first is obtained by multiplying the preceding 
term by the constant ratio r. 

51. It is an arithmetic sequence. The common difference 
is 85. 

53. 127 + (n — 1)85, or 42 + 85n 


CHAPTER 5 


Exercise 5.1 
1. —2 and 0 are solutions. 
3. 3 and 1 are solutions. 


SC eet 
9. x= 11. x =2 
13, x=9 15. x=1 
eye ae 19. n=6 
=; 23. x = 12 
2D: x =} or 33 WI 5 = BOF 13 
29. x = 10 31. p=4 


33. {x|x <4} 35. {x|x > 3} 


Answers to Odd-Numbered Probiems A31 


BTA ee > 3) 39. {x|x = —2} 
41. {x|x> —4} 43. {x |x = =2} 
45. {x|x= -9} 47. {x|x> 3} 
49, {x|x > —4} 51. {x|x = —3} 
53. © BS. {x | x= 2} 
57.) {x |x > —2} 59, {x|x <3} 
61. {x|x= —-4} 63. h = W/rr? 
65. W= V/LH OT Baza leat 
69. a. T= D/R b. 4 hr 
71. a. A = 34 —-2H b. 18 years 
(Sa 75. 10% 
Tis To 79. 200 
81. 671 billion barrels 83. 67% 
85. The $100 price Sen blain 
89. 8 91. 12 in. 
93. a. 47 b. 48 
95. When x < 17.68, that is, when x < 17 oz 
97. When x > 2, that is, after 1998 
103. 250 calories 105. 625 calories 
107. 150 chirps 109. 1 cm/s 
Exercise 5.2 
1. <_—_+_+__¢_++ > 
-l 0 1 2 3 
3. <+—@—¢—_@_$_@> 
0 I DiS Aa gia: 
5. ~¢-6-6-¢ 6 6 -6-¢ ¢> 
Pei OOM eA neo ONES 
7. ++ -¢-0-¢-¢ -¢¢-¢{ > 
= 31a Ono oot eS) 
9, 
=O) 1 Olen aeS) 
dl—_—_—_+ > 
—2 -l 0 1 2s? 3 
13. 
S32 On ele 3) 4985 
6. <—+} Rees > 
Oui OSs 44 58h Ge 7808 
17. =<} —————— 1 
=) 10 Ym One en Sea 
19, <q——$ —$} —@—_}+ > 
—2 -!l 0 1 2 
21. The solution set is W. 
SSS SS Se 
—2 -il 0 1 2 
3 ————_1_~ 
at Ea 2st ROMEO 
25. <-> 
-l 0 1 2 3 
Die (=), feos 3, 4} 29. {3, 4, 5, 6} 
31. {2} 83 ei =f =—8i 79 06, es eo 
35. <+—_e—+————- 1 
0 1 Donel a 
37. © 


A32 Answers to Odd-Numbered Problems 


39. =< —— oH 
4. <4_ 


43. O 
45. <+_ | ———+> 


7. +H > 
3-2-1012 3 4 


49, <4} ttt 


ONL 2 3s aS Gey: 


Sl. All real numbers 


——— 


—-3 2-1 0 12 3 
53. a. C = 4520 + 0.10m 
b. 6000 < 4520 + 0.10 m < 6500 
c. 14,800 < m < 19,800. Each car is budgeted to run 
between 14,800 and 19,800 mi annually. 
55. 22 < 2.2 P, < 66, or 10 < P, < 30 
57. a. All the real numbers between —1 and +2 including 
the 2 but not the —1 
b. All the real numbers between —1 and +2 including 
the —1 but not the 2 
c. All the real numbers between —1 and +2 not 
including the endpoints 
d. All the real numbers between —1 and +2 including 
the endpoints 
59. a. The set of all the real numbers between —1 and 2 
b. The set of all the real numbers between —1 and 2 
including the 2 
c. The set of all the real numbers between —1 and 2 
including the —1 
d. The set of all the real numbers between —1 and 2 
including both the —1 and the 2 
61. (—, 5) 63. (9, +) 
65. [—4, —1) 675 [= 110) 
69. Let Jin. be Joe’s height. Then J = 60 in. 
71. Let F in. be Frank’s height and S in. be Sam’s height. 
Then F = § — 3. 
73. Let S in. be Sam’s height. Then § = 77 in. 
75. Bill is taller than 74 in. (6 ft 2 in.). 


Exercise 5.3 
1. 10 Sy 


3 
Sh 2 Vea 
9. 8 
11. 2 and 3 are solutions. 
13. {0} 15. (= 535} 
Li. (Ra3; —2,— 1,1, ee 
19. No interval 
SaaS ae 


2 A 0 1 2 
21. In interval notation, [—4, 4] 


=—4—3'-2 -1 10 1 2°53) 4 


23. In interval notation, (—4, 2) 
Oe ee eee 
== se Oiaeiine 
25. In interval notation, (—~, —1] U [1, +) 
—+—-__— 
se 10 Oe eee ees 
27. In interval notation, (—~, —1) U (3, +°) 
> 
HN) 1 2 3 4 § 
29. In interval notation, (—2, 2) 
Soe OS 
3) nO eerie) mes 
31. In interval notation, (—%© —2] U [2, +) 
+ 1 ee > 
AG) i OM i ® B a 
33. In interval notation, [0, 3] 
<—|—_ | 
=i @ at BS oe 
35. In interval notation, (—, 0) U (3, +%) 
— OO 
=F <Q il @ 8 A 
37. Any amount between $450 and $550, inclusive 
39. Yes 
41. a. |w — 137| 57 
b. -—7 Sw = 137 S7,o0r 130 = ws 144 
43. a. |L=—12|=024 
b. 11.76 = L S 12.24 
45. a. |s — 505|<4 
b. 501 = s = 509 
47. “The absolute value of x is less than a” is equivalent to 
“x is between —a and a.” 
49. All real numbers, since the absolute value of an 
expression is always nonnegative. The solution of 
| x | > ais the set of real numbers when a is negative. 


Skill Checker 

A 2 aes SN Sin S87 NENT GAB 9. 12 

Exercise 5.4 

ik. Ge sp 2YGe ae 25) 3. (x — 4)@ + 3) 

5. (x + 9)(x — 2) 7. (x — 5)? 

9. (x + 5)? 11. (2x + 3)(x — 1) 

13. (2x — 1)(3x — 1) 15.1274) 

17, 9763 19. {-1,0,1} 

21. {-2,4} 23. {—4, 4} 

25. {—5, 5} 27. {=3,%, 2} 

29. {—6, 6} 31. {3,9} 

332 20), 35. {-3,-+ 

37. {-2, 1} 39, {-3, 1} 41. {-3,1} 
—5 — V13 -5 + V13 

3) ee \ 


45. 5 5 


——“s—_ 


“a 


47. 


49. 


51. 


SSant 
55. 


57. 
59. 
61. 
69. 


71. 


AS: 
1 





ar 


pe} 


en 
2 


35} 
Be + b)? = (2ax + b)(2ax + b) 
= 2ax(2ax + b) + b(2ax + b) 
= (4a2x? + 2abx) + (2abx + b?) 
= 4a?x* + 4dabx + b? 


which is the left side of the equation, as stated. If we 
subtract b from both sides of 


Qax + b= + VB? —- 4ac 
we get 


Qax = —b+ Vb? — 4ac 


If we divide both sides of this last equation by 2a, we 
get the quadratic formula as given. 

6 cm, 8 cm, and 10 cm 

5 in., 12 in., and 13 in. 

1 sec 63. 1 sec 65. 40 67. 10 
Deo Ol on b. $550 + $450x — $100x? 

c. $0.50 or $4 d. $0.50 

If b? — 4ac = 0, there is only one solution, - 
If b? — 4ac < 0, there are no real number solutions. 
About 288 ft Tih eo 


Exercise 5.5 


4 =m 18 6) Ose sr Ci = 3) = Aoee— 3) 
5. 4n 4 5 = 29,x = 6 Fan SiGe Oi — 2 
Se = 16 0 

W. 2x2 = 2x + 12,x = —20r3 

13.597 — 2— 10,4 6 or 6 15. 2.71 million lb 

17. Russia has 6575 ships and Japan has 8851 ships. 

19. 130 mi 21. 14% per year 

23. a. 204 mi b. The mileage rate 

25. 10% 27. 30 mph 

29. 76.5 ft 31. 0.6 sec 

33. 20 mph 35. 4and5 37. 36 billion 

39, a. Revenue = 7 + ee = T + 210N (dollars) 

b. Cost = (40)($100) + (40)($150) + 40 ($1000) + 


$3000 = $53,000 
c. T + 210N = 53,000 
$153,000 T 
d. N= 10s - 
e. N = 161 is the least number of students to incur no 


loss. 
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41. a. See the “Total” rows in the table 


b. Rent 5 size Aunits  c. Rent 1 size C unit 
d. Rent 1 size A unit and 1 size B unit 


Identical Row Alignment 


Cost per Month 
Number per Row 


Rows 

Layers 

Total 

Units Needed 

Cost for 2 Months $250 





Staggered Row Alignment 





Cost per 
Month 
Number 
per Row 
Rows 
Layers 
Total 
Units 
Needed 
Cost for 
2 Months 





_ 


43. Spend 3 hr on mathematics, 6 hr on science, and 3 hr 


on English to get the best GPA. 


. a. | Returned 


After Blockbusters Red Rabbit 


$3 + $2=$5 $3 + $3 = $6 
$3 + $0 = $3 $1.60 + $0 = $1.60 


$3 + $4=$7 $3 + $6=$9 
$3 + $2 =$5 $1.60 + $1.50 = $3.10 


$3 + $6 =$9 $3 + $9 = $12 
$3 + $4=$7 $1.60 + $3 = $4.60 
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b. Let Cz = cost at Blockbusters, and Cp = cost at 
Red Rabbit. 


Cy=4n Cp =4.50n — 1.40 (in dollars) 


ce. .C,=$11,.Cp.= $15 

47. a. The average stopping distance (in feet) is 

d = 0.9v + 0.06? 

b. 161.7 ft ~ 162 ft 
d. 3.66 sec 

49. You should try to determine what is the unknown, that 
is, what is wanted. 

51. 5.22 years 

53. If M were greater than G, then y would be negative; 
this is unrealistic. 


c. 241.7 ft ~ 242 ft 


Exercise 5.6 
1. 7000 to 2000; 7000:2000; 3500 or 7 to 2; 7:2; 4 
3. 70 to 4260; 70:4260; ze5 or 7 to 426; 7:426; x 


5. 4’ reduced trans. ratio 7. 17 mph 
9. a. 6 cents b. 5 cents c. White Magic 
ll. x= 12 13. x= 6 
15, 7= 24 17.3=2 
19. 6 21. 66.5 in. 
23. 2.81 runs 25. 2650 fish 
27. a. R= kt b. k = 45 c. 2.4 min 
29; a. [= ki b. k = 7759 ~ 0.0005714 
c. 241 lb 
31. a. f= kd b. k=4 CoO 
33. 10.8 in.? 
sha. w=" b. k = 7200 ce. 720 
37. a. b= b. k = 2970 c. 90 
39. a. d=ks b. k ~ 17.63 
c. The number of hours to travel the distance d at the 
speed s 
41. a. C=4(F — 37) Deeley 
43. a. J=in b. k = 44 = 1.365 
c. 319.9 + 47.8 = 367.7 ppm 
45. $208.33 47. C= 102.9 
CHAPTER 6 
Exercise 6.1 


1. Domain: {1, 2, 3}; range: {2, 3, 4} 

3. Domain: {1, 2, 3}; range: {1, 2, 3} 

5. Domain: {x | x is a real number}; range: {y | y is a real 

number} 

7. Domain: {x | x is a real number}; range: {y | y is a real 

number} 

9. Domain: {x | x is a real number}; range: {y | y = 0} 
11. Domain: {x | x = 0}; range: {y | y is a real number} 
13. Domain: {x | x # 0}; range: {y | y # 0} 

15. This is a function because only one real value of y 
corresponds to each real value of x. 


17. 


19. 


21. 


23. 
25. 
27. 
29. 
Sie 
33. 


35. 
Sie 
8b 





This is not a function because two values of y 
correspond to each positive value of x. 

This is a function because only one real y value 
corresponds to each x value in the domain. 
This is a function because only one real value of y 
corresponds to each real value of x. 

a. | b. 7 Ct=5 

a. 0 bs 2 C5 

eo cael acta b. 3h c. 3 

g(x) = x2; missing numbers: 7%, 4.41, +8 

1 Dato Cas lS 

. 140 beats per minute 

. 130 beats per minute 

160 Ib b. 78 in. 

. 639 Ib/ft? b. 6390 Ib/ft? 

. 144 ft b. 400 ft 


ppp op p 


51. 





53. y 


e@ 
_ 


H @HWRUDIWDOO 
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55. a. h(x) = 2.89x + 70.64 
b. hG4) = 168.9 cm, or about 169 cm 
57. a. F(x) = 10x + 20 b. F(8) = 100; $100 
59. a. V = 10,000 — 2000t 
b. V 
$10,000 
$8,000 
$6,000 
$4,000 
$2,000 
t 
Ourine os sae Ae 5 
61. a. G 
1.50 2 
o-——® 
1.00 CS 
o——=® 
0.50 
—_}___}+__}_}+_}+—-* f 
1 2 3 4 5 
b. 13 min 


63. g(x) = Vx — Lis real if and only if x = 1. Thus, we 
would exclude all values of x less than 1 if g is to have 
real values. 

65. The graph of a function f(x) is a picture of the set of 
points {(x, y) | y = f(x), x an element of the domain 
of f}. 

67. Yes. It is a relation for which there is exactly one value 
of y for each value of x in the domain. 

69. c = f(x) = 4x — 40), x in °F 

Th f= lee 

73, f= Ve 

75. 10,000 units 
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Exercise 6.2 
1. 4 


11. 





A35 


A36 
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13. y b. 
(OL 2e i aaees 
P: 33. Yes. The distance d from (2, —3) is V52 = 
2V13 < 10. 
35. a. 50% b. 12.5% c. 20083, or 2009 
37. a. 
V = 504.75 
M = 493 
17. y 
950 96% 9/Ree OS 
b. V = 504.75; M = 493 
c. y = V, very well 
d. Yes; vertical line test 
39. Use the distance formula to find the square of the 
length of each side of the triangle. 
(AB)? = (Gi bi) Gs.) 
19. 5 units 21. V73 = 8.54 units 


(AC? = (a, ~ ¢) + @ — 
23. V58 = 7.62 units 25. 2 units (BC) = (b, = ey fe (b, s ce)? 


29. a. E(x) = 500 + 25x; S(x) = 1000 + 20x 


27. 4 units 


The triangle is a right triangle if and only if one of 












Be 4 these squares equals the sum of the other two squares. 
$5000 +- S(x) You can check this. 
41. See the Problem Solving procedure following Example 
$4000 1 and follow it step by step for x = c. 
Z $3000 (100, 3000) 
e Exercise 6.3 
ei Ln 3. m=-1 
$1000 5. m=-% 7. m=} 
9. m=0 ll. y=5x+3 
13) y= = 6 15. y=5 
0 50 100 150 200 250 17. a. m=1 b. b=2 
Guests 19. a. m=4 bxb=0 
c. The cost is the same for 100 persons. 21. a. m=~—1 b. b= 14 
23. a. m= 0 b. b= 6 
Sika: 25. a. The slope is not defined. 
b. The line does not intersect the y axis. 
27. 3x -y=4 24+ y=5 
31. 10x- y=0 33. w = 5h — 176 
35. w = 5h — 187 37. Parallel 
39. Not parallel 41. Parallel 
43. 4x -y=6 
AS. 2.055 — Vy A) be 2y 3 
Co 2x ay 2 d.°5x:—4yi= J 


47. 


49. 


51. 


33: 
55s 
Sie 


59. 


For the first line, m, = 2, and for the second line, 

Mh, = —3. Since m, # —\/my,, the lines are not 
perpendicular. 

a. 1000, million sales per year 

b. 16,000 (million) 

c. U(t) = 1000 + 16,000 

d. U(17) = 33,000 million 

If (x;, y,) and (X>, yy) are any two distinct points on a 
horizontal line, y, = y, and x, # x. 

Thus, the slope is 





ome te Oo 
eit a 
a. 0.79 b. No 
om Os) b. Yes 


The slope is 0.25, which is not safe for parking. 
x = 106 ft will give the maximum allowable slope. 
The fixed fee is $35. The hourly rate is $25. 


Skill Checker 
y 
e@ e 
® © 
—+ | (ae 





—4 -3 -2 -l ee 34 


Exercise 6.4 


1. 
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5. 
x 
Te 
9. y 
y=(x+2)2+3 
y=(x+2) 
y=(x+2)?-2 
8 
11. 
1S: 














y=-20+ 2)2 -4 
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153 
17. 
19. 
29. x = 4000; P = $11,000 31. $25,000 33. 400 ft 
35. P = (600 + 100W)(1 — 0.10W); P = price, W = the 
weeks elapsed. The maximum for P occurs when 
W = 2 (at end of two weeks). 
37. a. (42, 18) b. 18 in. c. 84 in. 
dey, 
20 
21. 
10 : 
Rosie’s 
ending 
position 
x 
20 40 60 80 100 
23. 39. a. (200, 100) b.100 ft c. 400 ft 


d. y 
100 


80 








y=3-5x+2x2 
60 


Ending 
position of 
baseball 





20 


100 200 300 400 500 


(3.24) (+9) 4150, About 472s 4) “boNbautiesima wee en 
Sama’ 47. Negative 49. (1962, 520) (approximately) 


Sl. FPP= Vx? + (y-p) 53. x2 = 4py 
55. y* = 12.5x; focus (3.125, 0); or x2 = 12.5y, 
focus (0, 3.125) 


Exercise 6.5 















1. a. 3 beet c. 5 
3. a. 5 b. 1 c. 9 
5. a. b. 1 c. 10 
ys : 
10 
ewes) | | eas] 
7 | * 
ey 5 
9. , 
f(x) = 10* 
x 
5 5 
11. a. $2459.60 b. $2435.19 
13. a. $1822.12 b. $1814.02 
15. a. 4000 b. 8000 c. 16,000 
17. a. 2000 g b. 699.9 g c. 244.9 ¢ 


19. 21,448,000 

21. a. 285.2 million 
23. a. 333,333 

25. a. 4.42 Ib/in.? 
27. f(x) = log, x 


b. 22,654 million 
b. 222,222 c. 8671 
b. 6.42 lb/in.? 


DI 





31. 10.66 year 
35. About 17.3 min 


29. 13.86 year 
33. About 6.1 billion 
37. About 80.5 min 


39. 


41 


45. 
47. 
49. 


51 
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a. 100,000 b. about 67,032 

c. about 13,534 d. about 1832 

About 23,105 years 43. About 13.3 years 

a. 14.7 Ib/in.? b. 11.4 Ib/in.? c. 8.92 Ib/in.? 
a. 9 years b. 10 years 

a. 5000 b. 2247 c. 2010 

Continuous, $1822.12; monthly, $1819.40. Continuous 
compounding gives about $2.72 more. 


Skill Checker 


1. 








Sao I 
ey) 
23 





Exercise 6.6 


1. 
Se 
9. 
13. 
17. 
21. 
25. 
29. 
31. 


OS: 


(2) Sau) 
(2, =3) Tale) 
(4, 2) 11. G,=4) 
No solution 152 (12) 
(2, -4) 19. (—3, 10) 
—2,3) 23. (2, —5) 
a) 27. No solution 
u= —3,v = 6or (=, 6) 
a. 100 
: 3000 
' -~ 2500 e 
= 2000 A 
2 1500 
2 1000 
500 
0 100 200 
Guests 
c. Company A 
4 35.95 


A40 
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37. a. C=20 + 35m 





39. G 


1000 
800 
600 
400 
200 


cS: Cc. Cc 
1000 
800 
600 
400 
200 Basic cable 
4) 8s 126. 20 






Rental 


Basic cable 


a 
4°38) 312 16. 20 


41. When you use it for more than 18 months 
43. a. W= 100 + 3t 





45. a. C = 0.60m 


Cc. 


400 
300 
200 


100 


47. and 49. 


Cc 


200 


150 
100 El Centro 


50 


SS) OSS 2025 


b. C= 45 + 0.45m 


AT&T 
GTE 


100 200 300 400 
Q 


50 = Demand 
40+ © Supply 





10 20 30 40 50 


SEG al) 53. 1500 


Exercise 6.7 











RPNWBMNOD~)100 
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21. y 
























































































































































23. 
25. 
8 
cL 
6 xty=1 
5 
; 27. Conditions (b) 29, Conditions (a) 
2 31. The region shown in (b) 
1 
33. w 
220) (76, 204) 
19. y 200 
h=76 
180 
160 (76, 164) 
(62, 134) 
140 
yr y 100 (62, 108) 





BEA Sn On len8 


is 





}—} + —+—+ ++} h 
62, 64 (66. (68peO) Niel? spe tins 1.0 


A42 


as 


Sie 


39. 


41. 
43. 


45. 


47. 
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Suppose c # 0. 

Step 1. Find the intercepts of the line ax + by = c. 
Step 2. Draw a dashed line through these intercepts. 
Step 3. Substitute (0, 0) into the equation. This gives 
zero for the left side. 

Step 4. If c > 0, shade the region opposite the origin. If 
c <0, shade the region on the origin side of the line. 
The graph would show x = kas a solid line with the 
region to the right of this line as the shaded region. 
The possible pairs of integers are (4, 2), (5, 2), (5, 3), 
(5, 4), (6, 2), (6, 3), and (7, 2). 





a. 33 mi b. Rental A (It’s $10 cheaper.) 

If you plan to drive more than 33 mi, rental A is the 
cheaper. 

Cutting up the 2-in. square by connecting the mid- 
points of the opposite sides gives four smaller squares, 
each | in. ona side. Since there are five points, at least 
two of them must be inside or on the perimeter of one 
of the four small squares. The diagonal of this small 
square is V1? + 12 = 2, so the two points cannot 
be more than V2 in. apart. 

Leave everything as in the given flowchart except for 
interchanging the shading instructions at the end, so 
that if the answer to “Is c > 0?” is no, the half-plane 
not containing the origin will be shaded, and if the 
answer is yes, then the half-plane containing the origin 
will be shaded. 


Exercise 6.8 
1. Minimum value 3 at (1, 1) 
3. Minimum value 2 at G, a) 
5. Minimum value 6 at (2, 2) 
7. Maximum value 10 at (2, 4) 
9. 80 cars and 20 trucks 

11. 50 tablets in each bottle 


13: 
15. 
17. 


19, 
21. 


23. 


3 oz of X and 2 oz of Y 

100 batches from I and 10 batches from II 

500 boxes of oranges, 100 boxes of grapefruit, and 
200 boxes of tangerines 

2 shrubs and 3 trees 

a. 6 oz of each juice 

b. 42 cents 

c. 30 units A, 30 units C, 12 units D 

The wording will vary. 


25. 


c. The least amount that Gary can bet for a net gain of 
$100 is $1500 on the champion to win and $800 on 
the challenger to win, for a total of $2300. 





CHAPTER 7 
Exercise 7.1 
1, as P Q 
—o— 

b le Q 
<$———_e 0 

c. P Q 
o———__——« 

oe — ——_ -—_—> 
3. The segment BC 5. The ray AD (or AC or AB) 
7. The segment AD 9. The segment AD 

11. © __13. The point C 

15. a. ‘AB, AC, AD, BC, BD, CD. 

b. AB and CD; ‘AC and BD: ‘AD and BC 

c. No 

he /elintie 19. True 21. True 

23. False 25. False 

27. a. ZBAC (or ZCAB) b. Z8 (or ZFAE) 

29. ZBAC, ZCAD, ZDAE, ZEAF 

31. ZBAE, CAE, CAF 

33. a. ZDAE b. ZCAD 

35. a. ZDAF b. ZBAE 

S756 Ore lb 41. ZB 

43. 110° 45. 20° 47. 220° 

49. a. 150° b. 30° Crli502 

31. ACV ZEZATZG 

53. a. 49° b. 139° 55. x = 16 

57. x = 15; 35° and 145° 59. x = 10; 30° and 60° 

61. a. 30° b. 180° 

63. 90° 655925 

67. a. mZA + mZ.B = 180° 
Angles A and B form a straight angle. 

b. mZC + mZB = 180° 
Angles C and B form a straight angle. 

c mZA+mZB=mZC+mZB 

Both sides equal 180° (substitution). 

d. mZA =mZC 
Subtract mZB from both sides. 

69. Point, line, and plane 

71. The ray may have only its endpoint in common with 

the plane, it may have only some other single point in 

common with the plane, or it may lie entirely in the 
plane. 

73. a. One of the usual meanings of acute is “sharp” or 
“intense.” Thus an acute pain means a “sharp or 
intense pain.” 

b. One of the ordinary meanings of obtuse is “dull.” 
Thus, obtuse intelligence means “dull intelligence” 
or “stupidity.” 

75. The error is 0,2°. 


77. N 50° W 
79. 360 — 40 = 320, so the navigator’s bearing would 


be 320°. 


Exercise 7.2 
iemase A B 


9 


> 


Ry 
Q 


D 


C, D,1, J, L, M, N, O, P,S,U, VW, Z 
. B,D,O 


° ° 


a 2} 


5. a. D,O b. A, E, F, H, K, Q, R, T, X, Y 
7. Convex 9. Parallelogram 
11. Rectangle 13. Trapezoid 
15. Parallelogram 17. Scalene, right 
19. Scalene, acute 21. Isosceles, acute 
23. Scalene, obtuse 25. (a) and (c) 
27. 5 = 53, y = 6 29. 14 
31h 33. 53 and 35 cm 
35. 8, 12, and 16 in. 37. 183 ft 
39. The two triangles are similar because the correspond- 
ing angles are equal. The tree is 25 ft. tall. 
41. 600m 
43. a. mZA = mZB = 50°, mZC = 80° 
b. mZA = mZB = 40°, mZC = 100° 
45. 30° 47. 2160° 
49. 108° Si ooe 53. 144° 
55. a. (EUYUS)=TCP 


ce 
62) 


O_O 


I 
iP Rh 
R 
Q 






61. 


63. 
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poe 


NN 


c. Impossible 


Exercise 7.3 
1. 65cm 3. 12.6 yd 
5. 184.6m the Sian 
9. 30cm 11. 10 ft 
13. 90 ft 15. 716 by 518 ft 
17. 77 ~ 22.0m 19. 207 = 62.8 ft 
21. 37 = 9.42 cm 23. 97 ~ 28.3 yd 
25. 617 = 192 cm 27. 167 ~ 50.2 cm 
29. 87 = 25.1 ft 31. d= 15cm,r=7.5 cm 
33. 7/7 = 2.23 cm 35. ane =~ 1.31 in. 
37. About 15,500,000 (rounded from 15,520,000) 
39. 16m ~ 50.2 yd 41. A bicycle tire 
43. The worn tire has a smaller circumference, so will turn 
more times per mile. 
45. 3 in. 47. 3 in. 
Exercise 7.4 
1 A1Sin? 3. 1S.eme 
5. 24 ft? 7.504 
9. 800 + 507 ~ 957 cm? = 11. 64 + 3277 ~ 164 cm? 


1 
17. 
23. 


25. 
29. 
33. 
37. 


18 — 3a ~ 3.87 cm? 15. 2a ~ 19.6 ft? 

8 ft 19. 15 in. 21. $600 

The side opposite the base is 12 ft long and the other 
two sides are each 10 ft long. 


6400 yd? 27. 18 ft wide 
96 ft wide 31. 167 cm? 
12 in. wide and 18 in. long 35. 33 by 43 ft 


Let ABC be an equilateral triangle of side s as in the 
following figure. Drop a perpendicular from C to the 
base AB, meeting AB at point D. Triangles ADC and 
BDC are right triangles. Let the length of CD be h. 
Then, 


2 
Dem le Ss1\p tected 
h +(§) Ss 
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which gives 13. a. V = 264x3 bes = 240 
352 sV3 15. 50 in? 17. 32 in? 19. 1.5 liters 
h? = A and! Sehiess5 21. a. V = 225m ~ 707 in? 
S = 1402 ~ 440 in.? 
The area of the triangle is b. 1 = 2 ay ~ 236 in? 
CBN SOs = (25 + 5V/106)a ~ 240 in.? 
A= Sph= 34 5 *) = Z 23. Lae ae 
S =42m = 132 ft? 


C b. V=129 = 37.7 ft 
S = a = 75.4 ft? 
25. 2887 ~ 904 in.? 
27. 2,536,4567 ~ 7,960,000 ft? 


; , 29. 10247 ~ 3220 m3 
31. r = 3.81 cm, hk = 10.16 cm, V ~ 147.57 ~ 463 cm? 
A B The can holds about 463 g. 
s/2 D s/2 


81 : 
33. a.) Baseball’ S-= = 2.8 in.” 
39. a. Its area is multiplied by 4. 











b. Its area is multiplied by 9. V 243 =~ 12.3 in3 
c. Its area is multiplied by k?. on Qn? 
41. The area of the circle is larger by about 6.8 cm?. 729 
43. The hypotenuse of the cut-out triangle is the side x of Soccer ball: S, = —- ~ 232 in.” 
the octagon. Thus, x = sV2. One side of the original 
square consists of one side of the octagon plus two _ O5olF ees 
sides of cut-out triangles, so that 2s + 52 = a and Vee iowa ad 
a = a(2 = V2) By Des V2 900 
W2rtiv/2. bs (Eb W2)Oi~ AD) Bee Bae Basketball: S, = =- ~ 287 in.? 
45. a. in.? and cm? b. mi? and km? 4500 
c.—d. yd? and m? Vis. ee 456 in. 
47. a. 23 gal b. $42 
49. a. 15 bags b. $60 S; 9 ear} 
51. a. 2.49¢/in2 rb. 2.36 ¢/in.? PE Bales sae Vs WET 
c. The 10-in. pie 6561 
53. The area of the rectangle taken away is Wx and the 35. a. Dare ~ 333 in? b. About 15.66 Ib 
area of the rectangle added on is hy. Since hy = Wx, 37, a. 1428in2 b. 730 in c. 32,000 bags 
the area of the new rectangle is equal to the area of 41. 1.75 = 175% 
the original one. 45. No. This is true only if the length of the radius is more 
; than 3 units. 
Exercise 7.5 47. Since the sum of the face angles at a vertex must be 
1. a. A,B,C,D,E ee nee less than 360°, three, four, or five equilateral triangles, 
b. AB. AC. AD, AE, BC. BE CD CEADE, three squares, or three pentagons can be put together at 
3. ABCD any vertex. There are no other possibilities, so only the 


5. ie ie five regular polyhedrons listed are possible. 


F+V=14=E+2 


F+V=11=E+2 


F+V=17=E+2 

F+V=11=E+2 

9. a. The volume is multiplied by 8. . F+V=12=E+2 
b. The volume is multiplied by 27. 

11. a. 1600 in b. 880 in.? Thus, Euler’s formula is F + V = E + 2. 





Exercise 7.6 
ans b. 0 
c. Traversable; all three vertices are possible starting 
points. 
3... 3 (BD and £) 
b. 2 (A and C) 
c. Traversable; start at either A or C. 
5. a. 1 (A only) 
b. 4(B, C, D, E) 
c. Not traversable; it has more than two odd vertices. 
Uae (AGED) EG) 
b. 2 (B, F) 
c. Traversable; start at B or F. 
9. a. 1, the vertex of the pyramid 
b. 4, the vertices of the base 
c. Not traversable; it has more than two odd vertices. 
11. Think of each region as a vertex and the individual line 


13. 


15% 


segments in its boundary as the number of paths to the 
vertex. The boundary of region A has four segments, so 
the corresponding vertex would be even. The boundary 
of region B has five segments, so the corresponding 
vertex would be odd. The boundary of region C has 
four segments, so the corresponding vertex would be 
even. The boundary of region D has five segments, so 
the corresponding vertex would be odd. The boundary 
of region E has ten segments, so the corresponding 
vertex would be even. Thus, the network would have 
two odd vertices (B and D). By starting in region B or 
D, it is possible to draw a simple connected broken line 
that crosses each line segment exactly once. 

Region A has three doorways, so the corresponding 
vertex would be odd. Regions B, C, D and the outside 
each has two doorways, so the corresponding vertices 
would be even. Region F has three doorways, so the 
corresponding vertex would be odd. There are two odd 
vertices, A and F. By starting in either of these rooms 
and ending in the other, it is possible for a walk to pass 
through each doorway exactly once. It is not possible 
to start and end outside. 

A and D have three doorways and the other rooms and 
the outside each have an even number of doorways. 
Thus, the corresponding network has two odd vertices. 
By starting in either A or D and ending in the other, it 


Exercise 7.7 


0.2 0.862 
0.56 0.416 


0.874 
0.385 


0.835 
0.482 


There are four attractors: 0.383, 0.501, 0.827 and 0.875. 


17. 


19. 


21. 


23. 


25. 


27. 
29. 
31. 
BRE 


35. 


Sie 


O93 


41. 
43. 
45. 
47. 


A45 
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is possible for a walk to pass through each doorway 
exactly once. It is not possible to start and end outside. 
All the rooms and the outside have an even number of 
doorways, so the corresponding network has no odd 
vertices. The walk can start in any room or outside and 
end in the same place and pass through each doorway 
exactly once. 

Rooms B and D have three doorways, so the 
corresponding network has two odd vertices. The waik 
can start in either B or D and end in the other one, 
passing through each doorway exactly once. It is not 
possible to start and end outside. 

Room A and the outside D each have three doorways. 
Thus, the corresponding network has two odd vertices. 
By starting in A and ending in D (or vice versa), a walk 
can pass through each doorway exactly once. It is not 
possible to start and end in D. (See the traversability 
rules.) 

Given a line and any point not on that line, there is one 
and only one line through that point that is parallel to 
the given line. 

Given a line and any point not on that line, there is no 
line through that point that is parallel to the given line. 
In hyperbolic geometry 

The surface of a rectangular box 

The surface of a sphere 

(a), (c), and (f) are topologically equivalent, and (b), 
(d), and (e) are topologically equivalent. 

(a), (c), and (f) are of genus 1. (b), (d), and (e) are of 
genus 2. 

Topo is correct. If you cut through a loop of the left- 
hand figure, you can unwind it into a single strip as 
you can with the circular cord. 

Since each arc has two endpoints, the total number of 
endpoints must be even. An odd vertex accounts for an 
odd number of endpoints, whereas an even vertex 
accounts for an even number of endpoints. Thus, there 
must be an even number of odd vertices. 

Vertices 3; Regions 2; Arcs 3 

Vertices 5; Regions 2; Arcs 5 

Vertices 2; Regions 3; Arcs 3 

Vertices 6; Regions 3; Arcs 7 

Numbers 41 —48 all fit Euler’s formula, V + R= A + 2. 
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a 0.4 0.605 0.609 0.613 
0.72 0.717 0.714 0.712 


0.624 0.625 0.626 0.628 
0.704 0.703 0.702 0.701 








There are two attractors: 0.631 and 0.699. CoO) 
5. Take s as the length of one side of the original triangle. E I I—6 
a. 4s b. 2s ee 1 
7. On completing the second stage, the fractal appears Oran (eta 7 b. [ —5 go ad 
like this. | SiO mms 6 9 1 | 
Say /Mataal: Sinden 
11 ale aa ll 0 Ds) ||ail 1 4 
; 4 —-14 5 1 3 
Omer? 3 Sue ee 
1S eo 0 3 1S S| eat Ome! 
10 2 4S : 
ea Ws ae Sake 
9. ox in? 17. [-19 -3 -2 19. [-15 -9 2 
11. On completing the second stage, the fractal appears 4 eld Di SAO 
like this. oa 3 6 2 1) pore 
2Nalr=7 23. BA= f 
25. BA =I 27. BA=I1 
29. No. The matrices could not be conformable for both 
orders of multiplication. 
31. a. A2=A b. A27=A 
33% a: EP SMO: 
13, 22 Armchairs a 15 t 
15. The remaining area approaches zero. SOCKS tae Se 
V3 b. ae Viiemanre 
LT Armchairs hs 90 ed 
; : ; gan Rockers 72 48 30 
19. The perimeter increases without limit. 35. BEML 
Armchairs Wis 15 a 
CHAPTER 8 Rockers 9) 12 28" 0 
Sie 
Exercise 8.1 
eas i, ‘| b. 6 ou July Aug. Sept. Oct. Nov. 
0 —4 3 
c. 5 i Bolts 650 1300 2100 2600 
ar Clamps 400 800 1400 1600 
3. a. i y b. LE " Screws 1200 2400 4100 4800 
SO Lee) 
Ag a ae a oe 
ee. ee 39. a. C- 1.0 eine 
emaem nO) 3 b. 7 te 1 
; See al ao 1 ees : 
b. It means that Tom can communicate with himself 
4 3 0 4 1 2 


by 2 two-step communications. 


c. Two. The | in the second row, third column means 
that Dick can communicate with Harry by a two- 
step communication. The | in the third row, second 
column means that Harry can communicate with 
Dick by a two-step communication. 

41. If we do a row-column multiplication the result is the 


matrix 
—2 2 "| 
0 4 4 
As the figure shows, the multiplication rotated the 


triangle about the y axis and doubled the length of 
each side. 





43. Reflects (a, b) across the y axis to (—a, b) 
45. Rotates (a, b) 180° around the origin to (—a, —b) 


47. 





SmArAIAN Bh wWN 


—_ 
So 
Nn ORK DH CW 


1 
2 
3 
4 
5 
6 
a 1 
8 
9 
10 
11 


= 
we = 
= 
wv 
= 
NO 


—_ 
Co CO eS CO) = SO WM ~] 


— — 
iC 
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49. Yes. The sum of two 2 X 2 matrices is a2 X 2 matrix. 
51. Yes. The 2 X 2 zero matrix 
53. Yes 


55. Suppose A has an inverse, say B = a | Then, 
he WY. 


MWe a 
AB = = 
0 OjLz w 
Since there are no values of x, y, z, and w to make this 
last matrix the identity matrix, A has no inverse. 





Eee eel 
0 0 


Skill Checker 
el) 3 (22) 
Exercise 8.2 
1. x=1,y=2,z=0 3.x=-ly=-1,z=3 
5. x= —-2,y=—-1,z=3 7. No solution 
9. x=1-—k, y=2,z=k, where kis any real number 
13. 8 type I, 10 type I, 12 type III 
15. 50% type I, 25% type Il, 25% type I 
17. a. Singular b.-c. Nonsingular 
19. x=a,y=b,andz=c 
21. The solution is x = a, y = b, and z is any real number. 
23.0 |e OR ON ka 


il Oe c#0 
OQ © Ole 
iL @ @ | @ OF OM ON Ra 
ONO Oe b #0, io OM On ee a#0 
‘Or @) Ih |ige Oe W the 
Exercise 8.3 
I. 4 Salil 5.3 TF, 
9. 5 11. 9 13. | 1552 
eel 19. 10 Aes 23.012: 
25.0 27.4 


pant — 
Ne NW HKUNADANAN OO CO KH 
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31. 
J: 
39. 
43. 
47. 
51. 
55. 
59: 
61. 
63. 
65. 
67. 
69. 
71. 
73. 
WSs 
TT 
De 
81. 
83. 
85. 
87. 
oT 
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3 33a 

4 Sms 

No solution 41. False 
False 45. False 

2 (mod 5) 49. 4 (mod 5) 
3 (mod 5) 53. 1 (mod 5) 
3 (mod 5) 57. 3 (mod 5) 
0 

0 

1 

2 

2 

2 

a 

2 

Yes 

Yes, 1 

Ox 

No; yes 

It is in the 20s or 30s, and so on. 

1948, 1960, 1972, 1984, 1996, 2008, ... 
24, it avoids confusion between A.M. and P.M. 
5 9352 95. 1 





99. 


Yes 


Exercise 8.4 


ara b. c Cap 

3. aa b. a c. Yes 

Sa C DG ic ayes 

7. Yes. Ifx& Sandy ES, thenx @y ES. 

9. a. Yes. If a and D are natural numbers, then a F b = a, 


11. 


which is a natural number. 

b. Yes.aF(b Fc) =aFb=aand(aFb)Fc= 
aFc=a. Thus,aF(bFc) =(aFb)Fc. 

ce. No. Ifa #b, thenaFb=aandbFa= b, so 
aFb#bFa. 

a. No, for example, 3 + 5 = 8, which is not an odd 
number 

b. Yes. The product of two odd numbers is an odd 
number. 

c. Yes. The sum of two even numbers is an even 
number. 

d. Yes. The product of two even numbers is an even 
number. 





15. 
Ae 


19. 


21. 


23. 
25. 


27. 
29. 
Sk 


33: 
37. 
39. 
41. 
43. 
45. 
47. 
49. 
51. 
53. 
S55 
Sie 
59. 


61. 


© 
© {a} 
{b} {b} 
{b} {a, b} 
a. © b. © c. Yes 
Yes. All elements in the table are elements of S. 





b. 1 

a. No inverse 

c. No inverse 

Nessa 

a. The identity element is A, because for every B that 
isasubsetofA,ANB=BOA=B. 

b. No, there is no other identity element. 

Yes. The identity element is 0. 

a. 3 b. 4 

The distributive property holds. If a, b, and ¢ are real 

numbers, then a F (b Lc) = aand (aFb) L(aFc) = 

aLa=a. 

Yes Abb WEES 

Yes (actually, a commutative group) 

No; no multiplicative inverses 

No; no identity element 

No; no multiplicative inverses 

No; no multiplicative inverses 

Yes 

No; no multiplicative inverse for 0 

No; no identity element 

No (no multiplicative inverses) 

No (no multiplicative inverses) 

Check to see that a @ b is always an element of S. 

Check the table to see whether there is an element e in S 

such that the column under e¢ is identical to the column at 

the far left and the row opposite e is identical to the top 

row. If there is, then e is the identity element. If there is 

no such element, then there is no identity element. 

You have to check that x * (y * z) = (x * y) * z for all 

possible values of x, y, and z from the set {a, b, c}. If 

you had to check all possible cases, there would be 27 

of these because each of the 3 places has 3 possible 

values. However, since the operation has the 

commutative property, the number of cases to be 

checked is greatly reduced. Think about it. 


b. No inverse 
d. 4 


63. 6 X 9999 = 6(10,000 — 1) = 600,000 — 6 = 59,994 
65. 7 X 59 = 7(60 — 1) = 420 —7 = 413 

67. 4 X 9995 = 4(10,000 — 5) = 40,000 — 20 = 39,980 
69. The following steps show why the puzzle works. 


Think of a number. BY 
Add 3 to it. CaS 
Triple the result. SX eiae 
Subtract 9. 3x 
Divide by the number x 

with which you started. 3 


Exercise 8.5 


1. Strictly determined. Optimal pure strategy: Row player 
should play row 1, column player should play column 1. 
Value = 4. 

3. Not strictly determined. 

5. Strictly determined. Optimal pure strategy: Row player 
should play row 1, column player should play column 3. 
Value = 4. 

7. Strictly determined. Optimal pure strategy: Row player 
should play row 3, column player should play column 1 
or column 3. Value = 4. 

9. a. No saddle point. 

b. Row player should play row 1 five-sixths of the 
time and row 2 one-sixth of the time. 

11. a. No saddle point.. 

b. Row player should play row | one-sixth of the time 
and row 2 five-sixths of the time. 

13. Optimal row strategy: Play row | one-fourth of the 
time, row 2 three-fourths of the time, and do not play 
row 3. Value = 3. 

15. Study 2 hr half the time, and 4 hr half the time. 

17. Ann’s optimal strategy: Buy no bonds, buy stocks with 
five-sevenths and money market funds with two- 
sevenths of her investment. Her expected return will be 


113%. 
19. Station R should price its gasoline at $1 four-fifths of 
the time. 
2i5 a. Younger Older 
Performance 710% 20% | 
Safety L 40% 80% 
b. § performance, 3 safety 
23; Freeze 
Yes No 
Water Yes 6000 a 
No —4000 4000 


Optimal strategy: water 3 of the time; don’t water 5 of 
the time. Expected value = $4" ~ $1556. 

25. If row i dominates row j, this means that in the long run 
playing row i is more profitable than playing row j. Thus, 
row j can be eliminated from the row player’s options. 

27. Row 1 

29. Send poems > of the time and candy 2 of the time. Do 
not send flowers. 
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CHAPTER 9 


Exercise 9.1 
1. 8 different outfits Suits Shirts 


3. 8 different outcomes People Jeans 


Say b. 126 C3925 
Teme te: b. 144 


950 1a S76 

13. 378 15. 16 

eno) 19. 900,000,000 
21. 59,280 


23. a. 10 b. 2 c. 4 d. 80 

Payee We, b. 152 

27. 720 29. 480 

31. (a, @), (a, &), (a, %), (b, @), (b, &), (b, %), (c, @), 
(c, &), (c, %), (@, a), (&, a), (%, a), (@, b), (&, b), 
(%, b), (@, c), (&, ¢), (%, ©) 


33. 2X2=4 35. 3X2=6 
37. le 
P H 
D S M 
N L 
A 
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s el 
aioe 
ee 


. If a single event can occur in m ways or in n ways, then 


the total number of ways in which the event can occur 
is m + n (assuming no duplications). 


m4 
. There are not enough different sets of initials for 27,000 


people, so at least two people must have the same set 
of initials. 


. 144 
. It will point to 3 if no slippage occurs. 


Exercise 9.2 


47. 


. 24 Sem) 

. 120 7. 40,320 
- 362,880 11. 990 

. 126 15. 90 
aL 19. 20,160 
71 120 23. 5040 
eG 27. 650 

- 60 Sino, 

aod Jove 

El 39. 60 

. a. 10° = 1,000,000 b. P(10, 6) = 151,200 


¢. 151,200 are not enough for a 600,000 population 


- 2+ P(25, 3) = 27,600 
- n! =n X (n— 1)! forn > 1. This formula holds for 


n = | only if 0! is defined to be 1. 


The formula P(n, r) = ; holds for r = n, only 


(1 — r) 
if 0! is defined to be 1. 

The number of elements in the union of two sets is the 
sum of the number of elements in each of the sets dimin- 
ished by the number of elements common to the two sets. 


49. 120 
51. 3, including a possible tie for fourth place 
aad (2 = Ip 55. 4 
Exercise 9.3 

1. CG, 2) = 10, PG, 2) = 20 

3. C3) 935; FUine) = 210 

5. C(9, 6) = 84, P(9, 6) = 60,480 

7. C(5,4) =5 9. C0, 2) = 45 
11. C(8, 2) = 28 
13. C(12, 8) = 495 
15. a. 120 b. 56 Gat d. 1 
17. C(5, 4) = 5 


19. 
21. 
25. 
29. 
33. 
55s 


Sh 


59: 


41. 


43. 


47. 
49. 


a. C(5, 3) = 10 b. 26 

C(24, 3) = 2024 23. C(10, 3) = 120 

C(52, 5) = 2,598,960 27. C(100, 5) = 75,287,520 
15 S1e63 

C(8, 4) = 70 

Answers will vary; the important difference is that 
permutations take account of order and combinations 
do not. 

The order of the numbers is important, so a 


permutation is being used. 


nN 6si6.215~ 20-1561 
ea lew) ie 35s Le 
a. (a + b)* =a‘ + 4a3b + 6a2b2 + 4ab3 + bt 


b. (a+ bP = a + Satb + 10a3b? + 10a2b3 + 
5ab* + b° 


C(5, 0) = 1 45. C(5, 3) = 10 
C(5,5) = 1 
The left side is the sum of the number of ways in 


which there could be 0 heads and 7 tails, 1 head and 
n — | tails, 2 heads and n — 2 tails, and so on, ton 
heads and 0 tails. The right side is exactly the number 
of ways in which n coins can fall either heads or tails. 
Thus, the two sides are equal. 


Exercise 9.4 


if 


~ 


te 


13. 
17. 
19. 
21. 


23. 


a. P(52, 3) = 132,600 
b. C(52, 3) = 22,100 


- a. 50 X 50 X 50 = 125,000 


b. C(50, 3) = 19,600 


- C(5, 3) = 10 
- a. C(7, 3) = 35 b. P(7, 4) = 840 
- a. P(10, 2)P(14, 2) = 16,380 


b. P(10, 2)P(12, 2) = 11,880 

a. C(7, 3)C(8, 1) = 280 

b. CS, 3)C(, 1) = 20 

$31,600 15. 22,680 
C7, 2), 3)C@, 2) = 210 

Cia, 5) 2 21 forn =7 

C(452)PC} 2)G@AM) = 72 


ms H $1100 T 
M ae 
L $1060 
H $1100 T 
C =e 
L $1050 
H $1040 
oa 
L $1030 J 


b. $1100, mutual fund (/), high (H) or management 
company (C), high (H) 
c. $1030, CD, low (L) 


25. a. H $2000 ¥ 
-EH M $1000 
a be S700 
H $750 
LO<————M $500 
L $300 V 


b. $2000, market size extremely high (EH), sales high 
(H) 
c. $300, market size low (LO), sales low (L) 
27. Answers will vary. 29. 15 
31. (a+ IO + 1)(e+ Id t+ 1) 


CHAPTER 10 
Exercise 10.1 
13 3.5 eer Te 
9. 0 Nea 13.4 15sec 
Mie acs b. 5 Cis 
19:7 4,3 De 
Ziv, a 
25, a. o De 
O7 tan b..35 
29a. be. 5 
O12; 33. § 35. 3 
37. a. Urban Job and 34 hr 
b. Trail crew and 1 
39. a. Select a medium market (M) and sell (Se) (see 
diagram). 
b. Select a large market (L) and launch (La) or select a 


small market (S) and launch (La) (see diagram). 


0.20 La 0.05 
0.30 
L Li. 0.075 
0.25 deat Se 0.125 
On La 0.10 
0.30 
ge M Li 0.15 
oY Se 0.25 
0.25 
0.20 La0.05 
0.30 
s Li 0.075 
0.50 Se 0.125 
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41. The probability formula does not apply if the events 
are not all equally likely to occur. If a die is weighted 
so that a 6 is twice as likely to come up as any other 
number, then to calculate the probability that an even 
number comes up, it would be wrong to use the fact 
that 3 of the 6 faces are even so the probability is 5. 
Instead, the 6 face must be given a weight of 2 and the 
other faces weights of 1. Then the weight of the even 
faces is 1 + 1 + 2 = 4 and the weight of all the faces 
is 7. Thus, the probability that an even number comes 
up is 5. 

43. #53, or about 0.986 45. 33, or about 0.996 


Exercise 10.2 





1.4 3. | 5, O0pE.D — 4 
Ts ase bse 

oot; b. 4 

VW. 755% = DI 13. 323i = 


15 PO6;2) ya 255 
le" P(2,2) +102 





17. a. 15 b 24 =u c. 5 

19. 0.0396 21. 0.005 

23a ee Pee 

25.5 27. cers = ca70 ~ 0.0000015 


29, BA = ae ~ 0.00024 


31. 4 x Leas, 5) — 10) = 1g 40 = et, ~ 0.0020 
33. 0.2 


35. Dome structure, dry 








37. Fe 
Y 160 
WwW 
N 
17 


Fat 66 
B 
N 


141 + 149. 290 _ 145 
306) | 3264-163 
41. No. The coin is probably weighted to come up heads. 
Bet on heads. 
43. No. The coin is probably weighted to come up heads. 
Bet on heads. 
C(40,000, 150)C(36,000, 150) 
C(76,000, 300) 
C(16, €)C(14, 6) 
C(30, 12) 


39. 





45. 


47. 


Exercise 10.3 


1. 0; property (1) 
3 


; property (2) 


ce 


po 


1 
Si 1 
95 Wt oy 


a 
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13. 4 15. 3 
17-202 19. 0.45 
ae 230. 
25 a1 Ze 
29, 4 31. 17 
33. Ifthe probability of an event is 0, then the event cannot 
occur. 
35. If P(A M B) = 0, that is, A and B have no common 
elements, then P(A U B) = P(A) + P(B). 
37. About 0.83 39. Answers will vary. 
41. 5 43.5 
45, } 47. + 
Exercise 10.4 
1. 0 
358s b. 0 cal d. 0 
a Tes 
9. a. 5 b. 5 
1. a. 3 b. 80 ye 
13. 4 15.2 
17. sL 2 
19. a. % Haga 
21. § 
23. a. Z b. > 
25. 10 ~ 0.119 27. No. (Only 0.017) 
29. a = 0.175 31. 5% ~ 0.058 
a5 ed will vary. 
35. a. & b. c. Male 
Slee 
Exercise 10.5 
1. Yes 
Bane b. # c. x 
5. 8.5 b. 3 e. 3 
7. a. } b. 4 c % d. 2 
9. a, 3 b. 3 c. 2 
d. They are independent. 
ll. a. 4 b. 5 
13. a. } b. 5 c. 4 
15. Hea 17. About 0.59 
19. a. 3009 b. a0 
21. 0.189 23.5 
25. 3 (Hint: Draw a tree and use the final probabilities as 


27. 


weights for the two possibilities.) 

a. The probability of one of the events does not 
depend on the probability of the other event, or the 
occurrence of one of the events does not affect the 
occurrence of the other event. 

b. Find the product P(A)P(B). 


29. 
31. 


C(S0, 25) 
250 


1 = [c, H(4)° + C6, WG)G) + 
C6, 2) G)"G)'] = $$ 


33. C(5, 2)(¢)° (@)° = $8 

35. 5 37. 0.02 39. 0.000008 

Exercise 10.6 

Lantos Seton 
Salat Fas to2t 
Os Iho Al 11. 10 to3 

13. 4; 1 to 49 1S 

17. asa; 03 10.9987 19. 1 to 1 

Dig 23. § 

25. 33 to 67 2h 255 

29 S215 

31. No. The probability of getting a sum of 7 is only é. 

33. Build at the first location and make $50,000. 

35. a. —$4000 b. $10,000 
c. Discontinue the campaign. 

37. a. $200 b. $450 155 

39. The mathematical expectation is that you lose $0.58 
per $2 bet. 

41. a. 0.80 b. 0.20 

43. Odds against you are 9 to 1, so put up $1 for each $9. 
Thus, you should bet (!)($10), or about $1.11, to make 
the bet fair. 

45. If the ball stops on red or black, you break even. If 
the ball stops on 0 or 00 and then on red or black, 
you lose 50¢. Thus, Ae expected value is 

—(50)(35)(3§) = aor ~ —2.5¢. 

CHAPTER 11 


Exercise 11.1 


1. 


Ap 


a 


b 
. a. No 
b 


Descriptive statistics is the science of collecting, 
organizing, and summarizing data. 
A sample usually consists of just a part of the 
population. 
a. All households in the United States 

- The 1006 households surveyed 


. The sample includes only those viewers who are 
willing to pay for the call. 


. a. Make a card for each student, number the cards, and 


mix them up. Then draw ten cards at random and 
select the corresponding students. 

b. Make a card for each student, number the cards, and 
do any of the following: 
1. Pick only even-numbered cards. 
2. Pick only odd-numbered cards, 
3. Don’t mix the cards and pick the first ten. 


11. 


15. 


a. 


Number 


of Hours 


— 
= © 6 oo Soy Ce Or SSS 


fa 
Nw 


Number of patients 


. 36% 


Age 


Tally Marks 








a3 7.0 


10.5 


Frequency 


BRE ONONKPANNNWWNY WWD 


e. 36.7% 


14 ES) 


Waiting time (min) 


c. 52% 


Tally Marks 


Frequency 














21.0 


1h 


—_ 
— 


Cc. 


a. 


b. 


Cc. 
e. 


Number of elements 
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A 
ase 
g 
E34 
z 
Gey 
° 
5 2 
oO 
al 
5 
214 
6 7 8 9 10 
Age at first publication 
20% 
Price Tally Marks Frequency 


O =P = 10 
LOS P=20. 
20: P-=30 


30 < P=40 
40<P=50 
50<P=60 
60 < P=70 





There is no most frequent price interval. Five sold 
between $10 and $20, and five sold between $20 
and $30. 

9 d. 12 

20% f. 28% 


ics | ioe 8 Le 
$$$ +} +} +> 








[ 2 4) Syr6 CoeeNO” | 
Number of isotopes 
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b. 
21. a. | Letter Frequency Letter Frequency 


Frequency 





| Sy 
600— 2,400— 4,200-— 6,000- 
2,400 4,200 6,000 7,800 
Minimum weekly salary ($) 


29. a. | Salary (x 1000) Tally Marks Frequency 


Faas a CMa OMECUEEG@. Cy: 65 
NGS Pt St <0 S ESeS Oatc OS 





by b. e ©. 39.1% ee NENUNU 
t $34-48 | 
$48-62 
|, $62-76 


$76-90 





Frequency 
oo 
= 








Frequency 


0 1 Z 5 4 
Number of heads 


4 

25. a. | Concentration Tally Marks Frequency 
0 SS) Dis 
20-34 34-48 48-62 62-76 76-90 


0.00—0.04 1947 Salaries (in thousands of dollars) 


0.05—0.09 
0.10-0.14 
0.15-0.19 31. a. $74 


0.20-0.24 






b. 20% 


b. Price Tally Marks Frequency 
27. a. | Weekly Salary Tally Marks Frequency 


$180-254 
$ 600-2400 UMM 


$254—328 
$2400-4200 $328—402 


$4200-6000 | 
$6000-7800 | 


$402-476 
$476-550 





oo 


Frequency 





180-254 254-328 328-402 402-476 476-550 
Cost of printer ($) 


33. a. 3 years 


35% 
37. 
39. 
41. 


43. 


b. Age Tally Marks 


Frequency 


109-112 
112-115 


115-118 
118-121 
121-124 





c. 
12 
o> 
eo. 
oO 
=< 
ao 
oO 
—) 
fy 
4 
: 109-112 112-115 115-118 118-121 121-124 
Age 
Tract 1405 
Tract 1305 


No. Not selected at random 

No. Not all members of the population had the same 
chance of being chosen. 

The upper and lower class limits, respectively, are the 
least and the greatest values in that class. Each class 
boundary is the midpoint between the upper limit of 
the respective class and the lower limit of the next 


class. 
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45. | Digit Frequency 


47. 
49. 





OmANI DMN WN HO 
AnWwowt PWN SE 


100,271 
In each case, most of the bar is omitted. 


Exercise 11.2 


1. 





a. Mean = 9; median = 9 

b. Mean = 24.2; median = 9 

c. Mean = 11; median = 9 

d. Mean = median for part (a) only. Median = 9 for 
all three. None has a mode. 


. Mean = 6.05, median = 6.5, and mode = 8. The mode 


is the least representative. 


. Betty is correct. She took account of the number of 


students making each score, and Agnes did not. 


; | Number of Letters Frequency | 


Gn oo ee OC 


2 
3 
4 
5 
6 
7 
8 
9 
10 
ll 


a. 3 and 5 b. 5 C3105 
d. No. There is too much repetition. 


9. b.-c. Answers will vary, but should be approx. 8. 
11. 60 
13. $84 per week 
15. a. 0.34 b. $20,000-$24,999 
c. $39,444 d. $20,000 
17. Statements (b) and (c) are both true. 
19. 70 21. 57722576225 
2320.6 25. 38%; 39% 
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ile 
31. 
S38) 
35. 
39. 


41. 
43. 
45. 
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8.5%; 8% 29. 4.75%; 5% 

13.425 million; 14.2 million 

9.5 million; 9.75 million 

19.53 million 37. 65.36 

The median of a set of scores is the middle number (if 
there is one) when the scores are arranged in order of 
magnitude. If there is no middle number, the median is 
the average of the two middle numbers. The median is 
not a good measure as it gives no indication of how the 
scores are spread. 


a. 2.4 b. 2 
The mean 
The mean of a secretary’s and a worker’s salaries 


Exercise 11.3 


1. 


—_ 


aS: 
17. 
19. 
21. 
27. 


29. 


ee cee 


a. 18 Dae 

a. 20 b. 7.91 

a. 4 b. 1.58 

a. 8 Daal 

a. 6 b. 2.16 

a. 8 b. 6.5 c. 6 

ib B73) e. 70% f. 100% 

a. 110 b. 110 c. 108 

a3y7/1 e. 102, 103, 113; 30% 

Range 15, mean 7, standard deviation /30 ~ 5.48 
Range 9, mean 7, standard deviation V10 ~ 3.16 
$80, $390, 0, $89, $77 

$167 23. $14 25. $6.30 

The numbers are all the same. If zero is the standard 
deviation, then (x — x)? = 0 for all x in the set. 

5 31. 8.66 


Exercise 11.4 


ie 
3; 
S: 
te 
1° 


13. 


15. 
17. 
19. 
21. 
23. 
25. 
27. 


29. 
31. 
3B 


a. 100 in. b. 10 in. ce. 68% d. 2700 
aS b. 25 c. 680 
A, 12 or 13; B, 68 or 67; C, 340; D, 68 or 67; E 12 or 13 


5 9. 19 ft 10.5 in. and 20 ft 1.5 in. 
The purchasing director will decide to buy. If the 
lifetimes are normally distributed, 25% will last 40 or 
more days. Thus, of the 8000, about 200 would last 

40 or more days. 

The student who scored 570 on the SAT has the higher 
score relative to the test. 


a. 0.8 b. 1.6 Ce 

The German test score 

a. 0.249 b. 0.477 

a. 0.998 b. 0.004 

0.228 

Taller than 69.4 inches or about 5 ft 95 in. 


| indicates that $4400 is one standard deviation above 
the mean, $4200. 

100 and 120 gal 

50% 33. 34% 

0.067, or 6.7% 


37. Yes. See Figure 11.14. Here both curves have the mean 
0. The standard deviation for A is } unit while that for 
Bis 1 unit. ie 

39. No. If curve A in Figure 11.14 is moved 2 units to the 
right, this would be an example. The standard deviation 
for A would be ; unit and that for B would be 1 unit, 
while the mean for A would be 2 and that for B would 


be 0. 
41. 80 
43. a. 20th b. 60th 
c. 90th d. Oth 
45. a. 75 b. 89 c. 49 


47. x = 6; s = 4.77. Three lie within 1 standard deviation 
from the mean, and all nine lie within 2 standard 
deviations from the mean. The theorem makes no 
prediction for | standard deviation; it predicts 75% 
for 2 standard deviations. 

49. No. It cannot exceed 25%. 


Exercise 11.5 







1. U.S. Per Capita 
Rice Consumption 

20 

a 15 

og 

Ss 

5 10 

a 
5 
0 

1970 1975 1980 1985 1990 
Year 
3. Married Couples 

90 T With children 

_ 40 

Ss 

8 30 

& 29 + Without children 
10 
0 


1960 1970 1980 1990 
Year 


Females Squeezing 
Toothpaste Tube 





21-34 


35-44 45-54 55+ 


Age 


11. 


Percent 


13. 




























Computers 
Petroleum, gas 
Transportation 
Public utilities 
Retail/wholesale 
{++} 
0 100 200 300 400 500 600 700 800 900 
Transfers 
a. 93 
100 
eras 
eee 80 74 
BS § 70 64 
a 2.8 60 
Oe 50 
2 ad 
2 $5 40 
5 a. 8 30 
5 20 
AY 10. 
0 
$20,000 $30,000 $40,000 
Salary at time of retirement 
b. $18,600 
a. 
Se Bought this year 
| Bought 2 years ago 
25 
20 
tS 
10 
5 
1 2 3 4 
Discount Sears Dept. stores Specialty 
stores stores 
Where 35 mm cameras were bought 
b. At specialty stores c. Department stores 
d. Specialty stores 


Meeting Hours Per Week 
<2 70 


> 29, 17% 5-9, 10% 





10-14, 

17% 

25-29, 
16% 


15-19, 
20-24, 16% 
22% 
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15. 


1—4 weeks, 






More than 4 
weeks, 5% 


+ Don't know, 
2% 


None, 9% 


6 days or 
less, 61% 


17. VCR Recording 


Independent 


networks. 19% Pay services, 10% 


Basic cable, 7% 








PBS, 4% 


Major 
networks, 66% 


19. a. Ages of 500 Eating 


Breakfast Out 


65+, 50 


18-24, 80 












50-64, 
90 


25-34, 
130 


35-49, 150 


b. 35-49 


21. Favorite Activites of 
500 People 


65 Had other 
activities 75 Read 

60 Had 

family 
fun 


50 
Watched 
movies 


250 
Watched 
TV 
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23. Retired Couple's Budget 


3% Income taxes 
22% Food 










7% Miscellaneous 


7% Other 
family costs 


6% Medical 
3% Personal_f———_9J 


care 
6% KX, 
Clothing 
11% 
Transportation 35% Housing 
25. a b. 





0 10 20 30 40 50 60 
Percent 


¢c. The circle graph. The area corresponding to brand 
1 overshadows all the rest of the chart. 
27. a. Yes. To give a correct visual impression, only the 
height should be doubled. If both the height and the 
radius are doubled, the volume is multiplied by 8. 


b. 
Previous year 
This year 
COR 05" 1:0) 15° 20 
Growth 
Zo: 
Golf (walking and 


carrying your clubs) 7 
Walking (4 mph) 4, 
Swimming (40 yd/min) 3|_—“‘CSC~*r 


Running (6 mph) 2| ———“sésSC 
Bicycling (15 mph) 1f —<—*~s~S~S~SsS 





> 
0 100 200 300 400 500 600 700 800 


Calories consumed per hour 





31. 







Aspirin a 
Cold and cough syrups| 


Aspirin substitutes 0) 


Nasal sprays, drops, 
and vaporizers 


Cough drops and sore 
throat remedies 


0 100 200 300 400 500 600 
Dollars spent (millions) 


33. a. $16,000,000 
b. In 1986 

35. a. Use a large scale on the vertical axis. 

b. Use a very small scale on the vertical axis. 

37. The area of the bar in a bar graph indicates the amount 
of the item that is graphed. For this reason the bars are 
usually shaded. In a histogram, the height of the bar 
corresponds to the frequency of the item in question 
and there is no space between the bars. 

39. The graph on top has a very much compressed vertical 
scale which diminishes the visual effect of each 
increase or decrease. 


Skill Checker 


3 
1. -S==15 3. y=—15¢43 


Exercise 11.6 


Men's 400-M Hurdle 


50.0 
49.5 
49.0 
48.5 
48.0 


Time (seconds) 


47.5 





47.0 
1960 1965 1970 1975 1980 1985 1990 
1988 prediction 47.3 sec (may vary) 
(Actual winning time: 47.19 sec) 








Women's High Jump 
g 
zs 
oO 
oi 
a 
Bee 
o 
jan, 
1960 1965 1970 1975 1980 1985 1990 
1988 prediction 80.0 in. (may vary) 
[Actual winning height: 80.0 in., by 
Louise Ritter (U.S.)] 
5. a 
35 
§ 30 
g, 25 
5 20 
Pals 
= 10 
2 5 
30 40 50 60 70 80 
Speed (mph) 
b. About 26 mi/gal (may vary) 
7. a 
20 
215 
3 
"= 10 
amy 
5 
0 
(palaee 9.4) 5. ON 7, 
Average absences 
per student 
b. About 18 
9. 720 11. 200 13. About 426 
15. a. About 13 b. About 9 c. About 9 
d. About 3 e. About 3 f. About 3 
17. 100; 160 
19. a. 
50 @ (75, 50) 
45 @ (80, 45) 
2 40 
S 35 @ (85, 35) 
a 30 @ (90, 30) 
ps; 
20 @ (95, 20) 
"75°80 °85 °90 °95 ’00 
Year 
b. 15% Colo 


24. y = —0.872x + 5.231 
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23. y = —1.057x + 12.186, where x is the number of the 
Olympics with 1960 as number 1, and y = t — 50 

25. y = —0.293x + 7.368, where x = year — 1965, and 

y=t-45 

27. Procedure (d) 

29. a. The women who shop in Rodeo Drive are not 
necessarily a good representation of the entire 
population of California. 

b. The same can be said of the male population of 
Berkeley. 

c. The same can be said of the people attending an 
Oakland baseball game. 

31. 24.7 

33. y = —0.3x + 24.7 

35. 20.6 


Exercise 11.7 

1. Positive 3. None 
5. Negative 7. Positive 
9. Positive correlation 





20 


= 
nn 





1,500 2,000 2,500 3,000 3,500 4,000 4,500 
Weight in pounds 


13. Positive correlation 





8 10 12 14 16 
Years in school 
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Negative correlation 


Percent antifreeze 
(by volume) 





10 20 30 40 50 
9 
z 
S. 
eo 
fy 
17. a. The seventh week b. The eleventh week 
c. After the second week d. No 
19. a. No 
b. Answers may vary. It is possible that the number of 
cars with air bags being sold is increasing at a rate 
that makes them representative of the entire 
population of cars. 
21. r= —0.89 23. r = 0.93 250i — 02) 
CHAPTER 12 
Exercise 12.1 
1. $240 3. $540 5. $200 
7. $62.50 9. $466.67 
11. a. $2.41 b. $42.61 
13. $1802.40 15. $4592.50 
17. a. $40 b. $160 c. $168 
LOT Asn 25 b. $375 
21. a. $0.71 b. $13.49 


23. 
27. 
Se 
33. 
SS: 
37. 
41. 
43. 


Calculator answers may vary; see solutions manual. 
$159.38; $59.38 25. $7154.60; $4574.60 
$26,195; $14,195 29. $25,364; $5364 
$3,880,690; $3,840,690 


a. $2854.30 b. $2898.30 

a. $3993 b. $993 

$15.30 39. $2081.62 
11% semiannually yields about $51.47 more. 


Simple interest means that the interest itself does not 
earn additional interest. Compound interest means that 
the interest earns interest at the same rate. For instance 
$100 at 10% simple interest would earn $20 in 2 years 
while $100 at 10% compounded annually would earn 
$21 in 2 years. 


? 


> 


45. 6.09% 47. 8.24% 

49. 9.31% 51. 19.56% 
Exercise 12.2 

1. $15,000 per year 3. $141.35 

5. $185.01 7. $557.48 

9. a. $1.28 b. $236.28 c. $11.81 
1a. S5e16 b. $409.16 c. $20.46 
iS ale b. $180.39 c. $10 
15. a. $0.84 b. $92.73 c. $10 
Lie a: $0.52 b. $122.81 c. $10 


19. 
23. 
PS 
27. 
29. 


$2.85 21.,.51,35 

a. $1998 _b. $261 

a. $450 ~— ib. «$136 

a. $60 b. $26 

This procedure gives the longest possible time between 


the purchase date and the date when payment must be 
made.to avoid a finance charge. 


31. 6.4% 33. 10% 
Exercise 12.3 
1. 14% 3. 16% 5. 17% 
7. 155% 9. 16% 
Laan? b. $98 
13. a. $8.40 b. $261.60 
15. a. $4.18 b. $45.82 
17. a. $24 b. 145% 
19. a. $134 b. 165% 
21. a. $4 b. $196 
23. a. $72 b. $66 
c. $9.23 d. $254.77 
25. a. $120 b. $51.11 
c. $4.21 d. $149.12 
27. a. $562 b. $554 
29. a. $22,344 b. $22,637 
c. $22,932 d. About $300 
31. $25,440 
33. 14.3% (0.3% more than answer to problem 1) 
35. 16.9% (0.9% more than answer to problem 3) 
37. 17.7% (0.7% more than answer to problem 5) 
39. 17.1% (1.6% more than answer to problem 7) 
41. 17.6% (1.6% more than answer to problem 9) 


Exercise 12.4 


1. a. Yes b. Yes c. Yes 
3. a. $61,600 b. $15,400 c. $9500 
5. $297.17 7. $440.05 9. $742.61 

11. a. $3000 b. $667.64 

13. a. $3250 b. $768.31 

15. a. $439 b. 360 c. $158,040 
d. $108,040  e. Less 

17. a. $11,185 b. $549 c. $563.04 

19. a. $25,630 b. $872.80 c. $885.92 

21. a. $10,467 b. $812.70 

23. Answers will vary. 

25. On a loan of $100,000 at 9% for 30 years, the total 
interest will be $189,800, which is more than the price 
of the house. On a $50,000 loan under the same terms, 
the total interest will be $94,900, which is more than 
the price of the house. 

APPENDIX 

Exercise A.1 

1. a. 1000 b. 0.001 
c. 100 d. 1000 


eo 


27. 
31. 
Jo: 
39: 
43. 
47. 
49. 
53. 


(c) 5. (a) 


. a. 8000 b. 400 
et! 1g. 

1: 
17. 
zie 
25 


ael575m b. 2625 m 
1000 liters 

10 liters 

a. 14,000 b. 4800 
c. 0.0028 d. 3900 
1000 g 

1S 

30) 

14 
105.8°F 
aoe 
—108.4°F 


b. 100°C 


29. 
335 
Silo 
41. 
45. 


51. 


- (a) 

. 34.09 
13. 
. 15.75 m 
19. 
23. 


d. 4.94 
1500 m 


3.5¢ 
250 milliliters 


(b) 

30 

50 
260°C 
BAS 


About 157 cm 


(i) and (d), (ii) and (c), (iii) and (e), (iv) and (a), (v) 


and (b) 
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Exercise A.2 


1. 

Ss 

9. 
13. 
1h 
21. 
25. 
29. 
So: 
Se 
41. 
45. 
49, 
SD: 
57. 


20.32 

46.6 

6.44 

Di, 

4.73 

2.46 

183 

64 km/hr 
28,900 ft 
48.3 km 

298 m 

17.0 km/liter 
96.5 m 
About 24 km 
About 560,000 g 


A6é1 


- 4.73 
. 4.03 
11. 
Ss 
19. 
23. 
27. 
31. 
5s 
39. 
43. 
47. 
51. 
35 


2.30 

11.0 

8.59 

16.39 

0.854 

57.6 m 

560 kg 

114 lb 

12.7 metric tons 
1.18 mi 
102-66.0-96.5 
About 19 liters 


CHAPTER 13 


Exercise 13.1 


1. 


Ti. 


13, 
13s 


7. 


eis 


2S, 


20, 


Die 


29; 


ae 


aoe 


5,937,705 
930 
0.016% 
Yes 


20 *b: 1h. eNO. det votes) 


Sand [ 
S has 280 votes 
Thus, S is the winner 


A and C 

23 prefer A over C 

12 prefer C over A 
Thus, A is the winner 


Disney wins 


O with 11 first place votes 


J wins with 66 points 


J wins with 3 points 


Adams 


ey 
d. 


12" b.40" cel 5 
18 e. Cappuccino 


No 
Beijing 
Berlin 


Manchester 


Sydney 


10. 


2, 


14, 
16. 
18. 


20. 


22h, 
24. 
26. 


28. 


30, 


Bush 


a.251 b.No. c. T (220 votes) 


a. 35 ‘b. 18:-c. No. dA 


Busch Gardens: 90 points 
Disney World: 85 points 


Bush Gardens wins: 3 points 
19 people prefer G over O 

G wins 

J is the winner 

Adams 

Tangerine 


61 eb s 7) eeeo 
8 e. Mr. Davis 


a. 

d. 
Bejing (32) 
Sydney 


Berlin 


Berlin, Manchester 
Sydney, Beijing, Istanbul 


Sydney, Beijing, 
Manchester, Istanbul, 
Berlin 
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Ss. Coala 


O32, Best 


Exercise 13.2 


1. a. W 
be ak 
C.. S¥es 
d. W 
B. a. C, Cappuccino is the winner 
b. No. L wins under plurality 


but C wins under Borda 


a a. Yes. Staples (S) is preferred 
b. Yes. S wins under 
plurality. 
7. Yes. Dis the winner of the first 8. 


election and also the winner of the 
second election with H removed 


9, A 10. 
Yes. A 
A 
Yes. A 
C 


The majority criterion 

No. A wins 

Majority criterion. (C wins 
under Borda but A has a 
majority) 

Condorcet (C wins under 
Borda but A wins head- 
to-head) 

Irrelevant alternatives (C wins 
under Borda but B dropping out 
causes C to lose to A) 


Tog mo AO oP 


On. 


34, 
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Best 


Assign 5-4-1-0 points to 
first, second, third and last 
place. The results are: 

AE h7 Dee oo 


Gy 35 Ee 105 
Assigning 10-9-1-0 yields 
Ae BS2 Br 308 

€ 160 Dr 205 

Bio 

bails 

Guy INO 

au LE 

a. Yes, Cats is preferred 
b. Yes, Cats wins under 


plurality 


No. L is the winner of the 
first election, but does not 
win the second election 
after obtaining additional 
support 


No. D wins the first election but 
H wins the second election 
when A is removed. 


aoo°» 


rm oO 


i. 


B 

Yes: -B 

A 

Condorcet (A wins under 
plurality but B wins under 
head-to-head) 

No. B 

Irrelevant alternatives (A 
wins under plurality but 
C dropping out causes A 
to lose to B) 

B 

Yes. B 

None 


Chapter 13. Answers to Odd-Numbered Questions 





1Ly oa D (ey 
b. c 
cs Yes. C 
d Condorcet (D wins under 
plurality with elimination 
but C wins head-to-head) 
13. Fe: B 14. 
b. Yes 
Cc. None 
Le, a: 3 16. 
6 
eC: 10 
Lee 
2 


Exercise 13.3 


i a. $200,110,285 
DB. po209 
c. $14,675 


Ds USF: $266,729,578 
UWF: $66,858,492 


5s a. 681.815 6. Students 





b. FAU: 15.730 psu gg ake 
UCF: 26.858 en 1104 
sae epee 

|Fau 19,153 

ae ee 

UCF 30,009 

[Flu a0 096 





Oa 


Tae 


Quota 


38.4739 
2B 3474 
1046 1 


17.6916 | 
71956 
27.7193 | 
27.7996 
40.4932 _ 
26723 


Initial 





go = 
40 10 
29 29 
17 1 1g 
7 7 
27 2g 
27 28 
1D 11 


j& 

B 

Monotonicity (C 

wins under plurality 
with elimination, then 
gains additional 
support but loses to B) 


JN 

No. B 

Irrelevant alternatives 
(A wins under pairwise 
comparison, but C 
dropping out causes A 
to lose to B) 


Z 
B 
“ 


n-1 


UF:  $385,484,926 
FGC) 9 2677444 


a. 1081.105 
be bAU S776 
UGE, 272758 


Extra. Final 





BBors 6 38 
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/ORANGE 817,206 146.4909 146 146 

| PASCO 330,704 59.2814 49 59 
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Le a ee 

Europe 96.9231 969828 97 
}Asia = 220,——«é28G92G1 237.069 237 
| North Amerca 255 || 2746154 274.7845 276 
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Bort ties A: $20,000 B: $40,000 C: $60,000 D: $80,000 
b. They get the same amounts as in part a. 
Cc. es 


Exercise 13.4 


i, 


a. Yes. With 30 seats a, 8 and 4, get 6, 


8 and 16 seats respectively. With 31 
seats a, B and 4, get 5, 9 and 17 seats, 
respectively. 

So, a loses one seat (from 6 to 5) when 
seats are increased from 30 to 31 


be NG 


3. Yes. Six Flags Magic Mountain goes 
from 8 to 7 tickets. 


© 


Lk. 


ao oO 


oa 2 


a. 


i: 


1,4 and 6 million respectively. 
2,4 and 5 million respectively 
Kansas (12.63%) 


. Yes. Kansas population increased 


by 12.63% but contributions 
decreased from 6 to 5 million, 
while Delaware, with a smaller 
10.91% increase, got an extra 
million. 


. 2,4 and 7 respectively. 
. 3,4 and 6 respectively. 


Yes. Even though C’s growth 
rate was 9.78%, and A’s was 
8.99%, C lost a seat and A gained 
one. 


. C would be unhappy. 


30 for P and 11 for S. 
Yes. The new apportionment is 


29 for P, 12 for S and 8 for A, soP 
lost one manager and S gained one. 


a. 


b. 


90 for A and 10 for B. 
Yes. The new apportionment is 


89 for A and 11 for B, so A lost one 
seat and B gained one. 
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ead NO 


Ds 


Yes. With 114 seats A, B, C and 


D get 21, 42, 27 and 24 seats. 

With 115 seats A, B, C and D get 
20, 43, 27 and 25 seats. 

So, A loses one seat (from 21 to 20) 
when seats are increased to 115. 


4. Yes. 


ae 


a. Hispanics 
b. Whites and Asians 
c. Blacks 


72,10 and 18, respectively 

7A, lhand 18 

No. Even though A lost one 
seat and B gained one, the 
percent growth for A was 8.99% 
while that for B was 16% 

(B deserved it more!) 


8,4, 10, 11 and 17 respectively. 


iss 8,5, 10, 11 and 16 respectively. 


LOSas 
D. 


Yes. Even though state B did 
not grow at all (0%), it gained 
one seat. On the other hand, E 
grew at a modest 0.34% rate 
but lost one seat. 

E would be unhappy 


22 for A and 8 for B. 
No. A,and B still get 22 and 8 
seats respectively. 


ANSWERS TO EXERCISES 


CHAPTER 14 


Exercise 14.1 


1. The degrees of vertices A, B, C, 


Diand © arent 0 and, 
respectively. 


3. The degrees of vertices A, B, C 


and D are 5, 3, 4, and 6, respectively. 


5. Nota subgraph (each edge needs 


2 endpoints). 


7. Subgraph. 


9. Path from A to D. 
11. Circuit based at A. 
13. Path from A to G. 
15. Nota path. 

17. Connected. 

19. Disconnected. 

21. Complete. 

23. Not complete. 

25. Complete. 

27; olAple. 


22. Simple. 


2. The degrees of vertices A, B, C, D, E 


and: Fare, 3) 1-2 andy 
respectively. 


4. The degree of each vertex is 7. 


6. Subgraph. 

8. Nota subgraph (edge c needs 2 
endpoints). 

10. Nota path. 

12. Nota path. 

14. Circuit based at G. 

16. Circuit based at F. 

18. Disconnected. 

20. Connected. 

22. Complete. 

24. Not complete. 

26. Not complete. 

28. Not simple. 


30. Not simple. 


USING YOUR KNOWLEDGE 


31. Represent each computer as a 
vertex and the connecting wires as 
edges as shown in the diagram to the 
right. 


Exercise 14.2 


1. Euler path from D to B. 


3. Euler circuit based at A 


5. Each vertex has even degree, thus 
the graph has an Euler circuit based 
at each vertex. 


7. Each vertex has even degree, thus 
the graph has an Euler circuit based 
at each vertex. 


9. Each vertex has even degree, so 
the graph has an Euler circuit based 
at each vertex. 


11. There are many correct solutions; 
for example, [a, b,c, d, e, f;-27i, j, h] is 
an Euler circuit. 


13. There are many correct solutions; 
for example, [a, b, e, f, h, g, d,c]isan 
Euler circuit. 


15. There are many correct solutions; 
for example [a, b,c, d, e, £, gh] is 
an Euler circuit. 
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2. Neither (this sequence of edges does 
not even represent a path). 


4. Neither (this sequence of edges 
represents a circuit based at A, but is 
not an Euler circuit because edge f is 
not used). 


6. The graph has two vertices of odd 
degree, thus there is an Euler path from 
either odd vertex to the other. 


8. The graph has 4 vertices of odd 
degree, so it is not traversable. 


10. The graph has 6 vertices of odd 
degree, so it is not traversable. 


12. There are many correct solutions; 
for example, [a, b,c, d,e, f, gj isan 
Euler circuit. 


14. There are many correct solutions: 
lay bye ferdye, Uk, my. ly 4, j// tor 
example, is an Euler circuit. 


16. There are many correct solutions; 
la bred eqtio, hy ii zk, ty. o] is 
one possible Euler circuit. 
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17. There are many correct solutions, 
for example.[a, b,c, d)e,t, ¢) ein, 
is an Euler circuit. 


19. We represent the streets as 
labeled edges and the intersections as 
The result is shown. 


vertices. 





There are many correct solutions 
which start at either vertex of 

odd degree. For example, 

[Sat a), Col, ef only iy leit po 
n,m, q] is a possible Euler path. 


21. We represent the streets as 
labeled edges and the intersections as 
vertices. The result is shown. 





There are many correct solutions 
which start at either vertex of 
odd degree. For example, 

[a, 1l,m,b,c,j,k, g,h,f,i,d,e] isa 
possible Euler path. 


18. There are many correct solutions; 
for example, [a, b, d, c,e, f] is one 
possible Euler circuit. 


20. We represent the streets as labeled 
edges and the intersections as vertices. 
The result is shown. 





There are many correct solutions and 
you can start at any vertex. For 
example, ‘[a) by c,d). 4,2) iy anes 
I,n] is a possible Euler circuit. 


22. We represent the streets as labeled 
edges and the intersections as vertices. 
The result is shown. 





There are many correct solutions which 
start at either vertex of 

odd degree. For example, 

[a, bre ele gy hyij ners pl 

is a possible Euler path. 


Exercise 14.3 


1. Hamilton circuit. 


3. Neither. 


5. The length of the path is 
8 40 4244 =.17, 


7. The length of the path is 
9+5+7+4=21. 


9. Recall that the graph K, has 
(4-1)!/2 = 3 distinct Hamilton circuits 
based at vertex A. Their lengths are 
5+74+54+5=22, 
5+3454+4=17,and 
5+34+7+4=19., 


11. The nearest neighbor method 
determines the circuit with length 
24+2+4+4+6=14. 


13. There is more than one answer. 
One possibility is the circuit with 
length2+1+1+5+2=11. 


15. There is more than one answer. 
One possibility is the circuit with 
fenot Leto +2 = 16 


17. The most efficient delivery route 
has length 8 + 12 + 19 + 11 = 50 miles. 


19. The most efficient delivery route 
has length 15 + 13 + 17 + 25 = 70 miles 
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2. Neither (the sequence does not even 
represent a path). 


4. Hamilton circuit. 


6. The length of the circuit is 
14+6+7+2+1=30. 


8. The length of the path is 
S+44263= 12. 


10. Recall that the graph K,has 

(4-1)!/2 distinct Hamilton circuits based 
at vertex B. Their lengths are 

Tae) i OS et Le 

Te AS oe Lonard 
5+44+54+3=17. 


12. There is more than one answer. 
One possibility is the circuit with length 
2+64+54+3= 16. 


14. The nearest neighbor method 
determines the circuit with length 
1+414+14+5+2=10. 


16. There is more than one answer. One 
possibility is the circuit with length 
Be 7 De | a Ok oe 2 


18. The most efficient delivery route has 
length 21+ 17 +38 +29 = 105 miles 


20. The most efficient delivery route has 
length 23.5 + 18.6 + 13.9 + 29.1 = 85.1 
miles 
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Exercise 14.4 
I. Aree: 
3. Nota tree. 


5. There are many correct answers. 
One possibility is {a, b, c}. 


7. There are many correct answers. 
One possibility is {a, b, c, d}. 


9. There are many correct answers. 
One possibility is {a, b, c, d}. 


11. The graph below indicates a 
minimal spanning tree (there is more 
than one). Its weight is 

L+224 eee 16! 





2. Tree. 
4. Nota tree. 


6. There are many correct answers. One 
possibility is {a, b, d, i, j}. 


8. This graph is already a tree, so there is 
only one correct solution: {a, b, c, d}. 


10. There are many correct answers. One 
possibility is {a, b, c, j}. 


12. Applying Kruskal’s algorithm provides 
the solution indicated below. Its weight is 
14+142+4=8. 


13. Applying Kruskal’s algorithm 
provides the solution indicated below. 
Its weight is 1 + 2 = 3. 
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14. The graph below indicates a minimal 
spanning tree (there is more than one). Its 
weight is 
141414+141424+24+24+2=13. 





15. Applying Kruskal’s algorithm 
provides the solution indicated below. 
ls werehtisl+ 24+ 2+343= 11. 


16. Applying Kruskal’s algorithm provides 
the solution indicated below. Its weight is 
24+34+34+3=11. 





17. Applying Kruskal’s algorithm, we 
find that the most economical way to 
link all cities is a network of length 
3.84+4.9+5.4+ 7.8 = 21.9 representing 
a cost of $21.9 million. 


18. Applying Kruskal’s algorithm, we 
find that the most economical way to 
link all cities is a network of length 
5+7+8+10+ 14 =44 representing a 
cost of $44 million. (Answers may 
vary) 
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19. The minimal cost is: 20. The minimal cost is: 
126 + 132 + 135 + 141 = $534 57+ 89+ 964+ 107 = $349 


21. Neither Euler circuits nor paths would be appropriate here because, both 
require that every edge be used. For this problem, we are not concerned about 
edges and, in fact, if we can leave out an edge and still connect all the cities, it 
will be cheaper and thus, more desirable. The tree shown is a possible answer! 
Is it the cheapest way? Can you find a better way? 
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Research Bibliography 


The entries in this bibliography provide a first resource for investigating the 
Research Questions that appear at the end of each chapter in the text. Many of 
these books will also contain their own bibliographies, which you can use for an 
even more thorough information search. Also, using your library’s card catalog 
system, be sure to look under subject as well as title listings to gain a better idea 
of the resources that your library has available, even beyond the specific titles 
listed here. 
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ABC Consumer Comfort Index, 729 
Abelian group, 567 
Absolute value, 195, 294, 334 
equations and inequalities with, 295 
sentences involving, 293 
Abstract mathematical systems, 562 
Abundant number, 179 
Acta Eroditorum, 594 
Acute angle, 440, 445 
Acute triangle, 457, 514 
Adages, metric, A10 
Adair, Robert, 309 
Add-on interest, 785 
Addition 
associative property of, 199, 264 
binary, 159 
commutative property of, 199, 264 
of fractions, 186 
identity for, 194, 199, 264 
in clock arithmetic, 552 
method, 406 
modulo, 5, 556 
modulo m, 554 
octal, 166 
properties of, 199 
of radicals, 251 
table, hexadecimal, 169 
table, octal, 165 
Additive 
counting principle, 611, 634 
identity, 193 
inverse, 195, 196, 199 
inverse property, 264 
primary colors, 34 
principle, 135 
system, 133 
Advertising and probability, 661 
Alcohol effects, 421 
Aleph null, 49, 215 
Al jabr, 271 
al-Khowarizmi, 132, 271 
Algebraic methods, solution by, 405 
Algebraic order, 203 
Algebraic sentences, graph of, 287 
Alice in Wonderland, 537 
All, 98 
Alternate 
exterior angle, 447 
interior angle, 446 
Amicable numbers, 239 


Amount financed, 806 
Analytic geometry, 339 
And, 65, 288 
And gate, 121 
And, sentences with, 289 
Angle 
acute, 440, 445 
alternate exterior, 447 
alternate interior, 446 
complementary, 448, 513 
corresponding, 446 
measure of, 445 
obtuse, 440, 445 
plane, 443 
right, 440, 445, 513 
side of, 443, 512 
straight, 444, 445, 513 
supplementary, 445, 513 
vertex of, 512 
vertical, 445, 513 
Annual fee, 798 
Ants, 272, 286 
Application of 
binary, 162 
decimals, 221 
exponential functions, 393 
exponentials, 396 
functions, 344 
graphs, 347 
histograms, 711 
inequalities, 417 
lines, 371 
logarithms, 396 
matrices, 524 
parabolas, 384 
permutations, 612 
probability, 657 
radicals, 252 
sequences, 6 
systems of equations, 407 
tree diagrams, 601, 629 
Approximated APR, 813 
Approximating square roots, 255 
APR, 798, 806, 807 
approximated, $13 
Arc, 495 
Area, 473 
measure, 473 
the standard units of, 474 
Area of a: 


circle, 476, 515 
parallelogram, 475, 515 
pizza, 473 
polygon, 474 
rectangle, 474, 515 
surface, 485 
triangle, 475, 515 
Argument, 100 
Argument, valid, 123 
Arguments and problem solving, 107 
Aristotle, 61 
Arithmetic 
binary, 158 
clock, 549, 551 
fundamental theorem of, 181 
hexadecimal, 165 
modular, 549, 554 
octal, 165 
progression, 256, 257 
sequence, 257 
sequence, sum of the first n terms, 
265 
Arrangement, ordered, 608 
ASCII code, 158, 163 
Ashmore, Julie, 412 
Ask Marilyn, 650 
Associative, 563 
law for sets, 36 
property, 584 
property of addition, 199, 264 
property of multiplication, 199, 264 
Asymptote, horizontal, 391 
Attractor, 508 
Augmented matrix, 537, 584 
Average, 703, 721 
slugging, 319 
IAKIS, OL. 


Babylonian 
numeral(s), 134, 172 
system, 137 
Bar 
codes, 154 
graph, 755 
Bartels, Johann M., 272 
Base, 136, 143, 391, 485 
Baseball and probability, 697 
Basic conjunctions, 81 
Bay News 9, 214 
Bears, Chicago, 717 
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Bell curve, 751, 778 
Bernoulli trial, 686 
Best-fit lines, 763, 766 
Bet, fair, 691 
Between, 292 
Biasone, Danny, 205 
Biconditional, 83, 84 
Bills of Mortality, 704 
Binary 
addition, 159 
applications, 162 
arithmetic, 158 
card, 149 
division, 160 
multiplication, 160 
notation, 163 
number, 150 
subtraction, 159 
system(s), 131, 151 
Bingo, 677 
Binomial 
experiment, 739 
frequency distribution, 739 
probability, 686 
Birthday problem, 661 
Bit, 146, 163, 165 
Blockbuster, 322 
Blood types, 27, 31, 34 
Bode, Johann, 6 
Bolyai, Janos, 498 
Bonaparte, Napoleon, 133 
Boole, George, 61, 593 
Boolean logic, 61 
Borrower, 816 
Boston Chicken, 612 
Boundaries, class, 709 
Boundary, 485 
Braces, set, 54 
Braking distance, 313 
Bridges of Konigsberg, 494 
Broken line, 513 
Brunswick, Duke of, 594 
Budget variance, 293 
Building code standards, 374 
Bulbs, 469 
Burger King, 286, 490 
Burton, David, 1 
Buying a house, 814 
Byte(s), 146, 165 


C(n, r), 619, 634 

Caesar, Julius, 201 

Calculating machine, 594, 640 
Calculation of standard deviation, 734 


Cantor set, 52 
Cantor, Georg, 1, 12, 53 
Cantor, Moritz, 148 
Car, rental, 313 
Card, Sears, 802 
Cardano, Girolamo, 567 
Cardinal 
number, 39, 54, 180, 264 
transfinite, 49, 51 
Cards, credit, 797 . 
Carroll, Lewis, 116, 537 
Cartesian coordinate system, 345 
Cash, 3, 594 
Cassettes, music, 290 
Cataldi, Pietro, 192 
Celsius, Anders, A6 
Center, 469 
Centigrade, A6 
Centimeter, A3 
cubic, 487 
Central tendency, 720, 722 
measures of, 722, 726 
CFC, 306 
cg, A6 
Chamberlain’s formula, 323 
Changing 
from Base 10, 153 
to Base 10, 151 
Chaos, 505, 506, 517 
Charge account, revolving, 
785, 801 
Charge(s), finance, 799, 806 
Chart 
Pareto, 720 
pie, 752, 756 
Chebyshev’s theorem, 750 
Checking 
accounts, 316 
digit, 549 
Cheops, 204 
Chicago Bears, 717 
Chicken, Boston, 612 
Chinese zodiac, 558 
Chirps, 351 
Chung-Chi, Tsu, 239 
Chuquet, Nicolas, 192 
Circle(s), 469, 515 
area of, 476, 515 
graph, 752, 756 
great, 499 
perimeter of, 515 
Circular 
cone, volume of, 516 
cylinder, surface area of, 516 
cylinder, volume of, 516 


Circumference(s), 245, 265, 466, 
469, 515 
cl, AS 
Class 
boundaries, 709 
width, 705, 709 
Clemen, Robert, 605 
Clock 
addition, 552 
arithmetic, 549, 551 
difference, 551 
division, 553 
multiplication, 552 
Closed, 199 
curve, 454, 505 
interval, 288, 334 
network, 117 
path, 454, 513 
set, 264, 563 
switch, 117 
Closing costs, 814 
Closure property, 584 
cm, 467, A3, A4 
Code, genetic, 649 
Coefficient 
correlation, 777 
numerical, 273 
Colors 
primary, 34 
secondary, 35 
Columbia, 311 
Column, 524 
matrix, 525 
Combinations, 593, 634 
lock, 594 
number of, 619, 634 
and order, 626 
and permutations, 626, 653 
Common 
difference, 257, 265 
ratio, 258, 265 
Commutative, 563 
group, 567, 585 
law for sets, 36 
property of addition, 199, 264 
property of multiplication, 199, 264 
property, 584 
Complement, 54, 448 
of a set, 24 
Complementary, 
angle, 448, 513 
counting principle, 611, 634 
network, 117 
Complete revolution, 444 
Composite number, 180, 264 


Compound 
interest, 402, 785, 786, 790, 823 
interest formula, 793 
interest table, 791, 792 
statement, 64 
Compounding, continuous, 393 
Computation of probabilities, 661 
Computer applications, Tetrad, 712 
Computer gates, 121 
Computing probability, 643 
Concave, 424, 485 
Concave down, 377 
Concave polygon, 455, 514 
Concave up, 377 
Conclusion, 100 
Conditional 83, 84, 122 
equivalents, 93 
probability, 669, 670, 699 
truth table for, 84 
variations of, 91 
Cone, 488 
Conformable, 530 
Congruent, 554, 584 
Conic sections, 376 
Conjecture, 190 
Conjunction, 62, 64, 65, 73, 122 
truth table for, 73 
Connectives, 64 
Consumer credit, 797 
Constant sum games, 576 
Continental currency, 786 
Continuous 
compounding, 393 
interest formula, 793 
interest, 793 
Contradiction, 91, 94, 123 
proof by, 240 
Contrapositive, 92, 123 
Conventional loan, 816 
Converse, 92, 123 
Conversion, 
metric to U.S., All 
U.S. to metric, All 
Converting 
Centigrade to Fahrenheit, A7 
Fahrenheit to Centigrade, A7 
Convex, 424 
polygon, 431, 455, 513 
polyhedron, 485, 515 
Coordinate system, Cartesian, 345 
Correlation, 773, 779 
coefficient, 777 
negative, 773, 775 
nor did 
positive, 773, 774, 775 


Correspondence, one-to-one, 49 

Corresponding angles, 446 

Costs, closing, 814 

Counting 
methods, miscellaneous, 625 
number, 177, 179 
principle, additive, 611, 634 
principle, complementary, 611, 634 
principle, Fundamental (FCP), 596 


principle, sequential, 593, 596, 597, 


598, 633 
techniques and probability, 651 
techniques, 593 
the elements of a set, 40 

Credit 
cards, 797 
consumer, 797 
ratings, 668 
scoring table, 667 
Crickets, 272, 286 
Crusoe, Robinson, 715 
Cube, 485, 488, 493 
surface area of, 516 
volume of, 516 
Cubic 
centimeter, 487 
foot, 487 
inch, 487 
meter, 487 
millimeter, 487 
yard, 487 
Cubit, Al 
Currency, continental, 786 
Curve, 
closed 454, 505 
fractal, 506 
normal, 740 
simple, 454 
Cylinder, 485, 488 


Da Vinci, Leonardo, 467 

Dantzig, George, 422 

Darwin, Charles, 704 

Death penalty, 676 

Death rates, 389 

Decay, 394 

Decimal(s), 132, 215 
applications of, 221 
in expanded form, 217 
to fractions, 232 
nonrepeating, 241 
nonterminating, 230 
numbers, 241 
operations with, 219 
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to percent, 234 

system, 135, 142, 143, Al 

terminating, 230 
Decision Analysis, Introduction to, 

604, 631 
Decisions, Making Hard, 605 
Dedekind, Richard, 12 
Deficient number, 179, 191 
Degree, 444, 512 
Demand function, 411 
de Mere, Chevalier, (Antoine 
Gombaud) 640, 641 

De Morgan(’s), 

Augustus, 62, 124 

Law, 66, 68 

Law for sets, 36 
Denominator, 206 

rationalizing the, 249 
Denumerable, 50 
Depreciation, 351 
Descartes, René, 239 
Describing sets, 14 
Descriptive statistics, 705 
Determined, strictly, 576 
Determining validity, 108 
Deviation(s), 

root-mean-square, 734 

S.A.T., 740 

standard, 703, 732, 733, 734, 779 
dg, A6 
Diagonal, main, 531 
Diagrams, 

tree, 593, 595, 596 

Venn, 32 
Diameters, 245 
Dice, 646 
Dictionary, mathematics, 315 
Difference 

clock, 551 

common, 257, 265 
Difference of 

matrices, 528 

rational numbers, 208 

two sets, 26 
Digit(s), 143 

checking, 549 

significant, 224 
Dilemma, prisoner’s, 583 
Dimension, 525 
Dining 

off-premise, 730 

on-premise, 730 
Directly, varies, 335 
Directrix, 388 
Discount, 786, 789 
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Discrimination 
race, 732 
Sexe 32 
Disjunction, 62, 64, 65, 73, 122 
truth table for, 74 
Disjunctive syllogism, 113, 123 
Dispersion, measures of, 732, 734 
Disquisitiones Arithmeticae, 272 
Distance, 357 
braking, 313 
formula, 431 
learning, 317 
reaction, 320 
stopping, 311, 320 
Distribution(s) 
frequency, 703, 704, 706, 707, 778 
normal, 740, 741, 742 
of z-scores, 744 
Distributive, 566 
law, 33 
property, 199, 265, 585 
Dividend, 210 
Divisor, 180, 210 
exact, 180 
proper, 191 
Divisibility 
rules, 181, 191 
test, 183 
Division 
binary, 160 
clock, 553 
octal, 167 
of radicals, 250, 265 
dkg, A6 
dkl, A5 
dkm, A4 
dl, AS 
dm, A4 
Dodecahedron, 493 
Domain, 341, 430 
Dominates, 580 
Down payment, 814, 816 
Drawing Venn diagrams, 32 
Dress sizes, 341 
Duplation, 136 
Duplications, successive, 135 


Eddington’s number, 226 
Edges, 485 

lateral, 485 
Effective annual rate, 796 
Effectiveness, Prevention, 605 
Egyptian 

numeral, 172 


system, 134 
Element of, 54 
Elementary 
operations, 274, 334 
row operations, 539 
Elements, 524, 550 
of a set, 13 
Elements, The, 440 
Elimination method, 405 
Elliptic geometry, 499, 517 
Emirps, 178 
Empty set, 16, 54 
Equal, 54 
matrices, 526, 584 
sets, 16 
Equality 
of sets, 16 
verifying, 33 
Equally likely, 641, 643 
Equation(s), 273, 333 
and inequalities with absolute 
values, 295 
and inequalities, 273 
first-degree, 276, 334 
general form of, 368 
inequalities, problem solving, 271 
linear, 356, 403, 431 
of lines, 366 
point-slope, 431 
quadratic, 299, 303, 334 
slope-intercept, 431 
solving, 274 
Equiangular, 456 
Equilateral triangle, 455, 456, 457, 
514 
Equivalent 
inequality, 279 
network, 117, 119 
row, 538 
sentence, 274 
sets, 49, 50 
statement, 77 
U.S. and metric, A10 
Eratosthenes, 180 
sieve of, 181 
Error, margin of, 297 
Escrow, 816 
Euclid, 439, 498 
fifth postulate, 498, 516 
Euler, 495 
circles, 31, 37 
diagram(s), 31, 37, 99 
Leonhard, 37, 190 
Events 
impossible, 662, 699 


independent, 677, 678, 679, 699 
mutually exclusive, 664, 699 
Everest, Mary, 62 
Eves, Howard, 1 
Exact divisor, 180 
Existential quantifier, 68 
Expanded form, 172 
decimals in, 217 
operations in, 144 
Expectation, mathematical, 687, 692 
Expected value, 691, 699 
Experiment(s), 641, 698 
and sample spaces, 642 
binomial, 739 
Exponent, 143, 144, 391 
negative, 265 
Exponential(s) 
applications of, 396 
form, 143 
function, 389 
function, definition of, 390 
functions, applications of, 393 
functions, graphing, 390 
Exponents 
law of, 145, 172 
negative, 217 
positive, 217 
Expression, linear, 276 
Ezra, Ben, 617 


Faces, 485 
Factor, 180 
Factoring 
quadratic expressions, 300 
quadratics and fire fighting, 299 
solving quadratics by, 301 
Factorization, 180, 181 
prime, 184 
Fahrenheit, A6 
Fair bet, 691 
Fair game, 693 
False position, method of, 141 
Favorable outcome, 641 
Feasible region, 422, 423 
Federal Reserve, 786 
Fee 
annual, 798 
loan application, 814 
loan origination, 815 
Feminine number, 239 
Fermat, Pierre, 639, 640 
FHA (Federal Housing Authority) 
loan, 816 


Fibonacci 
sequence, 11, 215 
Leonardo, 11, 149 
FICA, 794 
Field, 569 
Fields, 523, 567 
Fifth postulate, Euclid’s, 498 
Figurate numbers, 9 
Finance charge(s), 799, 806 
Finding 
equation of lines, 370 
GCF, 184 
GCF and LCM, 188 
the measure of an angle, 460 
subsets, 17 
Finite 
interval, 288, 334 
set, 39, 54 
Fire fighting and factoring quadratics, 
299 
First-degree 
equation, 276, 334 
inequality, 279, 334 
Fitness and functions, 353 
Fixed interest, 798 
Focus, 388 
FOIL, 299, 300 
Foot, 467, Al 
cubic, 487 
Formula 
continuous interest, 793 
quadratic, 302, 334 
49ers, San Francisco, 717 
Fractal(s), 505, 517 
curve, 506 
geometry, 508 
Fractions 
addition of, 186 
subtraction of, 186 
Fraction to percent, 234 
Framingham study, 672 
Frege, Gottlob, 61 
Frequency, 705, 778 
binomial, 739 
distribution(s), 703, 704, 706, 707, 
778 
polygon(s), 707, 779 
Function(s), 339, 342, 430 
demand, 411 
exponential, 389 
exponential, definition of, 390 
graphing, 345 
and graphs, 339 
linear, 353 
logarithmic, 389, 394 


notation, 343 

quadratic, 376 

supply, 411 
Fundamental counting principle, 596 
Fundamental theorem of arithmetic, 181 
Fuzzy logic, 124 


g, A3, A6 
Galilei, Galileo, 10, 352 
Galois, Evariste, 567 
Gallons to liters, A13 
Game theory, 574, 575 
Game(s) 
constant sum, 576 
fair, 693 
matrix, 575 
strictly determined, 585 
two person, 575 
zero sum, 585 
Gates, computer, 121 
Gauss, Karl Friedrich, 256, 271, 498, 
524, 704 
GCF, 264 
finding, 184 
and LCM, finding, 188 
General 
equation of a line, 431 
form of an equation, 368 
Genetic code, 649 
Genus, 500 
Geodesic, 499 
Geometric 
progression, 258 
sequence, 258 
sequence, infinite, 260 
sequence, nth term of, 266 
sequence, sum of, 259 
sequence, sum of the first n terms, 
266 
sequence, sum of an infinite, 266 
topology, 500 
Geometry, 439 
analytic, 339 
elliptic, 517 
fractal, 508 
hyperbolic, 499, 517 
non-Euclidean, 498 
Riemannian, 499 
Germain, Sophie, 523 
Gig, 225 
Giraffe, 30 
Goldbach, C., 190 
Golden 
ratio, 204, 215, 482 
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rectangle, 482 
Gombaud, Antoine (Chevalier de 
Mere), 640, 641 
GPA, 322 
Grace period, 798 
Gram(s), A2, A3 
Graph(s), 287 
of algebraic sentences, 287 
applications of, 347 
bar, 755 
Circle 752,.750 
line, 754 
of linear functions, 355 
of a relation, 430 
of relations, 346 
statistical, 752 
Symmetric, 392 
theory, 494 
Graphing 
exponential functions, 390 
functions, 345 
linear inequalities, 412, 414, 415 
parabolas, 382 
relations, 345 
solution by, 404 
Graunt, John, 704 
Great circle, 499 
Greatest common factor (GCF), 184 
Greek numerals, 134 
The Green Pages, 12 
Gregory, D. F., 62 
Group, 523, 567, 585 
Abelian, 567 
commutative, 567, 585 
and fields, 569 


Haddix, Ann, 605 
Hajratwala, Nayan, 178 
Half-line, 441, 512 
Half-open interval, 288, 292, 334 
Half-planes, 442 
Hall, Monty, 673 
Hat size, 466 
Hen, Chang, 239 
Herodotus, 204 
Hexadecimal 
addition table, 169 
arithmetic, 165 
multiplication table, 169 
system, 152 
hg, A6 
Hindu-Arabic 
numerals, 134 
system, 142 
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Hints for problem solving, 3 
Histogram(s), 703, 705, 707, 779 
applications of, 711 
making, 710 
hl, A5 
hm, A4 
Horizontal 
asymptote, 391 
lines, 354 
Hot dogs and buns, 187 
House, buying a, 814 
How to Lie with Statistics, 719 
Hsin, Liu, 239 
Huff, Darrell, 719 
Human blood types, 34 
Hurricanes, 358 
Huygens, Christian, 594 
Hyperbolic geometry, 499, 517 
Hypotenuse, 240 
Hypothetical syllogism, 113, 123 


Icosahedron, 493 
Identity, 564, 585 
additive, 193 
matrix, 531, 532, 584 
multiplicative, 193 
multiplicative, for a matrix, 531 
property for addition, 264 
property for multiplication, 193, 264 
Identity for 
addition, 194, 199 
addition modulo, 5, 557 
multiplication, 199 
Implication, 91, 95 
Implies, 123 
Impossible 
events, 662, 699 
result, 406 
in., A3 
Inch, 467, A3 
cubic, 487 
Independent events, 677, 678, 679, 
699 
Indian, Yuki, 165 
Inductive reasoning, 4, 54 
Inequalities 
applications of, 417 
linear, 412 
solving, 279 
Inequality, 273, 334 
equivalent, 279 
first degree, 279, 334 
linear, definition of, 414 
reversed, 281 


Inferential statistics, 705 
Infinite 
geometric sequence, 260 
interval, 288, 292 
repeating decimal, 230 
repeating decimals to fractions, 232 
set(s), 49, 51, 54 
Infinitely many solutions, 543 
Infinity, 292 
Integers, 177, 192, 195, 264 
negative, 195 
positive, 195 
Interval 
closed, 288 
finite, 288, 334 
half-open, 288, 292 
infinite, 288, 292 
open, 288, 292 
Interest, 786 
add-on, 785 
compound, 402, 785, 786, 790, 823 
continuous, 793 
fixed, 798 
formula, compound, 793 
rate, 786, 814, 816 
simple, 312, 785, 786, 787, 823 
unearned, 810 
variable, 798 
International System of Units, Al 
Interpolation, 255 
Intersecting planes, 443 
Intersection, 23, 54 
Interval 
closed, 334 
half-open, 334 
notation, 293 
open, 334 
Introduction to Decision Analysis, 604, 
631 
Invalid, 101, 107 
Inverse, 92, 123, 564, 585 
additive, 195, 196, 199 
multiplicative, 199, 209, 265 
property, additive, 264 
Inversely, varies, 335 
Irrational, 240 
number(s), 177, 239, 241, 265 
ISBN, 560 
Isosceles triangle, 456, 457, 514 
Isotopes, 715 


J.C. Penney, 340 
Jeans 
men’s, 705 


women’s, 705 
Jordan curve theorem, 505 
Joyner, Florence Griffith, 764 
Jumping Frog of Calaveras County, 
387 
Junk food, 323 
Jurassic Park, 506 


Kanner, Bernice, 47 
kg, A3, A6 
Kilo, A3 
Kilogram, Al, A3 
Kilometer, 467 
King Solomon, 287 
Kite, 457 
kl, A5 
km, A4 
Koch 

snowflake, 508 

von, Helga, 509 
Konigsberg, bridges of, 494 
Kronecker, Leopold, 178 


L, A3, A5 
La Geometrie, 432 
Landsteiner, Karl, 27 
Laplace, Pierre-Simon, 639, 704 
LATA, 545 
Lateral edges, 485 
Law 
distributive, 33 
of exponents, 145, 172 
and tree diagrams, 629 
Ib, A3 
LCM, 209, 264 
Learning, distance, 317 
Least common denominator (LCD), 
185 
Least common multiple (LCM), 185 
Least squares, 766 
line(s), 763, 764 
Leblanc, M., 523 
Leibniz, Gottfried, Wilhem, 593 
Lender, 816 
Length, A3 
units of, 467 
License plates, 614, 624 
Like terms, 273 
Likely, equally, 641, 643 
Limit(s) 
lower, 344, 704, 709 
upper, 704, 709 
Line, 441, 442, 512 
best-fitting, 766 


broken, 513 
general equation of, 431 
graphs, 754 
half, 441 
least-squares, 764 
number, 195, 264, 280 
parallel, 431 
perpendicular, 513 
segment, 288, 441, 512 
skew, 443 
slope of, 431 
test, vertical, 430 
Linear 
equation(s), 356, 431 
equations in two variables, 403 
equations, procedure to solve, 276 
equations, systems of, 403 
expression, 276 
functions, 353 
functions, graph of, 355 
inequalities, 412 
inequalities, graphing, 412, 414, 415 
inequality, definition of, 414 
inequalities and poetry, 412 
measure, 466 
programming, 339, 421, 422 
Lines 
applications of, 371 
best-fit, 763 
equations of, 366 
finding equations of, 370 
horizontal, 354 
least-squares, 763 
parallel, 369 
perpendicular, 373, 449 
skew, 443, 512 
vertical, 354 
Listing sets, 14 
Liter(s), Al, A2, A3 
to gallons, A13 
Loan(s) 
application fee, 814 
conventional, 816 
FHA (Federal Housing Authority), 
816 
mortgage, 816 
origination fee, 815 
types of, 822 
Lobachevski, Nikolai, 498 
Lock, combination, 594 
Logarithm(s), 395 
applications of, 396 
function(s), 389, 394 
Logic 
Boolean, 61 


diagrams, 121 
fuzzy, 124 
Lollapalooza, 652 
Lotteries, 640 
Lottery odds, 687, 688 
Lower limit(s), 344, 704, 709 


m, A4 
Mach number, 248 
Main diagonal, 531 
Making Hard Decisions, 605 
Making 

predictions, 763 

truth tables, 76 
Malcom, Ian, 506 
Malthus, Thomas, Robert, 394 
Mandelbrot, Benoit, 508 
Margin of error, 297 
Marianas Trench, 201 
Marilyn, Ask, 650 
Masculine number, 239 
Mass, A5 
Mathematical 

expectation, 687, 692 

modeling, 317 

system(s), 193, 247, 523, 550, 584 

systems, abstract, 562 
Mathematics, dictionary, 315 
Matrices, 523, 525 

applications, 524 

difference of, 528 

equal, 526, 584 

multiplication, 584 

multiplication of, 526 

and nutrition, 543 

product of, 530, 584 

solution by, 537 

sum of, 527, 584 
Matrix, 524, 525, 584 

augmented, 537, 584 

column, 525 

games, 575 

identity, 531 

identity for, 584 

multiplication, 528 

nonsingular, 547 

operations, 524 

payoff, 575 

row, 525 

square, 525 
Maximize profit, 422 
Mayan 

numbers, 142 

numerals, 134 
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McDonald’s, 285, 490 
Mean, 703, 720, 722, 726, 779 
Measure(s) 
of an angle, 445 
of an angle, finding, 460 
of central tendency, 722, 726 
of dispersion, 732, 734 
linear, 466 
tree, 647 
Median, 703, 720, 721, 727, 779 
Mediation, 136 
Members of a set, 13 
Men’s jeans, 705 
Mendel, Gregor, 704 
Mersenne, Marin, 192 
Meter, 467, A2, A3 
cubic, 487 
The Method, 340 
Method of false position, 141 
Metric 
adages, A10 
system, Al 
units, Al, A2 
to U.S. conversion, All 
mg, A6 
Midpoint, 705, 709 
Midway Airline, 718 
Mile, 467, Al 
Millimeter, cubic, 487 
Miscellaneous counting methods, 
625 
Misuses of statistics, 719, 731, 762 
Mitosis, 389 
Mixed 
number, 211 
strategies, 578 
ml, A5 
mm, 467, A4 
Mobius strip, 500 
Mobius, Augustus Ferdinand, 500 
Mode, 703, 720, 721, 722, 726, 779 
Modeling, 311 
mathematical, 317 
Modems, 158 
Modular arithmetic, 549, 554 
Modulo 5 
addition, 556 
identity for, 557 
multiplication, 556, 568 
Modulo m 
addition, 554 
subtraction 555 
Modus Ponens, 113, 123 
Modus Tollens, 113, 123 
Mona Lisa, 467 
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Monthly payment, 811, 817 
table, 818 
Monty Hall, 673 
Mortality table, 665 
Mortgage loan, 816 
Mount Everest, 201 
Movie rental, 322 
Multiple, 180 
Multiplication 
associative property of, 199, 264 
binary, 160 
clock, 552 
commutative property of, 199, 264 
identity for, 199 
identity property for, 193, 264 
matrix, 526 
modulo 5, 556, 568 
of matrices, 528, 584 
octal, 167 
principle, 138 
properties of, 199 
of radicals, 249, 250, 265 
table, hexadecimal, 169 
table, octal, 166 
Multiplicative 
identity, 193 
identity for a matrix, 531 
inverse, 199, 209, 265 
Music cassettes, 290 
Mutually exclusive events, 664, 699 


n!, 608, 634 
n factorial, 608, 634 
National Assembly of France, Al 
Native American arithmetic, 165 
Natural number(s), 177, 179, 264 
using, 180 
Necessary, 93 
Negation, 62, 64, 65, 74, 122 
truth table for, 75 
Negative 
correlation, 773, 775 
exponent(s), 217, 265 
integers, 195 
numbers, 177, 195 
slope, 363, 365 
Network(s), 495, 516 
closed, 117 
complementary, 117 
equivalent, 117, 119 
open, 117 
parallel, 117 
switching, 117 
theory, 494 


traversable, 516 
NEL salaries, 401 
No, 68 
correlation, 775 
solution, 543 
Nominal rate, 792 
Nomographs, 203 
Non statement, 64 
Nondistinct objects, permutations of, 
628, 634 - 
Non-Euclidean geometry, 498 
Nonrepeating decimal, 241 
Nonsingular matrix, 547 
Nonterminating, 265 
decimal, 230 
number, 241 
Normal 
curve, 740 
distribution, 740, 741, 742 
Not gate, 121 
Notation 
binary, 163 
function, 343 
interval, 293 
roster, 14 
set, 13, 14 
set builder, 14 
nth term of 
an arithmetic sequence, 265 
a geometric sequence, 266 
Number(s) 
abundant, 179 
amicable, 239 
binary, 150 
cardinal, 39, 180, 264 
combinations, 619, 634 
composite, 180, 264 
counting, 177, 179 
decimal, 241 
deficient, 179, 191 
elements in a set, 39 
feminine, 239 
figurate, 9 
irrational, 177, 241, 239, 265 
line, 195, 264, 280 
Mach, 248 
masculine, 239 
Mayan, 142 
mixed, 211 
natural, 177, 179, 264 
negative, 177, 195 
nonterminating, 241 
of permutations, 609 
ordinal, 180, 264 
oxidation, 203 


pentagonal, 9 
perfect, 179, 191, 239 
prime, 177, 178, 180, 264 
rational, 177, 204, 206, 265 
real, 177, 241, 247, 265 
sequence(s), 256, 261 
Social Security, 614 
square, 9 
of subsets, 619 
telephone, 598 
theory, 177 
whole, 194, 264 
Numeral(s), 133 
Babylonian, 172 
Egyptian, 172 
Roman, 172 
Babylonian, 134 
Greek, 134 
Hindu-Arabic, 134 
Mayan, 134 
Tamil, 134 
Numerator, 206 
Numerical coefficient, 273 
Numerology, 140 
Nutrition and matrices, 543 


Obtuse 
angle, 440, 445, 447 
triangle, 514 
Octahedron, 493 
Octal 
addition, 166 
addition table, 165 
arithmetic, 165 
division, 167 
multiplication, 167 
multiplication table, 166 
subtraction, 167 
system, 152 
Odds, 687, 689 
lottery, 687, 688 
odds in favor, 689, 699 
Off-premise dining, 730 
Okapi, 30 
Olympic predictions, 763 
One-to-one correspondence, 49 
On-premise dining, 348, 730 
Open 
interval, 288, 292, 334 
network, 117 
sentence(s), 273, 333 
switch, 117 
Operation(s), 550 
with decimals, 219 


elementary, 274, 334 
in expanded form, 144 
matrix, 524 
order of, 199 
with rational numbers, 207 
Opposite, 195, 196 
Optimal 
pure strategy, 576 
strategy, 576, 585 
Or, 65, 288 
gate, 121 
probability with, 662 
sentences with, 290 
Order 
algebraic, 203 
and combinations, 626 
of operations, 199 
and permutations, 626 
Ordered 
arrangement, 608 
pair, 341, 346 
Ordinal number, 180, 264 
Organon, 61 
Origin, 345 
Ounce, A3 
Outcome(s), 641 
favorable, 641 
Oxidation number, 203 
oz, A3 


P(A U B), 662, 699 
P(A | B), 670 
P(E), 643, 699 
P(n, r), 609, 634 
P(T'), 645, 699 
Paces, Al 
Pair, ordered, 341, 346 
Parabola(s), 346, 388 
applications of, 384 
graphing, 382 
properties of, 378, 381 
summary of, 385 
Parade, 650 
Paradox, 64 
Russell’s, 22 
Parallel, 442 
line(s), 369, 431 
network, 117 
postulate, 498 
Parallelepiped, 485 
Parallelogram, 457, 468, 514 
area of, 475, 515 
Pareto chart, 720 
Pascal, Blaise, 639, 640 


Pascal’s triangle, 561, 623 
Path 
closed, 454 , 513 
polygonal, 467 
simple, 454, 513 
Payment 
down, 814, 816 
monthly, 817 
total, 806 
Payoff matrix, 575 
Pearson, Karl, 704, 777 
Peirce, Charles, 71 
PEMDAS, 200 
Penalties, 814 
Pendulum, 352 
Pentagonal numbers, 9 
Percent(s), 229, 233, 265, 282 
decrease, 235 
increase, 235 
to decimal, 233 
Percentile, 750 
Perfect 
number, 179, 191, 239 
square(s), 241, 309 
Perimeter, 466, 515 
of a circle, 515 
Period(s), 792 
grace, 798 
repayment, 816 
Permutations, 593, 607, 608, 609, 
633 
applications of, 612 
and combinations, 626, 653 
of nondistinct objects, 628, 634 
number of, 609 
and order, 626 
Perpendicular line(s), 373, 449, 513 
The Physics of Baseball, 309 
Pi, 238, 239, 244 
Pie chart, 752, 756 
Pierre Bezukhof, 132 
Pisa, Leaning Tower of, 440 
Pizza area, 473 
Place value, 143 
Plane(s), 442 
angle, 443 
half, 442 
intersecting, 443 - 
Planetary conjunctions, 616 
Plates, license, 614, 624 
PMI (private mortgage insurance), 
815, 816 
Poetry and linear inequalities, 412 
Point(s), 441, 495, 815 
saddle, 576, 585 
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Point-slope 
equation, 431 
form, 366 
Poker, 651 
Polo, Marco, 786 
Polygon(s), 439, 453, 513 
concave, 455, 514 
convex, 432, 455, 513 
regular, 455, 514 
side of, 513 
vertices of, 513 
Polygonal path, 467 
Polyhedron, 485, 515 
regular, 493 
Population, 706, 778 
Positional system, 135, 136 
Positive 
correlation, 773, 774, 775 
exponents, 217 
integers, 195 
slope, 363, 365, 366 
Positivity conditions, 423 
Postnet code, 154 
Postulate, parallel, 498 
Pound, A3 
Predictions 
making, 763 
Olympic, 763 
Premises, 100 
Prevention Effectiveness, 605 
Primary colors, additive, 34 
Prime 
factorization, 184 
number, 177, 178, 180, 264 
rate, 798 
relatively, 184 
Principle, 786 
additive, 135 
multiplication, 138 
subtraction, 138 
Prism, 515 
triangular, 485 
volume of, 488 
Prisoner’s dilemma, 583 
Probability, 639, 640, 641 
and advertising, 661 
applications of, 657 
and baseball, 697 
binomial, 686 
computing, 643 
conditional, 669, 670, 699 
and counting techniques, 651 
definition, 643 
range of, 662 
and tree diagrams, 652 


A76 


Index 


Probabilities 

with or, 662 

computation of, 661 
Problem solving, 2 

and arguments, 107 

equations and inequalities, 271 

hints and tips, 3 

and modeling, 311 

procedure, 2 
Problems 

story, 311 

word, 311 
Procedure 

to solve linear equations, 276 

to solve for a specified variable, 278 

for solving word problems, 335 
Product 

of matrices, 530, 584 

of rational numbers, 207 
Profit, maximize, 422 
Programming, linear, 339, 421, 422 
Progression(s), 255 

arithmetic, 256 

geometric, 258 
Proof by contradiction, 240 
Proper 

divisor, 191 

subset, 54 
Properties of 

addition, 199 

multiplication, 199 

parabolas, 378, 381 
Proportion, 326, 335 
Proportional to, 327 
Protractor, 440 
Pseudosphere, 499 
Pyramid, 485, 515 

vertex of, 485 

volume of, 488, 515 
Pythagorean theorem, 240, 305, 334, 

358, 473, 477, S15 

Pythagorean triples, 305 


qt, A3 

Quadrants, 345 

Quadratic 
equation(s), 299, 303, 334 
expressions, factoring, 300 
formula, 302, 334 
functions, 376 

Quart, A3 

Queuing, 730 

Quotient of rational numbers, 210 


Race discrimination, 732 
Radical(s), 249 
addition of, 251 
applications of, 252 
division of, 250, 265 
multiplication of, 249, 250, 265 
sign, 265 
simplest form of a, 249 
simplifying, 249 
subtraction of, 251 
Radius, 469 
Random 
sample, 768, 778 
sample, simple, 706 
Range 341, 430, 703, 732, 733, 734, 779 
of probability, 662 
Rate 
effective annual, 796 
interest, 786, 814, 816 
nominal, 792 
prime, 798 
Rating 
credit, 668 
television, 732, 733 
Ratio(s), 206, 324, 335 
common, 258, 265 
golden, 204, 215, 482 
proportion, and variation, 323 
Rational numbers, 177, 204, 206, 265 
difference of, 208 
operations with, 207 
product of, 207 
quotient of, 210 
sum of, 208 
Rationalizing the denominator, 249 
Ray, 441 
RDA, 323 
Reaction distance, 320 
Reaction time, 311 
Real number(s), 177, 247, 265 
Reciprocal, 209, 265 
Rectangle, 457, 468, 514 
area of, 474, 515 
Golden, 482 
Rectangular 
box, 488 
parallelepiped, 485 
surface area of, 487, 516 
volume of, 487, 516 
Region, feasible, 422, 423 
Regular 
polygon, 455, 514 
polyhedron, 493 
Relation(s), 339, 341, 430, 550 
graph of, 346, 430 


graphing, 345 
Relatively prime, 184 
Rental . 

car, 33 

movie, 322 
Repayment period, 816 
Repeating, 265 

decimal, infinite, 230 
Replacement set, 273 
Reversed inequality, 281 
Revolution, complete, 444 
Revolving charge account, 785, 801 
Rhind Papyrus, 148 
Rhombus, 457, 514 
Rhyme and reason, 412 
Rice, 363 
Riemannian geometry, 499 
Right 

angle, 440, 445 

triangle, 305, 457, 477, 514 
Ring size, 466 
Robinson Crusoe, 715 


Roman 
numeral, 172 
system, 138 


Root-mean-square deviation, 734 
Roots, approximating, 255 
Roster notation, 14 
Rotation, 444 
Rotators, 535 
Roulette, 697 
Rounding, 223 
Row, 524 

equivalent, 538 

matrix, 525 

operations, elementary, 539 
RSTUV procedure, 2, 54, 311, 335 
Rule of ’78, 806, 808, 824 
Rules, 550, 551 

of signs, 197 

of thumb, 466 
Run, 363 
Russell’s Paradox, 22 


S.A.T. 
deviations, 740 
results, 388 
scores, 361 
Saccheri, Girolamo, 498 
Saddle point(s), 576, 585 
Salaries, NFL, 401 
Sample, 734 
random, 768, 778 
spaces, 640, 641, 698 


spaces, and experiments, 642 
Sampling, 704, 706 
procedure, 768 
San Francisco 49ers, 717 
Scale, 214 
Scalene triangle, 457, 514 
Scattergram, 766, 773, 774 
Schnirelmann, 190 
Scientific American, 751 
Scientific notation, 218, 265 
Score 
standardized, 744 
z, 144 
Sears card, 802 
Second, A2 
Secondary colors, 35 
Segment, line, 288, 441, 512 
Sentence(s), 4, 54, 256 
with and, 289 
arithmetic, 257 
equivalent, 274 
involving absolute values, 293 
open, 273, 333 
with or 290 
Sequence, 4, 54 
applications of, 6 
Fibonacci, 11, 215 
geometric, 258 
nth term of an arithmetic, 265 
number, 256, 261 
sum of an arithmetic, 258 
Sequential counting principle (SCP), 
593, 596, 597, 598, 633 
Series, 117 
Set(s) 
associative law for, 36 
braces, 54 
builder, 54 
builder notation, 14 
Cantor, 52 
closed, 264, 563 
commutative law for, 36 
complement of, 24 
counting the elements of, 40 
De Morgan’s law for, 36 
describing, 14 
difference, 54 
difference of, 26 
element of, 13 
empty, 16, 54 
equality of, 16 
equivalent, 49, 50 
finite, 39 
infinite, 49, 51 
intersection of, 23 


listing, 14 

members of, 13 

notation, 13 

number of elements in, 39 

operations, 22 

replacement, 273 

solution, 273, 334 

truth, 98 

union of, 23 

universal, 17 

verbal description, 14 

well-defined, 13 

written description, 14 
Sex discrimination, 732 
Shoe size, 282 
Shopping sites, 730 
SI, Al 
Side(s) 

of an angle, 443, 512 

of a polygon, 513 
Sierspinski triangle, 509 
Sieve of Erastothenes, 181 
Significant digits, 224 
Signs, rules of, 197 
Similar triangle(s), 458, 514 
Simple, 505 

curve, 454 

interest, 312, 785, 786, 787, 823 

path, 454, 513 

random sample, 706 

statement, 64 
Simplest form, 184 

of a radical, 249 
Simplex algorithm, 339, 422 
Simplifying radicals, 249 
Sites 

shopping, 730 

Web, 730 
Skew line(s), 443, 512 
Skinner, David C., 604, 631 
Slope, 363 

definition of, 364 

intercept equation, 431 

intercept form, 367 

of a line, 431 

negative, 365 

positive, 366 

summary, 366 

undefined, 366 
Slot machines, 599 
Slugging average, 319 
Smullyan, Raymond, 90 
Snowflake, Koch, 508 
Social Security numbers, 614 
Solar constant, 148 


Index 


Solution(s) 
by algebraic methods, 405 
by graphing, 404 
infinitely many, 543 
by matrices, 538 
no, 543 
set, 273, 334 
for a system of equations, 403 
unique, 543 
Solve, 273 
Solving 
equations, 274 
formulas for a variable, 278 
inequalities, 279 
quadratics by factoring, 301 
systems of inequalities, 416 
systems with matrices, 537 
Some, 68 
Sorite, 114, 116 
Spaces, sample, 640, 641, 698 
Sphere, 488 
volume of, 516 
Spock, Benjamin, 660 
Sq. mm, 474 
Square(s), 456, 457, 468, 514 
centimeter, 474 
foot, 474 
inch, 474 
kilometer, 474 
matrix, 525 
meter, 474 
mile, 474 
numbers, 9 
perfect, 241, 309 
root, approximating, 255 
roots, 241 
unit, 473, 474 
yard, 474 
Standard 


A77 


deviation, 703, 732, 733, 734, 779 


deviation, calculation of, 734 
units of area, 474 
units of length, 467 
units of volume, 487 
Standardized score, 744 
Statement(s), 62, 63, 122 
compound, 64 
equivalent, 77 
simple, 64 
Statistical graph, 752 
Statistics, 703, 705, 778 
descriptive, 705 
how to lie with, 719 
inferential, 705 
misuses of, 719, 731, 762 


A78 


Index 


Stifel, Michael, 192 
Stochastic process, 681, 699 
Stopping distance, 311, 320 
Story problems, 311 
Straight 

angle, 444, 445, 513 

line depreciation, 351 
Strategies, mixed, 578 
Strategy 

optimal, 576, 585 

optimal pure, 576 
Strictly 

determined, 576 

determined game, 585 
Strip, Mobius, 500 
Subset(s), 16, 17, 54 

finding, 17 

number of, 619 
Subtraction 

binary, 159 

definition of, 196 

modulo m, 555 

octal, 167 

principle, 138 

of radicals, 251 
Successive duplications, 135 
Sufficient, 93 
Sum of 

an arithmetic sequence, 258 

the first n terms, 265, 266 

a geometric sequence, 259 

an infinite geometric sequence, 266 

matrices, 527, 584 

rational numbers, 208 
Summary of parabolas, 385 
Supplementary angle, 445, 513 
Supply function, 411 
Surface area, 485 

circular cylinder, 516 

cube, 516 

rectangular box 
Surgery, 650 
Surveys, 669 


Switch 
closed, 117 
open, 117 


Switches, 687 
networks, 117 
Syllogism, 63 
disjunctive, 113, 123 
hypothetical, 113, 123 
Symmetric graphs, 392 
Symmetry, 377 
System(s) 
abstract mathematical, 562 


additive, 133 

binary, 131, 151 

decimal, Al 

Egyptian, 134 

of equations, applications of, 407 

of equations, solution of; 403 

of inequalities, solving, 416 

of linear equations, 403 

mathematical, 193, 247, 523, 550, 
584 

metric, Al 

solving with matrices, 537 


z 


Table 
compound interest, 791, 792 
credit-scoring, 667 
monthly payment, 818 
of mortality, 665 
Take-out food, 348 
Tali, 639 
Tally marks, 131 
Tamil numerals, 134 
Target zone, 344, 353, 417 
Tartaglia, 568 
Tautology, 91, 94, 123 
Taxes, 786, 789 
Telephone numbers, 598 
Television ratings, 732, 733 
Temperature, A6 
Terminals, 117 
Terminating decimal, 230 
Term(s), 4, 54, 256, 786 
like, 273 
Test for divisibility, 183 
Tetrad computer applications, 712 
Tetrahedron, 493 
Theme parks, 730 
Threshold weight, 331 
Time, 786 
reaction, 311 
Tolstoy, Leo, 132 
Tongue-twisters, 720 
Tonight Show, 640 
Topologically equivalent, 500, 517 
Topology, 500, 517 
geometric, 500 
Total payment, 806 
Tractrix, 499 
Transfinite cardinal, 49, 51 
Transversal, 447, 513 
Trapezoid, 457, 468, 514 
Traversability rules, 497 
Traversable, 495 
network, 516 


« 


Tree diagrams, 593 
applications, 629 
and law, 629 
and probability, 652 
using, 652 
Tree(s), 594 
applications, 601 
measures, 647 
and vaccinations, 633 
Trial, Bernoulli, 686 
Triangle(s), 468 
acute, 457, 514 
area of, 475, 515 
equilateral, 455, 456, 457, 514 
isosceles, 456, 457, 514 
obtuse, 447, 514 
Pascal’s, 561, 623 
right, 305, 457, 514 
scalene, 457, 514 
Sierspinski, 509 
similar, 458, 514 
Triangular 
numbers, 9 
prism, 485 
Trichotomy law, 242 
Triples, Pythagorean, 305 
True APR, 807 
Truth 
set, 98 
table for the conditional, 84 
table for the conjunction, 73 
table for the disjunction, 74 
table for the negation, 75 
tables and validity of arguments, 
106 
tables, 72, 122 
tables, making, 76 
values, 73 
Truth-in-lending, 785, 806 
Tweedledee and Tweedledum, 537 
12 Days of Christmas, 255 
Two-person game, 575 
Types of loans, 822 


U.S. to metric conversion, All 
U.S. and metric equivalents, A10 
Undefined slope, 366 
Unearned interest, 810 
Union, 23, 4 
Unique solution 543 
Unit(s) 
International System of, Al 
of length, 467 
metric, Al, A2 


region, 473 

of volume, standard, 487 
Universal 

quantifier, 68 

sets lW/mo4 
Upper limit(s), 704, 709 


Vaccinations and trees, 632, 633 
Valence, 203 
Valid argument, 123 
Validity, determining, 108 
Value 

absolute, 195, 294, 334 

expected, 691 
Variable, 273, 333 

interest, 798 

procedure to solve for a specified, 

278 

solving formulas for, 278 
Variance, budget, 293 
Variation(s), 327 

of the conditional, 91 
Varies 

directly, 327, 335 

inversely, 328, 335 
Velocity, 249 
Venn 

diagram, 31 


John, 37 
Verb phrases, 273 
Verifying equality, 33 
Vertex, 377, 443, 495 
of an angle, 512 
of a pyramid, 485 
Vertical 
angle, 445, 513 
line test, 346, 430 
lines, 354 
Vertices 485, 495, 513 
of a polygon, 513 
Vinogradoff, I. M., 190 
Volume, 485, A5 
Volume of a 
circular cone, 516 
circular cylinder, 516 
cube, 516 
prism, 488 
pyramid, 488, 515 
rectangular box, 487, 516 
sphere, 516 


Wall Street, witches, 680 
War and Peace, 132 
Web sites, 730 
Weight, A5 

threshold, 331 
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Well-defined sets, 13 
What Are the Chances, 640 
Whole numbers, 194, 264 
Width, 704 
class, 705 
Witches of Wall Street, 680 
Women’s genes, 705 
Word problems, 311 
procedure for solving, 335 
Writing sets, 14 


x-axis, 345 
x-intercept, 355, 430 


Yard, 467 

cubic, 487 
y-axis, 345 
y-intercept, 355, 430 
Yuki Indian, 165 


Zero, 194 
sum game, 585 
0!, 610, 634 
Zip code(s), 155, 600 
Zodiac, Chinese, 558 
z-score(s), 703, 744, 779 
distribution of, 744 
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7.07107 





9 1.73205 
16 2.00000 
25 2.23607 
36 2.44949 
49 2.64575 
64 2.82843 
81 3.00000 
100 3.16228 
121 3.31662 * 
144 3.46410 
169 3.60555 
196 3.74166 
225 3.87298 
256 4.00000 
289 4.12311 
324 4.24264 
361 4.35890 
400 4.47214 
441 4.58258 
484 4.69042 
529 4.79583 
576 4.89898 
625 5.00000 
676 5.09902 
729 5.19615 
784 5.29150 
841 5.38516 
900 5.47723 
961 5.56776 
1024 5.65685 
1089 5.74456 
1156 5.83095 
1225 5.91608 
1296 6.00000 
1369 6.08276 
1444 6.16441 
1521 6.24500 
1600 6.32456 
1681 6.40312 
1764 6.48074 
1849 6.55744 
1936 6.63325 
2025 6.70820 
2116 6.78233 
2209 6.85565 
2304 6.92820 
2401 7.00000 










3.16228 
4.47214 
5.47723 
6.32456 
7.07107 


7.74597 
8.36660 
8.94427 
9.48683 
10.0000 


10.4881 
10.9545 
11.4018 
11.8322 
12.2474 


12.6491 
13.0384 
13.4164 
13.7840 
14.1421 


14.4914 
14.8324 
15.1658 
15.4919 
15.8114 


16.1245 
16.4317 
16.7332 
17.0294 
17.3205 


17.6068 
17.8885 
18.1659 
18.4391 
18.7083 


18.9737 
19.2354 
19.4936 
19.7484 
20.0000 


20.2485 
20,4939 
20.7364 
20.9762 
21.2132 


21.4476 
21.6795 
21.9089 
ZL S59 
22.3607 


VN 


7.14143 


ATO 


7.28011 
7.34847 
7.41620 


7.48331 
7.54983 
7.61577 
7.68115 
7.74597 


7.81025 
7.87401 
7.93725 
8.00000 
8.06226 


8.12404 
8.18535 
8.24621 
8.30662 
8.36660 


8.42615 
8.48528 
8.54400 
8.60233 
8.66025 


8.71780 
8.77496 
8.83176 
8.88819 
8.94427 


9.00000 
9.05539 
9.11043 
9.16515 
9.21954 


9.27362 
9.32738 
9.38083 
9.43398 
9.48683 


9.53939 
9.59166 
9.64365 
9.69536 
9.74679 


9.79796 
9.84886 
9.89949 
9.94987 
10.00000 


VN 


V 10N 


22.5832 
22.8035 
23.0217 
252359 
23.4521 


23.6643 
23.8747 
24.0832 
24.2899 
24.4949 


24.6982 
24.8998 
25.0998 
25.2983 
25.4951 


25.6905 
25.8844 
26.0768 
26.2679 
26.4575 


26.6458 
26.8328 
27.0185 
27.2029 
27.3861 


27.5681 
27.7489 
27.9285 
28.1069 
28.2843 


28.4605 
28.6356 
28.8097 
28.9828 
29.1548 


29.3248 
29.4958 
29.6648 
29.8329 
30.0000 


30.1662 
30.3315 
30.4959 
30.6594 
30.8221 


30.9839 
31.1448 
31.3050 
31.4643 
31.6228 


10N 


Table 1! Probabilities in a Normal Distribution 


0.008 0.012 0.016 0.020 0:024 0.028 0.032 0:036 
0.048 0.052 0.056 0.060 0.064 0.067 0.071 0.075 
0,087 0.091 0.095 0.099 0.103 0.106 0.110 0.114 
0.126 0.129 0.133 0.137 0.141 0.144 0.148 0.152 
0.163 0.166 0.170 0.174 0.177 0.181 0.184 0.188 
0.198 0.202 0.205 0.209 0.212 0.216 0.219 0.222 
0.232 0.236 0.239 0.242 0.245 0.249 0.252 0.255 
0.264 0.267 0.270 0.273 0.276 0.279 0.282 0.285 
0.294 0.297 0.300 0.302 0.305 0,308 0.311 0.313 
0.321 0.324 0.326 0.329 0.331 0.334 0.336 0.339 
0.346 0.348 0.351 0.353 0.355 0.358 0.360 0.362 
0.369 0.371 0.373 0.375 0.377 0.379 0.381 0.383 
0.389 0.391 0.393 0.394 0.396 0.398 0.400 0.401 
0.407 0.408 0.410 0.411 0.413 0.415 0.416 0.418 
0.422 0.424 0.425 0.426 0.428 0.429 0.431 0.432 
0.436 0.437 0.438 0.439 0.441 0.442 0.443 0.444 
0.447 0.448 0.450 0.451 0.452 0.453 0.454 0.454 
0.457 0.458 0.459 0.460 0.461 0.462 0.462 0.463 
0.466 0.466 0.467 0.468 0.469 0.469 0.470 0.471 
0.473 0.473 0.474 0.474 0.475 0.476 0.476 0.477 
0.478 0.479 0.479 0.480 0.480 0.481 0.481 0.482 
0.483 0.483 0.484 0.484 0.484 0.485 0.485 0.485 
0.487 0.487 0.487 0.488 0.488 0.488 0.489 0.489 
0.490 0.490 0.490 0.491 0.491 0.491 0.491 0.492 
0.492 0.492 0.493 0.493 0.493 0.493 0.493 0.494 
0.494 0.494 0.494 0.495 0.495 0.495 0.495 0.495 
0.496 0.496 0.496 0.496 0.496 0.496 0.496 0.496 
0.497 0.497 0.497 0.497 0.497 0.497 0.497 0.497 
0.498 0.498 0.498 0.498 0.498 0.498 0.498 0.498 
0.498 0.498 0.498 0.498 0.498 0.499 0.499 0.499 
0.499 0.499 0.499 0.499 0.499 0.499 0.499 0.499 
0.499 0.499 0.499 0.499 0.499 0.499 0.499 0.499 
0.499 0.499 0.499 0.499 0.499 0.499 0.499 0.500 








The number read in the body of the table is the probability that a number selected at random from a normally distributed 
population falls between the mean and a point that is z standard deviations greater than the mean. For instance, the entry 
0.056 in the second line of the fourth column is the probability that the number falls between the mean and 0.14 standard devi- , 
ation above the mean. For all values of z greater than 3.29, the probability is 0.500 correct to three decimal places. 


The number (probability) in Table II is also the area 
under the curve between 0 and the given z-score. Thus, 
when z = 1, the area under the curve is 0.341 as shown 
in the table; when z = 2, the area under the curve is 
0.477. This corresponds to the areas under the normal 
curve given in Figure 11.10 on page 740. 
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